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Abstract

The aim of this paper is to derive a raw Bloch model for the interac-
tion of light with quantum boxes in the framework of a two-electron-
species (conduction and valence) description. This requires a good
understanding of the one-species case and of the treatment of level
degeneracy. In contrast with some existing literature we obtain a Li-
ouville equation which induces the positiveness and the boundedness of
solutions, that are necessary for future mathematical studies involving
higher order phenomena.

1 Introduction

Bloch equations are a very common model to describe the time evolution of
a system of electrons in different contexts such as gas of electrons, glasses,
crystals. Mathematical results have been obtained in these contexts which
ensure in particular that the variable of Bloch equations, namely the density
matrix, keeps through the time evolution some properties, such as hermicity
and positiveness (of diagonal elements and of the matrix as an operator) [l
f]. In the above contexts, the indices in the density matrix are integers which
distinguish between the different electron levels. Diagonal entries model the
population of the levels, while off-diagonal entries model coherences between
two levels.

Bloch equations have also been derived for quantum wells ([, [f]. They
look very similar but the variables are different. In the quantum well con-
text, we distinguish between two species of electrons (valence and conduc-
tion electrons) and variables are indexed by (two-dimensional) wave vectors.



Electrons can interact directly only if they have the same wave vector, which
induces intra-band coherences to be zero and valence and conduction elec-
trons to be coupled two-by-two. This is not a mathematical problem since
at first order, i.e. without considering relaxation effects, such a system is a
juxtaposition of two-level models.

The model for quantum wells has been extended to quantum boxes [d].
Due to the three-dimensional confinement of electrons, variables are now
again indexed by integers. Valence and conduction electron levels are not
coupled two-by-two any more and any valence electron can interact with any
conduction electron. But in the propounded model intra-band coherences
are still considered as zero. This destroys the Liouville structure of the
system which in other respects resembles much the gas model. Another
puzzling point is the fact that levels are supposed to have any degree of
degeneracy. This is not much coherent with the Pauli exception principle
that electrons (which are fermions) are supposed to follow. This induces
also mathematical and modelling problems which we also address here.

In this paper we are interested in the derivation of a raw Bloch model
for a quantum box system. This model will be derived carefully from com-
putations involving creation and annihilation operators for both species of
electrons. Our goal is to obtain a model with appropriate mathematical
properties in order to be able to prove the conservation of certain physical
properties through time. Our study will be restricted to the leading order
terms in the Hamiltonian, leaving extra contributions such as Coulomb ef-
fect or electron—phonon interaction to future works. More precisely this is
not a restricted study but the first step towards a broader study, since the
properties proved on the first order terms are necessary to study the higher
terms.

The outline of this paper is as follows. In Section Y we derive carefully
a one-species Bloch model such as the one for gazes. The structure of this
model is analysed. Positiveness results are recalled and boundedness of the
populations is discussed. This motivates Section B where the problem of
degeneracy is thoroughly addressed. Section [ is devoted to our central
problem, i.e. the derivation of a two-species Bloch model. This model has
the desired mathematical properties. The details of the computations and
an analogy with a boson model are postponed to various appendices.



2 The case of one species of electrons

2.1 Commutators and Heisenberg equation

Let A and B be two operators, we define their commutator by
[A,B] = AB— BA
and their skew-commutator by
{A,B} = AB + BA.
For an operator A, we will define the associated observable (A)
(A) = Tr(SpA)

by averaging with respect to the initial state density Sy of the system. If
the system is described by an Hamiltonian H, the time-evolution for this
observable is given by the Heisenberg equation

indi(A) = [(A), H] = ([A, H]).

Bloch equations are the Heisenberg equation of motion when the observ-
able is the density matrix.

2.2 Operators and commutation rules

We suppose there is only one species of electrons, like in the case of gas
atoms, and that levels are indexed by integers ¢ € I. For the ith level,
we define the creation and annihilation operators c;-r and c¢;. Electrons are
fermions and should respect the Pauli exception principle. The correspond-
ing skew-commutation rules are

{ci,cj} = {c;r,c;} =0, {cl-,c;} = 0j;-
This implies in particular that
cic;rci = ¢, c;rcic;r = c;-r, CiC; = c;-rc;r =0,

this last equality meaning clearly that it is impossible to create twice or
annihilate twice the same electron. This is the Pauli exception rule. Let A
and B be the products of n 4 and np such operators which all skew-commute
two-by-two, then

(A, B] = 2AB if ng or np is odd,
0 else.

Since we only use two-operator observables, we will mostly always be in the
second case.



2.3 Hamiltonian and observables

We define the Hamiltonian as the sum of a part due to the electrons and
only, and a part due to their interaction with an external electric field E(t):

H = H® + H" with
H® = Zekc;ick
kel

where ¢, is the energy of an electron in the kth level and

HY == " (MuE(t)cfa + MiE*(t)cler),
(k,l)el?

where My, is an element of the dipolar moment matrix M. The 1/2 co-
efficient is due to the fact that interactions are counted twice in this sum.
The dipolar moment M}, can be expressed as (¢} |r|1y) in terms of the wave
functions associated to each level and the local position vector r. This im-
plies in particular that the case k = [ does not contribute to the sum since
My, = 0. We will also use the fact that M is hermitic : M}; = M.

The observable we are interested in is the density matrix, which ele-
ments are the p;; = (c;rcl> It is clear that this matrix is Hermitian. In the
computations, we distinguish between diagonal terms of this matrix also
called populations p;; = (cjcﬁ and off-diagonal terms, p;;, ¢ # j also called
coherences.

2.4 Computation of the raw Bloch equations

We have to compute the commutators of the density matrix with both
Hamiltonians. The details of the computations are given in Appendix [A.
We obtain

[pij, H°] = (& — €5)pij,
and

2pij, HY] = ReE(t) Y (Miwprj — Myjpir)-
kel

Gathering these results and the Heisenberg equation, raw Bloch equations
read

ih0ipij = (& — €5)pij + Re E(t) Z(Mikpkj — Myjpir)-
kel

If we denote E = diag({€; }icr), this can be cast as a Liouville equation

ihdyp = [V (¢), p], where V(t) = E+ ReE(t) M. (1)



In Appendix [Bl we show that considering electrons as bosons leads to exactly
the same equation, although the intermediate computations are different.
This is not true any more if you consider extra contributions to the Hamil-
tonian such as Coulomb effect or electron—phonon interaction, but this is an
other story.

2.5 Positiveness and trace results

Equation ([[) clearly preserves the Hermitian structure of p. We can give an
exact solution to equation (f[), namely

p(t) = exp <_% /0 t V(T)d7-> p(0) exp (% /0 t V(T)d7-> .

This evolution equation preserves positiveness. Indeed, if p(0) is a non
negative operator, that is for all X € I2(I), X*p(0)X > 0, then

X* exp (-% /O tV(T)dT> 2(0) exp (% /O tV(T)dT> X
— Y'p(0)Y,  whereY = exp (% /O t vmm) X.

Therefore X*p(t)X > 0. A corollary of this is that for all time ¢, and all
level j, pj;(t) > 0.

The total population is the sum of populations, which can be described
by the trace of the density matrix. Since commutation is a trace preserving

X*p(t) X

operation, we have
ihoy Trp = Tr[V (1), p] = 0.
Hence Trp(t) = Trp(0) = Niot. The raw Bloch equations are trace pre-
serving. In other words the total number of electrons is preserved through
the time evolution. This together with non negativeness ensures that for all
time ¢
0 < pjj(t) < Neot.

We want also to know whether each level remains bounded by 1, which
would be the expression of the Pauli exception principle. This is indeed the
case. If we set p = Id — p, where Id is the identity matrix with the same
dimensions as p, then

Vid—p] = [V.Id] = [V,p] = [V, 0],
o(Id—p) = —0p.

Therefore p is also solution to the raw Bloch equations, and in particular
pii(t) > 0, which means p;;(t) < 1.



3 Degenerate levels

In [@], levels are supposed to be degenerate, with a degeneracy order that
depends on the levels. In a fermion description levels cannot be degenerate
since each level population is bounded by 1. This would a prior: be possible
in a boson description. Let us first investigate this situation.

The same proof as above shows that if p is solution to the raw Bloch
equations and the level populations are initially bounded by the same con-
stant (say d), then p;;(t) < d. To derive a d-degenerate raw Bloch model, it
is therefore possible to consider electrons as bosons and impose a condition
on the initial data. But this solution is not very satisfactory from two points
of view. First this cannot be extended to the case when the degeneracy de-
pends on the level, i.e. the ith level is d;-degenerate. Second if we want
to look at other contributions in the Hamiltonian, bosonic and fermionic
commutation rules do not lead to the same model.

The question is therefore: can we derive a degenerate model from fermion
calculations with level dependent degeneracies?

3.1 Deriving a degenerate model

For i € I and n = 1,...,d;, we denote by C?T and ¢}’ the creation and
annihilation operators associated to the nth degenerate sub-level of level
i. To ensure a coherent degenerate model we have to assume the following
commutation rules
=AMy =0 {d.d =050 m.

The energy ¢; does not depend on the sub-level index n. Since the levels
are exactly the same (and not just have the same energy), the associated
wave functions are the same and therefore the dipolar moment entries only
depend on the levels and not on the sub-level. We still denote them by M;;.

The Bloch equations governing pji™ = (c;mc?) is the Full Degenerate Bloch
(FDB) model

di
o™ = (ei — €)pf" + ReB(1) > Y (Mipll — Myjpif).  (2)
kel p=1

We notice that natural quantities that arise in the right handside are
dk dk
+m _ m + np
Pl =2 Pix =D Pik
p=1 p=1

6



and we write the equation for p?fL
d;
indplit = iho, Z prm
m=1

d; d; d;
= (=€) > " +ReB() > (M > pii" — My; > piih)
m=1 kel m=1 m=1

= (e —e)pli + ReB() > (Mip s — Myd;pli),
kel

where we have introduced

d; dj
++ _ nm
Pij = Z Z Pij

n=1m=1

and we obtain a closed set of equations for the density matrix p*™", which
is the Condensed Degenerate Bloch (CDB) model

d;
n=1

di di di
= (=€) > ot +ReB() D> (Mix Y piiit — Migd; > piih)
n=1 kel n=1 n=1

= (6 —)p T +ReE() > (Mipdiplt — My;d;phi").
kel

It is not exactly the same equation as for non degenerate levels since the
degeneracies occur in the equation coefficients. If we set

++
Pij

; Nij = Mij\/didy,

O3 =

d;d;
we recover the usual Bloch equation

ihatO'ij = (62‘ - Ej)o'ij + Re E(t) Z(Niko-kj - Nkjo-ik)- (3)
kel

This ensures in particular that o (and therefore p™*) defines a non negative
operator if this is valid at the initial time.



3.2 Boundedness of degenerate levels

The diagonal elements are o;; = p;g+ /d; and we would expect this model to
ensure 0;;(t) < 1 (i.e. pf™ < d;) for all time. By the same arguments as
above applied on equation (f]), this is true if this hold at the initial time.
The problem is that this condition is not natural when dealing with the
variables of the FDB model (fJ). Indeed the diagonal entries of the CDB
model are not the sum of the populations of a given level but also include
intra-level coherences. An other consequence of the non negativeness of p is
that p;; < \/puipj; (for the variables of equation (M), see [@]). If plugged in
the definition of ¢;; this yields

1 & o 1 & o
i < Z Z pii " < 0 Pii P
" n=1m=1 " n=1m=1
d; d;
1 T T
<3 (Z ¥ "”) (Z p”m> =
n=1 m=1

Since there can be configurations where o;; = d;, the only way to ensure that
0;i(0) < 1 is to impose that intra-level coherences are initially zero. This
certainly is valid in most experimental situations. Under this vanishing
condition, the CDB model preserves the natural property p;;"' < d;. In the
opposite situation, it is not possible to preserve the property p;ng < d? which
reverts to preserve o;; < d; and is the same problem as deriving a degenerate
model based on a boson derivation of Bloch equations, the initial problem
that we have eluded.

4 The case of two species of electrons

4.1 Conduction—valence notations

To be closer to the above computations, we will first present the model of
two species of fermions considering electron operators (and not electron and
hole operators, as in [[f]). For i € I° (a set of integers, indexing conduction
electrons), we keep the notations c;r and ¢; for the creation and annihilation
operators associated to conduction electrons. For i € IV (indexing valence
electrons), we will use the non conventional notation v;r and v; for the cre-
ation and annihilation operators associated to valence electrons. Along with

the already defined commutation rules for conduction electrons

{eiej} ={c].cl} =0, {ei,cl} =0;5,



we have the same rules for valence electrons
{vi,v;} = {v], 0]} =0, {vi, 0]} =6

and commutation rules between the two species

[ei, 03] = [el, 0]] = [es, 0] = [e], 03] = 0.
We now consider the Hamiltonians
H¢ = Z eiczck, HY = Z eZvak,
kele kelv

1 *
e — 5 Z MklE Ckcl + M E*(t )cl k),
1 EE nEs
HY = 5 Z MklE Jukor + M (t)ofvy),
ne(l
ey _ Z (M,glVE( el + MEFE(8)v] ).

(k,l)yelexIv
The density matrices we are interested in are intra-band densities
pl] <C;rcl> pl] (’U;r’UZ>

and inter-band densities

oy = (whe), ol = (clu).

We will not write the equations for p¥¢ but an appropriate definition of M€
ensures that
P = ( vl >
p P
is Hermitian.
We now have to compute the commutators of these matrices with the
three above Hamiltonians. This is done in Appendix [J.



4.2 Towards a two-species Bloch equation

Gathering all the computations of Appendix [J we obtain

ihdup; = (¢ — €)p5; + ReB(t) D (Miipl; — Mi;nfy)

kelc
+ Y (MSB()p)S — M E (8)p),
kelv
ihdpy; = (€ — €))pj + Re B(t) > (Miy.pk; — M;pj.)
kelv
— > (MFE®)py — M B (4)p),
kelc
ihdpfy = (e§ — €))pf) +ReB()(D Mipiy — D> My;pf)
kelc kelv
+E(f)(z it PRj — Z M5 pik)-
kelv kelc

If we denote E° = diag({€{ }icre), EV = diag({€} }ierv) and

[ EC+ReE()MC  E(t)M
vie) = ( E“ ()M E*+ReE(t)M" >

we have the Bloch equation in Liouville form
ihatptot — [V(t),ptOt].

We can in a straightforward way apply our discussion about the degeneracy
of levels to this two-species context.

4.3 Electron—hole formulation

Since all valence electrons do not play a role in the interaction with con-
duction electrons, only those who interact are described and not by their
presence but their absence: a hole in the valence band. We formulate anew
the former notations and results, denoting for i € I™ = IV by d;r = v; the
creation operator of a hole (annihilation of the corresponding electron) and
d; = v;r its annihilation operator. The hole energy is the opposite of energy
of the corresponding electron e? = —e;. Moreover d;rdi =1 —did;r =1 —v;r v,
hence the Hamiltonian for holes is derived from the Hamiltonian for valence
electrons via

H =" evfon =Y —ep@—dldi) =Y —eh + > erdldy.

kelv kerlh kerlh kerlh
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The first term is a constant that will not play any role in the commutators,

hence we define
HY =" ehdldy.
keIh

The intra-band and inter-band density matrices involving holes are defined
by p?j = <d}di> = dij — pj; and ,0%1 = (djc;) = p§y. The system for these
variables read

ihdpi; = (€ — €5)pi; + Re E(t) Z (Mupi; — Mi; i)

kelc
+ Z pk] MCh*E*( )pzk)
kelh
ihdypy = (e — €)pl; + ReE(t) Z (Mol — Miipi;)
kelh
ch ch* ch (4)
+ Z ME)p; — My E (8)pf)),
kelc
ihatpi] - (E +€ )pm + ReE Z Ckpkj Z Mkjpzk
kelc kelh
B MG — o) = D Migpfy)-
kelh kelc

which has lost the Liouville structure. Here we have chosen to denote
MZ}; = M} and Mi‘}h = M7 but no other choice would help to recover
this structure. Mathematical results have to be obtained from the electron—
electron formulation. The electron—hole formulation should be only kept
for simulation or intuition in introducing new terms such as electron—hole
recombination.

4.4 Vanishing intra-band coherences

In comparison with the model proposed in [ff], a natural question is now
whether we recover their model by imposing vanishing intra-band coher-

ences, i.e. pf; = pj; = 0 for ¢ # j, . In this reference the variables are

ny = ps;, n;l = p?j and pj; = pfjh (with a subtlety about coupling with

forward and backward propagating optical fields, which we do not separate
here). With this set of variables and vanishing intra-band coherences, the
system (f]) now reads

ihoms = Y (MFE()pr; — M5 E* (t)pk:),
kelh

11



ihom} = D (MEE®)p, — Mg E (tpjr),
kelc
inopji = (¢ +eNpji + Re B Mipje — Y Mijpri)
kel kelh

+ E(t)MiCJh(l - n;l —ng).

The difference with the equations announced in [f] (apart from extra terms
describing phenomena out of the scope of the present paper) are the terms
involving M¢ and M™.

Instead of assuming that intra-band coherences are zero, we could as-
sume that M€ and M" are zero (or, since this is certainly not true, that the
Hamiltonians H™ and H™ should not be taken into account in the deriva-
tion), we also then do not recover the equations in [f] because of extra terms
in the equation for pj;. Under this only assumption intra-band coherences
are not zero, even if taken to be zero at the initial time.

The equations in [f]] have therefore lost the Liouville structure and are
not suitable for the mathematical analysis. The model we propose is far
better in this respect. If assuming zero intra-band coherences is not coherent
with the Liouville structure, we can easily have them very small by simply
assuming them to be initially zero and adding in their equations strong
damping terms. As shown in [}], positiveness results can still be obtained
in this context. Besides the frequencies of E are chosen to be close to the
gap frequency, in order to match valence—conduction transition frequencies.
The intra-band coherences are hence not directly excited by such a wave.

5 Conclusion

We have derived raw Bloch equations for quantum boxes, i.e. two species
of electrons. These equations have the Liouville form which allows to prove
positiveness results. We have also discussed the problem of level degen-
eracy and derived a condensed degenerate Bloch model in which diagonal
entries remain bounded by the corresponding level degeneracy through time
evolution, even when the degeneracy order is level-dependent.

Positiveness and boundedness results are necessary to prove similar prop-
erties when extra terms are added in these raw equations. They are also
required to prove sharp existence results when coupled with a model for
wave propagation (e.g. Maxwell equations) as already done for one species
of electrons [{].

Future work will consist in introducing with the same care extra con-

12



tributions to the Hamiltonian to model Coulomb effect, electron—phonon
interactions, electron—hole recombination, ... Our goal is to obtain a model
close to that of [f] but with anew possible other contributions, and full
equations for intra-band coherences.
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A Detail of one species fermion computations

Let us first compute the commutator with the free electron Hamiltonian.
We compute separately the cases i # j and ¢ = j but notice afterwards that
results reads the same in both cases namely

[pii, H]] = Z ek(czciclck — c;rcckc;rcﬁ
k
= e,( c,c c; — cTclcTc,> =0,
[pij, H?] = el<c c c; — cTch;cl> + € <c;rclcTc] — cTchTcl>
= el<c ci) — (c;rcz>
= (& —€)pij-
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Now we compute the commutators with H.

2[pila

[pii, H"]

2(pij, H"]

Z M;E(t) c clc c — cTclcTcZ>
11
Z (c; clcgcl cgcicgcﬁ
11
+ Z M, E c clckcZ - CLCZCTCZ>
k#i
+ Z MELE"(t)(c] chTck - cTcchcZ>
k#i
Z M;yE(t) c ) Z MjE*(t)(c, cl>

11 l#1
- Z Msz( Ckcz + Z MlmE* )<C Ck>
k#i ki

Z Mix Re E(t) pri — Z M, Re E(t)pi

Z M;E(t) c c,c c — cTclcTcZ>

I#]
Z B (1) (c; c,c;cj c;cchcz>
1#1

—i—ZMk] c clckc] chchcﬁ
k#i

+ ZMME* t){c; c,cTclLC — cTcchcz>
k#j

+M;;E(t)(c; chTcJ - cTchTcz>

+MGE"(t)(c; CZCTCJ CTCJCTCZ>

14



Z M;E(t) 1 —c cz)cl — cTclcTcl>

I#j

+ Z B (1) (¢ clc;rc] - czr(l - cTc])cZ>
1#1

+ Z M E( (c! czckc] c}i(l - c;r»cj)cl)
k#1

+ Z M E*(t)(c] (1 - cTcZ)ck - cTcchcZ>
k#j

SB(t )(c (1—-¢ c,)cj - cT(l - c}cj)cﬁ
—|—M* E*( )<c;(1 —c cz)c] - cT(l - cTc])cZ>
= Y MaE®)(cla) =Y MIE*(t)(c]e;)

£33 £

- Z M;E(t) ckcl + Z M EX( )(c k)
k#i k#j

+ME(t)(cle; — ele) + MAE"(t)(cle; — cles)
lpij, HY] = ZMikReE( ij—ZMijeE( )Pik-
% %

B Boson computations

If electrons are considered as bosons, or in other words without Pauli excep-

tion rule, the definitions for the operators, Hamiltonian and density matrix

are the same as for fermions, but the computations differ because of com-

mutation rules between creation and annihilation operators which are now

A (-

[ciy ¢j] = [eg, 5] = 0, [ciy ¢j] = 0ij-

We still have [p;;, H] = 0. We first compute the commutators of the
density matrix elements with the electron Hamiltonian

[pij, H] = Z €k<c;r'cic;ick - czckc;cﬁ
k
- €i<C;r»Cz‘C;rCi - c;rcic;r.cﬁ +¢€; <c;r»c,~c;r-cj — c}cjc;ci>
= ei<c;(1 + cj-ci)ci — czcic}cﬁ + € (c}cic}cj — c}(l + c}cj)c,)
— <c}cl-> — ej(c}cZ)

€
= (e —€)pij.
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Then we compute the commutators of the density matrix elements with the
laser Hamiltonian

2[pis, HL Z M;E(t) c clc c — cTclcTcZ>
11
Z (c] clc;rcl — c;rc,cTcZ>
11
+ Z M,E c c,ckcl c;rgcic;rcﬁ
k#i
+ Z ME*(t)(c] clcTck - cTcchcz>
k#i
= Z M;E(t) 1 +c! c,)cl — cTclcTc,>
£
Z MIE*(t) c clcl c; — c;(l + cTcZ)c,>
£
+ Z M, E c c,ckcl — cL(l -+ cTcZ)cl>
k#i
+ Z MELE"(t)(c] 1+ cTc,)c/LC — cTcchcz>
k#i
= Y MaE(t)(cle) =Y MiE*(t)(c]c;)
£ l#1
- Z M, E(t) Ckcz + Z Msz* )<C Ch)
k#i ki
= Z MzkE sz Z Mlm sz
k#£i ki
=Y MuE)pi + > MaE*(t) pri,
ki ki
o, H ZMszeE Pri Z ik ReE(t)pi
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2[pij, H Z M;yE(t) c c; c c — cTclcTcZ>

I#j

"’ZM]*IE* t)(c; clc;rc] c;rc]cTcl>
1#1

+ZM;§3 c czckc] czcjc}cﬁ
k#1

+ ZM,“E* (t){c; clcTck - cTcchcZ>
k#j

PN N
( )( CZCZC] G C]CJCZ>
—|—M* E*( ){ }L Zc cj — cTchTcl>
= Z MyE( )(c (1+¢ cl)cl — cTclcTc,>

1
+ > MAE"(t){ceicfe; — ] (1 + clej)e)
11

+ Z My E(t)(c] clckc] —cl(1+ CTC])CZ>
k#i

+ Z ME*(t)(c; (1 + cTcZ)ck - cTcchcz>
k#j

+M;;E(t )(C (1+ CTCz’) i — CT(l + cT»cj)ci>

.I.

+MLE"(t) c](l +c; cl)cj — cT(l + cch)cZ>

(
= Y MaE(t)(cle) = Y M7E“(t)(c]e:)

1% i
—ZMkjE( ckcZ + ZM,“E* )(c Ck)
ki k#j

+M;;E(t )(c cj— ¢ cl> +M*E*( )(c cj — chc,>

= Z MzkE Pk] Z Mk] sz

k#j k#i
= My E)pi + Y MiE* (t)pi;
ki iy

+ME(t)(pjj — pii) + Mi;E*(t)(pjj — pii)

> My ReE(t)pr; — > My ReE(t)pis.
k k

[pl_]a HL]

Although calculations are different, we find the same results as in the
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boson case. If we consider the Pauli exception rule or not we obtain the
same raw Bloch equations.

C Detail of two-species fermion computations
Because conduction and valence operators commute, we clearly have

[0, HY) = [pi, H) = [pf, H™] = [pj, H] = 0.
Besides we have already computed in the one-species case

05y, H] = (€§ — €5)pijs [pi;, HY] = (€] — €})pi;,

05, H*] = ReE(t) > (Mgpf; — Mi;p5),

kelc
v Lv NS
pij; HV] = ReE(t) Z (M;.pr; — Mi;pik)-
kelv
We now compute
lpij, HS] = Z €l (v;ciczck - c;ickv;cﬁ
kelc
= <v;rclcTc, — cTclv;rcz> =€ (v;rc,> = €5
lpij , H'] = Z ek(v;cw;gvk - vlvkv;q)
kelv
= e}-’(v;[civ;[vj - v;vjv;[ci> = —e}’(v;[cZ) = —¢€;p5; -

These computations are valid also for ¢ = j, which is a case which has to be
treated apart for the following computations.

5 B = > MGE@®)(dacv - ducde)

(k,lyelexIv

+ Z Mg"E*(t)(c] c,v;rck — v;rcchcl>
(keI xIv

= Z M3 E(t)(c; chTvl - chlcTcZ>

lelv

+ Z M E*(t){c] czvchZ - vchlcTcZ>
lerv
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[ pij , HLCV]

[ p;fi , HLCV]

ST MFB() () — > MR () (v]c;)

lelv lelv

cv vk *
S MEE@pE — S METE ()],
leIV le[v

S MFE@)(checiu — chucte)
(k,l)elexIv
+ Z M " E*(t)(c; czvchk - UlTCkCTCz>
(k,l)elexIv
Z M E(t C CzC v — chlcTcZ>
lerv
+ Z ME(t c czc v — CTUICTCz>
lerv
+ Z MZClV*E*( )(c clv;rcl v;[cic;[.ci>
lelv
S B el el
lerv

> MGE@)(cu) — Y MFE (1) (v]e:)

lelv lelv

cv cv* *
> MFE@pf = 3 M E ()pff
leIV le[v

Y MGE®) (] victu — oiv)
(k,l)elexIv
+ Z M E*(t)(v] vzvchk — UlTCkUTUz>
(k,l)elexIv
Z M7E(t v v,ckv, — chlvT%>
kelc
+ Z M "E* (t U UzUTCk — vTcvav,>
kelc

— Z MCVE Ckvz -+ Z MCV*E*( )<U Ck>

kelc keclc
E YR CVk Tk

— 2 MiiE®)pi + Z M E (6
kelc kelc
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[p}’]»,HLCV] = Z M E(t )<v vlckvl — c}rﬁvlvTvZ)

(k,lyelexIv
+ Z M E*(t)(v; vlv;rck v}cw}vﬁ
(k)elexTv
= Z M E( v v,ckv, cz‘viv;vﬁ
kelc
+ Z MCVE v vlckv] c,tvjv;[vﬁ
kelc
Z M E*(t v vlv Cr — vTcvav,>
kelc
+ Z M E* (t)(v; vaTck - vTcvavl>
kelc
= — Z M E(t ckvZ + Z Mg E* (t) (v} ck>
kelc kelc
_ Z MCVE plk + Z MCV*E* pk]
kelc kelc

Once more by different computations we obtain the same result for both
cases i = j and ¢ # j. Now

2[piy JHY = Z M E(t) (vl clckcl - CJILCZUTCZ>
(k,D)E(I¢)2
+ Z M E*(t)(v; clc;rck - czrcvacZ>
(k1) (I¢)2
= Z M; (t)(v;cicjcl — c;-rclv;cﬁ

lele
+ Z MgE( v clckcl C;Tgcz‘v;[cﬁ
kelc
+ZM5*E*( )(v clcchZ C;rcﬂ);cﬁ
lele
+ Z MIS*E* U CZC Cp — CTCkUTCZ>
kelc
= 2ReE(t) Y Mj(vja) = 2ReE(t) 3 M),

lelc kelc
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[plj ’HLV] — Z MklE( )<U Cﬂ)kvl — ’U;LUlUTCZ>

(kD)e(Iv)?
Y MYy E () (wlesvfv — vivgole;)
(k,D)e(Iv)?
= Z v clvTvl — vTvlvTc,>
lelv
t Z M E( (v] C@”k”] U;iij]TCO
kelv
Z MGE*(t)(v; c,v;v] v;rvjv;ci>
lelv
+ Z Mi7E (1) v c,v v — vTvvacl>
kelv
kerv kelv
Last
P H] = Y MFE@®)(vjeicku - chuole)

(k,l)yelexIv
+ Z M E*(t)(v; czvchk - vchvacﬁ
(k,l)yelexIv
= Z MY (t)(v;cicgvl - csz;cﬁ

lerv

+ Z MCVE v C@Ckvj chjv;L.ci>
kelc
~MEEO] T - o)
Z MS*E*(t v c,vl ci — v}cw}cﬁ
lerv

+ Z M E* (t){v; chTck - vTcvacl>
kelc

_iﬂfcv*lﬂ*( )<UJCQU;CZ U;civ;ci>
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S MGE(t) (vlv — dcfer)

lelv

+ Z M,S ku vj — c;;ci>
kelc

—ME(t )(v v — chcZ>

Z MY U Lug) Z MiE Ckci>

lerv kele

CcVv CV C

E(t)( Z ik Prj — Z kg Pik)-
kelv kelc
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