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CONVERGENCE OF A FINITE VOLUME SCHEME FOR
NONLOCAL REACTION-DIFFUSION SYSTEMS MODELLING
AN EPIDEMIC DISEASE

MOSTAFA BENDAHMANE AND MAURICIO A. SEPULVEDA

ABSTRACT. We analyze a finite volume scheme for nonlocal SIR model, which
is a nonlocal reaction-diffusion system modeling an epidemic disease. We es-
tablish existence solutions to the finite volume scheme, and show that it con-
verges to a weak solution. The convergence proof is based on deriving series
of a priori estimates and using a general LP compactness criterion.

1. INTRODUCTION

We consider a mathematical model describing an epidemic disease in a physical
domain © C R? (d = 1,2,3) over a time span (0,7), T > 0. In this model
we consider the propagation of an epidemic disease in a simple population p =
uy + ug + uz, where uy = uy(t, x), ug = u2(t, x) and us = uz(t, x) are the respective
densities of susceptible (those who can catch the disease), infected (those who have
the disease and can transmit it) and of recover individuals (those who have been
exposed to the disease and will become infective after the lapse of an incubation
period) at time ¢ and location x. A prototype of a nonlinear system that governs
the spreading of a nonlocal SIR of epidemics with through a population in a spatial
domain is the following nonlocal reaction-diffusion system:

Oy — ay (/ Uy d:c)Aul = —o(u1, ug, ug) — puq,
Q

(1.1) O — ao (/ Uo dx) Aus = o(uy, uz,u3) — yus — pus,
Q
Oius — as (/ U3 dx) Aus = yus,
Q

in Qr, where Qr denotes the time-space cylinder (0,7) x Q. We complete the
system ([Tl) with Neumann boundary conditions:

(1.2) ai(/ﬂuidx)Vui-n:O on 0 x (0,T), i=1,23,

where 1 denotes the outer unit normal to the boundary 92 of €2, and with initial
data:

(1.3) u;(0,2) = uo(x), z€Q, i=1,2,3.
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One of the simplest SIR models is the Kermack-McKendrick model [II] which
consists in a systems of 3 x 3 EDOs which is similar to the model above, but
without diffusion terms. The classical epidemic SIR model describes the infection
and recovery process in terms of three ordinary differential equations has been
studied by many researchers [, [I8] and the reference cited therein.

Hence the description of the classical SIR model in the system (), % is the
length of latency period or duration of the exposed stage, and p the natural mor-
tality rate. The incidence term o take the following form:

(1.4) o(u,v,w) = a—22___ for some a > 0,
uU+v+w

which coincides with the classical model o (u, v, w) = cuv when the total population
P(t) remains constant. In fact, the well known SIR model which appears generally
in literature is renormalized which we do not suppose here. For technical reasons, we
need to extend the function o(u,v,w) so that it becomes defined for all (u,v,w) €
R x R x R. We do this by setting

U(qu?’UJr’er) if (u7v7w) # (0507 O),
otherwise .

In this work, the diffusion rates a; > 0, az > 0 and a3 > 0 are supposed to
depend to the whole of each populations in the domain rather than on the local
density, i. e. moves are guided by considering the global state of the medium. We
assume that a; : R — R is a continuous function satisfying: there exist constants
M;,C > 0 such that

(15) M; < a; and |al(11) — ai(I2)| <C |Il — IQ| for all I, I, eR, for i = 1,2,3.

Such equations with nolocal diffusion terms has already been studied from a theo-
retical point of view by several authors. First, in 1997, M. Chipot and B. Lovat [4]
studied the existence and uniqueness of the solutions for a scalar parabolic equation
with a nonlocal diffusion term. Existence-uniqueness and long time behaviour for
other class of nonlocal nonlinear parabolic equations and systems are studied in
[, [[4]. Liu and Jin made some experimental simulations in [I3] in order to observe
spacial patterns in an epidemic model with constant removal rate of the infective.

Before we define our finite volume scheme, let us state a relevant definition of a
weak solution for the nonlocal SIR model.

Definition 1.1. A weak solution of ([LI)-(3)) is a triple u = (u1, ug,us) of func-
tions such that wuy,us,uz € L2(0,T; H'()),

(1.6)

— / u1,0(x)p1(0,2) dx — // w1 Opp1 dx dt + // ay (/ U1 dx)Vul -V dxdt
Q T T Q

:_// (o(u1,us,us) + pur)ps dxdt,
Qr
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(1.7)

—/Uz,o(x)%((),l’) dI—// u23t<;72d56dt+// az(/ qu$)VU2~V<p2 dz dt
Q - - Q

= //Q (o(u1,uz,u3) — (v + p)uz)ps drdt,

(1.8)

—/U370(x)g03(0,;v) d:v—// ugatcpgdxdt—i—// ag(/ ugdx>Vu3-ch3 dx dt
Q Qr Qr Q
— [[ g v
T

for all p1, 2,3 € D([0,T) x Q).

Remark 1. Note that we can easily check that Definition [CTlmakes sense. Further-
more, observe that Definition [Tl implies that dyu; belongs to L? (0,7 (H'(R2))'),
so that u; € C([0,T]; L*(Q2)) for i = 1,2, 3.

Remark 2. A classical way to prove the existence of weak solutions in the sense of
[CH)- (T3, is to use Faedo-Galerkin method like the system studied in [I] or in [T4].
On the other hand, the proof here, of convergence of the numerical scheme, implies
the existence of weak solutions of ([[I)-([C3)). Additionally, a proof of uniqueness
of the weak solution is given in the appendix.

Following [9], we now give a precise definition of the finite volume scheme for the
nonlocal SIR model. Let © be an open bounded polygonal connected subset of R?
with boundary 0. Let 2 be an admissible mesh of the domain ) consisting of
open and convex polygons called control volumes with maximum size (diameter) h.
For all K € Qpg, let by xx denote the center of K, N(K) the set of the neighbors
of K i.e. the set of cells of Qg which have a common interface with K, by Niy(K)
the set of the neighbors of K located in the interior of Qg, by Next(K) the set of
edges of K on the boundary 99Q. Furthermore, for all L € N(K) denote by d(K, L)
the distance between xx and zr,, by ok 1 the interface between K and L, by nk, 1,
the unit normal vector to ok, 1, outward to K. For all K € Qg, we denote by m(K)
the measure of K. The admissibility of Q2 implies that Q = Ugcq, K, KNL =0
if K,L € Qr and K # L, and there exist a finite sequence of points (xx)kecqy,
and the straight line Zxy, is orthogonal to the edge ox . We also need some
regularity on the mesh:

min d(K, L) .
KeQp, LeN(K) diam(K) —
for some o > 0.
We denote by Hy,(2) C L*(Q) the space of functions which are piecewise constant
on each control volume K € Qp. For all up, € Hp(Q) and for all K € Qpg, we

denote by ug the constant value of u in K. For (up,vn) € (Hp(Q))?, we define
the following inner product'

UKL
(un,vn) g, = Z > ur, — ug)(vp — vK),

KeszR LGN(K)
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corresponding to Neumann boundary conditions. We define a norm in Hy, () by

1/2
unll g, ) = (Cun, un) g, )
Finally, we define Ly (2) C L?*(Q) the space of functions which are piecewise con-
stant on each control volume K € Qg with the associated norm

(uhvvh)Lh(Q) = Z m(K)ugvr, ||Uh||ih,(sz) = Z m(K) |UK|2a
KeQp KeQr
for (up,vp) € (Lp(2))%
Next, we let K € Qp and L € N(K) with common vertexes (a¢,x.1)1<e<r Wwith
I € N*. Next let Tk, (respectively Tf(xf, for o € Noxt(K)) be the open and convex
polygon with vertexes (zx,zr) (zx respectively) and (a¢ k.1)1<e<r. Observe that

— —ext
Q =Ugeap ((ULGN(K)TK,L>U(ercht(K)TK,g>)

The approximation Vyup of Vu is defined by

m(o’K,L)

Ty (z) = {W(UL — UK )NK,L %f r €Tk 1,
0 if x € TR,
for all K € Qg.

The next goal is to discretize the problem ([Il)-(C3)). We denote by D an
admissible discretization of @7, which consists of an admissible mesh of €2, a time
step At > 0, and a positive number N chosen as the smallest integer such that
NAt > T. We set t"™ = nAt for n € {0,...,N}.

We approximate the nonlocal SIR model in the following way: Determine vectors
(ui i) Keay for i =1,2,3, such that for all K € Qg and n € {0,..., N -1}

: 1
(1.9) ud = —/ wio(z)de, i=1,2,3,
B m(K) Ji
u?}_{l - u?,K n m(O.K7L) n+1 n+1
m(K) S (Y i) Y DR - uph)
At d(K,L)
(1.10) KoeQy, LEN(K)

n+1,+  n+l,+ n+l,+ n+1) _
+m(K) (U(ul,K JUg i U3 K )+NU1,K)—07

n+1

Uy e — Uy n m(okL) n
m(K)T - az( Z Uz,KO) Z d(TL)(uQIl —uy)
(1.11) Ko€Qy LEN(K) ’
—m(K) (ol ug T ) — (gl ) =0,
n+1 n
Uz g — U3 K n m(OK.L) | i1 n+1
(112) m(K)T - GS( Z U3,K0) Z 7d(K, L) (ug,L - “3,1()
. KoeQy, LGN(K)

—m(K)yu3 g = 0.

To simplify the notation, it will always be understood that when h is sent to zero
then so is At, thereby assuming (without loss of generality) a functional relationship
between the spatial and temporal discretization parameters. This is not a real



FINITE VOLUME SCHEMES FOR NONLOCAL REACTION-DIFFUSION SYSTEMS 5

restriction on the time step, but it allows us to write “u;p”
1=1,2,3, “h — 0” instead of “h, At — 07, and so forth.

For the sake of analysis, we introduce the “piecewise constant” functions

instead of “w; p a¢” for

(1.13) win(t, ) =ulf', i =1,2,3,

for all (t,z) € (nAt,(n 4+ 1)At] x K, with K € Qg and n € {0,...,N —1}. To
simplify the notation, let us write uy, for the vector (uy p,ugn,usp). Our main
result is

Theorem 1.1. Assume u;o € L*(Q) fori=1,2,3. Then the finite volume solution

up, generated by ([CJ) and ([CIW)-@CIZ), converges along a subsequence to u =
(u1,uz2,us) as h — 0, where u is a weak solution of [CI)-[C3). The convergence
is understood in the following sense:

wip — uy strongly in L*(Qr) and a.e. in Qr,

Vi — Vu; weakly in (L*(Qr))3,

o (U1 h, U pyuz p) — o(ur, uz, uz) strongly in L*(Qr),
fori=1,2,3.

The remaining part of this paper is organized as follows. The proof of Theo-
rem [[Tlis divided into Section B (existence of the scheme), Section Bl (basic a priori
estimates), Section H (space and time translation estimates), and Section B (conver-
gence to a weak solution). In section [l we give some numerical examples. Finally
in Appendix we prove the uniqueness of the solution using duality techniques.

2. EXISTENCE OF THE FINITE VOLUME SCHEME

The existence of a solution to the finite volume scheme (CH)-([CI2) will be ob-
tained with the help of the following lemma proved in [12] and [T6].

Lemma 2.1. Let A be a finite dimensional Hilbert space with scalar product [-,]
and norm ||-||, and let P be a continuous mapping from A into itself such that

[P(£);€] > 0 for [[&]| = > 0.
Then there exists £ € A with ||&|| < r such that
P =0.
The existence for the finite volume scheme is given in

Proposition 2.2. Let D be an admissible discretization of Qr. Then the problem
[CO)-(CTA) admits at least one solution (uiK,ugK,ug)K)(Km)EQRX{OW’N}.

Proof. First we introduce the Hilbert spaces
En = (Hp(Q) N Ln(Q))?,
under the norm

hanlf, = leuzhlth )+Z > m(K) |uixl®,

i=1 KeQgr
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where up, = (u1p, U2 h,usn). Let @ = (01.h, 02,0, 93.n) € Ep and define the
discrete bilinear forms
3

Th(u27 (I)h) = Z (u;fim Soi,h) 3
i=1
bh(uZ"Fl7 (I)h) = Z m(K) (O'(’U,;Hi(l +7u721}><11+7ug}’<11+) + ILLU??)(/)LK
KeQr

= 0 ml) (ol up T ) = (e,
KeQr

—y > mK)ub ks i,
KeQr

and

ap(up ™, @) =

HMw
. .
m
|2

KeQr LEN(K

Multiplying (ﬂIﬂ), ([CT) and [CI2) by ¢1,x, Y2,k ¥3,K, respectively, we get the
equation

1
E(Th( ult! ‘I)h) Th(uZ,q)h)) —|—ah( nt1 ‘bh)—I—bh( n+l (I)h) =0.

Now we apply the Lemma ET] for proving the existence of uZ“ for all K € Qg and
n € {0,..., N}. We define the mapping P from Fj, into itself

L (T(uptt, @) — T (u, 31))

T At
+ ap(u) T, @p) + by (u) T, @),

for all ®;, € Ej. Note that it is easy to obtain from the discrete Holder inequality
the following bounds:

[P(uy™), @] =

an(un, vi) < Cllunl g, Ivallg, »
Ty(ap,vi) < Cllunllg, Ivellg, »
br(un, vi) < Cllunllg, IVallg, »

for all up and v, in Ep. This implies that ap, T, and by, are continuous. The
continuity of the mapping P follows from the continuity of the discrete forms ay (-, -),
Th(-, ) and bh(~, )

Our goal now is to show that

(2.1) P}, uf ™ >0 for Huh+lHE =r>0,
for a sufficiently large r. We observe that

['P(UZ—H n+1 Z Z

i=1 KeQr

Lt 1
+bp (u upt Z > mE)u gurt

i=1 KeQr

un—i—l +ah( n+1, Z-{-l)

i, K

(2.2)

UK L n+1 n+1 n+1 n+1
E: E: zL_uzK)((sz SDzK

).
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It follows that from the definition of o and Z2) and Young’s inequality that

n+1]
1
S Z
KeQ

[P(up*h),
3
n+1,+ n+1,+ n+1,+ n+1,4+
E: (ulK yUg i U3 K )“1K +p
€Qn
KeQ

n+1
ui,K +

n+1 H
Hy (92)

2
un-l—l
1,K

n+1l,+  n+1l,+ n+1), ntl
( “1K7“2K Uz ) — (7+N)U2K)“2K7

3
1
K)uj Kug“;(l A Z Z m(K)u; Ku?};l

Y
KeQr 1=1 KeQgr
2
> L m(K) [up 3] |
¢ i=1 KeQgr Hh’(ﬂ)
1 n n+ |2
- A7 m(K) uf;(l — C1(At, ) Z m(K) uut‘
KeQr KeQr
1 n n |2
- 5A Z m(K) u3j<1 — Cy(At,7) Z m(K) [uf «|
KeQn KeQn
3 1 2 3 2
g 2 mUE) k| = A YT YT mE) [ul]

i=1 KeQr i=1 KeQr

[P(uys ), ui )]

3 n
> mm{4At M17M2aM3} ||uh+1||E

3
— 2maX{C1(At a), Ca2(At, ), C5(At) }Z Z )|U?K|2

Finally, for given uy ,, uy, and ug,, we deduce from (ZJ)) that @I holds for r
large enough (recall that ||uh"’1 || B, = = r). Hence, we obtain the existence of at least

one solution to the scheme (C3)- ([]:EZ)
O

2.1. Nonnegativity. We have the following lemma.

Lemma 2.3. Let (u?)K,ugyK7ug1K)K€£2R)n€{0 _____ N} be a solution of the finite vol-

ume scheme ([L3), [LI0), @I and [LIZ). Then, (uf g, u5 js U5 k) Kepmefo,...N}

is nonnegative.
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Proof. Multiplying ([CI0) by —Atu’f}l_, we find that

(2.4)
n n n n m(oK,L)  n n
—m(K)Uf;(l (uﬁ}l uy k) +@1( Z ul,KO)At Z m(ul,ﬂ —Uﬁ(l)u
KoeQy LEN(K) ’
_ m(K)At( (u?}l o+ ug}l*, ug}le)u’f}l + uu""'l)u’f"[}l =0.

We know that u™t = u’;(HJr — w1 and (at —bt) (@™ —b7) <0 for all a,b € R.
With this, we deduce

(2.5)

CLl( Z Uy KD)ZAt Z Z UKL ?Jil—u;h;(l)u q;(l—

KoeQ, KeQr LEN(K

a 3 wix)

) N-1
_ KoeQy At n+1_ n—i—l)( n+l— n4l— )
= 5 ulL Uy x )\Uy L, Uy K

K€Qr LEN(K)
n
a E u
1( LKO) N—1

12
> et Zm 3 Z a2 0,
KeQr LEN(K
and
Zm S () (o5 g ) el
(2.6) KeQr
2
z—uZAt Z m(K) u’f}l } <0.

KeQr
Let f € C? function. By using a Taylor expansion we find
1
(2.7) F(b) = f(a) + (@) (b= a) + 5 f(€) (b - a)?,

for some & between a and b. Using the Taylor expansion (1) on the sequence

o
f(u’f'}}l) with f(p) = / sds, a = u"'H and b = uj x. We find
0

2
_ n+1—
n n |u7111K | LK ‘ 1 n n 2
(28) wi Tt g g) = e - o ) (wig - i)

We observe from the definition of f that f”(p) > 0, which implies

2
|u’f’K_|2 “71141}1 ‘

2 2

(2.9) uie (e —uf ) <

n+17—
K
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Now, using ([ZH)-E3) to deduce from )
al( Z U?,K()) N1

2
N—-1 un+1_} ’ n 2
1,K Uy K ’ KoeQy, n4+1— n+1— 2
Z( 2 2 >+ — ZN u e ’
(2.10) n=0 —
2
—I—,LLZAt Z m(K) u?}l ’ <0.

KeQr

This implies that
1 N - 2 0o - 2
(2.11) 5 ([ud'x ‘ —‘uLK ‘ <o0.

Note that ZI2) is also true if we replace N by ng € {1,...,N}, so we have
established

2 2
(2.12) T }u?yK }

Since uf ; is nonnegative, the result is u’f}}r forall0 <n < N-—1andall K € Qp.

On the other hand, multiplying () by —Atug}}l , and along the same lines as

U , we obtain the nonnegativity of discrete so utlons U or a <n< —
% btain th g y of di 1 sl forall0<n < N -1
and all K € Qp. Finally, the nonnegativity of u3 K , is given by a maximum princi-
ple proved in [8]. In fact the reaction terms m(K )y uj g of the equation ([LIZ) do
not depend on ug}'{l and it is a nonnegative term. We assume the nonnegativity of
(uf x> uh g, uy i) and we apply the discrete maximum principle for the third equa-
tion (CI2) in order to prove the nonnegativity of u”le Then, using an induction

on n yields, we conclude. O

3. A PRIORI ESTIMATES

The goal is to establish several a priori (discrete energy) estimates for the finite
volume scheme, which eventually will imply the desired convergence results.

Proposition 3.1. Let (uf ) keapnefo,...N}, @ = 1,2,3, be a solution of the finite
volume scheme ([LA)-[CIA). Then there exist constants Cy,Ca, C3 > 0, depending
on Q, T, u; o and o such that

n 2
(3.1) e 2 Pkl < G

(3.2) - Z At Y Z UKL

KeQr LEN(K

2
n+1 n+1
Uy g — UL ‘ < (s,

and

n+1 n+1 2 n+1 n+1 n+1 2
(3.3) ZAt Z mK)(‘ (U1Kau2K=“3,K)‘ +’ (“11(7“21(7“3,1()’ )S Cs.
KeQr

fori=1,2,3.
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Proof. We multiply (CI0), (CII) and [CIA) by Atu?}l, Atug}}l and Atug}}l,
respectively, and add together the outcomes. Summing the resulting equation over
K and n yields

Ey + By + E3 = Eu,

where
3
o n+1 n n+1
= E m( - ui,K)ui,K )
3 (o
KL n+1 n+1y, n+1
_§ : Atai( u ) § : § : zL _uzK)ui,K7

i=1 n=0 KoeQyp KeQr LEN(K
+1 2
n
Ug i )

Eq = Z At Y mlE) (o e ug i w4+ v s )
KeQr

ZAt > mK)<( (u?ﬁ,ug?,ug?)—kuu”“)u?‘;+(7+u)
KeQr

From the inequality “a(a — b) > 1(a® — b%)”, we obtain

3 N—1
Er=)_ m(E) (u} ¢ = ull e )uil i
i=1 n=0 KeQg
1 3N
-1y (i) ([u ] = furcl?)
i=1 n=0 KeQr
13
=32 % mE) (jull* — [ulx )
i=1 KeQgr
Gathering by edges, we obtain
3 N—1
Ey = — At a; UKL (u ! — )yl
2= Z @i Z uj Z Z uln = Ul Uy
i=1 n=0 Ko€Qy, KeQr LEN(K
3 N-1
M; MmOKL) | ni1 _ nt1
FLG LA D D R L) M ‘“”‘
i=1 n=0  Ke€Qg LeN(K)

Observe that from nonnegativity of (u' g ) keap nefo,... Ny for i =1,2,3, we get

Es;>0.
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We use Young’s inequality to deduce

E4—2At Z mK)( (uf g Ul s uly g u nH*’”ﬂbK“Q?{)
KeQr

N-1
<a z Aty ;gf 32 A 3 m) |l
KeQr = KeQr

ZAt Z m(K)

n+1
Uz K

ug}}l gAt Z m(K)‘u(QJ)K‘2

KeQp KeQp
+7 Z At Z m(K) ug}r(l
KeQr

Collecting the previous inequalities we obtain

1 3
500 > mE)(ul| = [uf )

=1 KeQr

ST ey v e

w

n+1 _ un-i—l) 2
zK i, L

3.4) 1:1N_1 KeQp LEN K) 2
<ot DY A Y mK) u;ﬁé\ + 283 mlE) [uf |
n=0 KeQgr KeQgr
N-1
+ 253 A Y mK) U??l ,
2 n=0 KeQr
which implies
>SS w0 i
i=1 KEQRr
3
55) <33 mlE) [l ZN > om0 g |
i=1 KeQp KeQr
N—
+ AT m(K) [uf k| + 5 ZAt > om0 |
KeQn KeQr
Clearly,

2 .
Z m(K) }u?ﬁK} < Hui,OHiz(Q) fori=1,2,3.
KeQp

In view of (BH), this implies that there exist constants Cy, C5 > 0 such that

3 N-1

(3.6) Z Z m(K)’ufYK’2§C4+C5ZZAt Z m(K)

i=1 KeQg i=1 n=0 KeQr

2
un+1
o, K

11
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Note that @8l is also true if we replace N by ng € {1,...,N}, so we have
established

3 3 no—1
(3.7) SN m(K) |uly <o +C5 ) Z At Y m(K) fulg! :
i=1 KEQR i=1 n=0 KeQr

By the discrete Gronwall inequality (see e.g. [I]), we obtain from B

(3.8) > m(K)

i=1 KeQr

2
no
ui,K S 067

for any ng € {1,..., N} and some constant Cs > 0. Then

3
maxN}Z Z m(K)’uZK’2§CG.

i=1 KeQgr

Moreover, we obtain from (4] and BS) the existence of a constant C7 > 0 such

that
3

N-1
m(UKﬁL) n+1 n+1 2
)IDIEUDIEDS UK, L) |V Ui ’ <Cr.
i=1 n=0 KeQr LEN(K)

Finally a consequence of (L) and BI) is that

llo(ua,n, us,n us,n)ll 2 gy < Cs,

for some constant Cg > 0.

4. SPACE AND TIME TRANSLATION ESTIMATES

In this section we derive estimates on differences of space and time translates of
the function v;, which imply that the sequence vy, is relatively compact in L?(Qr).

Lemma 4.1. There exists a constant C' > 0 depending on Q, T, w10, u2,0, u3,0,
a, v and p such that

@) [t y) - wat o) dodi < Clyl (sl + 20, i=1,2.3

'%(0,T)

for all y € R3 with Q' = {z € Q, [z,z +y] C Q}, and

(4.2) // luin(t+7,2) —ugp(t,z)|° dedt < C(r + At), i=1,2,3,
Qx(0,T—71)

for all 7 € (0,T).

Proof. The proof is similar to that found in, e.g, [g].
Proof of @1). Let y € R3, z € O/, and L € N(K). We set

] 1, if the line segment [z, z + y| intersects of,z, K and L,
Xown = 0, otherwise.

Next, the value ¢, , is defined by c5, , = Y ‘Ni,L With ¢s,, > 0. Observe that

|yl

(43) [ o (@) dz < miaic) ol o,
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Using this, we obtain

n+1 n+1
Uy — U k|-

|Ul,h(ta x + y) - U1,h(t,f£)| < Z Xok, L (‘T)

OK,L

To simplify the notation, we write

Z instead of Z

OK,L {(K,L)GQ%?‘,K#L,m(UK’L);éO}

By the Cauchy-Schwarz inequality, we get

|U1 h(t :E"'?J) — U, h t :E < Z XO'KL CUK,Ld(KJ L)

OK,L
44 it -yl
x ; o dRD) Xox.r (%)
Note that
(4.5) > Xow.r (@)co d(K, L) < |y| + 2h.

OK,L

Using @3), @A), and [EH), we deduce

//(0 e |ur n(t,x + y) —ul,h(t,$)|2 dzx
T)xQ

N—1 unJrl _ unJrl
16) <(ol+2m Y Ay D2 [ @) de
(4. = 2O L e AR Jo X
0- n n 2
< lyl (ly| + 2h) ZAtZ s KL LLl—ul}g‘

Then, from B2) and ), we deduce [EII).
Proof of Q). Let 7 € (0,T) and ¢t € (0,7 — 7). We have

B(t) :/ lua p(t +7,2) — u17h(t,:1c)|2 dx.
Q

Set ng(t) = E(t/At) and ni(t) = E((t + 7)/At), where
E(z)=nforxz € n,n+1),neN.
We get

This implies

B(t)= 3 m(E)(ui —uit) N mE) @R - ).

LeQR t<(n+1)At<t4r

13
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Using the scheme ([CI0), we obtain

B(t) = Z At Z (u?)}((t) — uf’lg))

t<(n+1)At<t+r  KE€EQg

" uiy — Uiy
o (5 ) 5wt SR

Ko€Q, LEN(K)
n+1 n+1 n+1 n+1
—m(K)(U(%KaUz,Ka k)t pu 1K)>
We observe that we can rewrite 1) as

B(t):% > st Y ) Y Z "KL

t<(n+1)At<t+T KoeQp KeQr LEN(K
n+1 n+1 n1(t) ni(t) n+1 n+1 no(t) no(t)
X [(“11{ — Uy )(“11{ —Uyp )t U Uk )\ Ui T Uk

+ Z At Z (u?)}((t) - uf’lg))

t<(n+l)At<t+r  K€eQgr
1 1 1 1
X (—m(K)( (U5, ug bt ul ) + put ))
We use the basic inequality “ab < %a2 + %b%’ to deduce

B(t) < %(Bl ) + %Bg(t) + %Bg(t))+l34(t),

with
n m(ox,L) | n 1)’
B = Y Ata( Y i) e R ]
t<(n+1)At<t+r Ko€Qy KeQr LEN(K) ’
n m(UK,L) n n 2
BQ(t) = Z At Cl,l( Z ULKO) m Ulyll((t) —'Lblﬁllft)’ 5
t<(n+1)At<t+r Ko€Qy KeQr LEN(K) ’
n m(oK,L) n n 2
Ba)= Y Ata( Y uik,) > RE Wl — o
t<(n+1)At<t+r Ko€eQy, KeQr LEN(K) ’

Bity=— > At > mE) (Y —uY)

t<(n+1)At<t+r KeQr
n+1 n+1 n+1 n+1
X(U(U1K7UJ2K’U3K)+:“ )

Next, we introduce the characteristic function x defined by x(n,t1,t2) = 1 if
t1 < (n+ 1)At <ty and x(n,t1,t2) = 0 otherwise. Then we have for any sequence
(a™)nen of nonnegative numbers that

E(&7) E(#7)

(4.8) /OTT Z a™dt < Z / x(n,t,t+7)dt <7 a”

t<(n+1)At<t4+t n=0
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and for any £ € [0, 7]
T—1
aF((t+8)/A1)
0 n+l)At<t+‘r
E(%) (minar  B(&)
<> a™ x(n,t =&t —E&+7)
m=0 YmAt n=0
B(z7) At B
= Z/ a™ x(n—m,t—&t—&6+7)
m=0 70 n=0

4.9
(4.9) JLECSLECIEN
/ amx(—m,t —&t—E+7)dt

n=0 At

im
Q

’”/x St 6t —E ) di
R

B(Z7) £—(n+1)At E(&y)
ZW/ d=r3 "
E+7—(n+1)At n—0

From [H), we deduce

T—71 N-1 T—r
/ Bi(t)dt < Z At/ X(n7t,t+7)a1( Z “?,Ko)
0 KoeQy,
DI

KeQr LEN(K

<TZAM1(Z”1K°) 2 %U

Ko€eQy, (K,L)EQ2,

2
n+1 n+1
Uy g —Up L ‘ dt

n+l _ , n+l 2
1,k Ui

Using B3), this implies that there exists a constant Cyg > 0 such that

T—T1
/ Bl(t) dt S 7'010.
0

Now we consider Bz (t) and Bs(t). We use @) with & = 7 for By(t) and [EF) for
Bs(t) to obtain

2
n+1 n+1’

T—1
UKL
| s dﬁﬁ}jmm(z:mKJE: > upgl -l
0 Ko€y, KeQr LEN(K
and
T_
T dt < At n+1 n+1 2
TZ a1 Z uy g, Z Z Uy e — Uy | -
0 Ko€Qn KeQr LeN(K)

In view of ([BZ), we deduce

T—1 T—1
/ Bg(t) dt S 7'011, / Bg(t) dt S 7'012,
0 0

for some constants C11, C2 > 0.
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Next, we intergrate By(t) from 0 to T'— 7. Using the inequalities “ab < %2 + %”
and “(a — b)? < 2a” 4 2b*”, we obtain

By =— Y At Y mE) Y — el ) (ol upid unid) + et
t<(n+1)At<t+Tt KeQr

2
A m@* | me®]? ”ﬁg)‘
< t — |-
< Z Z m(K)| lup x| +|u x| +C(a,p) )
t<(n+1)At<t+r KeQr
From X)) and @), we have
= ni(t)]? no(t)]?
/ Z At Z m(K)| [v ‘ + |vg ‘ dt < 7Ch3,
O i<(m+DAt<t+r KeQr

for some constant Cy3 > 0. We use [Bl) to deduce

T ‘“1,1{
/ Z At Z m(K)i2 < 7Ch4,
0 t<

(n+1)At<t+r KeQr

for some constant C14 > 0. Hence

T—1
/ Bi(t) < 7Chs,
0

for some constant C15 > 0. Reasoning along the same lines for uy 5, yield ) and
E2D) for ugp, and ug . This concludes the proof of the lemma. O

5. CONVERGENCE OF THE FINITE VOLUME SCHEME

The next lemma is a consequence of Lemma ETl and Kolmogorov’s compactness
criterion (see, e.g., [2], Theorem IV.25).

Lemma 5.1. There exists a subsequence of up = (u1 n, Uz n,us,p), not relabeled,
such that, as h — 0,

(i) uin — u; strongly in L*(Qr) and a.c. in Qr,
(5.1) (i) Vnuin — Vu; weakly in (L*(Qr))?,

(i4) o (u1p, Uz p,us.n) — o(ur,us, uz) strongly in L*(Qr),
fori=1,2,3.
Proof. The claim (i) in (&) follows from Lemma EZTl and Kolmogorov’s compact-
ness criterion (see, e.g., [2], Theorem IV.25). The proof of the claim (ii) will be

omitted since it is similar to that of Lemma 4.4 in [3], we refer to the proof of this
lemma for more details. The claim (iii) follows from Vitali theorem. O

Our final goal is to prove that the limit functions w1, us, ug constructed in Lemma
B constitute a weak solution of the nonlocal system ([II)- (3.

We start by verifying (CH). Let T be a fixed positive constant and ¢; €
D([0,T) x ©2). We multiply the discrete equation ([[CI) by Aty (t", k) for all
K € Qg and n € {0,...,N}. Summing the result over K and n yields

T+ T+ 13 =0,
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where
N—-1
Ti=> > mE)(ui —ul o)e (", zx),
n—OKEQR
ne- S am( ¥ i) ¥ SO -
2 1 1,Ko Uy g, 1,5 )P, 2K ),

Ko€Qy KeQr LGN(K)
T, = Z At ST m() (o(ul i uytl, "+l>+uu’f*;é)w1<t",m
KeQr

Doing integration-by-parts, keeping in mind that ¢1(T, zx) = 0 for all K € Qp,
we obtain

h=- Z > mE)ui i (et wk) — o1 (t7 wk)) — Y m(K)ul g1 (0, 2k)

n=0 KeQgr KeQgr

it
:_Z Z/ /uﬁ}lat%ﬁltzl()dxdt— Z /Ulo Je1(0, zx ) da

n=0 KeQg ’t" KeQp
=: —T171 — T172.

Let us also introduce
tn+1
- Z Z / / uy K(?tgol (t,x) dx dt — / u1,0(x)p1(0,2) dz
n=0 KeQp 2
=: —TL1 — T172.

Ty

Then
Tio—Tis= Y /Ulo )(1(0,2x) — ¢1(0, 7)) da.
KeQr

From the regularity of ;, there exists a positive constant C such that

|¢1(07$K) - @1(07$)| < Ch7

which implies

(5.2) T2 —Tis| <Ch Z/|U10 )| dx.

KeQn
Sending h — 0 in (B2), we get
Jim, Ty — Tis| =0.

Observe that
T1,1 =17,

tn+1 tn+1

1
= </ / ulK(?tgplth)d:cdt—/ / ulK(?t(plt:E)dzdt)
K

tn+1

u71HI_<1 ; / a16901 (t, =TK) 01 (t CL‘)) dx dt.

Il
M.
1~

n=0 KeQgr
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Using the regularity of 0;¢1 and Holder’s inequality, we obtain

1/2
|T11—T11|<O (ZAthK) U?J]r(l ) P

KeQr
where C'(h) > 0 is a function satisfying C'(h) — 0 as h — 0. From (BI) we deduce
Tim | 71,0 = 77, = 0.

Next, we define Ip and T35 by

T

ID:/ al(/ulda:)/Vu1~Vg01da:dt,
0 Q Q
T

T3 :/ ai (/ UL h d:zc)/ u1 Ay dz di.
0 Q Q

Integration-by-parts yields

T
Ip = —/ al(/ uldac)/ u1 Ay dx dt.
0 Q Q

On the other hand, using the convergence results of Lemma Bl and taking into ac-
count the assumption ([CH), it is easy to prove that a; (fQ U1,h d:v) — aq (fQ Uy d:v)
strongly in L*(0,T) and [, u1,n A1 dz — — [, Vuy - Vo da weakly in L?(0,7), a
h — 0. Thus, there holds

Ty — —Ip ash—0.

Note that
N-1 tn+1
=Y a( X )X X wild [ Ve
n=0 Ko€, KeQr LEN(K) tn 9K.L
1 N—-1 L 1 tnt1
-2 al( > uf Ko) YooY @i —uti) / / V1 - n rdy
n=0  KoeQn KeQr LEN(K) tn OK,L
and
N—1 un-l—l _un—i-l
1,L 1,K n
Atal( Z “1K0> Z Z m(oK.L) d(K, L) pi(t", 1)
n=0 Ko€Qy, KeQr LEN(K
| N2 (o
KL
B TGRS S Sl
n=0  Koe, KeQr LeN(K)
X (U?Jil - uﬁ_(l)(%(tnvxL) — (", 7K)).
Hence
LN
net; Y a( ¥ he) T 5 okt i
n=0  KoeQ, KeQr LEN(K)
([t e
b d(K,L)

1 tnt1
ST R S
m(O'KL t

n
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Since the straight line (zx, ) is orthogonal to ok 1, we have
xx —xr = d(K, L)k, L.
This implies from the regularity of ¢ that
e1(t" zr) — o1 (t", 2k)

= Vi (t", x) - ni,, with = between xx and zy,

d(K,L)
and so

/tn+1 e1(t", xr) — 1 (" 2K)

tn d(Kv L)
(5.3) .
1 n+1
B / Ve -ni,pdy|< CALh,
m(o.KyL) tn OK,L

for some constant C' > 0. Using [3)) and B3)), we deduce

T T
lim 15 = —/ ai (/ Uq d:zc)/ u1 Ay dx dt :/ al (/ Uq d:v)/ Vui1-Vi dz dt.
h—0 0 Q Q 0 Q Q

Now, we show that

T
lim T35 = / / (J(ul, ug, uz) + uu1)<p1 dx dt.
h—0 o Ja

For this purpose, we introduce

N-—1 tn+1
Toa= Y 3 (ol up i up i)+ i) / / (o1t 2k) 1 (t,2)) da
n=0 KeQg tn K
and
N—-1 ¢t

na=> 3 |

n=0 KeQr ’1"
N—-1 ¢+l

D / /Ku(u?}é—ul)gal(t,x)dxdt.

n=0 KeQgr tn

/ (o(u?}l, u;“}(l, ug}l) — o(uq, uz, U3)> 1 (t,x) da dt
K

We have for all x € K and t € [t",¢" "] that

(5.4) 1", 2x) — n (1. 2)] < C(AL + ),

and thus, thanks to (BI) and B3),
N-1

Ts1l < C(At+R) Y At Y m(K) (a(u;*;g,ugj;g,ug}g) + uu?j,;l) < C(At+h).
n=0  KeQg

Hence, T31 — 0 as h — 0. We also have

T
122l <€ [ [ (lotwnnsuznuan) - otur,ua )] + o = | ) dodt
0 Q

Therefore from this and (BI), we deduce
|T5,2| tends to zero as h — 0.

This concludes the proof of (). Reasoning along the same lines as above, we
conclude that also (7)) and (L) hold.
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6. NUMERICAL EXAMPLES

6.1. Example 1. SIR model simulations. In this section we consider a sample
square domain = (0,1) x (0,1) and we show the behavior of the solution for
different models of nonlocal functions a;, i = 1,2, 3.

FIGURE 1. SIR model with a1 = a2 = a3 = 1/10: (a) Beginning
infected population (t = 0.025 sec.); (b) Susceptible population
(t = 0.5 sec.); (c) Infected population (¢t = 0.5 sec.); (d) Recovery
population (¢ = 0.5 sec.).

We consider here a uniform mesh given by a Cartesian grid with NV, x N, control
volumes and choosing N, = N, = 300 for all simulations. Obviously, it is possible
to consider also unstructured meshes, but we will confine here to uniform mesh for
simplicity of the simulated models. The discretization in time is given by Ny = 100
time steps for T' = 0.5. That is, 6t = T/N; and m(K) = 1/(N,N,). The parameter
of the SIR model are given by a = 2.0, . = 0.01 and ~v = 1.0.
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(b)

FIGURE 2. SIR model with a; = a2 = a3 = s/10: (a) Begin-
ning infected population; (b) Susceptible population; (¢) Infected
population; (d) Recovery population.

The initial condition are given by
ul,O(xa y) = €0;

5
usolw,y) = B sech(B(a — z;))sech(B(y — y));

=1
us,o(z,y) = 0.0.

with g = 0.01, B = 5000, 8 = 2000, (z1,y1) = (0.25.0.25), (22, y2) = (0.125.0.125),
(z3,y3) = (0.125.0.375), (z4,y4) = (0.375.0.125) and (x5,y5) = (0.375.0.375).
These initial conditions represent one hand to a susceptible population initially with
a low density and constant throughout the domain. On the other hand, 5 pockets of
high density infected population are located in the quadrant [0,1/2] x [0, 1/2] which
will diffuse the epidemic desease on the rest of the domain. Finally, we assume that
there is no initially presence of recovery population.

In a first simulation we consider a model which the diffusion rates do not depend
on the population, that is a;, i = 1,2, 3 are constant and equal to 0.1 (see Figure
). On the other hand, in figure &l we observe another simulations with a nonlocal
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0.025

0.015

0.005 —

9 00s 01 015 02 025 03 035 04 045 05
time [sec]

Ficure 3. Example 1: evolution in time of the diffusion terms

a; (/ uidx),withi:1,2,3.
Q

diffusion where the three diffusion rates are linearly proportional to the total mass
of each population (a1(s) = a2(s) = az(s) = 0.1s). Outside the nonlocal diffusion,
we consider the same parameters for both simulations. We remark that second
simulation with nonlocal diffusion violate the assumption (CH). In fact, they cor-
respond to degenerated parabolic cases. In order to ensure the convergence of our
numerical example, we replace in a practical way, the diffusion rate coefficients by

M ifs>M
(6.1) ai(s)=¢ s ife<s<M
€ if s <e,

with M = 10* and ¢ = 10~*. Figures [ and B represent the simulation at time
t = 0.025 for the localized infected population (see picture (a) of both figures) and
the simulation at time ¢t = 0.5 for the different populations (see pictures (b), (c)
and (d)). We remark that different behaviours occur for the susceptible population,
observing a first extinsion of this population in a different zones of the square
[0,1] x [0,1] for each case. Finally, we observe in Figure B the evolution in time

of the diffusion a; / u; d:v), with i = 1,2, 3 for the simulation with the nonlocal
Q

diffusion.

Unfortunately, it is not possible to observe patterns formation for this SIR-
diffusion model like some results obtained in [I3]. That is because the infected
population have his equilibrium in ws = 0.0. For this reason, it is not difficult
to compute the Jacobian matrix for the SIR reaction term and to prove that the
diffusion coefficients do not affect the sign of the real part of the eigenvalues. In
other, words, the Turing space is always empty in this case (see [I7]), and the
populations tend to their constant equilibrium state for long times.
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6.2. Example 2. An epidemic model of SARS with Patterns Formation.
Now, we consider the following modification of the SIR model

Owu — aq (/ Uy dx) Auy = A — o(uy,ug,us) — puy,
Q
(6.2) Oyun — asg (/ Ug d:c) Aug = o(uq, ug, us) — yus — pus — H(uz),
Q
Oyus — as (/ us3 d:c) Aug = yug + H(u) — pus.
Q

In this modified SIR model, A is the recruitment rate of the population (such as
growth rate of average population size, a recover becomes an susceptible, immi-
grant and so on), and H(uz) is the removal rate of infective individuals due to the
treatment. We suppose that the treated infectives becomes recovered when they
are treated in treatment, and

rif v >0,
H(v) = { 0 otherwise ,

where 7 > 0 is constant and represents the capacity of treatment for infectives.
We consider the same incidence term o defined in the introduction [CEl), and the
natural death rate p is included for the recovery population. The detail about
this epidemic model can be found in [T3, 8] where the authors adopt a bilinear
incidence rate more simple than ([[C4). One of the application to consider this model
is that it supposes that the capacity for the treatment of a disease in a community
is a constant r, in order to use the maximal treatment capacity to cure or isolate
infectives so that the disease is eradicated [I8]. It can be used for example for
mathematical model to simulate the SARS outbreak in Beijing [T9].

The approximation of this modified SIR model using Finite Volume is very sim-

ilar to ((CIO)-(CT2). More precisely we have

n+1 n
Uk — UK n m(oK.L), n
m(K)T - a/l( Z ul,Ko) Z d(K L) (ulil - ul,?)
(6.3) KoeQy, LEN(K) ’

n+l,+  n+l,+  nt+l,+ n+1l) _
+m(K) (—A+U(U1,K U i 5 U3 K )+/W1,K)—O’

n+1 n
Ug g — Uz K n m(oK.L), n
m(K)T - GQ( Z uQ,K()) Z d(K L) (UQ:El - UQ,J’I»(l)
(6.4) Ko€Q LEN(K) ’

; 1, 1,
= m(K) (o ub T ug ) = (0 + g - i) =0,

n+1

Ug e — Uy n m(oKL), & n
mK) ==~ as( > uB,Ko) > m(%f —uge)
(6.5) Ko€Qy LEN(K) ’

= m(K) (yuh g + Hup ) - sl =o.

The results of existence of solution of the Finite Volume scheme (Proposition E2),
nonnegativity of the scheme (Lemma Z3)) and convergence main result (Theorem
[CT) can be easy generalized using straightforward calculations to this modified SIR,
model ([62) and his Finite Volume scheme (63)-([E3).
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6.2.1. Analysis of spatial patterns. The equilibrium state of the system (B2 is not
exactly the same described in [I3] because we consider here a different incidence
term than the given by Liu which takes the reduced form o = quv. In our case, the
two positive equilibrium points are given by F1 = (u1,v1,w;) and Ey = (uz, v2, we)
where

A—-r A i\/(ra—ARo—Aa)2—4A2Rooz)

6.6 - -2
(6.6) 1,2 2R, 2a 2a Ry
A—r—R
6.7) wg = ST M2 = A
1 1%

with Ryg = p+ . The linear stability of the system (@2 is obtained when the real
part of the eigenvalues of the Jacobian matrix

_quO;z}rw + (ufvivw)z —H _quavljrw + (ufvivw)z (ufvivw)z
J = av auv au auv A _ auv
- utv+w (utv+w)? u+v+w (utv+w)? TTH (utvtw)?
0 Y —p
are negative. The eigenvalues of this Jacobian matrix are given by Ay = —pu < 0
and A2 and A3 which are root of
v—u (L+7)v—pu
22 2 — | A — | =0.
+((u+w+au+v+w) +<w+vm+a p—

Real part of Ay and A3z are negative if and only if all the coefficients of this polyno-
mial function of degree 2 are positive, that is

(6.5) w>max{u—v u }

2ty pty p

We consider in this example the parameters A =3, = 0.3, a = 3.8, r = 0.5, and
~ = 0.8 (they are the same of the example of Liu [I3], except the parameter « of the
incidence term). Replacing this parameter in ([E8)-([E7), we have the equilibrium
state

Ey (7.217163781, 0.3044098832, 2.478426355)
E, = (4.010906415, 1.178843705, 4.810249881).
It is easy to verify that the equilibrium point Es verify the linear stability condition

EXR) and E; corresponds to a instable point. Formation of spatial patterns results
from the diffusion-induced instability when the real part of at least one of the

d 0 0
eigenvalues of J = 0 do O is positive [I7]. If we suppose that d; =
0 0 ds

ds, choosing the parameters above and the the equilibrium point Es, then Turing
stabilities appear when (5.114590203 4+ 9 d1) d2 + 3.289620038 — 2.20024467 d1 < 0.

6.2.2. Simulations with local and nonlocal diffusion. Similar the above Example 1,
we consider here two simulations, one with a constant diffusion and another one with
nonlocal diffusion. We take the same square domain of example 1, with a Cartesian
grid and choosing N; = N, = 300 for both simulations. The discretization in
time is given by N; = 100 time steps for T = 2.5. That is, 6t = T/N; and
m(K) = 1/(NyNy). The parameter of the SARS model are given by A = 3,
uw=0.3, a=38r=0.5 and y=0.8.
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FIGURE 4. Patter Formation for the SARS model (constant diffu-
sion): (ric) Random initial condition; (a) Susceptible population;
(b) Infected population; (c) Recovery population.

In order to observe patterns formation, we consider the initial condition as follow:

u1,0(z,y) = U1 + 1w1;
u2,0(x,y) = Uz + €awo;
uz0(,y) = U3 + e3ws;

where w7 = 4.010906415, w2 = 1.178843705, uz = 4.810249881 (that is the stable
equilibrium state Es), €1 = €2 = €3 = 0.001, and w; € [0,1] are random variables,
with i = 1,2, 3.

First we consider the model with constant diffusions, with a; = 0.1, as = 0.0001,
az = 0.1 (see FigureHl). We represent the random initial condition of the susceptible
population on the left top of the Figure @l (the graph of random initial condition is
is indistinguishable to the three populations). In the same figure, we can see the
graph of the three population at time ¢ = 2.5.
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FIGURE 5. Patter Formation for the SARS model (nonlocal dif-
fusion): (a) Susceptible population; (b) Infected population; (c)
Recovery population.

On the other hand, in figure Bl we observe another simulations with a nonlocal
diffusion. In this simulation we consider the diffusion rate coefficients given by

M ifs>M
~ : d;
(69) (1,1(5) = S if € < m < M
€ if s <e,

with M = 10%, ¢ = 107%, di = d3 = 400000 and d» = 400. The choice of d; is
in order to take diffusion coeflicients close to the values of the constant coefficient
diffusion of the first simulation (Figure Hl) at time ¢ = 0. In this case of nonlocal
diffusion, the coefficient diffusions are not constant in time, obtaining obviously
different results than the first simulation of this example 2. Moreover, we remark
very different behaviours between both simulations (compare Figure ll and Figure
BH). Outside the nonlocal diffusion, we consider the same parameters for both sim-
ulations in this example 2. Finally, we observe in Figure [8, the evolution in time



FINITE VOLUME SCHEMES FOR NONLOCAL REACTION-DIFFUSION SYSTEMS 27

—— diffusion a2

180
ar 4 160
350 4 140
3F 4 120
250 4 100
2F 4 80

15F —— 60

M / 7 i
05F / B 20

FiGURE 6. Example 1: evolution in time of the diffusion terms

a; ( / u; dx), with ¢ = 1, 2, 3; Left: Susceptible and recovery pop-
Q

ulations; Right: Infected population.

of the diffusion a; ( / U; d:v), with 4 = 1,2, 3 for the simulation with the nonlocal
Q

diffusion.

APPENDIX A. UNIQUENESS OF WEAK SOLUTIONS.

In this appendix we prove uniqueness of weak solutions to our systems by using
duality technique (see e.g. [IH]), thereby completing the well-posedness analysis.

First, we consider (uq,ug,us) and (v1, vz, v3) two solutions of the system ([TI)-
[C3). We set U; = u; — v; for i = 1,2,3, then U; satisfies

Uy, — (a1 (/Q Uy da:)Aul —a (/ 1 d:c)Avl
) —

= —(o(u1,uz,u3) — o(vi,v2,v3)) — pUi,

00Uy — (CLQ(/QUQCZI)AUQ—CLQ(/ vo dx 2)

)Av
= (o(ur,uz,uz) — o(vi,v2,v3)) — (v + )2,
)AU

0tUs — (a3(/ U3div)AU3—a3(/ vy dx 3):7U27
Q Q
Vu;-n=Vuv;-n=0o0n2p, i =1,2,3,

Ui(z,0)=0forz e Q, i=1,2,3.

Now, we define the function ¢; solution of the variational problem

(A.2) /v%(tu')'V¢d$=/ Ui(t, )¢ da,

. o i=1,23,
for all ¢ € H'(Q2), such that [, ¢de =0

for a.e. t € (0,7T). Since u; and v; are in L?(Qr), then we get from the theory
of linear elliptic equations, the existence, uniqueness and regularity of solution ;
satisfying

@i € C([0,T); HY(R)) with / wi(t,")dx =0, fori=1,2,3.
Q
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Note that from the boundary condition of ¢; in [A2) and U;(0,-) = 0 we deduce
that

(A.3) Vi(0,) =0in L*(Q) for i = 1,2,3.

Multiplying the first, second and third equations in [AJl) by 1,12, %3 € L*(0,T; H*(R)),
respectively, and integrating over Q¢ := (0,t) x Q, we get

(A.4)

g/ot<3sUiﬂ/fi> ds+//Qt (a1(/ﬂu1 dz)Vm —ay (/Q 1 dﬁC)Vvl)-le da ds
+/~/Q (az(/ﬂ U2 dx)Vuz _a2(/9 Vg dm)vv2>.v¢2 dx ds
+//t(a3(/9ugd:c)Vu3 —ag(/ﬂvg dz)vvg).v¢3 da ds

=- //t((U(U17U2,U3) —o(v1,v2,v3)) — MU1)¢1 du ds,
+ //t ((U(u17u27u3) —o(vy,v2,v3)) — (v + N)U2)1/)2 drds + //t ~Ux3 dx ds.

Since p; € L?(0,T; H*(Q)) we can take 1; = ¢; in (&) and we obtain from (A2
and (A3

t t
2 / 00 o) ds = —2 / (O Dpr, 01) dis
0 0
(A.5) :/ |Vg0j(t,x)|2d:v—/ Vi (0, )| da
O Q

= / |Vei(t,z)|* de.
Q

From definition of o we obtain easily

3
(A.6) lo(ug,us,us) — o(vy,ve,v3)| < C’Z lu; — vil,

=1

for some constant C > 0.
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Using [(A2), [(A6), Holder’s, Young’s, Sobolev poincaré’s inequalities yields from
BT with v; = ;
(A7)

g/ot@sw,%ms:_g//nai(/KZUidgC)UiA%dxds
_g//t(ai(/nuid:r)—ai(/ﬂvidz)vvi.v%dl,ds

_ // ((U(ul,uz,m) —o(v1,v2,v3)) — MU1><,01 da ds
! // (o2, 5) 001, 02,09)) = (7 + 1)U )2 v s

—I—// YUz ps3 dz ds
Qt

3
:_ZMi// \U|? da ds
=1 t
2 M, 3 t
7 2 5 )
—I—Z E//Q |U;|” dzds + C4 Z/o Vil 20 IV@illL2 o) ds
=1 t im1
3
Mi 2 Ml // 2
— Uil deds + — Uil d d)
+(;12//<2t| | ,’E8—|—12 t|1| T as
t ) 3 AL . . 2
—l—CQ/O ||V801||L2(Q) d5+2§// |U;| d:Cds+C’3/0 HV<P2HL2(Q) ds
i=1 t

M. t
4 _2// |U2|2 dxd8+C4/ HV903||%2(Q) ds
12 J Jg, 0

3 t
4Ot Gt / V010 + D) IV il 2 gy
=1

for some constants C1,Csy, Cs,Cy > 0.
Using Vv; € L?(Qr) for i = 1,2,3 and Gronwall’s lemma to conclude from (A7)

Soi:()a i1=1,2,3,

almost everywhere in @7, ensuring the uniqueness of weak solutions.
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