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Abstract. We prove a functional central limit theorem for the empirical pro-
cess of a stationary process X; = Y; + V;, where Y; is a long memory mov-
ing average in i.id. r.v.s (5,8 < t, and V; = V({,(4—1,...) is a weakly de-
pendent nonlinear Bernoulli shift. Conditions of weak dependence of V; are
written in terms of L?—norms of shift-cut differences V (¢, ..., C—n,0,...,) —
V(.- yC—nt1,0,...). Examples of Bernoulli shifts are discussed. The limit
empirical process is a degenerated process of the form f(z)Z, where f is the
marginal p.d.f. of Xy and Z is a standard normal r.v. The proof is based on a

uniform reduction principle for the empirical process.

1 Introduction

Time series analysis has important statistical applications in various fields. For example,
nonlinear times series are used to model crashes in financial markets.

The main object of times series analysis is the study of short-range dependent random se-
quences for which the usual Donsker and the Empirical Functional Limit Theorems (EFLT)
hold with appropriate modifications. Rosenblatt (1961), in his seminal work, and after-

wards, Taqqu (1975), Dobrushin and Major (1979) and other authors found that alternative



limit behaviors may happen, in particular, non-v/N rates and non-central limits were exhib-
ited. Most of these authors studied Gaussian subordinated case, or partial sums of nonlinear
functions of a stationary Gaussian process with long-range dependence. The EFLT (with
normalization < N/ 2) for such Gaussian subordinated processes was proved in Dehling
and Taqqu (1989). An important feature of their EFLT is the fact that the limiting empiri-
cal process is degenerated, i.e. it has the form g(z)Z, with some deterministic function g(x)
and a random variable Z. Similar results for linear processes with long-range dependence
were obtained in Giraitis, Koul and Surgailis (1996), Ho and Hsing (1996), Giraitis and
Surgailis (1999) and other papers.

It is clear that Gaussian subordination or linearity are very restrictive structural assump-
tions which might be hard to justify in practice. In this paper we discuss the EFLT for a
class of long-range dependent processes which are neither linear nor Gaussian subordinated.
These are strictly stationary processes with discrete time ¢t € Z := {0,+1,42,...} which
can be represented as the sum

Xy =Y, +V (1.1)

of a linear long memory process Y; and (nonlinear) short memory process V; of a rather

general form. More precisely, we assume that
[e.e]
Y = ZbiCt—i (1.2)
i=0

is a moving average process in i.i.d. random variables (;,7 € Z with zero mean and unit

variance, with hyperbolically decaying coefficients
bi ~coi™t (30<d<1/2,¢ #0). (1.3)
The short memory process V; in (1.1) is the so-called Bernoulli shift:

V;g = V(Ct,ctfl,...), (14)

where V' (29, 21, ...) is a Borel function on RZ+ 7, = {0,1,...}. The short memory prop-
erty of V; roughly means that the dependence of the function V'(z, z1,...) on coordinates
zn 18 negligible with n — oco. Rigorous definition of the short memory property of V; in-
volves L?—norms of the shift-cut differences V' (o, ...,( n,0,...) = V(Cos- -, ¢ ns1,0,...),
see Section 2, which must decrease sufficiently fast (e.g. subexponentially or hyperbolically)

with n.



Section 2 contains the main result of the paper (the EFLT for the empirical process of
X, in (1.1)-(1.4)). Concrete examples of Bernoulli shifts V; in (1.4) are presented in Section
3. The remaining Sections 4-7 are given to the proof of the EFLT. It uses martingale

techniques introduced in Ho and Hsing (1996) which were later applied by several authors.

Acknowledgement. The authors are grateful to the anonymous referee for careful reading

and many useful comments.

2 Main result

Let Xi,...,Xn be the observed sample from the stationary process X; of (1.1). The

empirical c.d.f. (empirical process)

N
Fy(z):=N"'Y I(X; <), wz€R, (2.1)
t=1

is a consistent estimator of the marginal c.d.f. F(z) = P[X, < z]. In fact, from ergodicity of
the Bernoulli shift and the Glivenko-Cantelli theorem it follows that Fiy(z) — F(z) (N —
00) uniformly in z € R a.s. Write f(z) := F'(z) for the marginal p.d.f. of Xy, provided it

exists. In addition to (1.3), we shall assume the following conditions on the innovations:
|Ee™0| < C(1+u®)™ (3C,0<d6<1/4,YueR) (2.2)

and

E|¢o)? < 0. (2.3)

We do not consider the "best” (i.e. the larger) ¢ available here. If the inequality in (2.2)
is satisfied for § > 1/4 it is also satisfied for 6 = 1/4. Note that condition (2.2) is very
general because it does not imply that the density of ( exists. But it excludes discrete
distributions. If the inequality in (2.2) is satisfied with 6 > 1/4, then the density exists in
L%, and if § > 1/2 the density is bounded.

Put Yy = N1 Zivz 1 Y. Write = pg) for weak convergence of random processes in
the Skorohod space D(R), R := [~o0, cc] with the sup-norm topology, and = for weak

convergence of finite dimensional distributions. Let

Yo = E1/2(‘/0n - V*On—l)27 (24)



where

V;:TL = V(Ct7-"7<t—n,0,0,---) (25)

is the truncated Bernoulli shift (1.4) which is (n + 1)—dependent stationary process.

Theorem 1 Assume conditions (1.2), (1.3), (2.2), (2.8). Moreover, let

Yo < Cn7P, (2.6)

where
p > max{24—22d, 13 —11d + 3(14_d2d)} (2.7)

Then
sup N(1/2)—d ‘FN({E) — F(z) + f(ac)YN‘ = op(1). (2.8)

zeR

Note that the maximum in the condition (2.7) is 24 — 22d > 13 on most of the interval
d € (0,1/2), with a change occurring very close to 0 at d ~ 0.06.

Theorem 1 is the uniform reduction principle for the empirical process (2.1) which extends
the reduction principle of Dehling and Taqqu (1989) to Bernoulli shifts of the form (1.1)-
(1.4). Tt is well-known (Davydov (1970)) that the sample mean Yy in (2.8) is asymptotically
normal: N(/2=4yYy — ¢Z, where Z ~ N(0,1) and ¢ := (2B(d,2 — 2d)/d(1 + 2d))1/2,
where B(-,-) is the beta function. From this and the above theorem, it easily follows the

EFLT below.
Corollary 2 Under conditions of Theorem 1,

NI Fy(a) ~ F(a)) = pee) £ (2)Z, (29)
where Z ~ N(0,1).

The fact that the functional dependence of the limiting empirical process in (2.9) reduces
to marginal p.d.f. of observable time series X; and does not involve probability densities
or any other characteristics of unobservable components Y; and V4, is rather surprising. It
appears that many results in statistical inference of long memory processes which rely on
the empirical process can be extended from linear or Gaussian models to the much more

general class (1.1)-(1.4), and that ”short memory perturbation” V; has no effect on large



sample behavior of inferential procedures. It also seems that Theorem 1 can be extented to
the asymptotic expansion of the empirical process similar to that given by Ho and Hsing
(1996) in the case of linear process. This problem is closely related to the study of partial
sums processes of nonlinear functions of X; in (1.1) and the characterization of their limiting
behavior. In the case of Gaussian innovations (¢ and finitely dependent V;, this problem
was studied in Surgailis (2000). Further possibilities involve nonadditive generalizations of

(1.1) of the form X; = H(Y}; s, (-1, - ..) and will be studied in another paper.

3 Examples of weakly dependent Bernoulli shifts

1. Volterra processes. A Volterra process is a stationary process defined through a conver-
gent Volterra expansion V; = > 72 | Vi, where
Vit = Z Qhosiy i Gt—iy -+ - Co—iy,
0<i1 <...<ig

converges in L? provided the weights are square summable: D 0<iy <. <iy ai,il iy, <00 It
B 1/2

is easy to see that in this case v, = { D kel 2o0<iy <. <ip_1<n a%.il bt n} )

2. ARCH(>) processes. A particular case of (non-Markovian) Bernoulli shifts is the

ARCH(o0) process (see Robinson (1991), Giraitis, Kokoszka and Leipus (2000), Giraitis

and Surgailis (2002)). It is subject to the recursion equation

o0
Vi= (a0 + Y aVis) G, (3.1)
j=1
where (;,t € Z are zero mean i.i.d. r.v.’s, asin (1.2), and a; > 0,5 = 0, 1, ... are nonnegative

coefficients. Put y; := E¢3,i > 1. Under the simple condition
[e.e]
1/2
,u2/ Zai <1, (3.2)
i=1

equation (3.1) is known to have a unique stationary solution with finite variance and given
by a convergent (although nonorthogonal) Volterra expansion
oo
Vi=ao(1+Y Y aaan oG, (3:3)
=1 51<...<s1<t
Below we assume (3.2) satisfied. Put

gn = Z Z ajy ..., (3.4)

=1 j1+...+je=n



/

where a,, := ,u; 2an and where the second sum is taken over all integers ji,...,j¢ > 1 such

that j1 +...+j, =n.
Proposition 1 For the ARCH(oc) process of (3.3),

o = EYAVP - VP2 < aolpaga. (3.5)

Proof. We shall assume ag = 1 for simplicity. From (3.3) we obtain

174 Cg(l—l—z Z A_gy - Ugy |5, 21 ;)

=1 —n<sp<...<51<0
and therefore
n
n n—1 _ 2,2 2 2
Vo = Vo = CoCcn E E : sy o Qs y4nGsy o Gy
=1 n<sy_1<...<51<0

Therefore by Minkowski inequality,

n
2
N MQEl/z{ Z Z Ay s, a2 . Cfe_l}

=1 —n<sy_1<...<s1<0

n
< pp Yy > Ay . a5, B2 BV

=1 —n<sp_1<...<s51<0

n
= M2 Z Z Qsy .- Op—g, 1 = H29n- 0

/=1 0<s1<...<8p_1<n

Inequality (3.5) allows to compare decay rates of =, to those of a,, or «a,. Note the
following relation between the generating series G(z) 1= Y 7 | gn2", A(2) := > 0| ap2™

A(z)

G(z) = 1—714(2)

(3.6)

Proposition 2

(i) Let an, = O(py) for some 0 < pg < 1. Then there exists 0 < p < 1 such that v, = O(p").
(ii) Let ap, = O(n™*) with some X\ > 1. Then 7, = O(n™).

Proof. (i) Note a,, = O(p}) implies that A(z) is analytic on {z € C : |z| < py'}. Moreover,
JA(2)] <3007 anlz™ <3007 ay < 1 for |z] < 1 and therefore 1 — A(z) # 0 for |z| < ¢ and
some ¢ > 1. Therefore G(z) is analytic on a disc of the complex plane of radius > 1, which

implies v, = O(g,) = O(p"™) for some p < 1.



(ii) Let gne == Zj1+...+jg=n Qj, ..., so that g, = > ) gne. Let 0 < o5 < Kji™ (j >

1), Z;’;l a; =: &. We shall prove that these assumptions imply

gne < DN 1<0<n, n>1, (3.7)

with some D(\) > K independent of n, ¢.

As a < 1, s0 (3.7) implies (ii). Note that it suffices to prove (3.7) for & = > 222, a; = 1,

in which case Y 7 | gn¢ =1 for any £ > 1.
We shall prove (3.7) by induction on £ > 1. Note that for any £y > 1 there exists D(£)
such that
gne < D(lo)n™,  1<0<4y, n>1. (3.8)

Relation (3.8) can be verified directly by definition of g, ¢ and the fact that A > 1. In view
of (3.8), it suffices to show (3.7) for sufficiently large ¢ > ¢y = () only.
From the the recurrent equation
n—1
Int = Z Qn—jgj,6—1
j=1

we obtain

In,e = Z an—jgje—1+ Z AjOn—jb—1 =t Gno+ G
n—(2n/(2¢0—1))<j<n 2n/(20—1)<j<n

Here,

Gy < KEo-1D)Y g = K@/0- 1) = K@t- D2
j=1

On the other hand, by the inductive assumption,
Gne < D=1 (n(20 - 3)/(2¢ ~ 1)) i a;
=1
= D) —1)>M20—1) 20 - 3))‘ni‘.
Therefore it suffices to check that for any ¢ > ¢y and some ¢y = o(\) > 0 large enough,
DN =13 20— DMt = 3) " + K(20 —1)*27* < D)3,

As D(N) > K, the above inequality reduces to

(1-9) " gs) +0(-5) =1



By taking Taylor expansion in 1/¢ — 0, this gives

which is certainly true for £ > £y()\) large enough. This proves (3.7) and the proposition. O

3. Stable Markov chains. 1t is well-known that a large class of Markov chains V; may be

represented as a solution of recurrence equation
Vi=M(Vi1,G) (3.9)

where M (u, z) is a (measurable) kernel and {(;} is an i.i.d. sequence (Kallenberg (1997)).
Consider a more general situation when V; and (; take values in Euclidean spaces R% and
RP, respectively, d, D > 1. Following Duflo (1990), we call (3.9) a Lipschitz Markov model
if the kernel M (u, z) satisfies

B M (u, o) — M(v,Q)lI” < aflu — vl (3.10)

for all u,v € R? and some a < 1, where || - || is a norm on R?. If in addition M (u,0) admits
a fixed point ug, one can show that a stationary and ergodic solution to (3.9) exists, which
can written as a Bernoulli shift Vi = V({, {;—1,...); moreover, in this case (3.9), (3.10)
imply

Y < a"Pyg = a"PEY? | M(uo, (o) — uoll?,

so that 7, decay exponentially, due to a < 1. Particular cases of (3.9) are ARCH-type
processes (corresponding to kernels of the form M (u,z) = A(u) + B(u)z), nonlinear AR(p)
models, and many other processes. See Diaconis and Friedmann (1999), Doukhan (1994,

2002) for further examples and/or details.

4 Plan of the proof of Theorem 1

We first note that this theorem is known in the linear case X; = Y4, for V; = 0; see e.g. Ho
and Hsing (1996) and Giraitis and Surgailis (1999). However, the proofs in our paper are
essentially self-contained. Put X[* :=Y; + V",

N
FR(z):=N"'> " I(XP <), F'(z):=EF{(x)=P[X§ <.
t=1



Let
n(N):=N* e (0,1),

where A € (0,1) will be specified below. The uniform reduction principle of (2.8) clearly
follows from Lemmas 1 and 2 below. Everywhere below we suppose that the conditions of

Theorem 1 are satisfied.
Lemma 1 If A < 2d, then

supN(l/Q)’d’ﬁﬁ(N)(x)—F”(N)(x)—i- f(x)YN‘ = o0,(1). (4.1)
z€R

Lemma 2 If X\ > (3/2)(1 —2d)/(p + 11d — 13), then

sup N(1/2)~ ()FJ’;(M(:C) - FN(x)‘ n )FMN)(:,;) - F(x)D = 0,(1). (4.2)
z€R

Remark 1 Note that condition (2.7) of Theorem 1 ensures that there exists A satisfying

conditions of Lemmas 1 and 2.

The proofs of the above lemmas require some bounds of marginal densities and their
derivatives of the stationary processes Y; and X; and their approximations. These bounds
are discussed in Section 5. Note that the short memory process V; need not have a density
and its marginal distribution can be discrete. On the other hand, the long memory compo-
nent Y; is known to have a smooth density under the hypotheses of Theorem 1. As V; and
Y; are dependent, the fact that the marginal density f(x) of the sum X; = V; +Y; exists, is

not trivial.

Notation. Put, for any 0 < n < m < oo,

Yy, = Z biCr—i, G (z) := PlY,"™ <z,
Y, = Z biCe_i, G (z) := PYy"™ < x].

Let G(z) := P[Yp < z]. Note ¥; = V" + V"7, where Y;"" and ¥;"*"> are independent
for each t,n. Also, for 0 <n < m < oo, put
X = ik P(a) = PIXD <al,

D CUULE T A F™(z) = P[Xy™ < .



We also wiite g(z) = G'(z), ¢""(x) == (G (@)), ¢"®(z) == (G™(2)), f'() =
(F"™(x)), f™™(z) := (F™™(x))" for the corresponding probability densities, provided they

exist, and

(u) — EGWYO, gn,m(u) — Eez’uYOn’m, gn,oo(u) — EeiuYO"’oo’

Q>

f(u) — EeiuXo7 fn,m(u) — Eeiqu’m, fn<u) — EeiuX{

for the characteristic functions. We also use the notation v (u) = Jg €Y (x)dz, u € R for

the Fourier transform of an integrable function ¢ = ¢ (x),z € R. Put
®(x) := Pl < 7], d(u) := Fe'o,

In the sequel, C stands for generic constant which may change from line to line.

5 Bounds of marginal densities

Put
n+j

By =[] ¥
=n

Note that, by (1.3), for each j =0,1,...

2(1+45 — j
B, ~ CO( +9) ,2(d D(1+5), n — 0o.

In particular, for any fixed j > 0 there exists a constant C' > 0 such that for all sufficiently

large n,
-1 2(1—d) (145
B} < cp?=0+), (5.1)
Lemma 3 For any p = 0,1,... there exist an integer jo = jo(p) > 1 and a constant

C = C(p) < oo such that for all0 <n <m, m—mn > jo and any k =0,1,2,

(P g™ ()] + (P> (w) W] < Cnf(1+u®) 2, (5:2)
where (-)*) denotes the kth derivative. Moreover,

W@ () — g )] < OBl (14 u?) (5.3
where 6 := (1 — d)(9 + p).

10



Proof. Let us prove (5.2) for k = 0. Without loss of generality, assume |b;| < 1Vi. By (2.2),

n+jo . n+jo s
() < T 1étub)l < (T[T +ws)")
e ; |
(H b2(1 + u?) > — CB;3 (14 u?) U+,

IN

Hence

An,m 5 /2 (iot1)5
[uPg"™ ™ (u)] < C'Bn,jo(l +u )P/ (jo+1)s
Taking jo = [(6 + p)/24] leads to p/2 — (jo + 1)6 < —3 and, by (5.1),
B0 < Op(l-d(6+p+26)
n,Jo — 9

thereby proving (5.2) for k = 0.

In a similar way, let us prove (5.2) for k = 1 and k = 2. By (2.3), the characteristic function

ngS() is three times continuously differentiable, and we can write

(@™ (w) = Y ib¢! (uby) H (ub;),
j=n i=n,i#£j
@™ (W) = =Y 05" (uby) [ blubs)
j=n i=n,i#£j
Z bj1bj2¢§,(Ubj1)$l(Ubj2) H Q%(sz)
J1,.J2=n,j1#j2 i=n,i#j1,J2

Hence, using |¢(u)| < 1,|¢'(u)] < |ul,|¢"(u)] < 1, as well as (1.3) and (2.2) we obtain

n+jo

(g™ (u ZbQW [T 1o(ubi)l < CB S, ilul(1 +u?)~°.

1=n,i#£]

By taking jo = [(7 + p)/20] + 1 and noting that B;‘;O_l < On=D(T+p+20) e obtain
[P (5" ()| € CBL5, (14 u?)PHD2700 < Onf(140%) 7%,

The last inequality together with |(u?§™™ (u))'| < CluP~tg™™ (u)| + |uP (g™ (u))’| and re-
lation (5.2) for £ = 0 prove (5.2) for k = 1. Similarly,

n+jo 00 o .
G )| < Zb2 II i+ > wbiei, [I Io(b)
=n  i=n,i#j J1,J2=n,j17#72 i=n,i7]1,52
< O (B (0wt B (14 ) 00
< OBn(jso 1(1_’_“2)1—(]'0—1)6'

11



Taking jo = [(8 + p)/26] + 2 and noting that B;,‘;Ofl < Onp21=ddjo < Cp(I=d)E+r+40) e
obtain (5.2) for k = 2.
It remains to prove (5.3). Let k = 0. Since

uP (gn,m(u) _ gn,m—l(u)) — (upgn,m—l(u)) (&(bmu) _ 1) ’

inequality (5.3) follows from (5.2) and the bound |¢(bpu) — 1] < b2u?. Cases k =
1,2 follow similarly. For instance, among the three terms appearing in the case k = 2,
(upg"=m—1(u))” (gfg(bmu) - 1> leads to the value of 6 given in the lemma. Indeed, using
(5.2),

’(upg":mfl(u))” ((]B(bmu) — 1)’ < u?b2 | (upg":mfl(u))”\ < Cb?nne(l + u?) 72,

The lemma, is proved. O

Lemma 4 For any p =0,1,... there exist an integer jo > 1 and a constant C' = Cp < 00

such that for all0 <n <m, m—n > jo,x € R,
(g™ ()P + (g™ (2))P| < Cnf(1+2%)7" (5.4)

and

(g™ (@) = g™ @)P] < Cbpn®(1 42?7, (55)

where 0 is the same as in the previous lemma.
Proof. Relation (5.4) follows from (5.2) and from

(9" (@)® = C / e Mg w)du, (g™ () = C / eI (WP g™ (u)" du.
Similarly, (5.5) follows from (5.3). O

Next we consider bounds for p.d.f. f(z), f*(z), f*™(z) of X, X! =V +Y,, X" =
v+ Y;O’m, respectively. To that end, we need elementary Lemma 5 below which is similar

to Doukhan, Lang and Surgailis (2002, Lemmas 4.1, 4.2). Let

y
or(z) =1+ |2))7",  pr(z,y) = / or(2)dz, z<y,r>1 x,y€eR.
X

Note p, is a finite measure on R.

12



Lemma 5 Let h(x),z € R be a real valued function such that

h(2)] < Cor(z),  |W(z) = hy)] < Clz —yler(2), (5.6)

hold for any x,y € R, |z —y| <1 and some C < 00,1 < r < 2. Then there exists a constant

C, depending only on r and C in (5.6), such that for any z,y,v,z € R

haty)l < Cola)(1VIl), (5.7

| [Mhla+wau] < Copai v I, (53)

“(hie +0) - hE)E| < Comle)lVIl),  (59)

R R e R e Y R R L I A T)

Lemma 6 Let py be a nonnegative integer and 0 = (1 — d)(9+ po). If
Zne 1/2 < (5.11)

then for any p € {0,...,po} and any 1 < r < 3/2, there exist jo > 1 and a constant

C = Cp, < 00 such that for all0 <n <m,m—mn > jo,z € R

(F@) P+ (@)W + (@) P < O+ |a)) ™ (5.12)
and, moreover,
|(f(@)®) = (f* ()| < Con(1+ |z])" (5.13)
and
(£ (@)W = (7 (@) P < OB+ [a]) (5.14)

where q, = > o0 jefy;ﬂ, B =0 b2,

J=n Jj=n"-j°

Proof. We shall prove (5.12) for f"(x) and p = 0 only, as the remaining inequalities can be

proved analogously. Let
V(@) = () = (),

n >0, f (x):=g(z). Clearly (5.12) (for f"(z) and p = 0) follows from

(1 + [2])"|[¢" (2)] < Only/?, (5.15)

13



where ny :=n V1,79 := 1. To show (5.15), consider the Fourier transform

Wr() = BT (e ) _ g0+ )
= ‘ﬁn“’oo(u)\!Eei“(YOOMFVOHJ)(ei“(Vo"—Vonfl) —1)]
< |gn+1,oo(u)| E|€z‘u(V0"—VO"_1) _ 1|
< ‘An-i-loo(u)Hu‘El/Q( Vn 1)
< Ony,(1+u?)72, n>1,

where in the last line we used (5.2) with p = 1,k = 0. Also, [¢°(u)| = |fOu) — f~1(u)| =
|Eei“Y01’oo| |BetuCo (¢V — 1)] < 2|g2(u)| < C(1 + u2)~? according to (5.2). This proves
™ (z)] < CnYAm,n > 0. To show (5.15), it remains to prove that there exist constants
C, ¢ > 0 such that

2l [ @) < Ol fal > e (5.16)

The proof of (5.16) is more complicated as r is not an integer; c.f. Doukhan, Lang and
Surgailis (2002). To that end, we will show that there exists a (complex-valued) function
q(z) satisfying

lg(@)| > el Jal > (5.17)

where ¢, cq > 0 are some constants, and such that

lg(z)zy" (2)] < Cnifyiﬂ, x€R,n>0. (5.18)

Similarly as in the above mentioned paper, take

q(x) = / (1—e )z "dz —/ (1—e )2 "dz
0 1

— |x’r716isgn(z)ﬂ'(r71)/2 _ (j(az),

where q(z fl (1 — e~%®2)27"dz is a bounded function on the real line. Therefore ¢(z)

satisfies (5.17). To show (5.18), note that by Parseval’s identity,

e / ey / (d(u) — dlu — €)¢"de,

for any smooth and integrable test function ¢. Consequently,
@) = 0 [ i (@) - @ - e e
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h(u) == " (), a(u) == Be*X (A — 1), X :=XJ7"", AV =V@ - VL

(@™ (u) = (") (u=8) = h(ua(u)+h(u)a'(u) = B (u = Ealu— &) — h(u— a’(u - &)
= (W' (u) = B (u—§))a(u) + (h(u) — h(u — &))a’ ()
+ ' (u=&)(a(u) = alu— &) + h(u = §)(a'(u) - d'(u - §)).

From Lemma 3, (5.2) and Lemma 5, (5.7), it easily follows that

h(u—¢)| < Cnf(1+u?)~?,
W (u—¢)| < Cnf(1+u?)~?,
h(u) —h(u—&)] < CnPlg|(1+u®)7?,
W/ (u) = W (u—&)] < Cnllg|(1+u?)7?,

where the constant C' does not depend on n,u € R, ¢ € (0,1). Next, consider a(u), a’(u), a(u)—
a(u—§),d' (u) —ad'(u—§). We have

la(u)| = |Be™* (™Y = 1)| < [u|E|AV] < Jul.
Similarly,
ld/(u)| < |Ee™X X (e™AY —1)| + |Ee™X ™AV AV| < |u|E| XAV | + E|AV] < C(1 + |u])7yn,
where we used Cauchy-Schwarz inequality and the fact that

EX2=F (X”_l’")2 <C
p— 0 - .

la(u) — a(u— &) = |[BetX{(eMAY — 1)(1 — ¢ EXFAV)) | o—ibX (] _ o=iEAV)y

IN

[ug| EIAV|(IX| + |AV]) + [|EJAV] < CIE[(1 + [ul)yn,

15



where we used 72 < C7,. Finally, consider the most delicate term

/() (u =€) = BN EX){(AY —1)(1 - ¢ EXTAV)) y miEX () oiEAV))

Eeiu(X—I—AV) (iAv)(e—if(X—I—AV) o 1)‘

IN

E[X|2 A [uAV)2AEX + AV)]) + [ EIX[[AV]
+ KIEJAVI(X] +[AV]).

To evaluate the first expectation on the r.h.s., use the inequality 2 A z < (2z)'/2, then by

Cauchy-Schwartz inequality,

E[X[|2 A [uAV])(2 A [EX]) 2fug] E(IX [P AV]2)

IN

A

2fug] 2 (B|IX P (EBlAV)Y

Clug] /2.

IN

Similarly, E|X|(2 A [uAV|)(2 A [EAV]) < 2/ué|V2E|X||AV| < Clué|'/?y, and we obtain
' (u) — @/ (u = )] < CIEMM> (1 + [ul)ya/>.

Combining the above bounds (recall that |{| < 1) results in

A~

(™) (w) = (") (u = )] < Cle]*nly2 (1 +u?) 72,
yielding

1
lg(@) (i)™ (@)] < Cnfyl/2 / (1+u?)2du / 127 ge < Onfl2,
R 0

for any 1 < r < 3/2. This proves (5.16) and (5.15), hence also (5.12) for f™(z) and p = 0,
with any 1 < r < 3/2. Clearly, (5.15) implies (5.13) as well.
It remains to prove (5.14), where we again restrict ourselves to the case p = 0, as the case
p > 1 is analogous. We have

Fra) = @) = [ (=) = ) < )y,
By (5.12),

/ £ — ) — Fr @) g™ () dy < C(L+ ) / lylg™ > () dy
lyl<1 ly|<1

_ C(l + ’x|)frE|}/0m+17OO’ < C(l + ’x|)77‘E1/2|}/0m+1700’2 _ C(l + “TD*T ;{il

16



Similarly, by (5.12) and Lemma 5 (5.7),

/ P — g™ () dy < C(1+ [a]) / Iyl g™ o () dy
ly|>1 ly|>1

< C(L+|a) TEYYTOr < O+ ) (Bl
—r or/2
= C(1+|a)) "85

A similar estimate holds for the integral f|y|>1 Frm(z) g™t (y)dy. As ﬁ:,{il < C’ﬁiﬁl for
r > 1, this proves the bound (5.14) for p = 0. a

Remark 2 In the sequel, we use Lemma 6 with pgp =2 and 6§ = 11(1 — d) only.

6 Proof of Lemma 1

Lemma 1 follows from Lemma 7 below combined with a standard chaining argument as in

Dehling and Taqqu (1989) or Giraitis, Koul and Surgailis (1996, proof of Th. 1). For any

function ¥(z), and any x < y, put ¥(x,y) = ¥ (y) — ().
Lemma 7 Assume condition (2.6), where
p > 24 —22d. (6.1)
Let n(N) := N*,0 < X\ < 2d. Define
k= min{2d — A\, 1 — 2d, A\(p + 22d — 24)}.

There exists a finite measure p = p, (1 <r < 3/2) and a constant C < oo such that for all
N>lzx<y

. . _ 2
B (.y) = F(a.y) + ) Tn|

< Cpa, y) N1, (6:2)
Proof. Put
N
(@) == N (Fi(z) - F'(@) + f(0) V) = 3 Ri(@),
t=1

where R} (z) := I(X]* < x) — F"(z) + f(x)Y:. By the telescoping identity due to Ho and
Hsing (1996), for any mg > 0,

Ri(x) = ) U"(a),

m>mg

17



where
U™ (x) = I(X] < a) — PIXP < a|Biomg—1] + f(2) Y,
Ur™(z) = P[X] <z|Bi—m] — PIX} < 2|Biem—1] + f(@)bmCi—m, m > mo,

where B, := 0{(y,u < s} is the history o—field. Clearly, E(S%(z,y))? < 2(E(S%o(2,v))*+
E(S%,(z,y))?), where

N N
Sko(zy) =Y UM (x,y),  Stalz,y) =) Y UM(xy).
t=1

We claim that there exists 1 < r < 3/2,jp > 1 and a constant C' < oo such that for any
0<n<mg,mog—n2>jo,and any = < y
E(Sio(z,9))* < Cur(x,y)Nmy, (6.3)
E(Sf(z,9))* < Curlz,y)(O(N) + N'ad), (6.4)

where o, is defined in Lemma 6 and

N, if d<1/4,
O(N) := ¢ N(logN)?, ifd=1/4, (6.5)
N4 if d > 1/4.

The claim (6.3), (6.4) is proved below. To conclude the statement of the lemma, note
a2 = O(n*7224=r) as § = 11(1 — d), see Remark 2. Hence ai(N) = O(N~Mpt22d=24)y apq
mo(N) = O(n(N)) = O(N*), implying E(Sy™ (2,))? < Cpup(w, y) N'F24, or (6.2), with
Kk given in Lemma 7.

To prove (6.3) and (6.4), note by the orthogonality property of conditional expectations,

for any z,y

E[U™(x)U™ (y)] = 0, [t—1]>mo,
E[U[Lm(x)UZ}m/(y)] =0, t—-m#t —m', m,m" > mo.
Then
E(Sfo(x,y))* = > EU™ (2, y)U"™ (2,y),
L<tt' <N, |t/ —t|<mp
N !
E(Sf(2,9)” = Y oo EUM (@)Ut ()
t,t'=1 m>mg,t' —t+m>mg
N !
< > > EV2(UP™ (@, y)) BV AUT T (2, y)

t,t’=1 m>mg,t'—t+m>mg

18



Clearly, by stationarity,

E(Sfo(z,y))? < > EYV2(U;™ (2, ) EYA(U™ (2, y))?
1<t t/ <N, |t —t|<mo
< CNmoE(UY™ (2,y))?,

nmo(

where the constant C' does not depend on n, mg, IN. Using definition of U, x,y) together

with Lemma 6 (5.12), we obtain
E(Uy™ (z,y))* < 3(2Plx < XJ <yl + | f(2,y)PE(Yy™)?)
Yy
c / () + | () )du < Cpn (2, )

IN

and therefore
E(Sto(z,))* < CNmg pr(z, ),

where the constant C' does not depend on N, mg,n. This proves (6.3).

To prove (6.4), we need a convenient representation of U;""(x,y). Note, for any m > n,
P[th S $|Bt—m] = PD/tOJn_l + V(Ct) sty Ct—nu 07 .. ) + thmpo S $|4—t—’m7 Ct—m—l) . ]
— Fn,m—l(x _ Y;m,oo%
where (recall notation) F™"(z) := P[X;"™ < z], X" =Y " + V' = 3" biGi +
V(- Cons0,...). Then U™ (x,y) = Ugim(x, y) + Utrfém(:v, y), where
y
U™ (x,y) = / /{f”’ml(u — by G — YTE0) — =l p, 2 — YL
’ z JR
(Ct m— 2)(fn,m—1)/(u _ Y;erl,OO)}dq)(Z)du
UM @) = i / (/) = (71 (= ¥ )

where we used E¢y = [, 2d®(Z) = 0. The term Ut"im(x, y) can be further rewritten as

Utr,lim@ y) = / / du/ e fnm 1)( _Y;m—i—l,oo)
R (TR AR NI 1E)

By Lemma 6 (5.12), the function h(z) = (f™™!)/(z) satisfies conditions (5.6). Therefore
by Lemma 5 (5.10),

mCt m

“au do { (Y (=) — (ot (u—v—i@m“m)}’

< cur(x,yxwmct_mv b2V [0, s,
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implying
T
’Uﬁi’”(m,y)‘ < Cpr(z,y)bm|" (1 + [G—m|") <1+’th+1’°"‘), a.s..

By independence of (;—, and Y"1 and using E|Y,""*°|3 < C < oo, see (6.7) below, for
t t

any r < 3/2 and any 0 < n < m,m —n > jy we obtain that
E(U:im(m,y))Q < Cﬂr(xay)|bm|2ry (6.6)

where C is independent of n, m.

Next, consider
n,m Y / / m+1,00
Ui @) = b [ (@) = =Y

b bmCim / T = YR (e (Y gy
2

=: Z W;}i’m(m, Y).

=1

By Lemma 6, f’ satisfies (5.6), hence by Lemma 5 (5.9),
,
‘sz,lim(x7y)‘ < C,Ufr<x7y)|met—m’ (’Y;m-&-l,oo‘ + ‘Y;m-‘rl,oo‘ > y a.s.

By (2.3) and Rosenthal inequality, for any 1 < r < 3 we have

Bl <o (ﬂ:nﬂ + ) |bi|27"> < CBhyr < OB (6.7)

i=m-+1

Therefore, for any 1 < r < 3/2, we obtain
2
E (W™ 29)) < Chiv(a, 9)b, 6 (6.8)
Finally, to estimate W/3™ (x,y), use Lemma 6 (5.13)-(5.14) together with Lemma 5 (5.7).
This yields
n,m 1/2 m+1,00|"
Wt,2 (‘T7y) S C,U/r(xvy) ‘met—m‘ (an + ﬂm ) 1 + Y; y a.s.

Consequently,

EW5™ (2,9))* < Cpr(, )b (0, + Bim)- (6.9)

Note [by,|?" = o(b2,By) for r < 3/2 sufficiently close to 3/2. Hence and from (6.6), (6.8),
(6.9) we obtain
E(U™(z,y))? < Cup(z,y)b2,(Bm + o),

20



implying
n . 1/2
E(Sf(z,9)? < Curwy) D D lballbrirml (B2 + an) (8,2, + an). (6.10)
1<t<t'<N m=1
Here,

Z Z |bm‘|bt’—t+m|ﬁq£q,/2ﬁtll/,2t+m < Z Z mAd=3)/2( _ ¢ 4 ) (4d=3)/2

1<t<t/<Nm=1 1<t<t'<N m=1

CO(N),

IN

where O(N) is defined in (6.5). The remaining sums on the r.h.s. of (6.10) can be similarly
estimated. This proves the claim (6.4) and Lemma 7, too. O

7 Proof of Lemma 2

We shall use a chaining argument together with the following bound: for any N > 1,21 < 2

. R 2
E (FN(:El,:ng) - F]@(N)(xl,mg)) < CN-(pt11d=13)x (7.1)
Clearly, it suffices to show (7.1) for 21 = —oo,z9 = z. Note E(Fy(z) — Ff(z))? <

E(I(Xo < x)— (X} < x))? =: q(z) by Cauchy-Schwarz inequality. Put X := Xg, X" :=

X{. By Minkowski inequality,

oo 2 o0
alz) = E( > (I(X’fsﬂc>—f<x’f—lsﬂ:>>> < (X ¢w)

k=n-+1 k=n+1
where

arlw) = B (1(X* <) — 1(x* < x))Q.

Recall X* = YOk L Vhpyhtloo where YAt1oo = 5% b,¢_, is independent of YOk 4 VF,
Then

Qk(x) = E/R(I(—oo,x—vk}(y) - I(—oo,x—kal}(y))2gk+l,oo(y_ Y07k)dy'

Note for any =, a < b

/]R (I(—oo,a:—a] (y) - I(—oow—b} (y))Qdy = |(z - b|
Therefore by sup, g"*1°(z) < Ck?, see Lemma 4, we obtain

g (a1, 2)| < CkeE‘V’“—V’“’l‘ < Cklyy < CKOP.

21



Thus, q(z1,z2) < C(n'+0-P)/2)2 = Cp2+0=r where § = 11(1 — d). This proves (7.1).
Next we describe chaining. For any integer k > 1 define the partition
—00 =ik < Mg < v < Mok g < Mok p =: +00,

such that

(T Tig) = pe(R)27F 5=0,1,...,2F — 1.

Here, pir(x,y) = [?(1 + |u|)"du is the same measure as in the formulation of Lemma 7;
pr(R) = [p(1+ |u])"du. Let K = K(N) = O(log N) be an integer which will be specified
below. For any x € R and any k = 0,1,..., K, define j; by
Tz k <z < Tje 41, k-

Put Viy(z) := N1/2~d (FN(Q;) A (m)). Then

Vn(z) = V(e k) + VN (Tjz K, ©). (7.2)
By definition of Viy, for any y < w < z,

Va(y,w) < NOPEy(y,2) - NO2EED (g, 0)
= NODEy(y.2) ~ B (5.2)) + N (w,2)

< |Vl 2)| + 2sup N2 RN gy prN) () 4 f(2) Yy

zeR
+ sup NO24E M) ( 2) 4 f(w, 2)[ V).
y<w<z
In a similar way,
Vwly,w) > —NUD=EN(y, )
> —25up N2~ | fr@W) iy _ priN)(z) 4 f(2)Vy

z€R
— sup NODE ) (w, 2) 4 f(w, 2)| Ty ]).

y<w<z

The above bounds combine to

sup [Viv(y,w)| < [Vn(y,2)[+ 2Ry + Wi(y, 2),

y<w<z
where
Ry = sup NO2=|Fr @) - pr() 4 f() T,
TzER
Wy(y,z) = NO/2-d (F"<N><y,z>+|ffm / !f’(u)!du>-
Y
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Thus,
sup |Vn(miz g, < max |Vy(m;_ T +2RNy + max Wy(mi_ T K-
xp\ N (e i, )| 1§j§2K| N (1,00, T )| Nt max, N (Tj-1,K, T k)
Then from (7.2) we obtain

sup|Vn(z)] < 2Ry + max |Vy(7mjk)|+ max |Vn(mj—1,k, 7T K)]
. 0<j<2K -1 1<j<2K

+ max WN(W]'_17K,7T]'7K). (7.3)
1< <2k

Here, Ry = 0,(1) by Lemma 7. Next, by (7.1),

2K 1
P (032%_1 \Vn(mjk)| > 5) < ; P(|[Vn(mjx)| > 6)
2K
< 677 ) BlVn(mx)f
j=0
S 06—2(2K + l)Nl—Qd—(p-‘rlld—]ﬁ))\. (74)

Choose K = [logy N(1/2)=4+€] where ¢ > 0 is small enough. Then the r.h.s. of (7.4) tends
to 0 in view of the inequality on A in the formulation of Lemma 2. Therefore the second
term on the r.h.s. of (7.3) is 0p(1). The third term is treated exactly the same way.

Consider the last term on the r.h.s. of (7.3). By Lemma 6, Wy (z,y) < Cu,(z,y) NI/ =d(14

Y |), implying

E max Wy (mj-1K,Tx) < C2 KNI~ AE(1 4 |Yy]) < 027 ENW/2=d = 5(1), (7.5)
1<j<2

with the above choice of K. This proves sup,cg |V (z)| = 0p(1).

Finally,

|F(x) = F'(z)| = [E(I(Xo <x) - I(Xg <))

IN

B2 (I(Xo < 2) — I(X} < )

(q())V/? < Ol 0=-P/2 = Cp=(p+11d-13)/2

as above, uniformly in x € R. Clearly, if A is chosen as in Lemma 2, this implies

N2 =dgup o |F*N)(z) — F(z)| = o(1). This completes the proof of Lemma 2. O
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