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Abstract

We study the periodic Hartree-Fock model used for the description
of electrons in a crystal. The existence of a minimizer was previously
shown by Catto, Le Bris and Lions (Ann. Inst. H. Poincaré Anal.
Non Linéaire 18 (2001), no. 6, 687-760). We prove in this paper that
any minimizer is necessarily a projector and that it solves a certain
nonlinear equation, similarly to the atomic case. In particular we show
that the Fermi level is either empty or totally filled.

1 Introduction

The Hartree-Fock model is widely used to describe quantum electrons in
usual matter. The purpose of this paper is to provide interesting properties
of the Hartree-Fock ground state in the periodic case, that is to say in a
condensed matter setting.

In Hartree-Fock theory [[L4, f], the state of the electrons is represented
by a so-called density matriz ~. This is a self-adjoint operator 0 < v <1
acting on the physical space L?(R?). When 7 has a finite trace, it models
a finite number of electrons. An important example is given by a so-called
Hartree-Fock state

N
7= len){enl (1)
n=1

which is an orthogonal projector of rank and trace N, (¢,)Y_; being an
orthonormal basis of the range of . This example models N uncorrelated
electrons, i.e. it corresponds to an N-body wavefunction of the form ¥ =
1A+ App in the antisymmetric product /\{V L?(R?). The only correlation
present in such a wavefunction is that of the Pauli principle, i.e. the fact
that ¥ is antisymmetric.



The Hartree-Fock energy is a nonlinear functional defined for any density
matrix v and it has been largely studied in the literature [1d, 3, B, B, B]. An
important result due to Lieb [[] is that the minimization of this functional
over all possible density matrices having trace N, gives the same minimum
as when it is restricted to projectors of the form ([l). Additionally, any
minimizer is automatically a projector, v = ZnN:1 lon) (@nl, and @1, ..., oN
are the first eigenfunctions of a self-adjoint operator H., depending on ~y

Hv‘Pn = An¥n, (2)

o(Hy) ={M <--- <Ay <---}U[0,00). Notice that projectors of rank N
form the extremal points of the convex set of all density matrices of trace
N. Although it may seem natural that a minimizer is always an extremal
point of the variational convex set, this is indeed a non trivial result as the
Hartree-Fock energy is itself not concave. All these properties are important
for the device of efficient numerical methods [f, [

It was shown in [E] that necessarily Ay < Any1 which means that we
can write the nonlinear equation satisfied by a minimizer in the form

Y = X(—oorn] (Hr)-

Throughout this article, we denote by x; the characteristic function of the
set I C R and by xs(A) the spectral projector on I of the self-adjoint
operator A.

This paper is devoted to the study of the periodic case, modeling an
infinite quantum crystal. Our main goal is to prove that any Hartree-Fock
minimizer satisfies properties similar to the molecular case described before.
For the sake of simplicity, we assume that the crystal is simply the lattice
73 and that there is only one nucleus of charge Z at each site of Z3. It is
straightforward to generalize our result to any other periodic system.

In the periodic case studied in the present paper, a state of the system is
also described by a density matrix . But this is no more a trace-class oper-
ator (it describes infinitely many electrons in the crystal) and it commutes
with the translations of the lattice. As before, the orthogonal projectors,
the extremal points of the set of all density matrices, will play a special role.

In the periodic setting, there is also a periodic Hartree-Fock-like energy
functional depending on +, see Formula (f) below. It was proved by Catto,
Le Bris and Lions [[] that this energy admits a minimizer, but very few
properties of this minimizer are known at present. We prove in this paper
a result similar to [f, f§]. Namely we show that any minimizer v of the
periodic Hartree-Fock energy is indeed always a projector and that it solves
an equation of the form

Y = X(—oo,u)(Hy) + €xguy (Hy) (3)



with € € {0,1}. The spectrum of H, is composed of bands and x may be an
eigenvalue (of infinite multiplicity, due to the invariance by translations of
the lattice). Hence the nonlinear equation (Jj) solved by a minimizer cannot
a priori be written in a simpler form like (f).

In [{], a result similar to (f) was recently proved for a simpler model
where the only non-convex term, called the exchange term, is neglected. In
this case the proof is much simpler than in the general case treated in the
present article. It is even possible to show that the spectrum of the self-
adjoint operator H, is purely absolutely continuous, hence p cannot be an
eigenvalue and one can take e = 0 in (f).

2 Model and main result

For the sake of simplicity, we assume that the nuclei are placed on the
lattice Z3 and that they all have a charge +Z. We also discard the spin of
the electrons. Our result can of course easily be generalized to any periodic
system of spin-1/2 particles.

2.1 Notation

Let $ be a Hilbert space. We denote by B($)) the space of bounded operators
and by S(9) the set of (possibly unbounded) self-adjoint operators acting on
$. In the whole paper, we denote by &,(%)) the Schatten class of operators
Q acting on the Hilbert space ) and having a finite p trace, i.e. such that
trg(|QP) < co. Note that G1() is the space of trace-class operators on
9, and that S2($) is the space of Hilbert-Schmidt operators on $. We
note by L2(M) the space of square-integrable complex-valued functions on
the Borel set M. Let us also introduce I' = [~1/2,1/2)3 the unit cell and
I'* = [—m,m)? the first Brillouin zone of the lattice.

In this paragraph, we introduce two functions G and W which we shall
need throughtout the paper. They will respectively yield the so-called direct
and exchange terms of periodic Hartree-Fock theory. We start by introduc-
ing the Z3-periodic Green kernel of the Poisson interaction [L1], denoted by
G and uniquely defined by

—AG = 4r Z S — 1
kez3
G Z3-periodic, miSnG =0
R

and where the first equation holds in the distributional sense. The Fourier
expansion of G is

4 ik-x
G(x)=h+ ). Wek (4)
ke2r73\{0}
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with h = / G > 0. The electrostatic potential associated with a Z3-periodic
density p € L (R3) N L} (R3) is the Z3-periodic function defined as

(pxG)(z /Gm— y) dy.

We also set for any Z3-periodic functions f and g

0= [ [ 6la =) 1) gtz dy.

Next we introduce the following function [ff]

zkn

R?)
W2 = 3 g mee 5)
kez3

The function e *W (n, x) is I-periodic with respect to =, when 7 is fixed.
So we can write W as a Fourier series and obtain

s etkz
W(nax) = 47e e Z W (6)
ke2nz3 =
We have that, fixed z € ', W(n,z) —dnS— ‘ | is continuous in 0 with respect
to n and that
M, <W("’x) B 4”w> e+ h=Gla). (7)

2.2 The periodic Hartree-Fock functional

The periodic Hartree-Fock functional was studied in [f].

The main object of interest will be the so-called (periodic) density matrix
of the electrons. We define the translation operator 75, acting on L2 (R3)
as follows: 7pu(x) = u(z — k) and introduce the following variational set of
density matrices:

Poer = {7 € S(LARY) |0 <~ <1, Yk € ZP, miy = ym,

/F* (1 — A2y (1 — Ag)V?) de < 00 }

In the whole paper, we use the notation (Ag)ecr+ for the Bloch waves de-
composition of a periodic operator A, see [[§, [:

:ﬁ/r Acde,  Ag € S(LAT)),
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Lg(l’) = {u € L3 .(R3) | mpu = e~ * Sy, VE € Z?’}

which corresponds to the decomposition in fibers L?(R3) = fﬁi d{Lg(F).
For any v € Pper (and almost every £ € I'*), we denote by v¢(x,y) the
integral kernel of 7¢ € 61(L§(I’)). The density of 7 is then the non-negative

Z3-periodic function of LL (R3) N L3 (R3) defined as

loc loc

1
py(x) = W/F Ve(w, ) dE.

Notice that for any v € Pper

1
ot = s [t o)

i.e. this gives the number of electrons per unit cell. Later we shall add
the constraint that the system is neutral and restrict to states v € Pper
satisfying

Ammwzz

where Z is the charge of the only nucleus in each unit cell.
The periodic Hartree-Fock functional is defined by

swwzlu@m(—;¥%>é%g—ZAGumwwm
1

1
for any v € Pper. In the above formula, D(p+, py)/2 is called the direct term,
while X (y,7)/2 is called the exchange term. The latter is defined for any

B,v € Pper as

X(8,7) = ﬁ / / de de’ / / de dy B(E, 7, y)W (E—&' 2 —y) 7@ 2y) (9)
I xI'* I'xI’

where W is the function defined in (f). We remark that W(—n,2) =

W(na Z) - W(777 _Z)a S0 X(ﬁ/V) - X(Vaﬁ) - X(V?ﬁ)
In the whole paper, we use the convention that for a density matrix
Y € Pper
1 d€ 1 dg
/ L2 <_§A'Y£> rp 32 / Lz (\/ —As’Y&\/—A5> 2r)?

I+ I'*

which is well-defined by assumption.



In (§), we have considered that one pointwise nucleus is located at each
site on Z3. We can also consider extended nuclei, in which case the last term
of the first line of (J) is replaced by

~ [ Voulalp (o) do
where

Voer = Z Z em | * G,
keZ3

m being a C§°(R?) nonnegative function such that [psm(z) = 1 and with
a support small enough such that all the 7,m have disjoint supports. For
the sake of simplicity, we shall restrict ourselves to pointwise nuclei, the
extension to the smeared nuclei case being straightforward. Of course the
pointwise case corresponds to taking m = dg.

2.3 Existence and properties of minimizers
The following was proved in [, see Theorem 2.3 p. 698:

Theorem 1 (Existence of minimizers [[]). Assume that Z > 0. The
Junctional & is well-defined and bounded from below on Pper. Additionally,
there exists a minimizer v € Pper of the minimization problem

I = inf &(vy). (10)

YEPper
Jrp=2

Notice in ([[J) we could consider other constraints of the form Jrpoy=A
but this does not make too much physical sense as the periodic system should
be neutral in the thermodynamic limit.

The purpose of this paper is to show that any minimizer ~ of ([L() solves
a specific nonlinear equation. Our main result is the following

Theorem 2 (Self-consistent equation and the last shell). Assume
that Z > 0 and let v be a minimizer of ([[4). Then -y solves the following
nonlinear equation:

Y= X(foo,,u)(H“/) + EX{,u}(H’Y)a
(Hy)e = —D¢ = ZG + py x G — (2m)° g W - &2 —y)e(ey)dd,
(11)
where € € {0,1} and p € R is a Lagrange multiplier due to the charge
constraint fF py = 4.

Remark 1. In the periodic case, for the minimizer v to be a projector, Z
need not be an integer as in the atomic setting.



A result similar to Theorem [| was proved for the reduced model in [fj,
Theorem 1]. The reduced model consists in neglecting the exchange term,
i.e. the last term of (). In this case, the Hartree-Fock energy becomes
convex and it admits a unique minimizer. The proof that it satisfies an
equation similar to ([1]) is then much easier because the only term which
depends on « in the operator H, is p, * G when the exchange energy is
neglected. Using that p, * G is just a periodic function (hence its Bloch
decomposition does not depend on ), one obtains from a result of Thomas
[ that the spectrum of H., is purely absolutely continuous. In particular
there cannot be any eigenvalue, hence we can take e = 0 in ([L]).

When the exchange term is kept in the model as in the present paper,
the situation is much more complicated. The main difficulty is that the
Bloch decomposition of the last term of H, depends in a non trivial way of
§. In particular, we do not know if the spectrum of H, is purely absolutely
continuous. It is in principle possible that u is an eigenvalue (of infinite
multiplicity) of H, in ([). However, we are able to prove that any mini-
mizer 7 is automatically a projector. Theorem [] even states that either the
minimizer v does not contain the eigenspace corresponding to the eigenvalue
w (e = 0) or it fills it completely (e = 1). The fact that v is a projector is
an important property which can be used as a basis for the construction of
models for crystals with local defects, as this was done in [f.

The rest of the paper is devoted to the proof of Theorem [

3 Proof of Theorem 2

Step 1. Properties of W.

We start with the following useful

Lemma 1 (Properties of W). We recall that W is defined in (). We
have for all (§,2) € T* x T’

6725-:1:

W (¢, z) = 4r P + e (G (x) — h) + e T f(E, x) (12)

where [ satisfies
\v/g,gl € F*, Hf(g’ ) - f(gla ')HLoo(F) < C|£ - £,|’ (13)
Ve el, f(0,z) =0. (14)

Similarly, we have for all (&,€',x,y) € (T*)? x I'?
e~ i(E—¢'—2mm) (z—y)

[§ — & = 2mm|?

WE—¢o—y)=dr >

meZ?, |mleo<1

+e Gz —y) + g€ - & x—y) (15)



where g € L> ((I'*)? x I'?) satisfies for all &,&1,&2,8, € T*

sup |g(& — &, —y) —g(la — &,z —y)| < Cle1 — & — &+ &[. (16)

z,y€el?
In (15), we have used the notation |r|s = sup{|x;|, i = 1,2,3}.

Proof. The proof is contained in [[§, p. 744] and we only sketch it for the
convenience of the reader. A simple calculation gives

Amg - m — |¢f?
|€ — 2mm|2|27rm|2”

fgw)=am Y e

meZ3\{0}

Hence we obtain for € small enough

Hf(fa ) - HL2 (14T C’f § ‘2
Next one uses that x — f(£,x) — f(&,x) is harmonic to infer

[£(&) = £ M oy < CUFE) = FE A o < ClE =€

The proof is the same for g. O

In view of the previous result, it is natural to introduce

c(1,7) // ngd,g// dr dy G(z — y)e (2, y)ye (2, y)
* s

I'xI’

_ / / dz dy G(z — )i () ? (17)
I'xI’

where we have defined J¢(z,y) = e~y (z,y)e . Remark that p, = ps.
Definition ([[7) is quite natural as it is an exchange term taking the same
form as in usual Hartree-Fock theory [[[(]. For all v € Ppe; we have

(2, 9) P < py(2)py(y), (18)

which is a consequence of 7¢ > 0, see, e.g., [, p. 746]. The same inequality
holds with « replaced by 4. We infer that

Xa(v,7) < D(py, py)- (19)

Indeed v — D(p-, py) — X (7,7) is easily seen to be continuous for the weak
topology by Fatou’s Lemma, and this can be used to prove the existence of
a minimizer.



Step 2. Regularity of the spectral decomposition of H.,.

In the rest of the proof, we consider a minimizer + for ([Ld). Such a minimizer
is known to exist by Theorem [I], proved in [[]. We know that it has a finite
kinetic energy since it belongs to Pper:

1 dé
/trLg(F) <—§A£’)’£> —(27{')3 < 00
F*
We recall the useful inequality [, Eq. (4.42)]

[t 806 oo = [ 9@

I_‘*

2
dx (20)

which proves that the map v € Pyer — py € H)o (T') C L1 (T) N L2 (T) is
continuous!.

We investigate the regularity of the eigenvalues and eigenvectors of H.,.
For simplicity, we study H., on the fixed Hilbert space L%er(l’). This means
we introduce the unitary operator defined in each Bloch sector by

U : L? r - LQ(F)

ui’ir) — eé'xu(:v)

We shall use the convention that when T¢ is an operator on Lg(F), then
Tg = UE‘ T¢U¢. Let us denote by X the exchange term defined by its kernel

Xe(w,y) = (2m)~° | W(E - &o—ye(ey)de
Then we get using ([13)

e2imm-(z—y)

Xe(z,y) = U XeUe(w,y) = /F* [47T Z |€ — & — 2mm)]?
meZ3, |m|oo<1

+Gx—y)+gE—¢&,x— y)] Yer (2, y) % (21)

in-T

g(n, ).
Lemma 2. The family (X¢)eer is bounded in B(L2..(T)) and it is Holder:

where we have introduced g(n,z) = e

< Cyle1 — &P,
By = 70 4!

per

Vo <p<1, HX& — X&

!This property can be used to properly define the term D(p.,p,) and see that it is
continuous for the topology of K.



Proof. We have for all u,v € L2, (T')

(Xey — Xep)u,v) 1
| o

<d4r ) /

meZ3, |mloo<1

1
— X
|& — 51 —2mm|? ¢ — & — 2mm)?

_ ¢’
X |<’7§’U27rmuy U27rmv>| ( 5

(2
+//I‘><Fdxdy/[‘* ‘f](& _gl,CC—y) _9(5 _52,£C—y)| X
de'

X e (2, y)| fu(y)] |v(z)] 2r)

We recall that 0 <~ < 1 which means that 0 < 7¢ <1 for all { € I'*. Using
(L) we obtain

/
< , >
HX51 g [ Clér - 52\/ // dz dy|Fe (z, )|’ ﬂ)g
de’
A —51—2wm|2 e —52—2wm|2 @r)°

meZ3, |m|o<l

As 0 <A¢ <1forall { €I', we have

-3 / ~ 2 _ ~ \2 dfl
(2) / dg / /F ermdyhg/(:c,y)‘ = /F S [Ge)] o
< /F* trL]Q;)er(F) [:75’] (27T)3 =27

This easily proves the Holder regularity.

The proof that (X¢)eer is bounded in B(L 2(I)) is essentially the same
for all the terms which we have treated above. We just estimate the term
involving G(x — y). We notice that

dg¢’
Gz — /
/ .%' 75 x y) (27‘() Sa(L2..(1)

= //FxrduvdyG(uv—y)2 /F* 5’5’(%2/)%

~ [ ce-wPhenPad < [[ 6w by
'xT 'xT

by ([§). The last term is well defined (and it is independent of £). To see
that, we notice that for all z,y € I’

Ga—y)= S  ——— +ha-y)

mEZ3, |m|eo<1 [z =y +m|

2

10



where h(x — y) is bounded on I' x I'. We treat for instance the term with
m = 0, the argument being the same for the others. Fix some non negative
cut-off function x which equals 1 on I' and vanishes outside (1 4 €)I" for €
small enough. We have by Hardy’s inequality |z|~? < 4(—A) and using the
periodicity of p, together with the formula [, p, = Z

// 2ddy</dm/dy ()0y(9)
IxI’ ]m—y[ R3 y!

§4Z/RS dz |V (xy/p7) ()| §C<Z+/Fdx|v\/m(x)|2>.

Arguing similarly for the other terms and using (R() we get

2

[ G- iete) (jf)

62(L%er(r))
<C (Z + /F d€"trrz,r) [(—A)g%']>

which is independent of &. O

Recall that the operator (Hy)e = Uf(H)eUg acting on L2..(T) reads

where of course —A and V are respectively the periodic Laplacian and the
periodic gradient acting on L2_ (T'). We denote by A (§) the eigenvalues of
(H,)¢ which are the same as that of (H,)¢ since U is unitary. We may
assume that the A (§) are in nondecreasing order: A;(£) < () <

Lemma 3. The eigenvalues \i(§) tend to +00 when k — 400, uniformly
in&el™.

Proof. We have proved in Lemma [ that Xg is a bounded family of operators
in B(LZ.(T)). Also we have p, > 0 and G > 0. Hence the following holds

per
on Lger(l“)
(H))e > —AJ2—i€ -V + |¢[2/2 - ZG - C.
As G € L*(I), it suffices to apply [[7, Lemma A-2]. 0

Lemma 4. Consider Q2 an open set of I'* and let K be a compact set in C
such that infecq d(K,0(Hy)¢) > € > 0. Then we have that

- ~1
1. (1-A) <(HA,)§ - z) is bounded on L2..(T), uniformly with respect
to £ €Qandz € K;

11



2. the map & — (1 — A) ((ﬁy)g — z)il € B(L2,.(T)) is Hélder with

per

respect to & € Q, uniformly in z € K.

Proof. By Lemma B, we know that there exists a real number zy > 0 such
that d( — zo,a(Hy)g) > € for all £ € I'" and some € > 0. We choose a
constant ¢ > zg large enough. We have

(e +e) (e =)™ =1/2+ R,
where
R, = —i¢ - % +1€2/2(c = A) 4+ (py x G — ZG — X¢) (e — A) L

We have

\Y
HS.C—A

C
+[[1€%/2(c — A)7? <
B(L3e: () et/ ) HB(L%er(F)) 1+c¢

and, as X¢ is uniformly bounded in B(L2,(I')) by Lemma P,

_ C
A) 1HB(Lger(r)) Tre

IN

| Xe(c -

Next we can use that G € L2

per

(T") to get that

IN

_ _ C
HG(ﬂf)(C —A) 1”252(Lf,er(1‘)) = ||G||%ger(r) H(C+ |- |2) IHZQ(QWZS) cl/a

Similarly we have G € L} (') and p, € L2, (I), hence p, * G € L2 (T)

per per
and the same estimate furnishes the bound

—1)|2 ¢
[ @)@ e = 2) Mgy a0y = 2

Eventually we have proved that

C
[Rellgzz,.) = 7z

This shows that for ¢ large enough, the operator ((]:Ly)g +c)(c—A)"lis
invertible and that its inverse is bounded:

(0= &) ((H)e+¢) € B (D)) (23)

The last step is to use the formula
() —2) " = (e +e) + o (Were) (We—2)

12



which, when inserted in (2) yields that (1 — A)((F,)¢ — 2)~! is bounded
on L2..(I'), uniformly with respect to £ € Q and z € K.

per
For the second point of the Lemma, we use the resolvent formula

-y | (e =2) " = (e -2) | -
= (-8 (e —2) " (e - ()e) (e —2) =
= (- ) ()~ =) (~ile—€)-V +IeP — I~ Ke + X x
(1= A) (1= a) (e —2)

Next we can use that & — X is Holder for the norm of B (L2..(")) as shown
in Lemma [, and that V(1 — A)~! is a bounded operator on L2, (I'). O

per

Lemma 5. The eigenvalues A\ (§) are Holder with respect to & € T'.

Proof. As before we take ¢ large enough such that d( — c,a(f[v)g) > €
for all £ € I'* and some ¢ > 0. For every £ € I'*, the spectrum of the
self-adjoint operator R(€) := ((H,)¢ + ¢)~" is composed of the eigenvalues
(€)== (\(é) + ¢)7L. By Lemma [, ¢ — R(¢) is a Holder family in
B(L?..(T')). By the usual min-max Courant-Fisher formula, we have

|11 (&) — 1 (€)] < [|R(E) — R(E)|

hence for any k£ > 1, £ € T — pi(§) is a Holder function. This a fortiori
proves the same property for the eigenvalues Ag(+). ]

Lemma 6. Let 2 be an open subset of T and I = (a,b) an interval of R

such that o(Hy)e N{a,b} =0 for all £ € Q. Then the map
£€Q (1- A)xi(Hy)e € B(Lje,(T))

is Holder. In particular, we can find an orthonormal basis (u1(§), ..., ux (§))
of the range of x1(Hy)e such that & € Q — uy(§) € H2.(T') is Holder with

per
respect to & € ).
Proof. This is a simple application of Cauchy’s formula [g]

wali)e = g f d (e =) (24)

where C is a smooth curve in C enclosing the interval I and intersecting the
real axis at a and b only. O

13



Step 3. Variational property of a minimizer -.

We follow a well-known argument [fl, B| (see [LZ, Section 4] for a very similar
setting) and consider a fixed state v/ € PZ, := {y € Pper | [ppy = Z}. As
PZ, is convex, we have (1 —t)y +ty € PZ, for all ¢ € [0,1]. Hence, since
~ is a minimizer

Ey+i' =v) - E(Q) o 0. (25)

vt € [0, 1], n >

Expanding, we obtain

/ trrzry (Hy)e(r' = 7)e) @y T

I"*
t
+ §{D(wwww) X =7~ 7)} >0 (26)

where H, is the mean-field operator defined in ([[J]). Taking ¢ = 0, we obtain
that ~ is also a minimizer of the linearized functional at =,

d§
’Y = trL2(F) §7§) (271')3’

on the convex set PZ,. For any & € I'* we can choose {¢(€,-)}r a basis of
cigenfunctions of (Hy), with eigenvalues Ay (£), such that

Ve = ME)ler(©)) (r (&)l (27)

k>1

We know from Lemma [ that each Ay (&) is Holder with respect to £. Let us
introduce like in [, Appendix] the function

Cirm Y [T [ M) <w}l.

k>1

The function C is nondecreasing on R. The operator H, being bounded
from below, we have C' = 0 on (—oo,inf Ax(I'*)). Also we know that
lim, oo C(k) = +o00 by Lemma f|. We deduce that there exists a u € R
and a periodic operator ¢ € Pper such that

lim C(k) <Z < hm C (k)

K— ™ k—put
and
V= X(—oo) (Hy) +0
where 0 < § < 1 and Ran(d) C ker(H, — p). The proof of this fact was
given in the Appendix of [{]. When p is not an eigenvalue of H.,, i.e.

e e T* | 3k, M\p(€) = u}| = 0, the proof of Theorem [ is finished, as nec-
essarily 0 = 0. What rests to prove is that if 4 is an eigenvalue of H,, then

d=0ord=xq,(H,).
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Step 4. The Fermi level is either empty or totally filled.

Now we argue by contradiction and assume that p is an eigenvalue of H.,:

{€eT* | 3k >1, A\(&) = p}| #£0.

We also assume that § # 0 and 6 # xy,}(H,). The following lemma will be
a key result to construct perturbations of 6.

Lemma 7. Assume that ;v is an eigenvalue of H., that 6 # 0 and 6 #
X{u}(H~). Then there exists a constant € > 0, a Borel set A C I'* with
|A| # 0 and two continuous functions § € A — u(§) € ngr(l’) and { € A—
u'(€) € H,.(D) such that

VEe A, u(€),u(€) € ker((Hy)e — ),

”u(g)”L%er(F) = || (©)] 2 o =1

per

and, denoting @(€) = Uu(€) and ¢/(€) = Uzu/(€),

0 < 8¢ + (&) (&)l = " (©))(¢'(§)] <1 (28)
on LE(F), for all £ € A and all t,t' € [0,€).

Proof. Assuming the eigenvalues are in nondecreasing order and using that
e (€) — 00 as k — oo, uniformly in ¢ and Lemma [, we deduce that there
exists k1, m, € > 0 and a subset A of I'"* with |A| # 0 such that

Ak?l_l(g) <p- € < )‘k1(£) =pH= )‘k1+m—1(£) < p+ ¢ < Akn—l—m(g)’ (29)

0<¢é < tI‘Lg(F) (Hg’)%Hg) <m— e (30)

for all £ € A and where we have introduced Il¢, the orthogonal projector on
ker((Hy)e — p) in Lg(F). As 0 < < 1forall £ € T* and Heyelle = ¢, (BQ)
means exactly that d¢ is neither 0 nor 1 when £ € A.

Now we choose an adequate basis of the range of II;. By Lemma B, we
know that the eigenvalues A\, (§) of (H,)¢ depend continuously on £. Hence
(R9) is satisfied on the set A. As |A| # 0, we deduce that the interior of A is
not empty. Hence, decreasing A if necessary, we can assume without any loss
of generality that A C Q2 where ) is an open set on which (B9) holds true?.
By Lemma ], we can choose ug, (€), ..., U, +m—1(€) an orthonormal basis in
L2, (T') of ker((Hy)e — p) for all £ in Q such that € — uy(€) is a Holder
map in H2,(I') on Q. Let us recall that (H,)¢ := U¢ (Hy)eUg where U :

L2, () — LE(F) is the unitary operator which acts as a multiplication by

per

2However we cannot assume a similar property for (@) because we have no information
on the regularity of v¢ on the range of Il¢.
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the function e, Of course the functions (&) := U, fuy(§) are eigenvectors
of (H,)¢ with eigenvalue p, by definition.

Next, for any £ € A, we may introduce the m x m matrix M of II¢d¢I1¢
in the basis {wk(f)}ijﬁ?_l

(Me)ij = (@r1-1+i(8): 0 0r1 145 (€)) r2(ry:

As £ — M¢ € S(C™) is a bounded measurable function, Lusin’s theorem
[Lq tells us that it is continuous on a Borel set B C Q with |Q\ B| as
small as we want. Hence, replacing A by AN B if necessary, we may assume
that £ — M¢ € S(C™) is continuous on A. The eigenvalues 0 < nq(§) <
- <np(§) <1 of the matrix Mg are then continuous functions on A. Our
assumption is that on A, M¢ is not the zero matrix and is not the identity
matrix.

First we treat the case when M has an eigenvalue which is not equal to
0 and not equal to 1. This means decreasing A one more time if necessary,
we may assume by continuity that for all £ € A

ng(§) <€ <npy1(§) < S gy (§) <1 =€ <mpgg4(8)

with the convention that nyg = —oo and n,,+1 = co. By Cauchy’s formula
(B4) the projector on @3]1:1 ker(Mg — ny4;) depends continuously on § €
A, see [§. Hence we can find a continuous function £ € A — v(§) €
@}];1 ker(Meg — ng4;) € C™ such that

Vt € (—e,¢€), 0 < Me+to(€v(§)* < 1. (31)

and |v(§)| =1 for all £ € A. We may then introduce

()0(5) = Zv(f)] (Pk171+j(§) S Lg(r) and u(g) = Ui(p(g) S L?)er(r)'
j=1

Notice that the function { € A — wu(§) € HJ.. () is continuous by the
definition of v(§) and g (£). To get (RY), we just use ¢’ := ¢ and v’ := u.
The other case is when M is always a projector for almost every § €
A. By continuity of & — tr(Mg) we may, decreasing A one more time if
necessary, assume that it has a constant rank 0 < Jo < m. This means we

have on A

0= n1(§) == nme’(é.) < nm—J2+1(§) == nm(g) =1

As before by Cauchy’s formula (4) the projectors on ker(M¢) and on ker (Mg —
1) depend continuously on £ € A. Hence we can find two continuous func-
tions £ € A — v(§) € ker(Mg) and £ € A — v'(§) € ker(Mg — 1) such
that

Yt € 0,6), 0= M+ to(€)u(€) — 0 (€)/(6) <1
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and |[v(&)] = [v/(§)] =1 for all £ € A. Tt now rests to define

P(€) =D 0(€); ry-145() € L),

©'(&) =) ' (£); ri-144(€) € LE(T).

Equation (B§) holds with u(§) = Ugp(€) and u'(£) = Ug¢/(€). O

Lemma 8. Assume that ;1 is an eigenvalue of H., that 6 # 0 and 6 #
X{u(Hy), and let be A and (), ¢'(§) as in Lemma [} Then for all n,n €
L®(A,RT) such that [,n= [,n, we have

D(pr,pr) — X(R,R) > 0 (32)
where R is the periodic operator defined by

Re = n(&)|0(€) (&)l =1 (©)]#"(€)){(¢'(9)]-

Proof. Let n,n" € L>°(A,RT) be such that [,(n—n') =0 and R as defined
above. First we remark that for 0 < (|9 +7] )t < €, we have y+1R €

PPZer by construction of ¢(&) and ¢'(€). Next we use Equation (P§) with
v =~ +tR. We compute
d¢ d§
/trLg(m [(Hy)e Re] @) /"(§)<(Hv)5‘p(§)’("(S»L?(F) (27)?
I+ A
/ / / d§
- /77 ((H)e' (€).' 12) g5
A
_ en_%
= [€) =) g = 0
A
hence the first order term of (R{) vanishes and the result follows. O

The last step is to construct functions n,n € L®(A, R*) such that [, (n—
n') = 0 and D(pg, pr) — X(R, R) < 0 with R defined as above. This will
contradict (B2) and finish the proof. Indeed, we even prove that

inf D(pr, —X(R,R)) = —o0.
77,n/eLw(A’Rﬂ,( (PR; PR) (R, R))
fA(n—n’):O

The idea of the proof is somewhat similar to that of the atomic case [f,
M, B, B, [J. The role of the perturbation R is to transfer some charge
from the eigenvector ¢(&) to the eigenvector ¢’(¢) within the last level u.

17



The originality of the periodic case studied in the present paper is that the
transfer needs to be done between two different Bloch sectors Lgl (") and

Lé (I'). This means essentially we want to take = d¢, and 1’ = d¢, in
Lemma f.

As |A| # 0, we may find two points £ and & in A such that |A N
B(&1,M)| #0 and |[AN B(&, )| # 0 for all A > 0. Here B({, A) denotes the
ball of radius A centered at . We may also assume that 0 < [§; — & < 1/4
in such a way that £ — ¢ e I'* if £ € B(&1,\), £ € B(&,)\) and A is small
enough. Next we define

I = —ANBEN) g = LANB(E N
A lAnBELN] P T JAN BN

in such a way that ny — g, and 7} — d¢, weakly as A — 0. We denote
by R the associated periodic operator, the Bloch decomposition of which
is given by

(RM)e = ma(©)]0(€)) (0(&)] = mA(&)|€'(€)){(¢'(9)]-

We also introduce as usual the family of operators acting on the fixed space

L3 er(T)

per

(BY)e = m(©)u(©)(u(©)] — n\(©)]u'(€)) (' (€)].
Next using ([2), we get

2" (Do) = X (R RY) ) = 1)+ 1Y) + B
where

Io() = (21)° (D@RM@) ~ Xo(R, RA))

2

i [[dzdy | [ (m©ute.oR€n) - m(©n' 6.0/ Ew)) de

I'xIl’ A

—//dxdy //dédé’f@—é,w—y)x

I'xI’ AxA
(m(©)ule,2)u(€y) —nA (' (&, 2 (€ )) %
x (€€ 2)u(€,y) = nh (€N (€)' (€,))

. / [ de g mEMLE) ;)”g,é 1 (©). (€)1, 0|

)= hm // dcag BT
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/ [ as e BEBED 49, ) o

To finish the proof, it rests to show the following

Lemma 9. We have

lim [ =IpeR lim [ = lim I = —00.
) o) =T €R, ) 1) ) 2(A) >

Proof. Using the important property that the maps & € I' — u(€) €
H2,.(T) and ¢ € T* — u/(¢) € H2, (') are continuous by construction,

per per
we see that

tim 1(3) = 2n)° [ dody Gl — ) (2(0.0)2(0.0) - |Z(a, )

I'xI’
+ 2§RF/[ dx dy <f(f1 — &, —y)+ |£14_77T£2|2> u(&r, 2)u(Er, y)x
x u/ (&, 2)u/ (b2, y +h//dacdy|ny

I'xI’

with
Z(z,y) = u(&r, )u(r,y) — o' (o, 2)u (&2, ).

We have also used that f(0,2) = 0. Finally, we use again the continuity of
€ — u(€) in L2, (T) to infer that

per

(w(€),u(€) .y = 1+ 0a—0(1)

per

when &,¢' € B(&1,\). Hence, for A small enough

, ¢) _ 2
<o ff e B <

which proves that limy_,g [;(\) = —oco. The argument is the same for Io(\).
O
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