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COLLISIONS IN 3D FLUID STRUCTURE INTERACTIONS PROBLEMS

MATTHIEU HILLAIRET! AND TAKEO TAKAHASHI #8§

Abstract. This paper deals with the system composed by a rigid ball moving into a viscous incompressible
fluid, over a fixed horizontal plane. The equations of motion for the fluid are the Navier—Stokes equations and the
equations for the motion of the rigid ball are obtained by applying Newton’s laws. We show that for any weak
solutions of the corresponding system satisfying the energy inequality, the rigid ball never touches the plane. This
is the equivalent result to the one obtained in [8] in the 2D setting.

Key words. Fluid structure interactions, Cauchy theory, Qualitative properties, Collisions

AMS subject classifications. 35R35, 76D03, 76D05

1. Introduction. In the last decade, several studies emphasized collisions between rigid
bodies in a fluid would lead to great difficulties in the mathematical treatment of fluid-structure
interaction models. On the one hand, in [4], E. Feireisl considers a rigid sphere surrounded by a
compressible viscous fluid inside a cavity. He constructs a solution to the subsequent system in
which the sphere sticks to the ceiling of the cavity without falling down. On the other hand, V.N.
Starovoitov proved the fluid-structure interaction system is ill-posed in case of collision [10, 11].
More precisely, he shows there exists too many solutions to the problem when contact occurs.
Actually, this corresponds to the lack of collision law in the model under consideration.

Recently, several studies proved lack of collision in fluid structure systems. In [14], E. Zuazua
and J.L. Vazquez prove no collision can occur between particles for a 1D toy-model. Then, V.N.
Starovoitov obtains a criterion for the velocity-field of solutions [11]. Namely, he proves no collision
can occur if the gradient of the velocity-field is sufficiently integrable. Finally, two parallel studies
[7, 8] proved a no collision result when there is only one body in a bounded (or partially bounded)
two-dimensional cavity. In the first case, the author considers a rigid disk inside a bigger disk. In
the second case, the author considers a rigid disk above a ramp. The aim of the present study is
to extend these two-dimensional results to three-dimensional comparable configurations i.e., for a
rigid sphere above a ramp in R3.

1.1. Mathematical model. We consider a homogeneous rigid sphere B with radius 1 and
density pg. We denote by G its center (of mass), by V (resp. w) its translation (resp. angular)
velocity and by m (resp. J) its mass (resp. inertia). Notice w is a vector in R and J is a scalar
matrix. So, we might identify it with a scalar. The velocity-field of B reads V +w x (x — G) for all
x € B. The sphere evolves over a ramp P. The remainder of the cavity Ri, denoted by F, is filled
with an incompressible viscous and Newtonian fluid. It sticks to the boundaries and has constant
density pr = 1, and viscosity p. Its behavior is described by a velocity /pressure field (u,p). The
whole system evolves only through the interactions between solid and fluid without any extern
force field.

The evolution of the fluid is prescribed by the incompressible Navier—Stokes equations:

in F, (1.1)

Oou+u-Vu div T(u, p)
divu = 0

where T(u, p) is the Newtonian stress tensor:
T(u,p) = 2uD(u) — pls.

TUniversité de Toulouse ; UPS ; IMT ; Laboratoire MIP, Université Paul Sabatier Toulouse 3, 31062 Toulouse
Cedex 9 France

HInstitut Elie Cartan University of Nancy-I, POB 239, Vandceuvre-lés-Nancy 54506, France

SINRIA Nancy



2 M. HILLAIRET AND T. TAKAHASHI

Here D(u) stands for the symmetric part of the gradient of u while I3 is the 3x3 identity matrix.

The sphere B evolves under the action of the fluid only. So, applying the fundamental me-
chanics principle to B, it yields:

—/ T(u,p)n do mV,
oB (1.2)

—/ T(u,p)n x (x — G) do Jw.
oB

Here n stands for the normal to 9B directed towards B. As J is a scalar matrix the inertial term
Jw X w in the conservation of momentum vanishes.

This system is complemented with boundary conditions:

u,,=V+wx(x-G), u,=0, u_=0 (1.3)

P o

and initial conditions:
u(0,-)=u’, V(0)=V’ w(0)=w’, G(0)=G" (1.4)

The whole system (1.1-1.3) is denoted by (FSIS). We emphasize this system is strongly coupled. On
the one hand, the sphere B fixes the domain F where the incompressible Navier—Stokes equations
(1.1) have to be solved. In particular this domain changes with time. In the following, we denote
by F(t) (resp. B(t)) the domain occupied by the fluid (resp. the solid body) at time ¢. We shall
reserve the notations B (resp. F) for the sphere (resp. the fluid) as ”actors” in the scenarios
provided by our solutions to (FSIS). Moreover, the movement of B fixes the boundary conditions
for (1.1) on 9B(t). On the other hand, the solution (u,p) prescribes the displacement of B via the
computation of the forces and torques applied to B:

—/ T(u,p)n do, —/ T(u,p)n x (x — G) do
oB oB

Our main objective is to prove no collision can occur between B and P in finite time in
solutions to (FSIS). It reads:

THEOREM 1.1. Given T > 0, let (u,G) be a weak solution to (FSIS) over (0,T) with initial
data (u®,GP). Then, there exists a decreasing function hyin € C([0,T};R%) depending only on
initial data (u°, G®) such that h(t) := dist(B(t), P) satisfies:

h(t) = hamin(t) Yt € (0,T).

This result is expected since computations by M.D.A. Cooley and M.E. O’Neill [1] in the slow
motion regime. However, no rigorous mathematical result is yet available in the full nonlinear
case. Our proof is based on the choice of a test-function for (FSIS). In section 3, we provide an
interpretation for the weak formulation of (FSIS) explaining how the distance can be estimated
from below with a suitable test-function. Then, we construct a test-function explicitly. In section
4, the interpretation of the weak formulation is applied to the constructed test-function. Technical
details are postponed to Appendices.

As mentioned in Theorem 1.1, our result applies to any weak solution to (FSIS). However the
Cauchy theory of weak solutions has been developed only in bounded and in exterior domains (to
our knowledge). For the sake of completeness, we extend classical results for the Cauchy theory
of (FSIS) to a half-space in next section. So, the no-frontal collision in Theorem 1.1 applies to a
non-empty set.

1.2. Notations. In the whole paper, bold symbol stand for vectors. Given a € R? we denote
by a ® a the symmetric matrix with entries a;a;. Coordinates x = (x1, z2, x3) are centered on P.
For example, we have P := {(z1,22,0), (x1,z2) € R?}. The half-space above P is R3 and R3 ,
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stands for {(x1,x9,x3) with x3 > 1}. This is the domain where the center of mass G can evolve
as long as no collision between B and P occurs.

Given G € R3, and § > 0, we denote by B(G,d) the sphere with center G and radius J. For
short, we also set Bg = B(G, 1). This is the domain occupied by B when its center of mass meets
G. In this case, the fluid domain Fg is the complementary of Bg in Ri’_. If the orthogonal projection
of G on P is the center of coordinates, we have G = G, = (0,0,1 4 h) with h = dist(Bg,P). In
this case the suitable parameter is A and not G. Thus, when using notations with h as subscript
instead of G we implicitly mean that the subscript should be Gy,. For example, By, := Bg,, -

We introduce (r, 0, z) the cylindrical coordinates associated to (z1, 2, x3) :
x1 =rcos(f), xo=rsin(d), x3==z.
Given h > 0 and [ > 0, we denote by 23 ; the symmetric domain under B, with width 21 :
Q= {(r,0,2) € Fp, such that r € [0,1),z € (0,1 + h)}. (1.5)
We notice that, whenever I < 1, the upper boundary of Qj, 5 is parametrized by (r,6) :
(r,0,2) € 0, N OB, < {r €[0,d) and z = §(r)},
where, for arbitrary non-negative h:

on(s) =14+h—+v1-s2, Vse(-1,1). (1.6)

In the whole paper, we denote by 7 : [0,00) — [0, 1] a smooth function such that
(5 1, ifs<i,
S) =
7 0, ifs>1,

and, we set 1, = 7(-/a) for all parameter o > 0.

We use the classical Lebesgue and Sobolev spaces LY(A), W#(A), HP(A) with A an open
set, > 1 and 8 > 0. We define

H={pecL?’(RY); V-¢=0, ¢-n=0on7P},

V={pecHRY); V-¢=0, ¢=0o0n P},
and, for an open subset A C Ri

H(A) ={¢ € H; D(¢) =0in A},

V(A)={p€V; D(¢p)=0in A}.
To simplify, if G € Rﬁ_ 4, we set
H(G) =H(Ba), V(G)=V(Bg).

For all G € R |, we also denote by pg the function

_J 1 if x € Bg,
palx) = { pp ifxe Fg.

If v € H(G), from [13, p.18], there exist Vy,w, € R? such that
V|ge = Vy +wy X (x— G).

In particular, if u, v € H(G),

J

pGu-vdX:/ u-vdx+mVy- - Vy + Jwy - wy.
R3\Ba

3
+
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2. Cauchy theory. The aim of this section is to state and prove the existence of weak
solutions of (FSIS). We first give the definition of weak solution of (FSIS):

DEFINITION 2.1. Given G° € R3 | and u® € H(G"), a pair (u, G) is called weak solution to
(FSIS) on (0,T) with initial data (u°, G%) if

G e Wh>([0,T);R3 ), with G(0)=G°, (2.1)
we L=(0,T; L2 (RY)) N L*(0, T; Hy (R3)), (2:2)
with
u=V+4wx(x-—G) mnBg, V=G,
and if

T T
— / / pgu- oy dy dt + 2,u/ D(u): D(v) dy dt
o JR3 0 JRY

+/0T/Ra+u®u:D(v) dydt:/RipGo [uO-V(O)] dy (2.3)

for allv € C(0,T; H}(R%)) N H' (0, T; L*(R3.)) with compact support in (0,T) x R3. and such that
v € V(G(t)) for allt € [0,T],
and if

1 ! 1
f/ pclul? dx+2,u/ / |D(u)|? dx < 7/ peo|u’|? dx  for a.a. t € (0,T).
2 Jra. 0 Jr 2 Jr3.

The result of well-posedness we obtain for (FSIS) can be stated as follows:

THEOREM 2.2. Assume G° € R3 and u® € H(G"), there eists at least one mazimal weak
solution (Ty, (U, G)) to (FSIS) with initial data (U°, G®). Moreover, we have the alternative:

L TOZOO,
e Ty < oo and G3(t) — 1 as t — Tp.

The proof of Theorem 2.2 we give in the sequel is inspired by methods developed in other
papers and since we use many similar arguments, we choose to present here only the main ideas
and refer to the appropriate references to avoid repeating technical calculations which are not the
main interest of this paper.

2.1. Strong solutions for an approximate system. As in [6], we prove the existence of
weak solutions by first obtaining strong solutions for an approximate problem of (FSIS). More
precisely, we consider an even non-negative function x € C§°(R) such that x(s) = 01if |s| > 1. We
define for all € > 0,

1 t
Kls(t) =C1—K (

S 9

2) (t € R), KQE(X)_CQISHQX‘Q) (x €R?),

9 £

and
K. (t,x) = Ki.(t)Ko.(x) (t€R, x € R?).

The constants ¢; and ¢y are taken in order to satisfy the following relations:

oo
/ Ki(t)dt=1 and Ko (x) dx = 1.
— R3
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Then, for all u € L*((0,T) x R}) and for all € > 0, we set

u.(t, %) = / K.(t - 5,x — y)u(s,y) ds dy.
(0,T)xR3

Let us consider the following problem, which approximates (FSIS).

Opu — pAu+ (ue - V)u + Vp = 0in Fgp, t € (0,7), (2.4)

divu = Oin fg(t), t e (0,7), (2.5)

u=_0on P, te(0,T), (2.6)

u=G +wx (x—G)on dBg, t e (0,T), (2.7)

mG = —/ T(u,p)n do + 1/ ((ue —u) -m)udo in (0,7), (2.8)
9Bg 2 JoBg

. 1 .
Jo = _/aBG(X_G) x T(u,p)n da+2/88G((u€ —u)-n)(x—G)xudo in (0,7). (2.9)

We complete the system with the initial conditions

u(0,-)=u’, V(0)=V’ w0)=w" G(0)=G" (2.10)

We define the space f/l\l(A) by
HY(A)={q € L}, (A) ; Vge L3(A)},
We denote
Fr = {(t,X) S [O,T] x R3 ;X E f(;(t)}.

Consider a smooth mapping X : R} | x Fgo — R? such that for all G € R}, X(G,-) is a
C*°-diffeomorphism from Fgo onto Fg. Moreover, suppose that the mappings

(G?Y)'_)DGD;’X(Gay)7 QENB,

exist, are continuous and compactly supported in Fgo. For any g : Fr — R3, we denote by
x 1 [0,T] x Fgo — R3 the mapping gx (¢, y) = g(t, X(G(t),y)), for all t > 0 and for all y € Fgo.
We use a similar notation for g : Fpr — R.

We introduce the following functions spaces in variable domain:

L*(0,T; H*(F(t)) = {u ; ux € L*(0,T; H*(Fgo))},

H'(0,T; L*(F(t)) = {u; ux € H'(0,T; L*(Fgo))},
C([0,T], H'(F(t))) = {u; ux € C([0,T], H' (Fa»))},
L0, T; HY(F(t)) = {p ; px € L*(0,T; H' (Fao))}-

THEOREM 2.3. Assume that
dist(G°,P) =d° > 0
Assume moreover that u® € H'(F) and satisfies

V-ul=0inF, u=00nP, uly)=V’°+w’x(y—-G°) ondBgo.
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Then there exists a time T > 0 and a strong solution of (2.4)—(2.9) on [0,T] such that

we L20,T; HA(F(1))) N C([0,T); H (F (1) N H'(0,T; L*(F(1))), p € L*(0,T; HY(F(1))),

G c H*0,T), weHY(0,T).

The time T can be chosen such that

dO
and T = T(HUOHL%M))-

Proof. To prove the local in time existence of solution of system (2.4)—(2.9), we can consider the
method used in [2, 3, 12]. The idea is to consider a change of variables which is diffeomorphism of
R? which transforms F onto F(t) (see also [9]) and to study the system obtained after the change
of variables.

To obtain the global in time existence (until a possible contact), we derive a priori estimates:
first, we multiply (2.4) by u, (2.8) by G and (2.9) by w. We deduce the energy estimate

1 t 1
7/ pay|ul*(t) dx + QM/ / |D(w)[? dx = */ peolu’[? dx.
2 Ri 0 ]Ri 2 R:jr

From the above estimate we can obtain a time 7" > 0 depending on [zs pgo |u®|? dx such that
+
(2.11) holds.

Then we consider a smooth function Y with compact support in B(G°, 1+ §/4) and such that
T =1 on Bgo. We also set

— % (G x (x— @) +1x - GJ*w)
We then define
up(t,x) = curl (T (x — G(t) + G°) w(t,x)) .
This function satisfies

V'URZO, uR:G—|—wX(X—G) OHBG(t).

Then we multiply (2.4) by

0
cpza—ltl+(uR~V)uf(u~V)uR,

and by using the regularization of the nonlinear term in (2.4), we obtain that the mapping
t= [ufl gz )
is bounded on [0, T]. We refer to [2, 3] for details of the previous derivations. O

2.2. Convergences. Let u’ be as in Theorem 2.2. There exists a sequence u’* € H*(F)
satisfying

divu®* =0 in R}, Du®)=0 inBgo, u*=0 on?P
and such that

u’®* - u® in L2
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We also take a sequence ¥ — 0. There exists a time 7" such that for all k, the corresponding
solutions u” exist on [0, 7] and

0
dist(G*(t), P) > % vt e[0,T), Vk.

uf —u in L*(0,T; H'(RY))-weak and L>(0,T; L*(R%))-weak”, (2.12)

GF - G inC([0,T|;R%,). (2.13)

Taking any U € D((0,T) x R%) such that D(U) = 0 in a neighborhood of Bg for all
t € (0,T), we can multiply (2.4) by U for k sufficiently large. After integration by parts, it yields:

T T T
—/ / pgru” - 8tU+/ / (u* @ u*) : D(U) —|—2u/ D(u") : D(U) dx
0o Jr2 o Jrs o Jrg

- ) E-uh)- 'uk*} ! aF) (0 = uF) on
7/0 Lk[((ug u*) - V)U] 2/0 /86 (U -ub)((u )-n) do (2.14)

GF(t)

As classical, the main difficulty in order to pass to the limit here is to prove L?-compactness of
the u*. The procedure to prove this compactness property follows closely the method developed
in [6].

As a first step, we divide the segment [0, 7] into N segments [t;_1,¢;], with At =¢, — ;-1 =
T/N, i = 1,...,N. For all i and for § < %, we consider an orthonormal basis (e;-’é) of
H(B(G(t;),1 + §)). Without further restriction, we assume all the eé"s with compact support.
We also consider the set of piecewise linear functions in ¢

Us(t,x) = e (x) + t;;" (ei°x) e () . (2.15)

fort € [t;—1,t:], j,l € Nyi € {1,..., N}. There exists a countable set of functions satisfying (2.15).
From (2.13), there exists kg = ko(d) such that for k > ko,

D(U°) =0 inBgry, Vtel0,T]

for all functions satisfying (2.15).
We multiply (2.4) by U? satisfying (2.15):

k
Lo (Gt o) utaxon [ bty D) ax
FFr(t) Fk

—Vys - / T(u”,p*)n do — wys - / (x — G*) x T(u*,p*)n do. (2.16)
oB
We notice that

o (v
Fr(t) ot

ou?
- /}'k(t) (875 " (Uk ' V)U5> ot dxt /Fk(t) (((UI; N k) -V) uk) U dx. (2.17)

Gk (t)

™

~V)uk>-U5 ix =2 u® . U° dx
dt F(t)
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Combining (2.16) and (2.17) and using (2.8) and (2.9) we obtain

d
—/ parur - U0 dx = qu/ D(u*) : D(U?) dx
dt Jpa, FE(t)

+/ (6t + (u® - V)U‘;) ~u” dx — /fk(t) ((uf —u¥) - v)u*) U2 dx

1 6-uk ukfuk~n g
b ) Ut ) ) de (29

Gk (1)

Integrating by parts in the above relation yields

4 paru® - U0 dx = —2,u/ D(u") : D(U%) dx
dt Jps FE(t)
ou’ k 5 k k_ ok Y Lk
+ — 4+ (0" V)U? ) -uF dx + (((uf —u")-v)U’)-u" ax
Fray \ Ot Fr (1)
1 .
_5/88 (U - u¥)((uF —u*)-n) do (2.19)
ak (o)
and thus

d k 0 k )
— paru” - U’ dx = —2u D(u”) : D(U’) dx
dt Ri _'Fk(t)

871.15 u® . ). uk x—l S uR ) (W —uF) on o
+/fk(t)<at+(5v)U) d 2/% (U% - ub)((u )-n)do (2.20)

Gk (t)
Following the estimates of [6], using Arzela and Ascoli and the diagonal Cantor procedure, we
obtain that for all U’ satisfying (2.15), we have
/ pgruf - Ul dx — [ pgu-U% dx in C([0,T)). (2.21)
RY RY

Then, we can fix the position of G using the same change of variable as in the proof of Theorem
2.3 and apply similar arguments to the proof of Lemmas 4.1 and 4.2 of [6] to deduce that for all
U e L*(0,T; L*(R%)), V-U =0, D(U) =0 in B(G(t),1),

/ pgru® - U dx — pgu-Udx in L*(0,T). (2.22)
R

3 3
+ R

However, as G¥ — G in C([0,T]), and u* is bounded in L>(0,T; L?(R%)), this leads also to:

/ pgu* - Udx — | pgu-Udx in L*([0,T)). (2.23)
R

3 3
+ R

We extend u® by 0 in R® \ R?, and since u* = 0 on P, we have u* € L?(0,T; H'(R?)). We
also set

" (t,y) = ut(t,y + GF(t) — G(1)).
We have

V-i"=0, 8"=0 on{yecR®; ys=h—-1h"}, DW*)=0 inBg
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and

16" — 0¥l 22 (0. xme) < NG* = G|z (0,1 | V¥ || 2 (0,7 xm2) — 0. (2.24)

We define
L2R?) ={ve LR’ ; divv=0 inR%}.

Following [6], there exists a function A : £2(R?) — £2(R3) such that for all v € £L2(R3), u = A(v)
satisfies

u=v inBgo, u=0 inR*\B(GO, 1+ dZO),
[allz2ge) < cllvilLzes)-
Moreover,
if vecC(0,T);L*(R?)), then Av e C([0,T]; L*(R?))
and
if veL?0,T;L*R?), then Av e L*(0,T;L*(R?)).
We also define A! : £L2(R3) — L2(R?) as follows:
AN (y) = [AV] (y + G* - G(1)),
where
v(x) = v(x + G(t) - G).
Then we consider as in [6]:
w*(x,t) = u" + Al(@" — ub).
This function is rigid in Bg) and
[T — u*|| L2 0,1y x3) — 0. (2.25)

Combining (2.23), (2.25) and (2.13) we obtain for all U € L?(0,7;L*(R3)), V- U = 0,
D(U) =01in B(G(¢),1),

/ pct’ - Udx — | pgu-Udx in L*0,7). (2.26)
R

3 3
+ R

We are now in position to apply Friedrichs Lemma (see [5], Lemma I1.4.2): for all O C R3,
for any v > 0 there exist [ = I(7,0) € N and functions v; € L>(0), j = 1,...,I such that

e
L2((0,T);L*(0))
T
0

I ) 2
< Z/ (/ (u*(t) —u(t)) - ¢, dy) dt + v || Vu* — V[ oo ooy - (2:27)
Jj=1 o

[

Assume that ¥ € L*°(0O) with
BG’“(t) cO Vte [O,T],Vk > ko
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(this is possible by using (2.13)).

We consider an orthonormal basis (¢, );en of H. We have the following extension:
Y= g +&,
i=1

with & € H*.
We denote by P(G) the orthogonal projection from H onto H(G). Let us also set

We notice that ¢; € L*(0,T; L*(R)), V - ¢; = 0, D(¢;) = 0 in B(G(t),1) and that

/3PGﬁk'¢i:/3PGﬁk'¢¢ /BPGﬁ'¢¢:/3PGﬁ'¢i-
RZ. R R3 R%

We take U = ¢, in (2.26) and by using the energy estimate and the above relations, we obtain
(2.26) for U =372 a;¢;. For U = £, both side of (2.26) is equal to 0. As a consequence,

/ pcTr -1 dx — / peu- Y dx in C([0,T7]). (2.28)
R3 R3S

+

From (2.25) and the above equation we obtain

/ pgut -1 dx—>/ peu - dx in C([0,T)). (2.29)
R3 Ri

3
The above relation and (2.27) yield
u” —u in L*(0).

Using the above relation, we can pass to the limit in (2.14) and we obtain the weak formulation
(2.3) for smooth test-functions. We can pass from smooth test-functions to the required regularity
for v applying the same approximation technique as when we obtained (2.23).
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3. Constructing test-functions. As in [8], we estimate the distance between 5 and P from
below with a suitable choice of test-function in the weak formulation. To this end, we introduce an
approximation of the Stokes solution for a given position of B in Ri (namely By,). We call these
approximations ”static functions” and denote them by (wj)zs0. Given a weak solution (u, G) to
(FSIS) in (0,T'), we construct admissible test-functions setting:

w: (0,T)xR3 — R3

(%) —  CWa (@1 — Gu(t), a2 — Ga(t), z3), (3:-1)

for arbitrary ¢ € D(0,T). In this definition h(t) stands for the distance between the sphere and
the ramp at time ¢.

Applying the weak formulation, we obtain:
T
/ / [pcu- W+ (u®@u—2uD(u)): D(w)] dx dt =0
0o Jr3

In this equation, the key ingredient is:

|, D) :Dlwi).

3
+

It shall behave like h/ h® with an exponent a to be made precise. The other terms appear as
remainders. We shall bound them by an integrable (in time) function. This relies on:

LEMMA 3.1. Given h >0, 7o > 0 and (u,w) € Hy(R) x (H(Gy) NC®(Fy)), we assume w
is with compact support. Then, there exists C depending only on the size of the support of w such

that:
/ u-w dx
R

3
+

To 6h(7‘)
IwiiZ 5 = / <5h<r>2 [ / sup {w(r,e,zn?)}dzD rdr,
0 0 0€(0,2m)

If moreover w € V(Gy,), we have

< CIVullpagey) [|Iw

2,2+ ||W||L2(Ri\ﬂhm0)} ; (3.2)

where

<OV [IWlooz + 1Dl (7] (3:3)

/R u®u: D(w) dx

3
+

where

1

dn(r) 2
[/0 sup {Vw(r,ﬁ,z)|2}dz]

(N

[Wlloo2 = sup ¢ 0n(r)

re(0,rg) 0e(0,2m)

Proof. We denote by I; and I, the two integrals we want to estimate in (3.3) and (3.2).

We first deal with I;. As D(w) = 0 in By, we might restrict the integration domain to Fp,.
We split the integral into an integral in Fj, \ €, ,, and an integral in Qp, ,,: I = Ii" + 17" with

/ u®u: D(w) dx
Fr\ Qg

7| = < NullZe suppwn 1P| o (2,002, )
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Because, Supp(w) is bounded and u € Hj(R?) we can use the Poincaré inequality. Concerning
the integral in £, ,.,, we have:

27 Sn(r
= / / / u(r,0,2) @ u(r,0,2) : D(w)(r,0,2)] rdzdrdo,
0 0

Using a Holder inequality with respect to the z-variable, we deduce
2

i) < c/%/ V% u(r, 0, 2)| dz] V;hmm(w)?dz] rdrdo.

Then, a direct generalization of the Poincaré inequality (see Lemma 12 in [8]) implies:

5’L(T)
/ [u(r, 6, 2) *dz
0

Replacing in I; and using again a Holder inequality, we then obtain (3.3).

1
2

1

2

5 Sp(r)
< Con(n)} / Vu(r, 0, 2)|2dz|
0

To estimate Iy, we decompose it in the same manner as I, and with same proof, we deduce
that there exists C' = C'(Supp(w)) such that

1) < IVl ) 19l 2 rs v )

It remains to estimate the integral in €2y, ,:

21 5)1
" = / / / u(r,0,z) - w(r,0,z)] rdzdrdd.

As above, a Holder inequality in the z-variable associated to the Poincaré inequality implies:

' or pro [ pon(r) 3 5n(r) :
i< [ [ mutespz| s | [ iwPds| rdras,
0 0 0 0

We conclude by using a Cauchy—Schwarz inequality. O

3.1. Explicit formula. From now on h is a fixed positive parameter. As in [8], we introduce
a velocity-field which is a good approximation (in a sense to be made precise) to the Stokes
problem:

div T(w, q)

. in Fp
divw = 0,

(3.4)
wi, =0,
Wios, = €3

At first, we focus on the divergence-free and boundary conditions. So we introduce a potential
vector-field a;, and set wy, = V x a;. One choice for a;, could be:

Who(|X — Gh| — 1)

ay (x) := 5

(es X (x—Gyp)), VxeF,, withhy>0.

The field wj, := V x aj satisfies the divergence-free and boundary conditions whatever the value
of hg < h. However, when h goes to 0, this particular velocity-field does not take advantage of the
particular shape of the aperture between B and P. Thus, we need to find another velocity-field,
especially in this aperture, in €2, 1 /2.
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As we want to obtain an approximation of the Stokes problem, we construct a velocity field
in which the fluid escapes from under the sphere with the most efficiency. Consequently, we want
the velocity-field to be planar and radial in each plane. Thus, our potential vector field reads, in
cylindrical coordinates:

a‘,f(r,@,z) = (—gbg(r, 2) sin(@),gbz(n 2) cos(@),O)T, V(r,0,2) € Q12

so that, for all (r,0,2) € Q12 :

d d d . d ¢7IL(7‘7 z) '
wi(r,0,z) = (—8z¢h(r, z) cos(0), —0. % (r, 2) sin(6), 0,03 (1, 2) + 7")

We set, in order to fit boundary conditions (this shall be critical in Lemma 3.2):

(3—2s)

2
),withxo(s)s . ¥se(01).

d — _c
h(r,2) = TX0 <5h<7‘)

From now on, we set hg = (1/17/16 — 1)/2. It remains to interpolate w§ and w{ so that, we
obtain:

ap(x) = { n2(r)ag(r,0,2) + (1 — 771/2(7"))35()(), in Q, 12,

aj(x), inRY\ Q0.
and wy, = V x a;. Explicitly, in €2, 1 /5, we have:
wi(r,0,2) =101 /2(r)wi(r,0, 2) + (1 — 11 /2(r))wj,(x) + remg(x), (3.5)
where, denoting by nws(x) = (x1,22,0)" /v/23 + 22, we have:
remy(x) = 1} 5 (r)nmws(x) x (af(r,0,2) — a5(x)), in Q10

3.2. From static to moving test-function. The main point in this subsection is to prove
that, given a weak solution to (FSIS) (u, G) and ¢ € D(0,T), the function w constructed in (3.1)
is a suitable test-function. To this end, we need to extend wy, on Ri first. This is possible thanks
to the following technical result:

LEMMA 3.2. Given h > 0, we have
wi(x) = es, ap(x) = (e3xx)/2, Vx € IBy,
wp(x) = 0, ap(x) = 0, VxeP.

Proof. We set A = z/4;,(r) and differentiations of A by subscripts. We have
0:04(r.2) = TAXo(N): - 0 (r,2) = Xo(A) +1ArXG(N)- (3.6)
Computing with the value of A, it yields:
1 265, ()

)\227 = ——

on(r) "7 (On(r)?
Our choice for x, implies that :
1
Xo(0) = Xx6(0) = 0. xo(1) = 5, xo(1) =0.
Replacing in (3.6), A by 0 :

¢Z(7" z) = 8Z¢>Z(r, z) = &@Sﬁ(r, z)=0, on?P.
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Consequently, a¢ = w{ =0 on P. Replacing A by 1 :
1
8&)%(7‘, z) =0, qﬁ%(r, z) = g, 8@5%(7’, z) = 3 on 0By,

Consequently, al(x) = (e3 x x)/2 and w{ = e3 on By

Concerning the smooth part, a straightforward computation leads to

X — G}L % (93 X (X— Gh))
|X—Gh| 2 '

Wi (X) = o (|x — G| — 1)es +np, (Ix — Gi| — 1)
Due to our choice, we have :
Mho(X = Gr|=1) =1, 1, (x = Gp|=1)=0 on IB.
Consequently aj (x) = (eg x x)/2 and wi = ez on 0B;,. Then,
Mho(x = Gl = 1) =0, (x = Gu| =1) =0 if [x — Gy| > 1+ 2hg = \/17/16.
Moreover, if x € P \m, we have r > 1/4 and, as G, = (0,0,1+ h) :
Ix — Gp* > (14+h)? +(1/4)? > 17/16.

Consequently, aj (x) = wj (x) = 0 for x € P\ Qp, 1 /4.

It remains to check boundary conditions are satisfied in the transition region, i.e., when
x € Qp,.1/2\Qp,1/4. On P, we remark that wi (x) = wj (x) = 0 = aj (x) = afl (x) = 0. Interpolating
the potential vector-fields, we obtain wj, = 0 on P. Finally, on Bj, N Q174 we have already
computed

wi(x) = wi(x) = e3, and aj (x) = af (x) = (e3 x x)/2.

Interpolating the potential vector-fields, we deduce wy,(x) = e3. This concludes the proof. O

REMARK 3.1. According to this lemma, we extend a;, (respectively wy ) to Ri with the
value (e3 X x)/2 (resp. e3) in By. In the sequel, we consider the functions a : (h,x) — ap(x) and
w : (h,x) — wp(x). Denoting by Q. = {(h,x) € (0,1)xR3 ; x € By}, standard analytic arguments
imply a € C*(Q.) NC>(((0,1) x RY) \ Q.). We note that wy, vanishes as soon as |x — G| >
(v/17/16 — 1)/2 and |x| > 1/2. Consequently, the above lemma implies w € H'((h,1) x R%) for
any h > 0 and, after standard composition arguments, it yields

w € C(0,T; H'(RY)) N H*(0,T; L*(RY)).

| for allt € (0,T). So, W is a suitable test-function for the weak formulation

as long as h(t) € (h,1]
C (h,1).

as long as h(0,T)

3.3. Estimate of remainder terms. In order to exploit the weak formulation with our
test-function, we need to dominate remainder terms according to Lemma 3.1. We begin with
estimates on Sobolev norms of wy,.

By construction, our test-functions behave differently under the sphere (in Q) and above
the sphere (in Fj \ Q5 for arbitrary fixed 6 > 0). Above the sphere we have:

LEMMA 3.3. Given a > 0 and § > 0 there exists C(«,0) < 0o such that:

Hah”HW(]-'h\Qh,é) < Cla,d), Vhe(0,1).
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Proof. By construction the restriction a : Q. 5 — R3, with
Qe = {(h,x) €[0,1] x RZ  with x ¢ Q, 5},

is smooth and with compact support. 0

Inside €2y 14, estimates rely essentially on dominations of integrals :

Topadr
/0 [0 (r)}P
We let the reader refer to Appendix for such computations.
LEMMA 3.4. The family (Wp)o<n<1 8 uniformly bounded in LZ(Ri).

Proof. Because of the previous lemma, we focus on wz inside Q1 /4.

In this region, we have:

(wﬁ(r,@,z))l = —62¢Z(r,z) cos(0), (wi(r,ﬂ,z))g = —8z¢fb(r, z) sin(6),

and
(wi(r,0.2)s = 0,64 (r.2) + 22,
Thus
wi(r.0,2)] < 0.6, 2)] + 10, 2)| + T2

Applying, Lemma A.3, this leads to

|w}f(r,0,z)| <C (1 + 5;:6(1")) V(r,0,2) € Q 14, YVhe(0,1).

The result then follows from Lemma A.1 with (o, 3) = (3,1). O
As technical device for applying Lemma 3.1, we have:

LEMMA 3.5. Let us define

d
wp(r,0,2) = \&wz(r, 0,2)| + M

1 Sn(r)
/ <5h(r)2 l/ sup wh(r,9,2)|2dz]> rdr (3.7
0 0 0€(0,27)

is uniformly bounded for h € (0,1).

+ |ahwz(7"7972’)|a V(’I"797Z) € Qh,1/4-

Then

Proof. A straightforward computation yields, for all (r,0,z) € Q1 /4 :
8T¢idz(r7 Z) _ (bz(r’ Z)
r

r2

0, wi(r,0,2)] < C <|am¢z<r, )]+ 0l (r, 2)] +

)

+ ‘8h’f‘¢;il(r’ Z)‘ + |ah2¢;i7,(r7 Z)‘

and

d d d
|8(9Wh(r7a79?z)| < |az¢h:ra Z)‘7 |ahwz(r,9,2)‘ < ‘8h¢hr(r’2)|

Combining the above inequalities with Lemma A.3, we deduce there exists a constant C inde-
pendent of A such that

1
|wp (1,0, 2)| <C( +r>
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for all (r,0, z) € Q, 1/4. Consequently,

1/4 S (r) 1/4
/ <6h(r)2 [/ sup  |wy(r, 9,2)2d21> rdr < C/ (0p(r) + 1)rdr.
0 0 0e(0,2m) 0

As the last integral remain bounded when h goes to 0, the same holds for the integral of wy,. O
Then, to dominate the trilinear form, we need the following result:
LEMMA 3.6. We set

|0pwi (r,0, 2))|

dwp, (1,0, 2) = |0, wi(r,0,2)] + + 0. wik(r,0,2)], V(r,0,z2)¢€ Q1)

Then, the following quantity
1

S (r) B
[ /0 sup {|dwn(r,0, z)|2}dz] , (3.8)

0e(0,2m)

(M)

sup on(r)
re(0,1/4)

is uniformly bounded for h € (0,1).

Proof. As in the previous proof, there exists a constant C' independent of h such that

1 r
|dwp(r.0,2)| < C ((MT) * W>

for all (r,0,2) € 2, 1/4. Therefore

O (1) 9 1 7"2
dw(r, 2)|2dz < C I
/o dwn(r, 2)"dz (w) 5h(r)3)

and

1

6}1(7") 2
sup O (r): l/ sup {|dwp(r, 6, z)|2}dz] <C sup (Op(r)+7),
0

re(0,1/4) 0e(0,27) re(0,1/4)

o

which is uniformly bounded when h € (0,1). 0
Finally, there holds the following lemma, which is reminiscent of works by V. Starovoitov:
LEMMA 3.7. There exists a constant C > 0 such that:

¢
h )

Vw3 > Vhe(0,1).

Proof. Given h > 0 we already noticed that:
wp(x) = wi(x) Vx € Q14
Consequently:

[Vwi(x)] > [0:wii(x)] V% € /s

r

i )

With the explicit formula for w{, we have : [0, wé| > |0..¢%| where 0., (r, 2)| =

Consequently:

i 3y !
Vel > [ / X (s)Pds.

As x is a polynomial with degree 3, its second derivative does not vanish and neither does the
s-integral. Then, the result yields applying Lemma A.1 with a = =3.0
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3.4. Our test function and the Stokes problem. First, we prove our choice is a good
one because it is a good approximation of the solution to the Stokes problem:

LEMMA 3.8. There exists qn, € C°(Fy) such that:

pAwy, — Vg, =1,
{ divwy, =0 (3.9)

where there exists an absolute constant C for which:

2 % 5 dn(r) 9 2
/0 /0 5 (1) /O (B[ dz | ) rdr @8+ 1l15s 0, ) < ©

Proof. By construction, we have w;, = V x a + V x aj; where

Fn X 0 else aj(x), else.

d( ) { 771/2( ) d(x)v X € Qh,l/Za 52()() { (1 _n1/2(r))ai(x)ﬂ X € Qh,1/27

Then, according to Lemma 3.3, the smooth part aj is bounded in any Sobolev space uniformly
in h. Consequently, f, = pAV x aj is bounded in all Sobolev spaces. We have:

pAWy, = AV x ag + 1.

In the following we write QNSfL(T, z) = m2(r)di(r, z) for all (r,0,z) € Qy1/2. Let us recall that in
cylindrical coordinates, we have:

Orlrdy] , deo

A= &

+0...

Consequently,

rz¢h _ z¢d
r

[Av X 5}%]1 = - [ rrz(bh + + azzz¢h] COS(G)

and

~ AHd Ad
[AV x 5%]2 =— [&”gﬁi + 67;¢h Z¢ + 8zzz¢>h‘| sin(6)

+0.. ¢h

[AV x &}], = 0pr i +2

Oy O,
G A g
T T

We remark here that

7 11/2(T)
op(r)

Consequently, denoting by ® a primitive of s — —6sm1/2(s)/(d,(s))?, we have

8zzz$z(r’ Z) =—6

Vo(r)= (8zzz¢7ll cos(6), 6ZZZ¢Z sin(0), O)T.
We set:

qn(x) = p®@(r) + pd, rth + ¢h f, = uAV x ad — V.

)
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In pgrt{culfzr uAw, —Vaqp = ffm—fh, o) tha§ our result follows from the same result for f},. Denoting
by fi, f2, f3 the Cartesian components of f;, straightforward computations show that:

r2

~ ~. 72
f ; ~ | 00 0.9
11l +1f2? <4 lamas;f + % _ %1 .

Ahs m /2 vanishes uniformly in €2} ; /4, Lemma 3.3 implies there exists a universal constant C' such
that:

Ora0hy 00,

2
AP+ 1P <O [1+ oo+ 220 - 2GR/
Then, for the same reasons, we have:
5 20,0 d g p 2
‘f3|2<0 1+’arrr¢d|+ 7% + %_ QSh .
h r r3 r2

Replacing with the size computed in Lemma A.3, we obtain:

. r 1 2
W“V<0Cwm+%m>’

Consequently, for arbitrary r € (0,1/2)

5h(7') - 7“2 1
fi,|°dz < C + >
/0 gl (6h(r)3 Sn(r)

2T 1/2 On(r) 5 1/2 7‘3
/ / 5h(7‘)2/ £, |2 dzrdrdd < C/ ( + r%(ﬂ) dr
o Jo 0 0 S (r)

which is uniformly bounded for h € (0,1). This concludes the proof. O

And:

As a direct corollary, we get:

LEMMA 3.9. There exists K, < oo, and a function ns : [0,1] — Ry such that, for any h <1
and w € V(Gy,) such that w = Vi + Ry X (x — Gy,) in By, we have:

< KMHVW||L2(R§_)7 (3.10)

2/1/]R D(wp) : D(w) dx —ng(h)Vy - e3

3
+

Moreover, there exist hy, > 0 and a constant ¢ > 0 such that ng(h) = ¢/h, for all h < hy,.
Proof. Given h > 0 and w € V(Gy,), we apply the Stokes identity with (3.9) and we obtain:

2,u/
R

For symmetry reasons, there exists n3 : (0,1) — R such that:

D(w,) : D(w) dx = |

T(wWn, pp)n-w do — / f, - w dx. (3.11)
OBy,

3
¥ T

nz(h)es,

/ T(Wh,ph)n dU
OB,

and

/ (x — Gp) X T(wp,pp)n do = 0.
o8By,
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On the other hand, applying (3.2) and Lemma 3.8, we also deduce

’/ fr, - w dx
Fh

where C'is a positive constant. Finally, we have obtained the existence of a constant K such that,
for arbitrary h € (0,1) and w € V(G),

< CHVWHLZ(Riﬁ Vhe (Oa 1)7

< K||VWHL2(R§)-

Q,u/R D(wp,) : D(w) dx — n3(h)Vw - €3

3
+

In order to estimate 3, we take w = wy, in (3.11). and we obtain
n3 = / T(wp,pr)n-e3 do = 2;@/ \D(wh)|2 dx —|—/ £, - wy, dx. (3.12)
th Ri ~7:h

Dealing as previously with the last integral, we deduce that:

‘/ fh~Wh dx
Fhn

But, applying Lemma 3.7 we have that

< KHVWhHLz(Ri)? Vhe (07 1)

2/1/ |D(wp)|* dx = u/ |Vwp|? dx > ¢ Vhe(0,1).
R3 R3 h

+ +
Consequently, the asymptotic behavior of the right-hand side in (3.12) when h goes to 0 is pre-
scribed by the first integral. Hence, there exists h,, > 0 and constants ¢, ¢ > 0 such that :

c

’ﬁg(h)>’5/ |D(wp)|? dx > —,
R h

3
+

Vh € (0, hp).

4. Proof of Theorem 1.1. We let the reader convince himself that Theorem 1.1 is a direct
consequence to

THEOREM 4.1. Given (u,G) a weak solution to (FSIS) on (0,T) with initial data (u°, G?),
we assume there exists 0 < 19 < 11 < T for which

h(t) :=dist(B(t),P) <1 VYt € [0, 7]

Then, there exists C’(||u0||L2(R§r)) < oo depending only on the L?-norm of initial data such that,

A(t) > hro) exp | =C(I0° | p2s)) 1+ VT, VEE (r0,71).

The remainder of this paper is devoted to the proof of this result. From now on (u, G) is a given
weak solution to (FSIS) with initial data (u°, G°). For simplicity, we assume that h(t) < 1 for all
t € (0,T). This means that 7o = 0 and 7y = T in the assumptions of our theorem.

As mentioned before, we estimate the distance h from below with our approximation of the
Stokes problem. So, from now on, (W)pe(0,1) are the approximations constructed in Section 3.1.
Given 0 < tg < t; < 1, we set :

Ce(t) = ne(dist (2, [to, t1]))-

Then, (. € D(0,T) whenever ¢ is sufficiently small. Consequently, according to Remark 3.1, for &
sufficiently small

we: (0,T)xRY — RS,
(t,x) = CO)Wh)(r1 — Gi(t), 22 — Ga(t), v3)
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can be taken as test function in (2.3):
/ [pcu-w. + (u®@u—2uD(u)) : D(w.)] dx dt =0 (4.1)
(0,T)xR%,

In the following, we set:

L = / pau - 0w, dx,
(0,T)xR3

I, = / u®u: D(w,.) dx
(0,T)xR%.

I; = / D(u) : D(w.) dx.
(0,T)xR%

After a change of variables, we have for almost all t € (0,T) :

D(u)(t,-) : D(w.)(¢t,) dx = ((t) D(u)(t,z1 + G1, 22 + G2, x3) : D(Wp(p)) dX.

3 3
R3 R3

Thus, applying Lemma 3.9:

D(u)(t,x1 + G, 29 + Go,x3) : D(Wpy) dx = hig(h) + B(t)

3
Ry

where |E(t)| = K |[Vu(t,-)|2. Consequently:

T . ~
&:lcwmmmme+E (4.2)
where

B < Kn VT |[ug] - (4.3)

Similarly, for almost all ¢t € (0,7) :

/ [u®u](t,-) : D(we)(t,-) dx
R3

+

= Ce(t) /]R‘3 [thu ® u}(t,xl + G, 19 + G2,$3) : D(Wh(t))(x) dx.

+

Consequently, applying Lemma 3.1 together with Lemmata 3.6 and 3.3, we obtain:

/ [u®u](t,-) : D(w.)(¢,-) dx
R

3 < Kol Vu)Zaas .
:

Thus,

|I2‘ < KmHuO”iZ(Ri)~ (4.4)

Finally, computing 9, w. we have, after our change of variable,

L=I 41IP
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where:
T
o= [ leyul(ton + Graa + Gaya)] - Cthwo () dx
o Jr3
and
T .
v = / (1) / [pa, u](z1 + G, 22 + Go, z3) [h@hwh V18, Wi — VQamwh} (x) dx.
0 R3

+

Applying the Cauchy—Schwarz inequality and Lemma 3.4 on wy, we deduce that:

to t1+e
< e[ 1 el as [0 00 .

0—¢€ t1

and therefore, using the uniform L?-bound on u we obtain
1] < K”uOHLQ(Ri)- (4.5)
Finally, applying (3.2) in Lemma 3.1 together with (3.7) in Lemma 3.5, we conclude that:
T .
1< o [ 4+ VA + VP [Vl e
0

so that, with standard energy estimate:

1] < Ko VT 1 s (46)

Gathering (4.2), (4.4), (4.5), (4.6) with (4.1) yields

T .
/0 C (RT3 ((1)) dt] < Kon(1+ VT) { o 2y + 10l 2ns }

where we emphasize that K, depend only on our choice for the approximation of the solution to
the Stokes problem, but not on . Thus, letting £ go to 0, as h and ng are continuous function, we
obtain:

[Ng(h(t1)) = Na(h(to))| < Kon(1+ VT) { o]l z2qe) + o 22ges b

where N3 is a primitive of ng which vanishes in h = 1 for example. Applying Lemma 3.9, we have
ns(h) > ¢/h when 0 < h < hy, for some ¢ > 0 and h,, > 0 and we finally deduce:

W (h(0)/(t0))] < Kon (1 +VT) {100l 2t + 10ll3agas )}
Because h is continuous, letting ¢y tend to 0, we finally obtain:

B(#) > h(0) exp [~ Ko (1+VT) {1 2(eg ), + 1002 es ) }] -
This is the expected result.

Appendix A. Detailed description of (;5%. In this section we estimate the size of qb‘,f and
its derivatives. We recall that :

s2(3 — 2s)

(;52(7‘,9,2’) =1rXo(2/0n(r)), with x,(s)= 5
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In order to compare functions in the following, we introduce the following conventions. Given
families (fn : Qn,174 — R)ne(o,1) and (gn : Q174 — R)neo,1) we denote by fi < g, if there exists
an absolute constant such that:

|fa(x)] < Cgn(x) Vx € Q14 and h <1
Given non negative functions f : (0,1) — R™ and g: (0,1) — R, we also denote by
f(s) ~g(s) Vs e(0,1),
if there exist two positive constants ¢ and C such that

cf(s) <g(s) <Cf(s) Vse(0,1).

First, we compute typical L'(0, 1/4)-sizes of functions r — r/(5y,(r))”
LEMMA A.1. Given (o, 8) € (Ry)?, we have the following estimations for all h € (0,1):

/i ly 1 ifa>28—1,
o On(r)? " I if o < 26 —1,

Proof. As in [8], we remark that, for all & € (0, 1), we have:

2

h+% <On(s) <h+s® Vse(0,1/4).

Consequently, we can replace & (r) by h + yr? with some generic parameter v > 0 and we are
bound to calculate:

1/4 ,ra
Iopg:= ——d
I =l

in which we set r = Vhs. It yields:

1

(a+1)-28 [avh s
I,3:=h 2 —d
o / (T+ysB)P

Consequently, if « > 24 — 1, the integral behaves like Ch~ (50222 and we obtain the first case.
While if o < 23 —1 the integral goes to a finite positive value as h — oo and we obtain the second
case. O

We now compare A(r, z, h) = z/0,(r) to members functions (r,0, z) — r*/(6,(r))” in Qp 1 /4.

LEMMA A.2. We have the following sizes

A=<1, Ar =< 1/0n, Ay <1/dp, Ap < 1/0p,
)\Th~<’)"/(5£, )\Zh-<r/5}27,7 /\rr"<]-/6h, )\TZKT/(%%L,
Aprz < 1/62, A =< 17/63.

Proof. The reader may rapidly check that all the derivatives of J;, are independent of i and
that, all the odd ones are bounded by r over (0,1/4). Then, in Q4,4 we have z € (0,dx(r)),
consequently A < 1. Then

A, 1 A

Ar = o )
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As ¢’ is bounded by r necessarily independent of h, we get A, < /0, and A, < 1/, A < 1/0p,.
To the next order, we get:

5 A \, 1
A7‘z 6% )\rr A ( 5}% 6h ) )\rh 5% ’ )\zh 5%

As 6" is bounded independently of k and r? < h + 2, we obtain:
r 1 r 1
)\'rz o )\rr < >\'r < )\z <2
% o T TR

Finally,

L (6028 RN CAR
vz = | 2 - < /> rrr = - - e
Ares = 5 ( 52 "5, ) A=A O T

And, as 5,(13) is bounded by r and r? < 6y,

>\rrz < =
2
5h

Then, we obtain:

LEMMA A.3. We have the following sizes:
F <, ol <1, 0,08 <1/0n,  Opdi/r—¢L/r? <1 /6p
6h¢ﬁf =< T/éh, arh(bﬁ =< 1/(5h, ath’);’f < 7“/5}2” arqu;f/r — az(bi/TQ < T/(S}QL
Oy < 7/0n,  Ora@f < 1/0n, a0 <1/0%,
Orpr®} < 1/8hy  Orazdl < 1/62, Oppadd <1/82, 0.sutpl <1/653.

Proof. By definition, we have ¢¢(r, z) = 7x,()\), where ¥, is a fixed polynomial, and, according
to the previous lemma, A is bounded. Consequently, we obtain qbi <.

In the following, we shall drop all dependencies of x in A. Due to the same argument as for
Xo, all these quantities depending only on x, are bounded independently of (%, 7, z) in Q4 1 /4.

So, we compute:
Ordh = Xo + AN, 0o =TAeXgy iy = TARXG-
Applying the previous lemma and 7?2 < 6, (r) we get:
Oy <1, 00 <1/0n,  Ondh <7/0n,  Opdfy/r—dh/r* = Aexl, < 7/0h.
To the next order, we obtain, as A, is independent of z :

Orrdh = (2N + 1A )Xo +7(N)2XE,  0radf = (A + 1A )X0 7NN D220 = r(N)% XL

ndfh = TAARX0 + T ARaXl  and Ot = AnXh + A Xl + TAARXG.-
As previously :
Opr®f = 1/0n,  Oraft < 1/8 02 <7/5f  Opndf < 1/6n, Oundfh < 1/57.
and

D01 0.01
r r2

= A2 X+ N A < 1/)6
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To the next order, we obtain:
Orrrdh = (BArr + 1A )Xo + (AT + 3rAes Ar)XG + ()X,
thus 8MT¢2 < 1/6p; and:
Dpzadft = (N2 4 280 X)X + (0 Ax Y,
80 O ¢ < 1/6%; and
Orradht = (2Arz + Thera)Xo + (A + 700 A + 2022000 + 70 Aax .

50 Orpx @l < 1/62. Finally, 8,..6¢ = r(A.)3x%, so that 0...¢¢ < r/8,%. 0
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