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Adaptive nonparametric estimation in
heteroscedastic regression models.

Part 2: Asymptotic efficiency.

By Leonid Galtchouk and Sergey Pergamenshchikov *

Louis Pasteur University of Strasbourg and University of Rouen

Abstract

In the paper we study asymptotic properties of the adaptive pro-
cedure proposed in the paper Galtchouk, Pergamenshchikov, 2007,
for nonparametric estimation of unknown regression. We prove that
this procedure is asymptotically efficient for some quadratic risk, i.e.
we show that the asymptotic quadratic risk for this procedure coin-
cides with the Pinsker constant which gives a sharp lower bound for

quadratic risk over all possible estimates. ! 2
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1 Introduction

The paper deals with the estimation problem in the heteroscedastic non-

parametic regression model

y; = S(x;) +0;(9) &, (1.1)

where the design points z; = j/n, S(-) is an unknown function to be esti-
mated, (§;);<;j<, is a sequence of centered i.i.d. random variables with unit
variance and E¢} = ¢ < oo, (0j(S))1<j<, are unknown scale functionals
depending on unknown regression function S and the design points.

Typically, the notion of asymptotic optimality is associated with the
optimal convergence rate of the minimax risk (see for example, Ibragimov,
Hasminskii,1981; Stone,1982). An important question in optimality results
is to study the exact asymptotic behaviour of the minimax risk. Such results
have been obtained only in a limited number of investigations. As to the
nonparametric estimation problem for heteroscedastic regression models we
should mention the papers Efromovich, 2007, Efromovich, Pinsker, 1996,
and Galtchouk, Pergamenshchikov, 2005, concerning the exact asymptotic
behaviour of the £,-risk and paper by Brua, 2007, devoted to the efficient
pointwise estimation for heteroscedastic regressions.

We remind that an example of heteroscedastic regression models is given
by econometrics (see, for example, Goldfeld, Quandt, 1972, p. 83), where
for consumer budget problems one uses some parametric version of model

(L)) with the scale coefficients defined as

0]2(5) =cotoz;+ 0252($J~) , (1.2)



where ¢, ¢; and ¢, are some positive unknown constants.

The purpose of the article is to study asymptotic properties of the adap-
tive estimation procedure proposed in Galtchouk, Pergamenshchikov, 2007,
for which a non-asymptotic oracle inequality was proved for quadratic risks.
We will prove that this oracle inequality is asymptotically sharp, i.e. the
asymptotic quadratic risk is minimal. It means the adaptive estimation
procedure is efficient under some conditions on the scales (0;(5))1<;<y
which are satisfied in the case ([.J). Note that in Efromovich, 2007, Efro-
movich, Pinsker, 1996, an efficient adaptive procedure is constructed for
heteroscedastic regression when the scale coefficient is independent of S, i.e.
0j(S) = oj. In Galtchouk, Pergamenshchikov, 2005, for the model ([L.1)
the asymptotic efficiency was proved under strong conditions on the scales
which are not satisfied in the case ([.3). Moreover in the cited papers the
efficiency was proved for the gaussian random variables (gj)lgjgn that is
very restrictive for applications of proposed methods to practical problems.

In the paper we modify the risk by introducing into a additional supre-
mum with respect to a classe of unknown noise distributions like to Galtchouk,
Pergamenshchikov, 2006. This modification allow us to eliminate from the
risk dependence on the noise distribution. Moreover for this risk a efficient
procedure is robust with respect to changing of noise distributions.

It is well known to prove the asymptotic efficiency one has to show
that the asymptotic quadratic risk coincides with the lower bound which
is equal to the Pinsker constant. In the paper two problems are resolved:
in the first one an upper bound for the risk is obtained by making use of

the non-asymptotic oracle inequality from Galtchouk, Pergamenshchikov,



2007, in the second one we prove that this upper bound coincides with
the Pinsker constant. Let us remind that the adaptive procedure proposed
in Galtchouk, Pergamenshchikov, 2007, is based on weighted mean-squares
estimates, where the weights are corresponding modifications of the Pinsker
weights for the homogene case (when o1(S5) = ... = 0,(5) = 1) relative to a
certain smoothness of the function S and this procedure chooses an estimator
best for the quadratic risk among these estimates. To obtain the Pinsker
constant for the model ([L1]) one has to prove a sharp asymptotic lower
bound for the quadratic risk in the case when the noise variance depends on
the unknown regression function. This lower bound is obtained by making
use of an inequality of kind of the van Trees inequality (see, Gill, Levit,
1995). First we prove the inequality for a parametric regression with the
noise variance depending on the unknown regression (see Section 6) and
further we apply the inequality to the nonparametric regression by standard
reducing to a parametric case.

The paper is organized as follows. In Section ] we construct a adaptive
estimation procedure. In Section [ we formulate principal conditions. The
main result is given in Section . The upper bound for the quadratic risk is
given in Section f. In Section f| we find the lower bound for a parametric
model. In Section [] we study the parametric family. In Section § we obtain
the lower bound for model ([.I). An appendix contains some technical

results.



2 Adaptive procedure

In this section we describe the adaptive procedure proposed in [B] We make

use of the standard trigonometric basis (¢;);>1 in L2[0, 1], i.e.
@) =1, ¢,(2) = VETr,(2nlj/2a), j =2, (2.1)

where the function Tr;(z) = cos(z) for even j and Tr;(x) = sin(x) for
odd j; [z] denotes the integer part of z. We remind that if n is odd then
the functions (QSj)lSan are orthonormal with respect to the empirical inner

product generated by the sieve (7)<, in (L), i.e. for any 1 <i,j <n,
1 n
(i) j)n = — > dilz)di(w) = Kry;,
=1

where Kr;; is Kronecker’s symbol. Thanks to this basis we pass to the

discrete Fourier transformation of model (L)), i.e.

Ui =V + 1/ VD00 (2.2)

)

where éj’n = (Y,0j)n, 0;,, = (5, ¢j)n and

1 n
§in = NG 121 01(8)&19;(z1) -

Here Y = (y4,...,y,) and S = (S(z;),...,S5(x,))’. The prime denotes the
transposition.

We estimate the function S by the weighted least squares estimator

J=1



where the weight vector A = (A\(1),...,A(n))" belongs to some finite set A

from [0, 1]™ with n > 3. Here we make use of the weight family A introduced

in [g), i.e

A={,ac A}, A ={l,.. k}x{tn.. tm}, (24

where k, = [1/\/2], t; = ie, m = [1/e?] and e = 1/ Inn.
For any a = (8, t) € A, we define the weight vector A, = (A, (1),..., A, (n))’

as
Aald) =lpcjcin + <1 - (J'/W(a))ﬁ> 1 <i<w(@) (2.5)

where jo = jo(a) = [w(a)/Inn], w(a) = (Aﬁt)l/(%-i-l)nl/(%—i—l) and

Ag = (B+1)(28+1)/(x*p).

To find the optimal weights we choose the cost function equals to the pe-
nalized mean integrated squared error in which unknown parameters are

replaced by some estimators. The cost function is as follows

ZV )02, =2 A, + pP(N), (2.6)
j=1
where
- R 1 "o
Vjn =07, ==, with = Y 97, (2.7)
" j=l,+1

and I, = [n'/3 + 1]. The penalty term we define as

: |>\|2 2 2 1
P d = .
L) = 2y }jA and p= o
for some v > 0. Finally, we set
A= argmin, _, Jn(A) and S, = 5'5\. (2.8)
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The goal of this paper is to study asymptotic (n — oo) properties of this

estimation procedure.

3 Conditions

First we impose some conditions on unknown function S in model ([.1)).
Let C;fer L (R) be the set of 1-periodic k times differentiable R — R func-

tions. We assume that S belongs to the following set
k .
Wh={fecy (R : Y [IfVI*<r}, (3.1)
§=0

where || - || denotes the norm in £,[0, 1], i.e.

1
172 = /0 O (3.2)

Moreover, we suppose that r > 0 and k£ > 1 are unknown parameters.

Note that, we can represent the set Wf as an ellipse in £,[0, 1], i.e.

WE= (fey001) + 3 a0 < 1), 33)
j=1
where
1
0, = (£.0) = [ 100,00 (3.4
0
and
k k ‘
a; =3 lloV? =" @alj/2)* . (3.5)
=0 =0

Here (¢;);> is the trigonometric basis defined in R1)).

Now we decribe the conditions on the scale coefficients (0;(5));>1-



H,)

0;(S) = g(x},S) for some unknown function g : [0,1] x L1[0,1] — R4,
which is square integrable with respect to x such that

lim sup |[n! Z 7 (x;,8) — <(S)| =0, (3.6)

n—oo SEVV,iC j=1

where ¢(S) = fol g*(x, S)dz. Moreover,

= inf inf ¢*(z,S) >0 3.7
9. = nf Slerévfg (z,5) > (3.7)
and
sup ¢(5) < 0. (3.8)
Sew}k

For any = € [0,1] the operator ¢*(z,-) : C[0,1] — R is differentiable
in the Fréchet sense for any fized function f, from C[0,1] , i.e. for

any f from some vicinity of f, in CJ0,1]

gz(xaf) = gz(xafO) +Lz,f0(f - fO) + T(x7f07f)7

where the Fréchet derivative L, ; : C[0,1] — R is a bounded linear
operator and the residual term Y (z, f, f) for each x € [0,1] satisfies

the following property

T (=, fo, )]

im =0,
[f=fol.—0  |f = folu

where |f]|, = SUP)<¢<q | £(®)]-

There exists some positive constant C* such that for any function S
from Cl0,1] the operator L, ¢ defined in condition Hy) satisfies the
following inequality for any function f from C[0, 1]

L, s (NI < C(IS@)f @)+ [+ IS (3.9)

where |, = [ f(t)|dt.



H,) The function g3(-) = ¢*(-,Sy) corresponding to Sy = 0 is continuous

on the interval [0,1]. Moreover,

lim sup sup |gz(ﬂ3,5)—92(~"3a50)| = 0.
00 0<z<1 [8],<6

Now we give some examples of functions satisfying conditions H;)-H,).

We fix some ¢, > 0. Let G : [0,1] x R — [¢y, +00) be a function such

that
li G -G =0. 3.10
50 mrflq?é&?elg’ (w.y) = Glv.g)l 310
and
G, = sup sup]Gy(ﬂUay)’/’y‘ < 00. (3.11)
0<z<1yeR

Moreover, let V' : R — R, be a continuously differentiable function such

that
vl = sup [V (y)|/(1+]yl) < .
yeR
We set
1
@z, 9) = Gz, S(z)) + / V(S(t))dt. (3.12)
0

In this case
1 1
S) = G(t,S(t))d V(S(t))d
(S) /O (t <t>>t+/0 (S()dt

and for any S € Wf

n_leQ(xj,S)—g(S) gz/j |G(x;,5(x;)) — G(t,S(t))] dt

! 1 . G/
<A+ — [ [S@OISE)|dt <A, +—7,
n 0 n

where

A, = max supl|G(u,y) —G(v,y)|.
lu*v@/nyeR! (u,y) = G(v,y)]



Therefore by condition (B.1() we obtain Hy).

Moreover, the Fréchet derivative in this case is given by
1 .
L, s(7) = Gy (o S@) f(e) + [ V(S@)odr.
0
It is easy to see that this operator satisfies the inequality (B.9) with
C* =G +u..
For example, we can take in (B.19)
G(x,y) = cg+cyr+cy? and V(x) = cza? (3.13)

with some coefficients ¢, > 0, ¢; > 0,7 = 1,2,3. Therefore, we obtain the

function ([.9) if we put in (B.12)-(B.13) ¢; =0, i.e. V =0.

4 Main results

Denote by P, the family of unknown noise density. Remind that the noise
random variables (§;),<;<, are centered with unit variance and Egi1 < &,
where £* > 3. For any estimate S we define the following quadratic risk
Rn(S, S) = sup ESJ,HS' — SHi, (4.1)
pEP,
where Eg , is the expectation with respect to the distribution Pg,, of the
observations (yi,...,¥,) with the fixed function S and the fixed density p
of random variables (;);<;<, in model ([L.1)), I1S]12 = (5, 9),.
In Galtchouk, Pergamenshchikov, 2007, we shown the following non-

asymptotic Oracle inequality for procedure (R.§).
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Theorem 4.1. Assume that in model () the function S belongs to W!.
Then, for any odd n > 3, any 0 < p < 1/3 and r > 0, the estimate 5'*

satisfies the following oracle inequality

R,(5,8) < (1+n(p)min R,(5,,8) +n7'By(p). (4

where
K(p) = (6p = 2p%)/(1 - 3p)

and the function B, (p) is such that, for any § >0,

lim B, (p)/n’ =0. (4.3)

n—0o0

Now we formulate the main asymptotic results. To this end for any

function S € Wf we set
() = Thrt/EEHD (g(5))2/E41) (4.4
where
I‘;’; — (2]{3 + 1)1/(2k+1) (k‘/(ﬂ' (k‘ + 1)))2k/(2k+1) ‘

It is well known (see, for example, Nussbaum, 1985) that for any function

S € WF the optimal convergence rate is n2k/(2k+1)

Theorem 4.2. Assume that in model ([L.1]) the sequence (0;(S)) fulfils the

condition Hy). Then the estimator S, from (B.8) satisfies the inequality

limsup n?*/ D sup R,(S,,8)/71(S) <1. (4.5)
n—o0 Sewh

The following result gives the sharp lower bound for risk ({.1) and show

that 74 (S) is the Pinsker constant.

11



Theorem 4.3. Assume that in model (L)) the sequence (c(S)) satisfies
the conditions Hy)~ Hy). Then, for any estimate S, the risk Ry(Sn,S)

admits the following asymptotic lower bound

liminf n?*/*1 inf sup R, (S,,S)/(S) > 1. (4.6)

e Sn SeWk
Remark 4.1. Note that in Galtchouk, Pergamenshchikov, 2005 an asymp-
totically efficient estimate was constructed and results similar to Theorems
.3 and [[.3 were claimed for the model ([L1)). In fact the upper bound is true
there under some additional condition on the smoothness of the function S,
i.e. on the parameter k. In the cited paper this additional condition is not
formulated since erroneous inequality (A.6). To avoid the use of this in-
equality we modify the estimating procedure by introducing the penalty term
ppn()\) in the cost function (B.§). By this way we remove all additional

conditions on the smoothness parameter k.

5 Upper bound

In this section we prove Theorem [1.9. To this end we will make use of oracle
inequality (.2). We have to find an estimator from the family (2.3)-(R.4) for
which we can show the upper bound (.§). We start with the construction

of such an estimator. First we put
I =inf{i >1:ic>7(S)}Am and 7(S)=r/(S). (5.1)

Then we choose an index from the set A, as

&= (ki,),

rr'n

12



where k is the parameter of the set Wf and t, = l~n6. Finally, we set
S = 35\ and A= )\;. (5.2)
Now we show the upper bound ([L.§) for this estimator.

Theorem 5.1. Assume that condition Hy) hold. Then
lim sup n2*/*+D sup R, (S,89)/7(S) <1. (5.3)
n—0o0 SeW}k
Remark 5.1. Note that the estimator S belongs to estimate family (£.3)-
(B4), but we can’t use directly this estimator because the parameters k, r

and 7(S) are unknown. We can use this upper bound only through the oracle

inequality (.3) proved for procedure (R.§).

Proof. To prove the theorem we will adapt to the heteroscedastic case the
corresponding proof from Nussbaum, 1985.

First, from (R.J) we obtain that, for any p € P,,

n

Eg, [S—SIh =Y (1 — 3)*7, + - Z NS (5.4)
j=1
where

1 n
Sin = 3 LS.

Setting now @ = w(&), jo = [@/Inn], j; = [©Inn] and

we rewrite (B.4) as follows

ji—1
Eg,[S-SI2= Y (1-X)*?, +an 12 X+ A1(n)+As(n) (5.5)
j=Jjo+1

13



with

n

— Z 19§7n and Ag(n) = nt Z 5\? (gj,n — gn)
- =

Jj=n
Note that we have decomposed the first term in the right-hand of (B.4) into

the sum )
-1 ~
D=\, + An).
j=jo+1

This decomposition allows us to show that Aj(n) is negligible and further
to approximate the first term by a similar term in which the coefficients 9, ,
will be replaced by the Fourier coefficients ; of the function S.

Taking into account the definition of w(«) in (2.§) we can bound & as
5> (A EHD /@R (1 )= 1/ k1)
Therefore, by Lemma [A.1] we obtain
lim sup n?*/F) A (n) =0.
N0 gewk
Let us consider now the next term Ay(n). We have

A ()| = 22 23 R, (w0 < 2 sup |30 25,0
j=1

n
0<z<1 j=1

where Ej(x) = gb?(x) —1. Now by Lemma [A.3 and definition (R.§) we obtain
directly the same property for Ag(n), i.e.

lim sup n2/ D A (n)| = 0.
Setting

ji—1
~ . 2k/(2k+1) Y 2,02 /(2k+1)
Yen(S) =n > (1= 1) + ! E

i=jo

14



and applying the well-known inequality
(a+b)? < (140)a®+ (1+1/6)b>

to the first term in the right-hand side of inequality (5.§) we obtain that,

for any § > 0 and for any p € P,,

Eg, |15 — S|2 < (1+ 6) 4y, (S) n~ 2R/ k4D

where .
J1—1
Az(n) = Z (ﬁj,n - 79]')2-
J=jo+1

Taking into account that £ > 1 and that

Gy < (A @D 1/ ChAD) (1 ) (2K+2)/(2h+1)

we can show through Lemma that
lim sup n?*/F) Agn) =0.
O Sewk
Therefore inequality (F.G) yields
lim sup n?*/ 1) sup R, (S, 8)/%(S) < limsup sup 4,,(S)/7x(S)
n—00 Sew} n—oo SeWwk
and to prove (p.3) it suffices to show that
limsup sup 3,,(S)/7(8) < 1. (5.7
n—oo Sk
First it should be noted that definition (f.1]) and inequalities (B.7)-(B-9)
imply directly

lim sup |¢,/7(S)—1]=0.
n—00 SeWwk

15



Moreover, by the definition of ()‘j)lgjgn for sufficiently large n for which

t, > 7(S) we can calculate the following supremum

sup n2k/(2k+1)(1 _ Xj)Z/(ﬂj)Zk _ W—Qk(Aki’n)—Qk/(Qk—i—l)
j=1

< W—Qk(AkF(S))—Zk/(Zk-l-l) )

Therefore, taking into account the definition of the coefficients (a;);>; in

(B-H) we obtain that

limsup n2¥/ A0 sup sup w2k (A4, 7(S))2H/ +D (1 — Nj)?a; < 1.
nee SEWF jZjo

Moreover, by definition (R.§) we get that

no 1
lim sup |n~ YD Z)\j - (AkF(S))l/(zk“)/ (1—2%)2dz| =0.
0

Taking into account definition of W in (B.3) and condition (B.4) we obtain
inequality (p.7). Hence Theorem .. O
Now Theorem [[.J] and Theorem p.]] imply Theorem [L.2,

6 Lower bound for parametric heteroscedastic re-

gression models

Let (R, B(R"),Py,9 € © C RY) be a statistical model relative to the ob-

servations (yj)lg j<n governed by the regression equation
yj = Sylzj) + 05(9) ¢, (6.1)

where &1, ...,&, are i.i.d. N(0,1) random variables, ¥ = (¥1,...,9;) is a

unknown parameter vector, Sy(x) is a unknown (or known) function and

16



0;(V) = g(z;,5), with the function g(z,S) defined in condition H;). As-
sume that a prior distribution s, of the parameter 9 in R! is defined by the

density @ (1) of the following form

!
o) = ®(Wy,...,0) = [[ei(¥),
=1

where ; is a continuously differentiable bounded density on R with

[ @i(»)? - 0o
IZ_/R vi(2) A=<

Let A(-) be a continuously differentiable R! — R function such that, for any

1<i<l,

lim  A(¥)p;(¥;) =0 and /Rl |\ (9)] () < o0, (6.2)

6;]—00
where

X,(9) = (9/90;) A(0).

Let A, be an estimator of A(9) based on observations (y;);<;<,. For any
B(R™ x RY) - mesurable integrable function G(x,9),z € R™,9 € R}, we set
EG(Y,0) = / EyG(Y,0) ®(¥)dd,

R!
where E, is the expectation with respect to the distribution P of the vector

Y = (y,...,y,). Note that in this case

E,G(Y,9) = - G(v,9) f(v,9)dv,
where
o) = . 1  (vj = Sy(xy))*
fw.9) jHl Varo;(9) p{ 202(9) } ‘ (6.3)

We prove the following result.

17



Theorem 6.1. Assume that conditions Hy) — Hg) hold. Moreover, assume
that the function Sy(-) is uniformly over 0 < x < 1 differentiable in C|0, 1]
with respect to ¥;, 1 < i <1, i.e. for any 1 <1i <1 there exists a function

S . €C[0,1] such that

lim max |(Sy. e, (@) = Sy() = S}, (@)h) /] =0, (64)
where e; = (0, ....,1,...,0)’, all coordinates are 0, except the ith equals to 1 .

Then for any square integrable estimator An of \(¥) and any 1 <i <,
B(Ay — N2 2 A2/(F + B + T,), (6.5)

where Ay = [ N(9) @(0)d9, F; = 377, [or (S5,(x5)/0; (9))2 ®(9)dY and

1 & L2(x;,Sy)
B, = = / M@(ﬁ)dﬁ’
2 jzl R U?(Sﬂ)
Li(z,0) = L,s,(S5,), the operator L, g is defined in the condition Hs).

Proof. We put

0i(v,9) = m % (f(v,9)2(9)) .

Note that due to condition (B.7) the density (6.) is bounded, i.e.
F0,9) < (2mg,) ",
So through (.9) we obtain that
wﬁfm A@) fv, D) (9;) = 0.

Therefore, integrating by parts yields

(f(v,9)®(9)) dddv

R RO
0

- /R (aﬁﬂﬁ)) 2(9) ( /R ) f<v,ﬂ>dv> a9 = A

18




Now the Bouniakovskii-Cauchy-Schwarz inequality gives the following lower
bound
E(\, — \)? > A2/Eo?.

To estimate the denominator in the last ratio, note that

B 1 0 901(192)
Qi(v,ﬁ) = f(v,ﬁ) aﬁif(v’ﬂ) + @i(ﬁz)

a0y

= i) + @i(0;)

where

fi(v,9) = (8/99;)In f(v,0) .

From (B.1)) it follows that

n

~ L " Slz,)
filw,0) =2 (& = 1) 202(9) 9, 70+ o;(0)

j=1

Moreover, conditions H,) and (p.4)) imply
(8/00;) 53(9) = 0/09;) g* (. S5) = Ly(5,9)
from which it follows
-/ 2
E (f(Y,0)) =F+B5,.

This implies inequality (f.§). Hence Theorem .1 O

7 Parametric kernel function family

In this section we define and study some special parametric kernel functions

family which will be used to prove the sharp lower bound ({.6).
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Let us begin by kernel functions. We fix n > 0 and we set

_ u—x
Iy(z) =n 1/Rl(|u§1—n)v< » ) du, (7.1)

where 14 is the indicator of a set A, the kernel V' € C*°(R) is such that

1
V(u) =0 for |u/>1 and / V(u)du=1.
-1

It is easy to see that the function I,(x) possesses the properties :

0<I,<1, Ijzx)=1 for |z|]<1-2n and

Iy(x)=0 for |z[>1.
Moreover, for any ¢ > 0 and m > 1

/R F(@) I (@) — / 11 f()dz

lim sup

=0, (7.2)
=0 f:|f].<c

where ’f’* = SUP_ <4< ‘f(x)‘
We divide the interval [0, 1] into M equal parts of length 2h and on each

of them we construct a kernel-type function that was used in Ibragimov,
Hasminskii, 1981, to obtain the lower bound for estimation at a fixed point.
A such constructed on each interval function equals to zero at the extrem-
ities together with all derivatives. It means that Fourier partial sums with
respect to the trigonometric basis in £,[—1,1] give a natural parametric
approximation to the function on each interval.

Let (e;);>1 be the trigonometric basis in La[—1,1], i.e.
e =1/V2, e(@) = Tr;(nj/2z) , j =2, (7.3)
where T'r;(x) = cos(x) for even j and T'r;(x) = sin(x) for odd j.
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Now, for any array z = {(zp, j)1<m<nm, ,1<j<n,} We define the following

function
M

n

Senl@) =Y

M =z

Zm J Dm,j (.%') ’ (74)

,_.
<
Il

—

where D,, ;(x) = e;j (vm(2)) Iy (

<
3
8

=

Um(x) = (£ — Tm)/hy s  &Tm =2mh, and M, =[1/(2h,)] —1.

We assume that the sequences (N,,),,>; and (h,,),,>1, satisfy the following
conditions.
A,) The sequence N, — 0o as n — oo and for any p > 0

lim NP/n = 0.

n—oo

Moreover, there exist 0 < §; < 1 and 65 > 0 such that

h, = O(n™%) and h;lz O(n%) as n— oco.

n

To define a prior distribution on the family of arrays, we choose the following

random array ¥ = {(V,, j)1<m<n, ,1<j<n, } With

/19 . =

m,] tmv.] Cmn] ) (75)

where ((, ;)

are iid. N(0,1) random variables and (t,, ;)1<m<n, ,1<j<n,
are some nonrandom positive coefficients. We make use of gaussian variables

since they possess the minimal Fisher information and therefore maximize

the lower bound (B.5). We set
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We assume that the coefficients (t,,, ;)1<m<n 1<j<n satisfy the following
conditions.

A,) There exists a sequence of positive numbers (d,,),~; such that

lim h% - ZZ# 2P =0, lim \/d,tr =0, (7.7)

n—o00 n—00
m=1 j=1

moreover, for any p > 0,

lim n? exp{—d,/2} =0.
n—oo

As) For some 0 <e <1

9 2k
hmsuph% - Zthd 2k < (1—e)r ( > .

m=1 j=1

A,) There exists ey > 0 such that

Ak
lim —p— 2+e0 ZZ mgd T

n—oo
h m=1 j=1

Proposition 7.1. Let conditions A{)-A,). Then, for any p > 0 and for
any 6 > 0,

lim 7P max P<HS§ H>5)—0
n— 00 0<I<k-1

Proof. First note that for 0 < x < 1 we can represent the [th derivative as

n l
SO =20 3 S () 0, @) @@, (78)

m=1 =0

22



where

N?’L
Qz,m(v) = Zﬁmuey) (U)
j=1
Therefore
2 l 1—i
IS9P = s Y [ 1 (Z (1) 1 ><v>Qi,m<v>> dv
n m=1"" i=0

and by the Bounyakovskii-Cauchy-Schwarz inequality we obtain that

l
l C* 1777 -
sl < SELS (7.9)

n i=0

with C*(l,n) — maXflgvgl Zi‘:o <(i) Ir(]l_i)(/v)>2 and

My, 1
Q=Y [ @)
m=1"—1
Now we show that for any 0 <i<k—1and d >0

lim n"P (@, > 6h2") = 0. (7.10)

n—oo

To that end we introduce the following set

= _ 2
==, 2 G <) 1

where the sequence (d,, ),,>; is given in condition A,). Therefore, taking into

account that

1 N, 1
/ Q2 (v)dv = Zﬁfnj/ (el ()% dv
-1 = “J1
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the function @, can be estimated on the set Z,, as

N,
ol TNE A 2 20
0= (5) 4 Y

m=1 j=1

and by ([.7) we get, for any § > 0 and sufficiently large n,
P(Q,,, > o) < P (=) .

Moreover, for sufficiently large n

Therefore, conditions A;) and ([.7) imply

limsup n” P (%) =0, (7.12)

n—oo
for any p > 0. Hence Proposition [1.
O

Proposition 7.2. Let conditions A;)-A,). Then, for any p > 0,
lim n?P(Sy, ¢ WF) =0.
n—oo

Proof. First of all we prove that for € from condition Aj)

lm n”P (IS0 > VT ==/a)r) =o0. (7.13)

Indeed, putting in (7.§) { = k we can represent the kth derivative of Sy as

follows
S5 (x) = 8u(x) + Ty () (7.14)
with A 1 M. b |
Sule) = g 223 () 1979 (0,0(®)) Qi (01 ()



and

First, note that, we can estimate the norm of gk(x) by the same way as in

inequality (F.9), i.e.
507 < S S a,,,.

By making use of ([[.1() we obtain that, for any p > 0 and for any 6 > 0,
lim nP P <\\Sk\\ > 5) ~0. (7.15)
n—o0

Let us consider now the last term in (f.14). Taking into account that

0<1I,(v) <1we get

M, 1
15,2 = h% 3 / P0)Q2, (v)dv
< (5) h2k 1 Zzt2 m,jJ ¢ ,J

m=1 j=1

Therefore from condition A3) we get for sufficiently large n

S < 1~/ + (5) Z< @<+ (5)" v

with

We show that for any p > 0 and for any 6 > 0
lim n?P(]Y,| >4d)=0. (7.16)
n—oo

Indeed, by the Chebyshev inequality for any ¢ > 0

P(|Y,| >6) < E (Y,)* /6. (7.17)
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Note now that according to the Burkholder-Davis-Gundy inequality for any

¢t > 1 there exists a constant B*(¢) > 0 such that

L

E(Y,)" <B'WE | YT,
m=1
Moreover, by putting
(,= max max (2

1<m<M, 1<j<N, ™I
we obtain that N
=2 N N4k
Con < 75 Dty G
n j=1
Therefore, by condition A,) for sufficiently large n

n g

E(Y,)* < B*(t) N' o E ("

< B*()E (¢* - 1)* M, N ',

where ¢ ~ N(0,1). Taking into account here condition A;) we obtain for
sufficiently large n
E (Yn)ZL < n_51 (69 —2) .
Thus, choosing in (F.17)
v > p/(€dy) +2/€

we obtain limiting equality (.16) which together with (7.14)-(7.15) implies
(F13). Now it is easy to deduce that Proposition .1 yields Proposition [.3.
O

Proposition 7.3. Let conditions A,)-A,). Then, for any p > 0,
i p 2 —
lim 0P BS,, 17 (15, gwey +1=:) =0.
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Proof. First of all, we remind that due to condition A,)

M, N, 4 M, N,
(19 ) SNER TR S 3 SUATLCLET)
n

n—00 - n—00 -
m=1 j=1 m=1 j=1

Therefore, taking into account that
Mn N”l
2 2 2
ISl <1, 3 52,2, 19
m=1j=1

we obtain, for sufficiently large n,

B[Syl (s, awey +1=;) <maxBC (15, gwny +1z:) -

m?]

Moreover, for any 1 <m < M, and 1 < j < N,,, we estimate the last term

as

EG,., <1{Sﬁ,n¢Wf} + 15;) < nP(Sy, ¢ W))
+nP(E%) +2E(? Lic2sny s

where ¢ ~ N(0,1). By applying now Proposition 7.3 and limit (F.13) we

obtain Proposition [.d. O

Proposition 7.4. Let conditions A;)-A,). Then for any function g satis-
fying conditions (B.7) and H,)

lim sup E |gi2(xa519,n) _962(55)‘ =0.

n—0o0 <g<1
Proof. First, note that on the set = the random function Sy ,, is uniformly

bounded, i.e.

[Sg.nls = sup Sy, (2)] < V/d, 1, (7.19)
0<z<L1
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where the coefficient ¢* is defined in ([7.§). Therefore by condition H;) we

obtain

E |g7%(x,8y,) — 95 (2)] < IS\E\S}%Q 1972 (2, 8)—g5 ()| +(2/9.) P (E;) -

Conditions A,) and H,) together with the limit relation (F.12) imply Propo-
sition 4. O

8 Lower bound

In this section we prove Theorem .. To that end we establish the following

auxiliary result.

Lemma 8.1. For any 0 < § < 1 and any estimate S,, of S € Wf,
1S, = S|I7 = (1= O)|IT,(8) = SI> = (67" = 1)r/n*,

where T, (S)(z) = Yy Snlxr)1

{L'k,l,fl'k} ('I) :

Proof of this Lemma is given in Appendix [A.2.
This Lemma implies that to prove ({.f), it suffices to show the same

asymptotic inequality for the integral risk, i.e.

liminf inf n?*/ DRy (S,) > 1, (8.1)

n—o00 Sn

where

RO(SH) = Sup ES7q HSH - SH2/7/€(S) ;
Sewk

q is the gaussian (0, 1) density of the noise (¢;) and 1S]1? = fol S%(z)dz.
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To show (B.J]) we will make use of the sequence of random functions
(S9.n)n>1 defined in (F.4)-(7.5) with the coefficients (t,;) satisfying condi-
tions A;)—A,) which will be chosen later.

For any estimator Sn, we denote by 5’2 its projection onto Wf, ie.

SY = Pryy«(Sy). Since WP is a convex set, we get that
15 = SII* > 1157 — SII*.

Therefore, we can write that

R (5' ) >/ E.S'Zyn,qHSPL - Sz,n”2
0\Pn) =

{z:S, ,eWFINE, Wk(sz,n)

po(dz) -

Here j1y denotes the distribution of ¥ in R! with [ = M, N,. We recall also
that the set =, is defined in ([/.11]). Moreover, taking into account here

n

inequality (f-19) we estimate the risk Ro(S,) from below as

A 1 A
Ro(S) = = | By gl130 — .0l o(d2)
Tn {2:8, ,€Wk}INZ, ’
with

= sup  %(S). (8.2)
1], <\/dpt

Let us introduce now the corresponding Bayes risk

RolS9) = [ Bs 180~ SR uo(ds). (83)

R

z,m9

Now through this risk we rewrite the lower bound for RO(S'n) as
Ro(S7) = Ro(S7) /7, — 2w, /7, (8.4)

with
@, = B(lgg, awsy + 1z)(r + 159,nll) -
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First of all, we reduce the nonparametric problem to parametric one. For
this we replace the functions 5‘2 and S by their Fourier series with respect

to the basis
Emi(x) = (1/Vh) i (0m(2)) L )<1) -

By making use of this basis we can estimate the norm [|S0 — SZ,nHQ from

below as
M”l Nn
||52 - Sz,nH2 2 Z Z ()‘m,] - )‘m,j(’z))2 )
m=1 j=1

where

1 1
~ o /\0 ~ _ =~
A = /0 Sp(@)é,, j(x)dz  and A, ;(2) = /0 S, n(@)e, j(z)d.

Moreover, from definition (7.4) one gets

N, 1
Mg () = VY 2 [ ety (w)du.
=1 -

It is easy to see that the functions ), ;(-) satisfy condition (f.9) for gaussian

prior densities. In this case (see the definition in (.5)) we have
A = (0/02,, WA i(2) = Ve (I,)

where
1
&) = [ AW, (8.5)

Now to obtain a lower bound for the Bayes risk Ro(S2) we make use of

Theorem p.1] which implies that

M_ N, —9
. L he<(1,)
Ro(S0) = > > 27
0( n)— : 2

m=1j=1 ~m,
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where F,,

with L

and

5= i D?n,j(xi)Eg_Q(xi’Sﬁ,n) and

~ 2
B .= li E Lm,j(xhsﬁ,n)
™ 2 i=1 92('%.” Sﬂ,n)

@8 =L, ¢ (Dm,j). In the appendix we show that

lim  sup sup | 4/ (nh) — J’(Ig)g(;%jm)‘ =0
n—00 1<m<M,, 1<j<N,,

lim  sup sup {ij/ nh)| =
n—00 1<m< M, 1<j<N,

This means that, for any v > 0 and for sufficiently large n,

Fpi+ B+t
sup sup 5 — <1l+v.
1<m<M, 1<j<N, nheg(f )90 (Tm) +

Therefore, if we denote in (8.4)

52

2 = nhgy @) 2, and y(ny) = 220 /@Dy + )

)

we obtain that, for sufficiently large n,

M’n/ n
2/ 2R )R (0) > 1—i1—1/ ~1/(2k+1) Z el Z o
m=1 j=1

In the appendix we show that

where

N N
lim sup su ZTjnyj /ZF(yj)—l =0,
170 N2y, ,yN)ERf j=1 j=1

T(y) =y/(y+1).

Therefore we can write that, for sufficiently large n,

2k ~ 0
’I’L2k+1R0(S ) >

1 o

v A 2~ 2 2

> 1+Vn 26+1 Z go(xm) JNn(Km,l""’Rm,Nn)’
m=1

31
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where

N
j=1

Obviously, to obtain a ”good” lower bound for the risk 7%0(5'2) one needs

to maximize the right-hand side of inequality (8.10]). Hence we choose the

coefficients (k2 .) by maximization of the function Jy, i.e.
m,j

),

N
max Jy(yp,...,yy) subject to Zyjj%SR.

Y159 YN _]:1

The parameter R > 0 will be chosen later to satisfy condition Aj). By
the Lagrange multipliers method it is easy to find that the solution of this

problem is

N N

vi(R) = (R+Y )i 7*/> " =1 for 1<j<N. (8.11)
j=1 j=1

To obtain a positive solution in (B.11) we need to impose the following

condition

N N
R> NFY b =" 5%, (8.12)
j=1 j=1

Moreover, from condition Ag) we obtain that

R < 22N (1 —e)rn 2 /(7% ) == R

n?

(8.13)

where
Mn
Jo = 2hy, Z gg(jm)
m=1
Note that by condition H,) the function gy(-) = g(-,Sy) is continuous on

the interval [0, 1], therefore

1
lim g, = / g*(x, Sp)da = <(S) (8.14)
0

n—oo
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with Sy = 0.

Now we have to choose the sequence (h,,). Note that if we put in (7.5)

tmj = (9o(Em)/V/nhy) \Jy3(R) e kp; = yi(R), (8.15)

we can rewrite inequality (B.10) as

nF+1R(S%) > , 8.16
0( ) - 1+V) oh I ( )
where )
N N
TRy =N— > "] /(R+)_ 5
j=1 j=1

It is clear that
k*/(k 4+ 1)* < liminf inf J5(R)/N < limsupsup J5 (R)/N < 1.
N—oo R>0 N—oco R>0

Q A

Therefore to obtain a positive finite asymptotic lower bound in (B.14) we

have to take the parameter h, as

h, = h,n YN (8.17)

n

Q

with some positive coefficient h,. Moreover, conditions (8.12)-(B.13) imply

that
92k+1

N, N,

Lokt L ok 1 ~ ok

(= e)r g — W > s D 3 = S 27
n j=1 n j=1

90

Taking here limit as n — oo thanks to asymptotic equality (B.14), we obtain

the following condition on h,
h, > (vF)H @D (8.18)

where

k 22k+1 1—
v¥ = and ¢ = —( e)r

e ck+1)(2k+1) e mw2hg(Sy)
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To maximize the function J3, (R) at the right-hand side of inequality (B.16)

we take R = R defined in (B.13). Therefore we obtain that

liminf inf n?*/FDR,(S%) > (¢(S,)/2) F(h,), (8.19)

n— 00 S?L

where
1 2k +1
Flz) =~ - .
e 1D2(c(2k + 1)22F+2 + 1)

Taking into account that

) (cX(2k + 1) (k + 1)zt — )2
PO = =G e er T e ap =

we find that

ma F(h,) = (D)) = (k/(k + 1) (o).

h*z(v;)l/(%ﬂ) €

This means that to obtain in (B.19) the maximal lower bound we have to
take in (B.17)
h, = (v*)Y/ @+ (8.20)

&€
Therefore, inequality (8.19) implies
lim inf inf n2/CRHDR(S9) > (1 — &)V R+ (S, (8.21)
n—oo 50
where the function 4 (S,) is defined in ([£4) for S, = 0.
Now to end the definition of the sequence of the random functions (S, ,)
defined by (f.4) and (.5) we have to define the sequence (N,,). We remind

that we make use of the sequence (S5 ,) with the coefficients (¢ con-

m,j)
structed in (B.19) for R = R given in (B.13) and for the sequence h,, given

by (B.17) and (B.2() for some fixed arbitrary 0 < e < 1.
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We will choose the sequence (NN,,) to satisfy conditions A;)-A,). We can
take, for example N,, = [In* 7]+ 1. Then condition A) is trivial. Moreover,

taking into account that in this case

jro 226 (1 — e)r o« 2kt _ S(5) k 2%-+1
" % Go = 9 (k+1DQE2k+1) "

we find thanks to convergence (B.14)

Nn Nn
lim (R +> %) /(NFY i) =1.
n—oo j=1 j=1

Therefore, solution (B.11]) for sufficiently large n satifies the following in-
equality
*px\ ok k
1252w, Ui ()77 < 2

Now it is easy to check conditions A,) with d,, = y/N,, and A,) for arbitrary

0 < ¢y < 1. As to condition Aj), note that by definition of ¢,,, ; in (B.15) we

have
2 2k ~ * *\ -2k
h2k—1 Z Z bng 17 = onh2k+1 90 Z Yj (R.) g
n m=1 j=1 n j=1

R*§ 2 2k
= g ()
N2k+121}* T

n 1>

Hence condition Aj).

Therefore Propositions [.27.d and limit (7.13) imply that for any p > 0

lim nfw, =0.
n—0o0

Moreover, by condition Hy) the sequence 7 goes to Yx(S;) as n — oc.

Therefore, from this, (B.21)) and ([§.4) we get for any 0 < ¢ < 1
liminf inf n?*/GFD R (S,) > (1 — &)Y/ k4D

n—oo Sn

Limiting here e — 0 implies inequality (B.1]). Hence Theorem [L.3J. O
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9 Appendix

A.1 Properties of trigonometric basis

Lemma A.1. For any function S € WF,

n
9 4r

2k

su su m 62 < . Al
n£1§mg%71 _Z: jn | = r2(k-1) (A1)

j=m+1

Lemma A.2. For any m > 0,

N
o s NS 1G] <20, "

N>2  z€0,1] —2

where ¢,(z) = ¢?(z) —

Proofs of Lemma [A]] and Lemma [A.J are given in [f].

Lemma A.3. Let0; , and 0; be the Fourier coefficients defined in (B-2) and

(BA) respectively. Then, for 1 < j <n andn > 2,

sup [0, —0,] < 2m/rj/n. (A.3)

Sew}

Proof. Indeed, we have

Z / S(0)5 (1) — S(2)e; (x)) da
—12/ ()] + IS5 ()] d=

=t [ (!5(2)!!¢j(z)\ + 1561 165(2)]) dz

0. —0

J:m j|

| /\

By making use of the Bounyakovskii-Cauchy-Schwarz inequality we get

6. —0.

J,m J‘

IN

(sl + liisi)

(IS0 + w5 081) -

IN

The definition of class W,! implies (A.3). Hence Lemma[A.T. O
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A.2 Proof of Lemma B.J]

First notice that, for any S € W, one has
1S = S|z = IT,,(S) = S|I* + ¥p + Ay,

where

W, =23 [ (Suley) - S@)(S() - 8(p)ds

Jj=1"Zj-1

and

=Y [ (Ste) = Stay)Par.

j:l Tj—1

For any 0 < § < 1, by making use of the elementary inequality
2ab < da® + 57 1v?,
one gets
U, < O||T,(S) =S| +671A,.

Moreover, for any S € W} with k > 1, by the Bounyakovskii-Cauchy-

Schwarz inequality we obtain that

L s [ o 1 i T
a<tY [0 gmar=Lsr< 5.

j=1"%j-1
Hence Lemma B.1]. O
A.3 Proof of (B7)
First of all, note that Proposition [.4, condition (B.7) and condition H,)

imply that

. -2 —2(~ _
Jm 2%, 20, Lo Bl 0,) = 00%Em)| = 0. (A
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Let us show now that for any continuously differentiable function f on [—1, 1]

1 & 1
fim sup | > @) ez — [ S| =0 (A9
=1 -

n—00 1<m<M,,

Indeed, setting
1 & 1
An,m = E Z f(vm(xi))l{\vm(mi)\gl} - / f(v)dv
i=1 -1
we obtain that

1 « 1
A = |— vm(x;)) — v)dv
B0l = 55 2 Sl J s

& vm (@)

[f (om (2;)) — f(2)|dz + max [F (22— 0" +v,).

IN

i=i, vm(%;_1)

where i, = [nZ,, — nh] + 1, i, = [nZ,, + nhl,
v, = ([n&,, —nh]+1—nz,,)/(nh) and v* = ([nz,, +nh]—nz,,)/(nh).

Therefore, taking into accout that the derivative of the function f is bounded

on the interval [—1,1] we obtain that

B < 3max | f(2)]/(nh,) + 2max | £(2) /nh,).

Taking into account the conditions on the sequence (h,,),>1 given in A;) we

obtain limiting equality ([A.§) which together with (A.4) implies @.4). O

A.4 Proof of (BJ)

Now we study the behaviour of B,, ;. Due to inequality (B.9) we obtain that

L (@, 89, < CF (1S90 (@) Dy (@)] + 1Dy 11+ 15 1 1D 511) -
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Note that
2

Nn
E(Sﬂ7n(x)Dm,](x))2 =E Zﬁm,lel(vm(x)) ej(vm(m))ls(vm(x))
=1

N,

n

2 *\2
<Dt Y @iy < 61, @<y -
=1

We remind that the sequence ¢} is defined in ([7.). Therefore, property

(A.5) implies

max max Z E Sﬁn z m ( z))2 = O((t:;)Q) .

1<m<M, 1<j<N, nh

Moreover, as to the function Dm,j(-) we find that

1 1
1Dy il = /0 e (v, (2)) Iy (v, (2))|dz = h/ le;(v) I,(v)]dv < 2h.

~1
Similarly we obtain ||Dm7jH2 < h.

Finally, by (7.1§)we obtain that

M, N,
ESy )P <hd Y 82 < (t)?

m=1 j=1

Therefore,

_ *\2
(2, (B2, Bnal(nh) = OLE)"+ )

and condition A;) implies (B.§).
O

A.5 Proof of (B.9)

Indeed, by the direct calculation it easy to see that for any N > 1 and for
any vector (yq,...,yy) € Rf

'M ] 1‘ _ maxgzn (B(0) ~ 0+ - 1))

] 1T y]) min; > EJ(IS) ’
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where the operator €;(f) is defined in in (B.§). Moreover, we remind that

J

fi ) e?(v)dv = 1. Therefore, taking into account property (7.4) we obtain

B9.

O
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