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ON THE MULLINEUX INVOLUTION FOR ARIKI-KOIKE
ALGEBRAS

NICOLAS JACON AND CEDRIC LECOUVEY

ABSTRACT. This note is concerned with a natural generalization of the
Mullineux involution for Ariki-Koike algebras. Using a result of Fay-
ers together with previous results by the authors, we give an efficient
algorithm for computing this generalized Mullineux involution. Our al-
gorithm notably does not involve the determination of paths in affine
crystals.

1. INTRODUCTION

It is known that the set of simple modules of the symmetric group over a
field of characteristic p can be labelled by the set of p-regular partitions, that
is, the partitions where no non zero part is repeated p or more times. The
tensor product of one of these simple modules with the sign representation
is again simple. In 1979, Mullineux conjectured a combinatorial algorithm
to compute the associated involution, namely the Mullineux involution, on
the set of p-regular partitions [[J]. The proof of this conjecture has been
first given by Ford and Kleshchev in [[J] (see also [{] and [ff] for different
proofs).

A natural quantum analogue of this problem has been considered by Brun-
dan [f] in the context of the Hecke algebra of type A (see also [[i] and [[L]).
It also makes appear the Mullineux involution and permits to interpret it as
a skew-isomorphism of Agl—crystals, that is as an isomorphism of oriented
graphs switching the sign of each arrow.

In this note, we study an analogue of the Mullineux involution for the
Ariki-Koike algebras (also called cyclotomic Hecke algebras of type G(I,1,n)
in the literature). Let [,n be positive integers, R be a field of arbitrary
characteristic and consider (¢, Qo, @1, ..., @;—1) an [ + 1-tuple of invertible
elements in R. The Ariki-Koike algebra Hpr, = Hrn(q; Qo, @1, ..., Qi—1)

over R is the unital associative R-algebra presented by:

e generators: Ty, T1,..., Th_1,
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e relations:
ToTh Tyl = ThTvThTo,
T Ty = T TiTiq (i =1,...,n — 2),
LT =TT (7 — i > 1),
(To — Qo)(Th — Q1)-..(To — Qi—1) = 0,
(T, — )T +1) =0 (i=1,..,n—1).

If | = 1 (resp. | = 2), we obtain a Hecke algebra of type A (resp. of
type B). To study these algebras, by a theorem of Dipper, James and
Mathas [§], it is sufficient to consider the case where Qy = ¢*°, Q1 = ¢*!
ey Q11 = ¢t for s = (sp, $1,...,81—1) an l-tuple of integers. The algebra
HR.n is then a cellular algebra in the sense of Graham and Lehrer [[]. As
a consequence, we can define Specht modules which are indexed by the I-

partitions of rank n. Recall that an [-partition A of rank n is a sequence
-1

of 1 partitions A = (A ..., A=) such that Z IAR)| = n. We denote by

II; ,, the set of [-partitions of rank n. Hence, tokegch A € 11, is associated a
Specht module S*. Let e be the multiplicative order of ¢ (we put e = oo if ¢
is generic). The Specht modules are in general not irreducible. Nevertheless,
there exists a natural bilinear form, H g ,,-invariant, on each of these modules
and an associated radical such that the quotients D* := S*/rad(S*) are 0
or irreducible. Moreover, the non-zero D* provide a complete set of non
isomorphic simple modules. Let ®i(n) be the set of I-partitions such that
D™ is non zero (where we set 5 = (sg(mod e),...,5;_1(mod ¢))). It has
been shown by Ariki [fl] and Ariki-Mathas [ff], that this set corresponds
to the set of Kleshchev [-partitions. These [-partitions are generalizations
of the e-regular partitions. They appear as the vertices of a distinguished

realization of the abstract Agl_)l—crystal B.(As) associated to the irreducible

Uy (A) module of highest weight As (see section @ .

Followmg [], denote by HR n the algebra Hrn(q™ L s1_1,..., 50) and write
To, Tl 1 for the standard generators of HRn If A e Hl n, we write SA
for the corresponding Specht module on H R,n and D> for the corresponding
irreducible one. We have an isomorphism 0 : Hg , — H R,n given by

To—Ty Tj— —qly (i=1,...,n—1).

Put s* = (—s;_1(mod e), ..., —sg(mod €)). Then, @ induces a functor F
from the category of Hp ,-modules to the category of Hg, modules. As a
consequence, we obtain a bijective map
my: P — <I>zu,
satisfying
Fy(D*) ~ D™,



Mullineux involution for Ariki-Koike algebras 3

for all A € ®2. This map can be viewed as a generalization of the Mullineux
involution. In [[], Fayers describes this generalized Mullineux involution
by using skew-isomorphisms of Agljl—crystals (see also [l where the ana-
logue of the Mullineux involution, namely the Zelevinsky involution, for
affine Hecke algebras of type A is studied.) This description rests on the
determination of paths in crystal graphs. The aim of this note is to give an
alternative description of the map m; in the spirit of the original procedure
of Mullineux, that is without using paths in crystals. We obtain an algo-
rithm to compute the Mullineux involution for all positive integer [. This
combines the known description of the original Mullineux involution (i.e. for
= 1) with results of [[J] on isomorphisms of Ailjl—crystals.
The following sections are structured as follows. Section 2 is devoted to

a brief review on Ailjl—crystals and their labellings by Uglov and Kleshchev
l-partitions. In Section 3, we mainly recall and reformulate in an appropriate
language results of [[[4] and [[LF]. Section 4 contains the main result of this

paper, namely the description of the map m; on Kleshchev [-partitions.

1
2. Aé )1—CRYSTALS AND THE MULLINEUX INVOLUTION

Let L{U(;[;) be the quantum group of affine type AS)I. We begin this
section, by reviewing some background on the crystal graph theory of the
irreducible highest weight U, (;[;)—modules. In particular, we recall the no-
tion of Uglov and Kleshchev [-partitions and expose Fayers work on the
Mullineux involution.

2.1. Realizations of abstract Agljl—crystals. By slightly abuse of nota-
tion, we identify the elements of Z/eZ with their corresponding labels in
{0,...,e — 1} when there is no risk of confusion. Let v be an indetermi-
nate and e > 1 be an integer. Write {Ag,...,Ac—1} for the set of domi-
nant weights of uv(;[\e). Let | € N and consider s = (s, ...,s,_1) € Z".
We set s = (sg(mod e€),...,5;_1(mod e)) € (Z/eZ)!. One can then asso-
ciate to s the abstract U, (;[\e)—irreducible module V¢ (Ag) with highest weight
As := Agy(mod e) -+ Ag,_; (mod ¢)- There exist distinct realizations of V;(As)
as an irreducible component of a Fock space. These Fock spaces can be de-
fined in two different ways. The first definition yields L{U(sf[;)—modules 55
whose structure /iiepends on the choice of a representant s € 5. The second
one yields a U, (sl )-module F whose structure only depends on s € (Z/eZ)".
Each of these modules will provide us with a realization VF(As) C §5 and
VZi(As) C §2 of the abstract module V.(As). As a C(v)-vector space, the
Fock spaces §§ and % of level [ admit the set of all [-partitions as a natural
basis. Namely the underlying vector space is

%’e — @ @ C(’U)A,

n20 AEHl’n
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where 1I;,, is the set of [-partitions with rank n. To describe the different

structures of U, (;[\e)—modules on §., we need some combinatorics.

Let A be an [-partition (identified with its Young diagram). Then, the
nodes of A are the triplets v = (a,b, ¢) where ¢ € {0,...,l — 1} and a,b are
respectively the row and column indices of the node v in A(¥). The content
of 7 is the integer ¢ () = b—a+ s. and the residue res(y) of «y is the element
of Z/eZ such that

(1) res(y) = ¢(y)(mod e).

We will say that v is an i-node of A when res(y) = i(mod e). Finally, We
say that v is removable when v = (a,b,¢) € A and A\{v} is an [-partition.
Similarly « is said addable when v = (a,b,c) ¢ XA and AU {y} is an -
partition.

The L{v(gl)—module structures §¢ and §: on §. are now derived from
distinct total orders on the set of addable and removable i-nodes of the
multipartitions. Consider v = (a1, b1, c1) and v2 = (ag,be, c2) two i -nodes
in A. We define the orders <5 and < by setting

c(m) < e(72) or
< Yo =
T ms 2 { c(11) = c(ye) and ¢1 > c2

and

c1 > Ccy Or

c1 = cg and ¢(71) < ¢(2)

Observe that the order <g (res. <) depends (resp. does not depend) on the

M 45’)’2<:>{

choice of s €s. Using < or <, it is possible to define two actions of U, (sl,)
on §. yielding to the Fock spaces §% and §2. We do not use the explicit
description of these actions in the sequel and refer the reader to [[J] for a
complete exposition. Nevertheless, we shall need the following:

Remark 2.1. (i) For [ =1, the Fock spaces §¢ and §? coincide.
(ii) With s = (sp(mod e), ..., s;—1(mod €))), we have
(2) Fe=Fw--F "

The Fock space §% is a tensor product of Fock spaces of level 1.

As U, (;[;)—modules, 55, s €s and §: are all isomorphic but with distinct
actions for L[U(s/[\e). For each of these actions, the empty multipartition
0 = (0,...,0) is a highest weight vector of highest weight As. We denote
by V#(As) (resp. VF(As) ) the irreducible component with highest weight
vector @ in §% (resp. in §2).

The following observation will be crucial in the rest of the paper. Fix
s € (Z/eZ)'. The modules V(A4) and V*(A,) when s runs over s are all iso-
morphic to the abstract module V. (As). However, the corresponding actions
of the Chevalley operators on these modules do not coincide in general.

The modules §¢ and §; are integrable. Hence, by the general theory of
Kashiwara crystal bases, §5 (resp. §:) has a crystal graph Bf (resp. Bg).
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Since the parametrizations of the crystals BS (resp. BZ) depend on the total
order <g (resp. <g), their underlying graph structures do not coincide in
general although they all admit the set of [-partitions as set of vertices. To
describe the graph structure of BS (for a fixed s € s) and Bf we proceed as
follows. Starting from any [l-partition A, we can consider its set of addable
and removable i-nodes. Let w; be the word obtained first by writing the
addable and removable i-nodes of A in increasing order with respect to <g
(resp. <) next by encoding each addable i-node by the letter A and each
removable i-node by the letter R. Write w; = APR? for the word derived
from w; by deleting as many of the factors RA as possible. If p > 0, let ~
be the rightmost addable i-node in w;. When w; # (), the node ~ is called
the good i-node.

Now, the crystal graph B? (resp. BZ) of §% (resp. §2) is the graph with

e vertices: the [-partitions,

e edges: A N p if and only if p is obtained by adding to A a good
i-node.

2.2. Uglov and Kleshchev multipartitions. Since VF(As) and V7(As)
are the irreducible components with highest weight vector @ in §5 and §2,
their crystal graph Bf(As) and BZ(As) can be realized respectively as the
connected components of highest weight vertex @ in B and B¢.
Example. The graph below is the subgraph of B, (0.0, 1)(21\0 + A1) containing
the 3-partitions of rank less or equal to 4.

(©,0,0)
2N
(1,0,0) (0,0,1)
N\ .
(2,0,0) (1,1,0) (1,1,0)
9N N VN
(3,0,0)  (2,0,1) (2,1,0) (1,0,2) (0,0,3)

o

(4,0,0) (3,1,0) (2,0,2)(2.1,0,1) (2,2,0) (1,1,2) (1,0,3) (0,0,4)

We denote by @2 the set of vertices in B5(As). The elements of ®$ are
called the Uglov [-partitions. For completion, we also write ®3(n) for the
subset of ®% containing the Uglov [-partitions with rank n. In general the
set @2 is very difficult to describe without computing the underlying crystal.
Nevertheless, in the case where 0 < s < --- < 551 < e—1, Foda et al. have
given a simple non recursive description of the Uglov I-partitions (see [[LO]).
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We denote by ®2 the set of vertices in Bf(Ag). The elements of ®F are
called the Kleshchev [-partitions. We define ®3(n) as we have done in the
Uglov case. Note that there exists only a partial combinatorial description
of the Kleshchev [-partitions @7, namely when the number of fundamental
weights appearing in the decomposition of Ag is less or equal to 2 , see [g]
and [[l]. In the other cases, they can only be obtained by computing the
underlying crystal or using the procedure described in [[[, §5.4].

Example 2.2. The graph below is the subgraph of Bj(2A¢0+A;) with s = (0
(mod 4),0 (mod 4),1 (mod 4))containing the 3-partitions of rank less than
4.

(0,0,0)
2N
(0,1,0) 0,0,1)
1\ N
0,1,1) (1,1,0) (0,0,2)
9N N VN

0,1,2)  (0,2,1) (1,1,1) (0,0,2.1)

B0 Y N NN

(0,1,3) (1,1,2) (9,2,2)(0,2.1,1) (1,2,1) (9,1,2.1Y0,0,3.1Y0,0,4)

Let s’ := (s{,...,s]_;) € Z! be such that s’ € s. Then the two modules

V5(As) and V¥ (A4) are both isomorphic to V.#(A,). Hence the corresponding
three crystal graphs are isomorphic. These crystal isomorphisms define the
following natural bijections

v @3 (n) — 0 (n)

Ven™: @e(n) — 92(n).
As it can be easily checked on the previous examples, the sets ®%(n) and
®%(n) do not coincide in general. However, if we fix n, it is possible to realize
the set ®(n) of Kleshchev [-partitions with rank n as a special set %= (n),

Seo € s of Uglov [-partitions. We refer the reader to Lemma 5.4.1 in [[§] for
the proof of the following proposition.

Proposition 2.3. Let n € N and consider ss := (So,...,S1-1) € 7' such
that

(3) Siy1 —Si>n—1
Jor alli=0,...., —2. Then Vg% % is the identity. Hence, we have :
Di(n) = @2 (n).
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In particular, ®5=(n) does not depend on the multicharge s provided (3)
is satisfied.

This shows that the description of the bijections \I/;;S' for all s,s’ € s
will lead that of WZ"'® as a special case. A multicharge verifying (B) is called
asymptotic (this is called n-dominant in [R(]). This justifies the notation
®(n) we have adopted.

3.ISOMORPHBMS(H‘AS)

1-CRYSTALS

We now review some results obtained in [[4] and [[j] making explicit
the bijections \Ifg;gsl. In [[I5], we have chosen to explain our results in the
language of column shaped tableaux to make apparent the link with the
combinatorics of sl,. Here, we rather adopt the equivalent language of
symbols also used in [[14] which permits to give a very simple description of
the elementary steps involved in our algorithms.

3.1. Elementary transformations in §l- We write as usual §l for the
extended affine symmetric group in type A;_1. This group is generated by
the elements o1, ...,07;_1 and g, ..., y;_1 together with the relations

2
OcOc410c = Oci10c0cq1, 0c0q = 040, for |c—d| >1, o =1,

with all indices in {1,...,l — 1} and
YelUd = YaYe,  OcYd = Yaoc for d# c,c+ 1, 0cyeoe = Yey1.

For any ¢ € {0,...,l — 1}, we set z. = y1 - - - y.. Write also { = oy_1 -+ - 01
and 7 = y;€. Since y. = zgflzc, §l is generated by the transpositions o, with
ce€{l,...,l —1} and the elements z, with ¢ € {1,...,1}. Observe that for any
ced{l,...,l — 1}, we have

(4) Ze = glchc.

This implies that §l is generated by the transpositions o, with ¢ € {1,...,1—
1} and 7. Consider e a fixed positive integer. We obtain a faithful action of
S; on Z! by setting for any s = (sq, ..., 5;_1) € Z

0c(8) = (805 -y Scy Se—1s -y S1—1) aNd Ye(8) = (804 -y Se—1, Se + €, ey S1—1)-

Then 7(8) = (81,82, -+, Si—1, 50 + €).

Remark 3.1. From the previous considerations, {si,...,s_1,7} is a minimal
set of generators for S;. Hence, the bijections \Ifg’jl’sl : ®%(n) — @ (n) with

s € s and W3 ® 1 ®F(n) — ®(n) can be obtained by composing bijections
corresponding to the cases s’ = 7(s) and 8’ = 0.(s) with e =1,....,1 — 1.
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3.2. Elementary crystals isomorphisms. The following proposition is
given in [[§, Prop. 5.2.1]. We give the proof for the conveniance of the
reader.

Proposition 3.2. Lets € Z! and e € N. Let A = (A . A=D) € d3(n).
Then
U7 = (AW AED AO)),

Proof. Set s = (sg,...,8¢—1). Then 7(s) = (s1,....,S¢—1,50 + €). Consider
A = AO AED)Y 5 multipartition and set A = (AD, ., AED A©)),
Consider i € {0,1,...,e—1} and v, = (a1,b1,¢1), 72 = (a2, bz, c2) two i-nodes
of A. Then ¥ = (a1,b1,¢1 — 1(mod €)) and 75 = (az, ba, c; — 1(mod €))
are two i-nodes of AY. We then easily check that v2 <g 71 if and only if

7§> ~r(s) 71- This implies that \I’E,ZT(S)()\) = A9, O
The description of the bijections \1127{%(5), c=1,...,l —1 are more com-

plicated. It essentially rests on the following basic procedure on pairs
(U, D) of strictly increasing sequences of integers. let U = [z1,...,z,] and
D = [y1,...,ys] two strictly increasing sequences of integers. We compute
from (U, D) a new pair (U',D’) with U" = [, ...,2.] and D' = [¢},...,v}]

of such sequences by applying the following algorithm :

Algorithm.

e Assume r > s. We associate to y; the integer x;, € U such that

(5) o max{z € U |yy > x} if y1 > a1
7\ =z, otherwise

We repeat the same procedure to the ordered pair (U \ {zi, }, D \
{y1}). By induction this yields a subset {x;,,...,x;,} C U. Then we
define D’ as the increasing reordering {z;,,...,x;,} and U’ as the
increasing reordering of U \ {z;,,...,x;, } UD.

e Assume r < s. We associate to z; the integer y;; € D such that

(6) o min{yeD |z <y}ifx <y,
Yin = 11 otherwise

We repeat the same procedure to the ordered sequences U \ {z1} and
D\ {yi, } and obtain a subset {y;,,...,9i,} C D. Then we define U’
as the increasing reordering {y;,,...,v;.} and D’ as the increasing
reordering of D\ {yi,,..., vy} UU.

Example 3.3. Take U = [0,1,3] and D = [0,1,2,4,7]. The subset of U
determined by the previous algorithm is {0,1,4}. This gives U’ = [0, 1, 4]
and D' =0,1,2,3,7].

Now consider ¢ € {1,...,e — 1} and A = (A, . A=) € ®3(n). In

s—oec(s)

order to compute Ve, (A), we need the symbol S, of the bipartition
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()\(C*I), )\(C)). Let d,_1 and d, be the number of nonzero parts in A1) and
A9 and put m = max(de_1 — Se_1,de — 5c) + 1. Set

ﬁi(c*l) :)\Z(cfl) —i+Se1+mforanyi=1,...,m+ s._1
Bi(c):)\gc)—z'—|—sc+mf0ranyi:1,...,m—|—sc

where, by convention the partitions A1) and A(9) are taken with an infinite
number of zero parts. The symbol S, is the two-row tableau

C C
(B e #)-(5)
ﬁm+sc71 Bm-i—sc 1—1 e 1 D
Observe that Bi(k),k: € {c — 1,¢} is nothing but the content of the node
= (1, )\Z(-k), k) € A translated by m. This translation normalizes the symbol
S. so that 57(5)4_ ﬁ,(;_; = 0. In fact, for a fixed pair (sc—1,$.) and m
as above, the map 2(5071786) which associates to each bipartition its symbol

is bijective. It is easy, from a symbol S., to recover the unique bipartition
(A=D X)) such that S. is the symbol of (A1) (). We are now ready

to describe the bijection W, oe(s) : P (n) — @Uc(s) (n).

Let s € Z! and e € N. Consider A — MO XY € @8(n) and ¢ €
{1,...,1—1}. Write S, = (%) for the symbol correspondlng to the bipartition
(A= X)), Denote by S, = (Q) the symbol obtained by applying to S,

the previous algorithm. Then we compute the bipartition ()\(C*I),X(c)) =
-1
(Sc 1,Sc

)(S ). Finally we consider the [-partition

A= AO @ XD A=)y
obtained by replacing in A, Ac~Y by A© and A© by \e=1),
Proposition 3.4. With the above notation, we have
w1 (n) = A,

Proof. One can check that the above algorithm is the traduction in terms
of symbols of Proposition 5.2.2 in [[Lg]. O

Example 3.5. Let e = 3 and let s = (0,2,0). Then one can check that
the 3-partition (4.1,3.1,1) belongs to ®£(10). We want to determine the 3-

partition \I/S_)@( )(4.1, 3.1,1). We first write the symbol Sy of (3.1,1) with

respect to s and m=3:
01 3
&_<01 247)'

By using the previous example, we obtain

= 01 4
&_<01 237)'
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This thus gives A©) = (2) and A=~V = (3). Hence \1127202(5) (4.1,3.1.1,0) =
(4.1,2,3).

4. MULLINEUX INVOLUTION FOR KLESHCHEV [-PARTITIONS

4.1. Mullineux involution as a skew crystal isomorphism. We here
keep the setting of the introduction and review a result of Fayers [ which
shows how the Mullineux involution on Kleshchev [-partitions can be com-
puted by using paths in crystal graphs. The generalized Mullineux involu-
tion can be regarded as a bijection

#
my : P — o7

where 5 = (sg(mod e), ..., 5;_1 (mod ¢)) and s* = (—s;_1(mod ¢), ..., —so(mod
e)).
Theorem 4.1 (Fayers [{]). Let A € 2 and consider in BZ(As) a path

i1 12 i3 in
N N i (I §

from the empty l-partition to X. Then there exists a corresponding path
T T S
n Bgﬁ (As) from the empty l-partition to an l-partition p € @gn. We have
then
mi(A) = p

In the level 1 case (i.e. for [ = 1), the map m; can be described indepen-
dently of the notion of crystal graph by using an algorithm originally due
to Mullineux. We refer for example to [[J] for a complete exposition of this
procedure. For all s € Z, it gives the map

miy : CI)g — CI)e_s.

where s = s(mod e) Our aim is now to show how the generalized Mullineux
involution (i.e. in level I > 1) can be computed from the map m; and the
results of Section f]. For any s = (so(mod e), ..., s;_1(mod €)) € (Z/eZ)!, set
—s = (—sp(mod e), ..., —s;—1(mod e)),
st = (—s;_1(mod e), ..., —so(mod e)).
Our strategy is as follows. Let A be in ®] and consider a path from the
empty [-partition to A in BS(As) with arrows labelled by iy, ..., 4y,.

(1) We first describe the [-partition v in ®_° defined by considering the
path
R e S
in B;%(A_s).
(2) Next, we describe the bijection ®_° — @gﬁ defined by the crys-

tal isomorphism between B *(A_;) and BgN (A_s). This permits to
compute p from v.
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4.2. Computing v from .
Proposition 4.2. Let A € % and consider in B(As) a path
/N LN
from the empty l-partition to X. Then there exists a corresponding path

—i1  —i2 —1i3 —ip
0_>._)._)..._)V

in B;°(A_s) from the empty l-partition to an l-partition v € ®_°. We have
then
v=m\),...,m\)).

Proof. We know by (B]) that the Fock spaces §2 and §_° can be regarded
as tensor products of level 1 Fock spaces. Therefore, each [-partition b =
(b© ..., b0=DY) in the crystals BS and B, * of the Fock spaces §2 and §,°
can be written b= b?® .- ® b~V Recall that in Kashiwara crystal basis
theory, the action of each crystal operator €;, ﬁ, 1€{0,...,l—1} on b =
bo®- - -®bj_1 is determined by the intergers €;(by,) = max{r € N | €/ (b;) # 0}
and ;(by) = max{r | f7(by) # 0} when k runs over {1,... 1 —1}.

We now proceed by induction on n. For n = 0, the proposition is clear.
Assume that the result is proved for n — 1 and consider A =f;, --- f;, (@) in
B:(As). Consider Mv=f;, , - fi,(0) € B(As) and vo=f ;- f 4, (D) €
B;*(A_s). By induction, we have then v, = (ml()\go)), . ,ml()\él_l))). The

Mullineux involution m; switches the signs of the arrows. Thus g;(my ()\Ek))) =
5,i()\gk)) and goi(ml()\gk))) = go,i()\gk)) for any £ = 1,...,l — 1. Since
fi.(A) = X #£ 0, we have f;, (1) = v # 0 by the above arguments. More-

over f; and f_; act on the same component of A\, and v, considered as
tensor products. Namely, there exists an integer a € {0,...,l—1} such that

{ A= R ), Ay
0 rs a -1
v=(m”),. . i A, om (AY)

We have ml(ﬁn(A§“))) = [ (ml(AS‘”)) since my is a skew-isomorphism.
This gives v = (m1(A?),...,my(A'"1)) which establishes the proposition by
induction. O

4.3. Computing p from v. Now, assume we have computed the Kleshchev
l-partition v € ®_° from the Kleshchev [-partition A € ®2 as in the previous

section. To compute @ eq)gﬁ from the required crystal isomorphism, we need
to realize v as an Uglov [-partition. To do this, we consider an asymptotic
multicharge —s € —s. The multicharge s can be written s = (sp (mod
€e)y...,s-1 (mod e)) with s, in {0,...,e — 1} for any ¢ =0,...,l — 1. Now
for any ¢ = 1,...,1 — 1, write p. for the minimal nonnegative integer such
that

Se—1 — Se¢ +pee >n — 1.
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Put then :
-1

(1) —s:=(=s0,—s1+pie,—s2 +pre+pse,...,—s1+ Zpie)-
i=1

Since —s is asymptotic, we have v €®- by Prop .3 and
\If;fl_’_s(u) =v.

Now, with the notation of Section for the generators of the affine Weyl
group of type A, we set

W(e,d) = OcOc—1...04 for any ¢ > d.
Given p € {1,...,1 — 1}, we also introduce

Tp = W—p,1)--W(i-2p-1)W(-1,p)
Note that for v := (vg, ...,v;—1) € Z' and p=1,...,1 — 1, we have:

Yp-V = (Up, ooy V=1, 00, -y Up—1)-
For each p=1,...,1 — 1, set

ap = Tl*pfyp.
We have thus, for v = (vg,...,v;_1) € Z!
ap.V = (V0, ..., Up—1,Vp + €, ..., 011 + €).
Finally, let wo = w1, 1yw(2,1)---w—_1,1) be the longest element of the symmet-
ric group S; and put
(8) n:i= af(pl*ﬁl)...a?ﬁpfﬂ)wo.
Proposition 4.3. Consider the multicharge —s of ([[) and set
9) s = (sg, . ,s?_l) =1n.(—s)
Then for any i =0,...,1 —1, we have
sg = —s1_;_1(mod e).

Therefore s° belongs to s Moreover, the multicharge s is asymptotic.

Proof. By definition of s = (sg, veny S?_l), we have for all d =0,...,] —2:

(10) 32&+1 - 83 = —Si-d—2+ S1—d-1+Ppi—a-1€+ 2e.
Now, since the integers s., c =0,...,¢ — 1 belong to {0,...,l — 1}, we can
write

—Si—q-2+Si—a-1+2e>8_42—S_-d-1.
Hence, we derive from ([[() and the definition of the integers pg that
5?1+1 - sﬁ > Si—d—2 — Sl—d—1 + Pi—d—1€¢ >n — L

Thus, the multicharge 7.(s) is asymptotic which proves our proposition.
O
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Recall that we have a Kleshchev [-partition v € ®_°. Using Section [, we
can compute

f
U= \I/e’f’z ° (v)
where s° is defined by (f). Since s is asymptotic and belongs to 5u, we derive
from Proposition P.3
Pty o~
v ) = .
Let us now summarize the transformations we have computed from A € ®;.

e €e,n

\Ije n — \Ije n — \II n ~ u \II ~ u
(11) Ae® - ved,®” - ved® = vedl — ved]
Recall now that we have a path
i G2 43 in

- LY}

in B2. By ([L1), we have the path

—i1  —i2 —1i3 —in ~
— .= .= .2V
. f o
S
in BY". This gives
mi(A) = p=v

Hence, the procedure (17) gives a purely combinatorial algorithm for com-
puting the Mullineux involution which does not use the crystal (and thus
the notion of good nodes) of an irreducible highest weight representation.

4.4. The case ¢ = oco. We now briefly focus on the case e = co. Our
algorithm considerably simplifies because in this case, the Kleshchev and
FLOTW [-partitions coincide. Moreover, the Mullineux involution m; re-
duces to the ordinary conjugation of partitions. Consider A € ®% . The
computation of m;(A) can be described as follows :

e First, by Proposition .3, the skew-isomorphism of crystals from
B2(As) to B ?(A_g) which switches the sign of the arrows sends A
to

r= (()‘O)lv L ()‘l_l)/)
for my just corresponds to the usual conjugation of partitions.

e Next, if we denote by wq the longest element of the symmetric group,
we have

W0 (=50, oy =51-1) = (=81, -, =50).
Thus we derive

mi(A) = v = U0 ().
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4.5. Conclusive remarks. The algorithm of Section B.3 also permits to
compute the bijections \IJE;;”(S) between ®; and @Z(s) for any o € S,. By
decomposing ¢ in terms of the generators s.,c = 1,...1 — 1, it suffices to
compute the isomorphisms \If;_n"sc(s). Since B? can be regarded as a tensor

product of crystals, we can assume [ = 2 and describe the bijection

\11252751)H(51,50) : (bg50751) N (bg51750)‘

Consider A 6@&50’51) and choose (ag,a1) an asymptotic charge with ag € s

and a; € s;. We have A 6<I>£3a0’a1). Then one computes \Ifg?ﬁ’al)ﬁ(al’ao)()\) =

v as in Proposition B.4. Now the problem is that (a1,a9) is not asymptotic
in general. To make it asymptotic, we need to compose translations by e in
72 acting on the right coordinate. Observe that for any (vg,vi) € Z2, we
have 7s1(vg, v1) = (vo,v1 +€). So if we set k = 751, we have to compute the
bipartitions

ok
(12) u(k‘):qjglrlbﬂm) T (al,ao)(’/)
with k € {0,...,m} where m € N is minimal such that a; — ag + me >

n — 1. Nevertheless, in practice one can restrict our computations and take
m minimal such p(™ = p(m+1_ This is because the Kleshchev bipartition

is fixed by the bijection \Iléf}L’so)_’Tk(51’so). Finally, one has

\I,(50751)—>(51,50) ()\) — H(m) .

e,n

Such a stabilization phenomenon also happens during the computation of
p from v (see Section [L.J). This means that, in practice, we have

\I;;?an(*S)(,,) _ \p;iﬂnb(ﬂ)(y)

where n = af(pl_lﬂ) . --alzfpfﬂ)wo is defined as in (§) and where 7’ :=
2(ph_,+1 b
al(pl_lJr ) ---alziplﬁl)wo with pz < pcfor ce{0,...,1—1}.

(s)

The previous description of the bijections \Pzzo , 0 € 5] yields an alter-

f
native for computing W;77° (v) = p in Section [.3. Nevertheless, one can

verify that the number of elementary transformations it necessitates (i.e.

2,7;80(5), c=1,...,1—1or \Ilz;{T(s) to compute) is

in general greater than the number of transformations used in W, fﬁn(fs).

the number of bijections ¥

Example 4.4. We conlude this paper with a computation of the Mullineux
involution on a 3-partition. Take e =4 and s = (0(mod 4), 1(mod 4), 3(mod 4)).
Then, one can check that the 3-partition A := (4,3,1.1.1)) is a Kleshchev
3-partition of rank n = 10 associated to s. Now we have

mi(4) = (2.1.1), m1(3) = (1.1.1), my(1.1.1) = (3).

Hence, to A, one can attach the Kleshchev 3-partition v = (2.1.1,1.1.1, 3)
which is Kleshchev for —s = (0(mod 4), —1(mod 4), —3(mod 4)). Since
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p1 = p2 = 3, This 3-partition is an Uglov 3-partition associated with the
multicharge

—s=(0,—-14+3x4,-3+3x4+3x4)=(0,11,21).

Following §4.3, we put :
1= ajajwg.
We compute
58 (v) = (0,1.1.1,4.1.1.1).

en
Hence, we obtain
msz(A) = (0,1.1.1,4.1.1.1).
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