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Abstract

We deal with a scalar conservation law, set in a bounded multidi-
mensional domain, and such that the convective term is discontinuous
with respect to the space variable. We introduce a weak entropy formula-
tion for the homogeneous Dirichlet problem associated with the first-order
reaction-diffusion equation that we consider. We establish an existence
and uniqueness property for the weak entropy solution. The method of
doubling variables is used to state uniqueness while the vanishing viscosity
method allows us to prove the existence result.

1 Introduction

We are interested in the existence and uniqueness properties for an hyperbolic
first-order quasilinear equation set in a multidimensional bounded domain of
R™, denoted by (2. For any positive finite real T', the problem can be formally
written as stated below:

Find a measurable and bounded function v on @ =]0,T[x€ such that:

Opu + divy (b(x) f(u)) + g(t,x,u) = 0 in Q,
u = 0 on (a part of) X, (1)
w(0,2) = wup(z) on Q,

where b is a discontinuous function along an hypersurface.
Indeed we suppose that there exists two open disjoint domains Q; and Qg
such that:
ﬁ = QR UQL and QL ﬂﬁR = FL7R~

We suppose that Q7 and Qp admit a “regular deformable Lipschitz bound-
ary” (see [25] or [10] Definition 2.1 for a rigorous definition). That will allow us
to define a “strong” trace of a solution to (1).

Moreover, for i = L,R, H" Y(I', g N (I;\ T r)) = 0, where H? is the
g-dimensional Hausdorff measure in R™.

We set ¥ =]0,T[xQ, for i = L, R, ¥; =)0, T[x; and X1 g =]0,T[xQL k.

The function b is such that:

B bL(l‘) if ze€Qp
b(x){ br(z) if =z € Qpg,



with by, € W1’+OO(QL) and bgr € W1’+OO(QR).
The initial datum wuy belongs to L°(£2) and takes values in [m, M| where m
and M are two fixed reals.
The vector function f = (f1,..., f,) belongs to (C*(R))". Fori=1,...,n,
fi is Lipschitzian on R. We denote My, its Lipschitz constant and we set My =
...... n Mfl .
The source term g is in C°([0,T] x Q x R) such that

I M, eR,Y (t,x) € Q,Y (u,v) € R?|g(t, x,u) — g(t, x,v)| < Mylu— .

We introduce a nondecreasing function M; and a nonincreasing function Ms
such that:

My (0) > M,
vVtelo,T],
Mi{(t) + g(t,z, M1(t)) + Vzb(z) - fF(Mi(t)) > 0 a.e. on Qp UQpg,

and

MQ(O) S m,
vV tel0,T],
M3(t) + g(t, z, Ma(t)) + Vib(x) - F(Ma(t)) <0 a.e. on Qp UQg.

Generally we may choose:

N
M it €[0,T] — M;(t) = esssupug e’ + FQ(eNlt - 1),
Q 1

and
&

Nit 1
Nl (6 )5

My :t€[0,T] — Ms(t) = ess igf(fua)eNlt -

with: N1 = max(||Vabl| () IVab(@)| o) D My, + My , and Ny =
i=1
Y max_|g(t,@,0) + Vibi(x) - £(0)]-

=L g 0.T)x0
Depending on the properties of the functions f and g, better choices of M; and
M> can be done. For instance if f(m) = f(M) =0 and g(., M) >0, g(.,m) <0,
we will choose M7 = M and My = m.

We suppose also that the flux function f is non-degenerate that is to say,
for a.e. x € Q, V&€ € R™ £ # 0, the function:

A— & -b(x)f(A) is not linear @)
on any non degenerate interval included in [Ms(T), M; (T)],
where - denotes the scalar product in R™.

Scalar conservation laws with discontinuous flux have seen a great deal of
interest (see for example [1], [2], [3] [5], [6], [8], [9], [12], [13], [15], [16], [23],
[24] the list is far from being complete) but all these works treat the case of
a one dimensional domain 2. To our knowledge only two works consider the
multidimensional case. In [14], the authors consider the particular case of a two
dimensional domain and use the compensated compactness method to prove
the existence of a weak solution. Note that this method cannot be genenralized



to domains whose the dimension is greater than two. In [22], E. Yu. Panov,
thanks the framework of the “H-measures” obtains an existence result for the
Cauchy problem in R x R™. In section 2, we give the definition of weak entropy
solution u to (1) and we state the existence of “strong” traces for u. In section
3 we prove the uniqueness property thanks to the method of doubling variables
and a pointwise reasoning along the interface ¥y, . In section 4, the existence
result is established via the vanishing viscosity method. Finally in section 5,
we prove, in some particular cases, that the method often used in one space
dimension namely the regularization of the coefficient b, leads to the existence
of a weak entropy solution to (1).

2 Notion of weak entropy solution
In this section we propose a definition extending that of J.D Towers in [24] -

used in [13] for the homogeneous Dirichlet problem - to the multidimensional
case. We say that:

Definition 1. A function u of L>®(Q) is a weak entropy solution to Problem

(1) if:

(i) Vo € C°(Q), ¢ > 0, Vk € R,
/Q{|U — Ek|Orp + b(z)®(u, k) - Veptdedt
- /Q sgn(u —k)(g(t, z,u) + Vzb(z) - f(k))pdedt (3)
+ / ((br(@) — br.(@)) F(E) - vi(T)|@(0)dtdH™™! >0,

XL.r
where
D(u, k) = (P1(u, k),...,Pn(u, k), Pi(u, k) =sgn(u—k)(fi(u) — fi(k))

(i) u a is weak solution to (1):

Ou + div, (b(x) f(u)) + g(t, z,u) = 0 in D'(Q). (4)
(iii)
esstlirgl+ /Q lu(t, ) — uo(x)|dz = 0, (5)

(iv) for a.e. t €0, T[, H" -a.e., Vk € R,
(sgn(u” (o) — k) + sgn(k))b(@)(f(u") — f(k)) - v =0 (6)

where

- up on X NX
u =
up on XgpNX.

In this definition u} and u} denote the traces of u respectively on X7 and
Y r. Indeed it follows from [25] or [21]:



Lemma 1. Let u be a function in L>°(Q) satisfying (3). Then under (2) there
exists a function u} of L>(Xr) (resp. up of L>°(XR)), such that, for every
compact K of Xp (resp. Xr) and every reqular Lipschitz deformation U of Qp,
(resp. Qr),

ess lim /K (W (s, 7)) — ] ()| dtdH™" = 0. (7)

s—0t

Lemma 2. Let (w:)e>0 a sequence of functions such that, for every e, w. €
C>(Q) and:
0<w:. <1 onQ,
we(x) =1ifx €T g, (8)
we(x) =0 ifd(z, T r) > ¢,
(eVzwe)e is bounded on €.

Then, fori= L, R, for every ¢ in C°(Q),

lim b(x)®(u, k) - Vywepdadt = / bi®(ul k) - vipdtdH" .

e—0t Jq, YL.r

Proof. We prove the lemma when @); is the half-space i.e.:
Q= {r=(2",2,) e R" ! xR;z, <0},
v,=(0,...,0,1) e R™,
Yr.r =0, T[xR*1 x {0} =0, T[xR""t, r=(t,x) €,
Qi={p=(rz,); r €%, z, <0}

To come back to the general case we can use a recovery argument.
In the case of the half-space, we can define a lipschitzian deformation 1 by:

Y [0, x0Q; — Q

(s,1) = r—s-vg

that implies:

ess lim lu(r, xn) — uj (r)|dr = 0. (9)

x,—0" LR

We also suppose (that is not restrictive) that:
Vwe(z) = (0,...,0;,w:(x)) and &||0y,we|loo is bounded.

So we have to show that lim I. = 0, where:

e—0

0
L= [ [ ) et 0) b7 (1. O)
ZL,R —&

Since ®,, is lipschitzian, we use the properties of b; and ¢, and equality (9) to
conclude. O
3 The uniqueness property

The proof relies on that proposed in [13] for the one dimensional case. First we
focus on the transmission conditions along the interface Xy, g.



3.1 Interface conditions

We first look for a “Rankine-Hugoniot” condition along the interface of discon-
tinuity. We consider a weak entropy solution w, in the sense of Definition 1.
Since u is a weak solution ((4) is fulfilled) it follows:

Lemma 3. Let u be an entropy solution to (1). Then, for a.e. o in Xy g,
brf(uy) -ve =brf(ug) vr. (10)
Besides we can deduce from (3) an entropy inequality along I'z, g:

Lemma 4. Let u be a weak entropy solution to (1). Then, for a.e. o in ¥, g,
for all real k,

{br®(uy, k) — bp®(ug, k)} - v +|(br —br)F(k) -vr| > 0. (11)

Proof. We consider a sequence of functions (wg)eso in C°(Q) that fulfills the
condition (8) of Lemma 2. For every positive €, we choose in (3) the test function
pwe, @ € CX(Q), p > 0. For any real k we obtain:

/Q{|u RO+ b@)B(u, k) - Va(ow) bdadt
- /Q sgn(u —k)(g(t, z,u) + Vyb(x) - f(k))pwedzdt

+/ |(br(T) — b (@) F(k) - v (T)|p(0)dtdH™ " > 0.
3

L,R

We take now the e-limit. Lemma 2 allows us to assert:

lim b(x)®(u, k) - Vo (pwe)dxdt
e—=0t Jg

= (b ®(ul, k) - vy +br®(uk, k) - vr)p(o)dtdH™ .

3L.R

Thanks to the dominated convergence Theorem the other terms go to 0 with e
(except the last one that do not depend on €). The conclusion follows. O

Remark 1. The Rankine-Hugoniot condition (10) is included in (11) as soon
as br, by, and f are such that:

k1,3 ke € R, ko < ki such that u € [ke, k1], and , for a.e. T of T g
(br(@) = bL(@)) f(Fk1) -vL(T) >0,
(br(7) = bL(@)) f(k2) -vL(T) < 0.

3.2 The uniqueness result

We are now able to give a uniqueness property through a Lipschitzian depen-
dence in L' (2) of a weak entropy solution with respect to corresponding initial
data. To do so we suppose that for a.e. T of I';, r the function:

A — f()\) . I/L(E)

changes no more than once its monotonicity on [My(T'), M1(T)]. (12)



Theorem 1. Let u and v be two weak entropy solutions to (1) that take values
in [My(T), M1(T)], associated with initial conditions ug and vy in L () with
values in [m, M]. Then, under (12), for a.e. t in ]0,T7,

/ lu(t, z) —v(t, z)|dx < eMgt/ |uo(x) — vo(x)|de. (13)
Q Q

The proof of Theorem 1 is divided into several steps. First, we use the
method of doubling variables, due to S. Kruzkov (see [17]) to show:

Lemma 5. For any function ¢ in C2°(Q) vanishing in a neighborhood of ¥y, g,
¢ =0,

/Q{|u — v|Opp + b(x)®(u, v) - Vi — G(u,v)p}dzdt > 0, (14)
where
G(u,v) = sgn(u —v)(g(t, z,u) — g(t,z,v)).

Proof. This result is proved in [13] for the one-dimensional case. The multidi-
mensional one does not bring specific difficulties. O

Our aim is now to obtain inequality (14) for any nonnegative function ¢
in C°(Q). So, for any positive real ¢, we consider in (14) the test function
©(1 —we), such that w, satisfies the assumptions of Lemma 2. We take the limit
on €. For i = L, R, Lemma 2 provides:

lim bi®(u,v) - Vi(1 — we)pdrdt = —/ bi®(ul,v]) - vipdtdH" 1,
3L.R

177
T
=0T JQ,

and we can deduce that:
[ =l + b} (0,0) - Vasp = Gilu, ) o
Q

> / {br®(u],v]) — bp®(uf,vR)} - viedtdH™ L.
b

L,R

Next we show the term in the right-hand side is nonnegative. Indeed we study,
for a.e. o, the sign of:

J = {bL(0)®(uy(0),vL(0)) — br(@)®(uR(0), vR(0)} - Vi .

Here we make a pointwise reasoning and we have to consider different cases.
T T J— T T
If sgn(u} —v]) = sgn(uf — vg),

J = sgn(up, —vp){bL(f(ur) — F(v)) — br(f(uk) — F(vR))}-vL =0,

by using (10).
If sgn(u] —v]) = —sgn(uf — v}), we use (10) to have:

J = 2sgn(up,—vp)br(f(up)—F(vp)) v = 2sgn(up—vp)br(f(ur)—f(vR)) VL -

We suppose that sgn(u] —v}) = —1 (le. u} < v}), sgn(uf —vg) =1 (ie.
uf > vf), and br < by, the study of the other cases being similar.



o up <vp <vp <up
From Lemma 4 we deduce, for any k in [u], u%],
{=b(f(up)— f(k)—br(f(ug)—Ff(k)}- v+ (be —br)|f(k)-vi(a)| = 0.

(15)
If f(v]).vr >0, we choose k = v] in (15) to obtain:

{=bL(f(ur) = F(vi)) = brf(uR) + bLf(vp)} - ve 2 0.
We refer to (10) to ensure that;
—=2b(f(ug) — f(vr)) -vL 20, soJ = 0.
If £(v7).vr < 0, we choose k = v7, in (15) and we have:
—2br(f(ug) — f(vR)) - v > 0 and thus J > 0.

Finally, if f(v])-vr < 0 and f(vy) - v > 0, since by, > bg, by (10)
we deduce that by, > 0 and brp < 0. If we suppose that J < 0, J =
—2br.(f(u}) — f(v7)) - v implies (f(u}l) — f(v])) - vy > 0. Similarly
J = =2bg(f(uy) — f(vy)) - vy implies (f(uf) — f(vR)) - v < 0. To sum
up, we have:

FOL)-ve < f(vg)) v, f(ul) v > f(v) vi et
Fg)) ve > f(ug)-ve.

Thus the function A — f(A).vy, changes at least twice its monotonicity in
[Mo(T), M;(T)] that contradicts the assumption (12).

o up <vp <wvp <up
If f(v]) v >0or f(vy)-vr <0 we can adapt the method used in the
two first cases of the previous situation.
If f(v]) vy <0and f(vy)- v > 0, there exists « in Jvf, v7[, such that
f(a) vy =0.
By choosing k = « in (15), we obtain:

7bLf(u2) vy — be(uE) ‘Vy, Z 0.

So, by (10),
—2bp f(u}) vy > 0.

Likewise, we choose k = « in the inequality of Lemma 4 written for v et
we use (10) to ensure:
2bLf(’UZ) vV, Z 0.

We add up these two inequalities to have: J > 0.
All the others cases may be reduced to one of the previous situations. Then
(14) still hold for any ¢ € C(Q), ¢ > 0. Now we introduce the sequence of

functions (8e)e>0 such that 5. € C°(Q2) and G = 1 if d(x, 092) > . We choose
in (14) the sequence of test functions (af:)e>0, where a € C°(]0,T7[).



To take the limit on € in the convective term, we adapt the proof of Lemma
2 (by taking w. = 1 — 3.) to state:

lim b(x)®(u,v) - Vyfea(t)dedt = —/ b@)®(u™,v7) - va(t)dtdH" .
e—0% Jo )

Then, passing to the limit with € in (14) yields to:

/ {lu —v|d/(t) — G(u,v)a(t) }dadt — / b(@)®(u™,v7) - va(t)dtdH" > 0.
Q b

Boundary condition (6) ensure, by reasoning for almost every point of ¥ that:
/E b(@)B(u", v7) - va(t)dtdH™ > 0.
Lastly the Lipschitz condition on g provides:
/Q{|u —vld (t)dzdt < Mg/@ |u — v]a(t)dzdt.

For almost every ¢ of ]0,7[, we consider a sequence of functions (ag)eso €
C([0,T]) approximating the characteristic function Ijp,. We use the initial
condition (5) for v and v et we obtain (13) thanks to Gronwall’s Lemma.

4 Existence

In order to state an existence result we use the vanishing viscosity method. To
this purpose we consider the functional space W (0,T) defined by:

W(0,T) = {v e L*0,T; Hy (Q)); 0w € L*(0, T; H1(Q))}.

Moreover we denote by (.,.) the pairing between H~1(Q2) and H}(Q).
Then we introduce, for any positive real p, the viscous problem related to

(1),

Find a bounded and measurable function on @), u,, such that:

Oyuy, + divy (b(x) f(uy)) + 9(t, z,u,) = pAu, dans @,
u,(0,2) = wo(z) sur Q, (16)
u, = 0 sur .

First we show that Problem (16) admits a unique weak solution that is
bounded independently of . Then the existence of a function u satisfying (3)
will be provided by taking the limit on . Before this we give the definition of
a weak solution to (16).

Definition 2. A function u in W(0,T) is a weak solution to (16) if:
u,(0,.) =uog a.e. onf, (17)

uy, fulfills the variational equality, for a.e. t €]0,T|, for any v € H}(Q):

(Br, ) + /Q (1t — b(@) F(u)) - Vv + gt 0, u)0)de = 0. (18)



In order to deal with bounded solutions, we use the following assumption on
the flux function:

vt € [0,T], for a.e. T € 'y g, (br(@) — b, (@) f(M(t)) -v(o)

L 0 (19)
Vit € [O,T], forae. o€ FL,R7 (bR(E) — bL(E))f(MQ(t)) . I/L( ) 0

>
<0 (20)

Remark 2. Conditions (19)-(20) are a little more general than the ones taken
in the previous works. Indeed (19)-(20) are fulfilled as soon as b and f are such
that, for a.e. & of 't g, the function A — (b, —br)f(X) - vL is nondecreasing
and vanishes at a point. This kind of assumption is considered in [4]. Besides
(19)-(20) are also fulfilled when:

f(m) = f(M)=0,
for a.e. (t,x) € Q,g(t,x, M) >0,
for a.e. (t,x) € Q,g(t,z,m) <0,

as we may choose in this case My = M and My = m.

This previous hypothesis, with g = 0, is in particular used in [1], [5], [6],
[9], [16], [25], [24] for the one dimensional case, and in [14], [22] for the mul-
tidimensional case.

Now we prove:

Theorem 2. Under (19) and (20) there exists a unique weak solution u, to
(16) such that:

Vt € [0,T], Ma(t) < uu(t,.) < Mi(t) a.e. on €, (21)

Proof. (i) Existence
We use the Schauder-Tychonoff fixed point Theorem to obtain a function
u, that satisfies (17), (18) and (21). First, for any real a, b, ¢, we define
B(a, b, c) = max{a, min{b, c}} and we introduce, for u > 0, the problem:
Find w, € W(0,T) such that a.e. on |0, T[ and for any v of H} (),
(Opuy, v) + A((uvzu# =b(x)f(uy,)) - Vov + g(t, 2z, uy, )v)de = 0 (22)
u,(0,.) = ug p.p. on €,
where uy, (t, x) = B(M2(t), uy(t, ), M1(t)). Let us remark that if u,, is a solution
o (22), then wu, fulfills (21). Indeed we can consider in (22) the test function
vy = sgny(u, — Mi(t))* (since v, € L%(0,T; H}(Q2))). For any s of ]0,T], we
integrate over ]0, s[. Then,

/ (Ortt, )t + / / (1, — b(@) F (1)) - Vv, + g(t, 2, v, )dadt = 0.
0 o Ja
We write the evolution term under the form:

/ (Drty, vy}t = / (O — My()), vyt + | M (tyoydadt,
0 0 Qs

and we use Mignot-Bamberger Lemma (see [11]) to obtain:

s wy (s,2)—Mi(s)
/0 (O¢(uy — My(t)),vy)dt = /Q(/o sgn,(r — M (s))tdr)dz.



We use the definition of u; to write the convection term under the form:
—/ b(x) f(uy,) - Vyvpdrdt = —/ b(x) f(M1(t)) - Vyvpdadt.

We integrate by parts separately on 27 and Qg to have:

/ / ) - Vu,dzdt

//F (br — br) F(M (1)) - vv,dH"tdt

+ > / ) - F(My(t))v,dzdt.

=3 LR le

We notice that, thanks to (19) the interface integral is nonnegative.
The diffusion term is equal to:

| 9 s, = 3 ) .

and so, is nonnegative.
Moreover, by definition of uj,,

/ / (t, z,uy)vydzdt = / g(t,x, My(t))v,dzdt.

i,8

We take the n-limit. That yields to:
/ (u(s,2) — Mi(s))* da
QS
/ / (M(t) + g(t, . My (£))sgn(u, — My ()" dedt
/ / V.b(x M (t))sgn(u,, — Mi(t))*dzdt < 0.

i=L,R

By definition of My, Mj(t) + g(t,x, Mi(t)) + Vb(x) - fF(M1(t)) > 0, a.e. on
Qr and Qr. Then we deduce the majorization of u, given in (21). To obtain
the minorization of u, the reasoning is the same: we choose the test function
vy = —sgny(uy, — Ma(t))™ in (22). We use (20) to show the interface integral
is nonnegative. Thus the existence of weak solution to (16) is proved as soon
as (22) has a solution. To state this, for any w in W(0,T), we consider the
linearized problem:

Find U in W(0,T) such that a.e. in |0, T, for any v of Hg (L),
(0, U, v) + / (uV U = b(z) f(w*)) - Vo + g(t, z,w*)v)dx = 0, (23)
Q
U(O, ) = Ug-
Since Problem (23) admits a unique solution, we can define the operator:
7: wW(O,T) — W(0,T)
w — U=T(w)

10



where U is the unique solution to (23). By taking v = U in (23), as w* (¢, =) takes
values in [M>(t), M1(t)], we have: [|[U||20,7;m1()) < C1. This estimate implies,
by using the definition of L2(0,7; H~'(Q2))-norm that: [|0.U||r2(0,7.m-1(0)) <
Cy, where C; and Cs are two constants dependent on € (but independent of

w*). So, with C3 = \/C? 4+ C3, the set:
C={UecWwW(,T),[|Ullwwr <Cs, U(0,.) =ug a.e. on Q},

is convex, bounded, weakly compact in W(0,T) and such that 7(C) C C. It
remains to prove the sequential continuity of 7 for the weak topology

o(W(0,T),W'(0,T)). Let (w,)n a sequence converging towards w weakly
in C. Then the sequence (U,),, = (7 (wy))n is bounded in W(0,T') and so there
exists U in W(0,T') such that, up to a subsequence, (7 (wy,)), goes to U, weakly
in W(0,T), strongly in L?(Q). Moreover, U,(0,.) goes to U(0,.) = uy a.e. on
). We take the limit with respect to n in (23) to state that U = 7 (w). Since
the solution to (23) is unique, we deduce that the whole sequence (7 (wy,)), goes
to 7 (w) weakly in C. Thus 7 has (at least) one fixed point, denoted u,,, that
satisfies (22) and so (17), (18) and (21).

(i) Uniqueness

We use an Holmgren-type duality method. Let u and @ be two weak solutions
0 (16). For the sake of simplicity we do not write the subscript p. For any ¢
in [0, T'[, we introduce z(t,.) (resp. Z(¢,.)) the element of H} () solution to the
problem:

for any v € H(Q),

/Q V(L ). Vods — /Q u(t, Yvdz -
(resp. /Q UVE(L ) - Vods = /Q A, Juda).

Since dyu and 9,4 belong to L2(0,T, H~1(£)), we can assert that d;2 (resp.
0;%) is an element of L2(0,T; H(Q)) such that, for a.e. t €]0,T[, Vv € H}(Q),

/ uVoz - Vudx = (Oyu,v) ( resp. / uVo,z - Vodz = (0,4, v)). (25)
Q Q

By choosing v = z — Z in (18) written for u and @, and by integrating from
0 to s, s €]0, T, we have:

/(8t(u—u z—zdt+/ /uVu—u V(z —2)dzdt

/ / F(w)) - V(z = z)dzdt
[ [ottm — gte.00): — 2y

For a.e. t €]0,T[, we take v = u(t,.) —u(t,.) in (24) in order to have:

ﬂ/ V(u—1) - V(s — 2)dadt = / / (u— B)%dodt = lu — 220 s e
0 Q 0 Q

In a same way, for a.e. ¢t €]0,T[ we choose v = z(¢,.) — (¢, .) in (25) to obtain:
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/08<8t(u—ﬁ),z—2>dt = /Os/gzﬂvat(Z—g)'V(Z—E)dazdt
= ;LMV@—QFQJMﬁ.

Thus
1

5 [ 1V =D Jda + =Ty <

llu — @l 2 j0,s[x Q) (2lIblloc M) |V (2 = 2) || L2 j0,s[x ) + Myllz — Z]|L20,5[x))-

We use Poincaré Inequality to bound ||z — Z||£2(j0,s[x ) With
V(2 = 2)|lL2qo,s[x0)", and then the Young inequality to state the existence of
a positive real C' such that, for a.e. s €]0,T7:

1

i/QMV(z —2)3(s, .)dx < C/o V(2 = 2)|| L2 dt.

The conclusion follows thanks to Gronwall’s Lemma. O

Estimate (21) allows us to prove thanks to (18) the following Lemma, that
will be useful to take the p-limit.

Lemma 6. There exists a positive real C such that:
u/ |V u,|?dzdt < C. (26)
Q

Now we take the limit on p. The convergence of the sequence (u,),>0 is a
consequence of E. Yu. Panov’s work in [20]. Indeed it follows from Assumption

(2):
Lemma 7. The sequence of weak solutions (u,),>o to problems (16),,, contains
a subsequence that converges in L'(Q).

Proof. We first focus on Q. Since the convective term by (z)f(u) is regular
enough and the sequence (u,),>0 is bounded in L*(Qr), we can apply E. Yu.
Panov’s result in [20] to state there exists a subsequence, still labelled (u,),>0
that converges in L'(Qr). Then we use the same argument on the subdomain
QR to extract from this last subsequence a new subsequence, still denoted by
(uy) >0 that converges in L'(Qr), and so in L'(Q). O

We denote by u the limit of a subsequence (u,,),, that converges in L*(Q).
Let us show that u is a weak entropy solution to (1). First we prove that u
fulfills the entropy inequality (3). To this aim we come back to the viscous
problem (16). We choose in (18) the test function sgn,(u, — k)p1p2 where k
is a real, ¢1 an element of C°([0,T), ¢2 an element of C°(2), @1, 2 > 0. We
integrate over [0, 7] to obtain:

T
A<@deﬂw—kwwﬁ
b 0T = @) F ) - Falsgmylu — Dprpa)dodt (2)
Q

+ / g(tvxvu#)sgnﬁ(u# - k%ol(p?dx = 0.
Q

12



Again we use the F. Mignot-A. Bamberger Lemma to transform the evolution
term:

T
/ (O, sgny (uy, —k)p2)p1dt = —/ In(uu)@Qatgoldmdt—/ Iy (uo)p21(0)dx
0 Q Q
where u
I,(u,) = / sgny, (T — k)dr.
k

The diffusion term is transformed as below:
//Nmuu - Va(sgny(u, — k)p1p2)dadt = / (V) sgny (w, — k)prpadadt
Q Q

+/ uVuy, - Vipaprsgng (u, — k)dzdt,
Q

so that the first term on the right-hand side of the equality is nonnegative.
The convective term is studied separately on Q1 and Qr. We write it under
the form:

— Z / bi(z) f(uy) - Vuysgn, (u, — k)erpadrdt
ie{L,R} " @i

- > bi(x) f (up) - Vipasgny (u, — k)1 dadt
ic{L,R} "’ Qi

We focus on the first integral for ¢ = L (the reasoning for ¢ = R being the
same). We denote:

Inp = 7/ bL(z)f(uM).VuHsgn/n(u#fk)cplgagdxdt

L

- / br(x)div,Dy, (uy, k)p1padadt,
QL

where u
D, (uyu, k) = / f(7)sgn, (1 — k)dr.
k

Thanks to the Green formula, we have:

o = / (b1 (2)Dy (s k) - Voz + Vabr ().Dy (e, k)poor)dadt

L

— bL(E)Dn(UH,kJ) . VLwlwgdthn_l.

YL.R
Next we look at the interface integral. We have:

/ b (@)D, (up, k) - vip1padtdH™
b

L,R

= /z br(@)(Dy, (up, k) — f(k)sgny(u, —k)) VL1 padtdH™ !

L,R

+ b (@) f(k) - visgn,(u, — k)p1padtdH" .

YL.R

13



We point out, by an integration by parts that, for any reals 6 and k,
D,(0,k) / I (m)sgn, (1 — k)dr + £(0)sgn, (6 — k).

where f' = (f],..., f}).

Then we make sure that, fort=1,...,n:

|— /k 1) sgng(r — K)dr + fulu) — F())sgny (e — k)| < 2n0y,.
So we deduce:

|(Dy(uw, k) = f(k)sgny(uu — k)| < 2nnMy.

We use the same method to study the integral over Qi and, for any positive p
and 7, we obtain:

/ (Uu)at%@zdxdt-F/ 1 (u0)p1(0)pada
Q

+ Z i(sgnn(uy — k) f (u) — Dy(up, k) - Voo )ordwdt
i€L,R
— Z Vzbi(a:) Dy, (up, k)prpodadt
icL,R” Qi
+ / (br, — br)f (k) - visgn,(u, — k)1 padtdH" (28)
2L,R

+ / 2nnMg(|br| + |br|)o1padtdH™ !

YL,R

- /g(t,x,uu)sgnn(uufk)ng(dexdt
Q

/ uVu, NVNospisgng (v, — k)dedt > 0.
Q
However,
/ (br = br)f (k) - vrsgny(u, — k)prpadtdH" ™
LR
< / (be — br) F(k) - wilorpadtdH™ .

2L,r
We take now the p-limit in (28). By (26),
lim uVuy, - Voaprsgn, (u, — k)dxdt = 0.
u—0+ Q

We use Lemma 7 and the Lebesgue dominated convergence Theorem to ensure
there exists u € L°°(Q) such that,
Vk € R, Vi1 € C2°([0,T), Vo2 € C2°(Q2), Y > 0,

14



/In(u)atgolgogdzdtJr/In(uo)gal(())gagdx
Q Q

- / g(t, x,u)sgny(u — k)p1podudt

Q
+ Z / bi(sgny(u — k) f(u) — Dy(u, k)) - Voo dadt
i€L, R’ Qi
- > / Vi () - Dy (u, k)prpadadt
icL,R” Qi
+ / (1(br = br)f (k) - v | + 20 My (|br| + [br|)p1padtdH" ™ > 0.
XL,r
(29)

Since lim, o Dy (u, k) = sgn(u — k) f(k), a.e. on @, the n-limit gives (3).

Now let us establish that u fulfills (4), (5) and (6). We write (18) with a
test function v in D(Q) and we take the p-limit. Thanks to the L!-convergence
of (u,), that yields to (4). To prove (5) we consider in (29) test functions such
that ¢ is in C2°([0,T[) and @2 belongs to C°(€;), i = {L,R}. We take the
n-limit and it comes:

*/ (lu — k|Orp102 + bi(z)®(u, k) - Vypopr)dadt

k3

sgn(u — k)((g(t, z,u) + Vab(z). f(k))p1padrdt

Qi
< [ uo - HerO)palad
Q;
Then we use F. Otto’s arguments (see [18] or [19]) to ensure that:

ess lim lu(t, ) — ug(x)|dz = 0,
t—0+ Q

and (5) follows.
In order to show (6), we consider the functions Hs and Qs defined in [19],
for any 7,k € R by:

Hs(r, k) = ((dist(r, I[0, k)2 + 6%)* — 4,
and )
Qs(7, k) = /k O Hs (A, k)f’()\)d)\'

where [0, k] denotes the closed interval bounded by 0 and k.

We choose in (18) the test function 8 Hs(u,, k)¢, ¢ € C2°(]0, T[xQ), ¢ > 0,
that vanishes on ¥, r. We integrate over [0, 7] and we use the same arguments
as to obtain (28) from (27). In particular, for the convection term we use Green
formulas in each subdomain @Q;, i = L, R. That yields to:

/Q (Hs (e, k)00 + b() Qs (0, k) - Vo — gt 1,)0 H (1, k)ep Yt
+/ Vab(2)(Qs(up, k) — O Hs(uy, k) f(u))dedt
Q

> u/ O Hs(wy, k)Vuy, - Vodadt.
Q
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We take the p-limit. By (26) and the boundness of the sequence (u,,), in L>(Q),
the term on the right hand side of the inequality goes to 0. We use Lemma 7
to obtain:

/Q{Hg(u, E)pr + b(z)Qs(u, k) - Vo — g(t, x, u)01 Hs (u, k)prdrdt

/QVwb(x) - (Qs(u, k) — O1Hs(u, k) f(u))dxdt > 0.

Then we consider in the previous inequality a sequence of test functions (5, ),
such that ¢, (t,z) = B(t)a,(z) where 8 € C(]0,T[), and a,, € C*®(Q), 0 <
an <1,
1 sixeaQ\I‘L,R et d({E,FL’R)Z%,
on(@) = { 0 surI'zpousid(z,dQ)> 1,

and (%Vman)n is bounded on .
We refer to F. Otto’s work in [18] to assert:

lim [ b(x)Qs(u, k) - V(e (z))8(t)dxdt exists and is nonnegative.

n—oo Q

Moreover we adapt the proof of Lemma 2 et we use the definition of u” to have:

lim [ b(2)Qs(u, k). V (an(x))B(t)dzdt = /E b(@) Qs (uT, k) - v(0)B(t)dtdH" .

n—oo Q

Thus, when § goes to 0:
/ b(@)Fo(u™, k)B(t)dtdH™ ™ >0,
b

that is equivalent to boundary condition (6).

5 A particular case

Another idea to prove an existence property in the one dimensional case, used
for example in [5], [13], or [23] is to introduce a regularization of the coefficient
b. Naturally we can wonder if we can apply it in the multidimensional case.
In this section we show that, at least for some simple situations, an existence
result can be obtained by regularization of the function b.

In this part we suppose Q =]—1,1[" and I'y, p = {0} x]—1,1[*"L.

We denote Q7 =]—1,0[x]—1,1[""! and Qg =]0,1[x]—1,1[". So on ¥ g,
vy =(1,0,...,0) and v = —vy. Lastly, on X1 g, @ = (22,...,Zn).

We suppose also:
_ br, six e Qp
b(x) - { brp six € QR,

where by, and br are two fixed reals.

Let us remark that when b;, and bg depend on the space variable, we can
apply the techniques we will use if, for all @ of I'y, g, (br(T) — br(F)) has the
same sign.

We note that the entropy inequality (3) becomes:
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Vo € C(Q), ¢ > 0, Vk € R,

/ {lu — k|Ovp + b(z)®(u, k) - Vi — sgn(u — k)g(t, x,u)p}dedt
@ T (30)
+|(br be)fl(k)\/O /z: o(t,o)dadt > 0.

We introduce a sequence of smooth functions (be)eso such that:
Vo € Q, be(r) = 0-(21),

with:

br si x1 < —¢
0 = . Z
e(z1) { brsi x1 >e,

and such that 6. is monotonic on [—¢, ] (depending on the sign of (by, — bg)).
So,

Ve € Q1 #£0, be(x) — b(x).
To state an existence result, we will use in this section assumptions (19)-(20)
that is:

vVt €[0,T), (br —br)fi(Mi(t))

0, (31)
Vit €10,T), (br —br)f1(Ma(t)) <O0.

IN IV

We consider also a sequence of functions (u%) jen= such that:

Vj e N*, u) € C°(Q), and Lim ul) = ug in LY(Q).
j—-oo
For j € N* and & > 0, we denote u, the unique entropy solution (see [7]) to the
“regularized” problem:
Find a measurable and bounded function u in BV (Q)NC([0, T]; L' (Q2)) such
that:

Opue + divy (be(z) f(ue)) + g(t, z,ue) = 0 ] n Q,
us(0,2) = wuj(z) on £, (33)
u = 0 on (a part of) .

We know that wu. is bounded but the bounds depend on ¢ a priori. That is
why we state:

Lemma 8. Under (31) and (32), for a.e. t €[0,T],
Ms(t) < uc(t,.) < Mi(t) a.e. on Q. (34)

Proof. We come back to the viscous problem related to (33):
Find a measurable and bounded function u. , such that:

atuE,u + divx(bE(x)f(ua,u)) + 9(t7 z, ue,u) = MAUa,;t in @,
ue,(0,2) = wh(z) on (, (35)
Ue, = 0 on 3.

For y > 0, (35) admits a unique solution u. , of L?(0,T; H?*(2)) N C([0,T7;
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H'(Q)) and such that dyu. , € L*(Q). Furthermore the sequence (uc ), con-

verges towards u. in L'(Q) when u goes to 0.

We multiply (35) by (ue,, — Mi(t))" and we integrate over ]0, s[x€2, s €]0,T].

We have:

u/ Aug y(ue, — My ()T dedt = —,u/ / (te — My (t)) TP dzdt < 0.
0o Jo Q

For the evolution term, we write:

/OS [ Gttty = MO it = (s, = M) e
") (ue ,, — My ()T dadt.
+ /O/QMmf)( o — My (1)) dudt

We introduce in the convective term, the term div(be (x) f(Mi(t)). By definition
of b.(x), that gives:

/ 5 [ i b @) ) = (1)
= [ [0 OB (e (1)) o
0 sQ
- /Q Qiv (b (@) (F (e 1) — FML(0)) (e — My (8))* dad.

For the reaction term,

[ ottt o
// g(t, x, My(t)) (ue  — My (t)) " dadt
0 JQ

+/S/Q[g(fa e 1) — gt @, My (1)) (ue 0 — My(t))* dadt.

We gather all the terms to assert:

(e pu(s,.) = Mi(s))* |\L2(Q)+//\p(t,x)(uw—Ml(t)ﬁdxdt
< (M, + Ll // ey — My (8))F) dadt,

where
W(t,x) = O (1) L (ML (D) + Mi(E) + (8, x, M (1))
Since sgn(6.(x1)) = sgn(br — br), we use (31) to have:

0. (1) f1 (M (t)) > 0.

As, by definition of My, for every ¢ in ]0,7[ and every z in Qp U Qg, M{(¢) +
g(t,x, M;(t)) > 0, we deduce that ¥(¢,2) > 0 a.e. on Q.
Then we use the Gronwall Lemma to ensure the sequence (uc,(t,.))
ue(t,.) is majorized by M; (t).

We multiply (35) by —(ue,, — Ma(t))” et we apply the same techniques
as previously, especially condition (32) to prove that w.(t,.) is minorized by
M (t). O

e,y SO
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Nonlinear assumption (2) and Lemma 8 allow us to state, by refering to E.
Yu. Panov’s work in [20]:

Lemma 9. There is a subsequence of (uc)eso that converges in L*(Q).
Now we have to prove that the limit highlighted, denoted wu, fulfills the
entropy inequality (30). It is known that u. satisfies the entropy inequality:

/ (1) (1e)Brip + b (2)®y (e, k) - Vo — sgmo(ue — K)g(t, o, uz)p}dodt
Q

+ /Q 0L (1) (1 (e, k) — I () fa(ue) ot + /Q L,(u)p(0,2)de >0,

where (I,,, ®,) is the regular entropy pair defined, for any real k by:
I (ue, k) = / sgn, (T —k)dr and ®,(u., k) = / sgn, (1 — k) f'(T)dr.
k k

We take now the e-limit. By definition of b.,

/Q 0 (a1) (1,11, k) — T 112) f (1) el =
_/ ( ) 0. (1) f1(k)sgny (ue — k) cpd:m) dH" " dt
EL,R —e

+/< _E"é(“)”’m(%) Iy i (02) = )Y ) ar .

We remark that |0.(z1)| = sgn(br — br)0.(z1). So

- [ eennson (u. - Hpdn

—€

< sgn(br = bo)lf1(k)| [ OL(z1)edxy.

Moreover,
@1 (ue) — I (ue) (f1(ue) — fi(k))| < 2Mjy, .
Then,

/Q 0 () (®1, 11, k) — T (11e) i (ue) piledt

< sgn(bR - bL)('fl(k)| + 2Mf177)/ ( HE(Pd.Il) dH™Ldt.
LR —e

After an integration by parts with respect to z1, we pass to the limit with & to
obtain:

/Q (1, (w)ep + b(a) @,y (u, k) - Vi — sgy(u — k)g(t, x, w)g)dad

@M+ 1)) (s — b)) / 1,0, ) (36)
—|—fQ )o(0,2)dx > 0.

If we consider only functions ¢ € C°(Q), when 7 goes to 07, we establish thanks
to the Lebesgue dominated convergence Theorem, the entropy inequality (30).
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To prove (4), we multiply (33) by ¢, ¢ € C°(Q) and we integrate over Q.
We obtain:

/ (oo + b f () - Vaip — g(t, 2, u)pdadt = 0.
Q

We take the e-limit and the conclusion follows.
By reasoning as in the previous section, we show that u satisfies the initial
condition (5).

To prove (6), we consider again, for any positive real 0, the
sequence (Hy, Qs) used in Section 4. We can assert that u. fulfills:

/ {Hé(uev k)atQdedt + bs(m)Qé(uev k) ' VSD - 81H5(u€7 k)g(tv xz, ue)@}d‘rdt
Q

/ b(2)(Qs(ue, k) — 01 Hs(ue, k) f (ue))dxdt > 0.

Q

If we consider functions ¢ vanishing in a neighborhood of ¥ g, we take the
e-limit without difficulties to have:

/ {Hs(u, k)pidzdt + b(z)Qs(u, k) - Vo — 01Hs(u, k)pg(t, x,u) tdzdt
Q

(37)
/Qb'(x)(Q(;(u, k) — 01Hs(u, k) f(u))edxdt > 0.

We choose in the above inequality, a sequence of test functions, ¢, (¢, x)
B(t)an (z) where g € C°(]0,T), 8> 0, and a,, € C*(2), 0 < v, < 1,

( )7 1 ifme@Q\FL,R and d(m,FLR)Z
W= 0 it d(z, T r) < + where d(z,0) >
We use F. Otto’s arguments (see [18]) to state:

lim
n—oo

b(z)Qy(u, k) - V(o (2))B(t)dxdt exists and is nonnegative.
Q

The conclusion follows.

Lastly we have to take the j-limit. We denote u; the weak entropy solution

to (1) associated with the initial condition ug. For j # j', the comparison result
(13) ensures there exists a positive real C' such that:

/Q|uj(t,x) ()] < c/ﬂ d — | da

Then (u;); is a Cauchy sequence in L'(Q), and so converges towards a limit u.

Moreover, for any j of N*, u; fulfills (36) and (37). Thus by taking the j-limit
in (36) and (37), we prove that u is a weak entropy solution to (1).
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