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Abstract

We study the asymptotic behavior of the solution of semi-linear PDEs. Neither pe-
riodicity nor ergodicity assumptions are assumed. The coefficients admit only a limit
in a Cesaro sense. In such a case, the limit coefficients may have discontinuity. We use
probabilistic approach based on weak convergence techniques for the associated back-
ward stochastic differential equation in the S-topology. We establish weak continuity
for the flow of the limit diffusion process and related the PDE limit to the backward
stochastic differential equation via the representation of LP-viscosity solution.

Keys words: Backward stochastic diﬁerentz’ql equations (BSDEs), LP-viscosity solution for
PDFEs, homogenization, S-topology, limit in Cesaro sense.
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1 Introduction
In this paper, we study the limit of the solution of the semi-linear PDEs of the form

N (s, a1, Ta) = L1, T2)°(s, 31, 22) + f(Z, 22, v°(s, 21, 22)) s € (0, 1)

(1.1)
v¥(0, w1, 29) = H (w1, 2)
*E-mail address: bahlaliQuniv-tln.fr. Corresponding author.
TE-mail address: elabouo@yahoo.fr. Supported by AUF bourse post-doctorale 07-08, Réf.: PC-420/2460.
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The infinitesimal generator £ is associated to the IR x IR%diffusion process (:17;l ol €)

oS =a L [ p(ale, a2e)dw,
(1.2)

TP =1y + fot bW (zhe) 22%)ds + fot oW (zle, x?e)dWS
where z,°¢ is a null-recurrent fast component and "¢ is a slow component. The function ¢
(resp. o) is IR-valued (resp. IR™>**~V_valued ). W is a one dimensional standard Brownian
motion and W a IR* 'standard Brownian motion with independent components. W and
W are independent. The system ([.3) have been considered by Krylov and Khasminskii [f]
studying weak convergence without ergodicity and periodicity assumptions. They defined
averaged coefficients as a limit in Cesaro sense. With the additional assumption that the
presumed SDE limit is weakly unique, they proved that the process (5@1 ) xf '€) converges
in distribution towards a Markov diffusion (X}, X?). As a byproduct, if the the limit PDE
admits a unique weak solution, they derived the limit behavior of the PDE ([L.1) in the linear
case.

In this work, we consider the averaged coefficients as a limits in Cesaro sense too. In such a
case, the limit coefficients may have discontinuity. In our framework, in light of Krylov [
weak assumption on the SDE limit is dropped out. The BSDE limit admits a unique strong
solution. But, the classical probabilistic representation of viscosity solution for PDE fails
due, to the discontinuity of the coefficients. Then, we use a probabilistic representation of
LP-viscosity solution of nonlinear PDE to make sense the connection to BSDE. Even if the
notion of LP-viscosity solution is available for PDEs with non-smooth coefficients, one require
continuity property for such solutions. In our case, the lack of strong continuity property for
the flow (X1?, X*%) transfer the difficulty to the backward one. To overcome, we establish
weak continuity for the flow z +— (X% X?7?) and using the fact that Y is deterministic,
we derive a strong continuity property for Y;*. The method used is a probabilistic arguments
based on weak convergence techniques of the corresponding BSDE in the S-topology. Let
also note that, in a periodic media, some authors have studied the asymptotic behavior of
the PDE ([[.1]) by probabilistic approach. We refer to Pardoux [[], Pardoux [§], Pardoux and
Verotennikov [{].

The paper is organized as follows: in section 2, we make some notations, precise the
problem and state the assumptions. In section 3, we state some facts on the FBSDE limit and
LP-viscosity solution for the corresponding PDE. In section 4, we deal with the convergence
of the BSDEs while in section 5, we deduce the asymptotic behavior of the solutions of PDEs.

2 Statement of the problem and assumptions

2.1 Notations and problem’s formulation

Recall here the PDE,
%(s, Ty, Tp) = L5(x1, 22)v°(5, 21, 1) + f(2, 2, v°(5, 21, 32)) s € (0, 1)
(2.1)
UE(O, xIy, ZL’Q) = H(I‘l, ZL’Q)
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where
0 (1 0
e _ S )+ 3

) = e S i S L

is the infinitesimal generator associated to the IR x IR%-diffusion process (e ,°%, z;"°) defined
1 1

by (L.2) and agy = 5902, ij = 5( oWe®M*). i, j=1, .., d.
The measurable IR-valued functions f and H are defined on IR4™ x IR and IRd+1 respectively.
We denote X,"° = exp®, X2 = aP° | X := (X1e, X29), b= (0, bM)*, B= (W, W) and
o= ( v (()1) ) One has 0 € REUTD*F with

0 o

000 = &,

Uojzo,jzl, ...,]{3—1
0'2'0:0,7:—1, ,d
oy=00i=1.,dj=1, . k-1

ij

~

The PDEs (B.]) is connected to the sequence of decoupled FBSDES,

X5 = X5+ [y b(* a )dBu,

(2.2)
Yy =H(X])

YE)du— [* 75 dMXT Vs €0, 1]

thanks to the probabilistic representation v¥(t, ) = Y. (M is a martingale part of the
process X¢ := (X1he X29)).

For a given function g(:cl, 75), we define g (25) := limy, o — - I gt x2)d

g (xg) := limy, o o f (t, xo)dt and g+(xq, x2) = ¢ ($2)1{m1>0} +9° ($2)1{xlgo}. We
denote by b(xy, x3), @1, 1’2) and f(z1, T2, y), the averaged coefficients defined as follows:

(pbi)£(1, T2)

bi(zy, vg) = 2=, ...,d
( ' 2) p:l:(x17 I2)
6"(.3(71 LUQ) — (paij)i(I1’ 1'2) Z jIO 1 d
1) ) pj:(xl, x2> ) Uy [ )
— T, T2,
f(I1> o, y) _ (pf):l:( 1 2 y)
p+(x1, 22)

where the weight p is defined by p(z1, 22) = ago(z1, 22)™' = [5¢*(x1, 22)]7' . It's worth
noting that b, @ and f are discontinuous at z; = 0. Using the asymptotic behavior of the
system (B.2), we shall show that v* tends towards v, which is a LP-viscosity solution of the
following averaged system,

(s, 1, x2) = L(x1, 32)v(s, 1, 22) + f(21, T2, v(s, 31, 22)) 0< s <t
(2.3)

U(Oaﬁl’l, $2) = H(Ih $2)
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2.2 Assumptions

We assume that the following conditions hold for the coefficients.

(A1) The function bV, o', ¢ are Lipschitz continuous in (z;, 25) and, for each z;, their
derivative in x5 up to and including second order derivatives are bounded continuous func-
tions of zs.

(A2) a = (6WaW*) > AT for some A > 0. Moreover, there exists positive constants
C1, Oy, (5 such that

(i) C1 < ago(z1, z2) < Cy

(i3) S0 [ai(z1, @2) + b2 (@1, 22)] < Cs(1 + |22]?)

(B1) We denote p(z1, x2) := aoo(atl, x5)~!. We assume that, as z; tends to +oo, x—ll o p(t, xy)dt
(resp. - foxl Do, p(t, x2)dt, vesp. o= [ D2, p(t, x3)dt) converges to p* (i) (vesp. Dy, p* (1),
resp. Dm2 pE(22)) uniformly in . Here Dy,u, D2, u denote respectively the gradient vector

and the matrix of second derivatives in xo of u. We refer to p*(x3) as a limit in Cesaro
sense.

(B2) Fori=1, ...,d, j =0, o d, the coefficients pb;, Dy, (pb;), D2,(pb;), paij, Dy, (pai;),
D2 (pa;;) have averages in a Cesaro sense.

(B3) For any function k € {p, pbi, Da,(pbi), D3,(pbi), paij, D, (paiz), D3, (pai;)}, there
exists a bounded function « such that

x% o LKt mo)dt — ky (21, m2) = (1 + |22P) (a1, 22),
(2.4)
lim oo SUp_ R la(xq, 22)| = 0.

(C1) There are positive constants Cy, C5 such that the IR-valued functions H and f satisfy:
(@) (y =y, flar, 2, y) = flwr, 22, 9)) < Caly = y/|, Y (21, 22, 9, ) € R x R? x R?
(1) H is a continuous bounded function and |f(z1, x2, y)| < Cs(1 + |z2| + |y|)

(C2) pf has a limit in Cesaro sense and there exists a measurable and bounded function /3
such that

L[ oty m) f(t, 2, y)dt — (pf) 2 (21, T2, y) = (14 |22 + [y[?)B(21, 22, y)
(2.5)
hmlxﬂ_’oo Sup(zz,y)EIR,dX]R, |/8(Zl§'1, T2, y)| = Oa

where (pf)i(zla T2, Y ) (pf) (1'2, )1{m1>0} + (pf)_(lé, y)]-{amSO}-

(C3) For each x1, pf has a derivatives up to a second order in x5 uniformly in y and these
derivatives are bounded and satisfy (C2).
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Throughout the paper, (A) stands for conditions (A1), (A2); (B) for conditions (B1), (B2),
(B3) and (C) for (C1), (C2), (C3).
We have the following:

Lemma 2.1. Assume (A), (B), (C2), (C3). For each y € IR, let V=¥ (xy, x9) denote the
solution of the following equation:

aoo (%, 22) D7 u(wy, ) = f(2, 2, y) — flan, 22, y)
(2.6)
U(O, ZL’Q) = Dmlu(O, ZL’Q) =0.
Then,
(i) Do, VE¥(21, 22) = 21 (1 + |2af* + [y]*) (; w2, y) — 21 (1 + |22 )m(@r,, 22, y),

(i) for any K=¥(xy, x5) € {V=Y, D,,V=¥ D2 V=Y D, D, V=V} it holds,
K=¥(xy, w2) = 2i(1 + |z + [y[*) (; 2, y) + 21(1+ |22 )m(@r, 22, y)

where m(xy, T2, y) := %a(%, xa) and a(xy, xs), B(x1, 22, y) are various bounded

functions which satisfy property (B.4)and (B.3) respectively.
Proof. For any fixed y, we set

T 1 o t t
el = ! ! dt
( c ) x27y) /0 p(éf, x2)g(67 T2, y)

where g(%? L2, y) = f(ifa_l’ T2, y) _T(xb T2, y)
For x; > 0, we have
T 1 1 t

P ay) = [ G G = (o) ()

©(of) (e y) - P @) 1 /Oxlp(zab)dt

pt(xe) = €

x
= (1+ |zo* + |y|2)/61(?1, T2, Y)

£ (o) (o >{1—ﬁ /O“p@,@)dt]

pt (2 €
oI o y)
o) e

Since, Dy, V=¥ (21, 13) = 21 F (%, x2,y), we derive the result for D,, V=¥(z1, x2). Further,
by integrating, we get

T
= (14 |zof* + |y|2)/61(?, Ta, y) — (1 + |z2f?)

c =
VEY(xy, x2) = (1 + |22* + [y]?) ((;)2/ tB1(t, xo, y)dt>
1 0

1

- 1+ \$2|2)M ((3)2/0615@1(15, xg)dt>

pt(x2) Ty

EY E3Y
Clearly, B(%, 2, y) = (£)? [o7 t0i(t, 22, y)dt, a(, z5) = (£)? [i° talt, zy)dt

satisfy (B.4)) and (.3) respectively. For z; < 0, the proof is the same as previous. The result
for D,,Ve¥(xy, 3), D2, VE¥(xy, 22) and Dy, D,,V=¥(21, x3) is obtained by using similar
arguments. ]
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3 FBSDE limit and LP-viscosity solution of PDE

Consider the equation
Xt =gt / DXV du + / F(X1T)dBy, t <5 < T (3.1)
t t

From assumption (A), (B), we deduce, thanks to Krylov [H] that the forward SDE (B.)
admits a unique weak solution. Hence, the result of Khasminskii and Krylov [[l] remain
valid. We state it for the sake of completeness. Namely, we have:

Theorem 3.1. (Khasminskii and Krylov [j/)
Assume (A), (B). Then the process X¢ = (X1, X%¢) converges in distribution to the
process X = (X', X?) which is solution to forward SDE (B-1).

Now, we define the notion of LP-viscosity solution of nonlinear PDE with non-smooth coeffi-
cients. We refer the reader to Crandall et al. [P], Caffarelli et al. [fl] for a wide presentation
on this topic.

Let g : [0, T] x R*™ x R — IR be a Fi- progressively measurable which satisfies (C'1),

and L (1, z2) E a;j(x1, 932

—I— Z bi(x1, 1’2 , the associated generator of the

process X4, Con&der the parabohc equatlon,

gZ(S T, LUQ) + L(Slfl, LUQ)U(S,LUl, ZL’Q) +g(8, X1, To, U(S, xq, 1’2)) =0,t<s<T

(3.2)
U(T, Ty, LUQ) = H(l’l, .TL’Q).

Definition 3.2. Let p be an integer such that p > N =d + 2.

(a) A function v € C ([0, 7] x R*™", IR) is a LP-viscosity sub-solution of the system (B2),
if for every € R™, o(T, z) < H(x) and for every ¢ € I/Vp1 e ([0, T) x R*", IR) and
(t, 2) € [0, T] x R at which v — ¢ has a local maximum, one has

ess lim inf{—g—f(s, r1, 12) — G(s, x, (s, x))} <0.
)

(s,m)—>(f,55

(b) A function v € C ([0, T] x R, IR) is a LP-viscosity super-solution of the system (B:3),
if for every x € R, v(T, ) > H(z) and for every ¢ € W, 2. ([0, T] x R, R) and

p,loc
(t, 2) € [0, T] x R*™* at which v — ¢ has a local minimum, one has

ess lim  sup {_8_<p(s’ x1, 22) — G(s, x, @(s, 35))} > 0.
)

(s,0)— (5,2 s
where
G(s, x, p(s, x)) = L(x1, 12)0(s, 21, T2) + g(s, x1, T2, v(s, T1, T2))

is assumed to be merely measurable on the variable z = (21, z3).
(c) A function v € C ([0, T] x R**!, R) is a LP-viscosity solution of the system (B2) if it is
both a LP-viscosity sub-solution and super-solution.
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Since the SDE (BZ]) is weakly unique, the martingale problem associated to X = (X!, X?)
is well posed. We have the following:

Proposition 3.3. Assume that g satisfies (C1). Then,
(1) For a fized positive number T, the BSDE

s

T T
Vir = O 4 [ gl Xm Vet [ ZiraME s < T

admit a unique strong solution (Y2*, Zb%),cocp. Moreover, (Y1) <s<r is bounded.

(i) If the function (t, z) € [0, T] x IR — v(t, 2) = Y,"" is continuous, then

v(t, x) = Y"" is a LP-viscosity solution of the system of PDE (3.3).

Proof. (i) Thanks to Remark 3.5 in Pardoux [, it is enough to prove existence and
T

uniqueness for the BSDE, Y»* = H(Xfp’x)—l—/ g(u, XH*, Yut’””)du—/ Zh dB,,t < s <T;

which can be proved by usual argument for BSDE. For instance, it’s obvious that uniqueness
holds under (C1) and, we can prove the existence of the solution by using a Picard type
approximation.

(1) We assume that v(¢, x) is continuous. We only prove that v is LP- viscosity sub-solution
since one can similarly verify that it is also a LP-viscosity super-solution. Note that the
definition (a) is equivalent to the following: for every e > 0, r > 0, there exists a set
A C B,(t, T) of positive measure such that, V (s, z) € A,

0 _
—8—f(57 r1, Tp) — L1, 22)p(s, 21, 22) — g(s, 21, T2, v(s, 21, 72)) < €.
For any ¢ € W; 1200 ([0, T] x R4, IR), take (¢, ) € [0, T] x R*™ a point which is a local

maximum of v — . By the choice of p > d+2, ¢ has a continuous version which we consider
bellow. We assume without loss of generality that v(t, ) = (¢, ¥). Assume that there
exists gg, ro > 0 such that

%2 (s, w1, 12) + L(x1, 22)0(8, 71, T2) + g(s, T1, T, V(8, T1, T2)) < —€0, A-a.5 in By, (¢, 7)

v(s, z) < @(s, ©) +eo(s — 1), Ma.sin B, (t, 7)
Let Ay € B, (t, ) a set of positive measure such that (¢, Z) € Ay. Define
7 =inf {s > (s, Xb®) ¢ Ao} A (t + 7o)
The process (Y, Zs) = ((Yar), 1o, (s NZE™)) seffirry) SOLves the BSDE

. t+ro t-H“()_ ' N
Y, =u(r, Xb%) +/ Lo, - (w)g(u, X5, v(u, X;*))du —/ Z,dMX"" s e[t t+ 7).

On other hand, setting ¢ (s, z) = ¢(s, @) + £o(s — t), we have by It6-Krylov’s formula that
the process (Ys, Z,) = ((s, X&), Lo, (s)Ve(s, Xb ))seﬁtﬁrm] solves the BSDE

~ ~

t+7ro 84,0 - t+7ro '
Vo= or Xt - [ Lol + (55 + T Xodu— [ Zuadd”

From the choice of 7, (7, X7%) € Ag. Therefore v(r, X x) < (7, Xt*) and thanks to the
comparison theorem [[], we deduce that Y; < Y;, i.e v(t, T) < ¢(t, ¥), which contradicts
our assumptions. n
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Remark 3.4. (i) Whenever g does not depends on t; v(t, z) = Y is a LP-viscosity solution

of the PDE

%(Sv 21, T2) = L(x1, 22)v(s, 21, 22) + g(x1, T2, v(s, 21, T2))

v(0, 1, 29) = H(xy, 25), s >0, z = (1, 25) € R
where (X%, 32;”, Z;”; 0 < s <t), solves the decoupled FBSDE
Xr=z+ [ b(XZ)du+ [;o(XZ)dB,, 0<s<t.

Yo = H(XP) + [Lg(XE, YE)du — [P Z8dMX",0 < s <t

s

(i3) Since f satisfies (C) and p is bounded, one can easily verify that f satisfies (C1).
Therefore, for a fixed positive number ¢, the BSDE with data (H(X?), f) admit a unique
strong solution (Y, Z%)o<s<;. Moreover, if the function (¢, 2) € IRy x R*™ — v(t, z) = Y
is continuous, it is a LP-viscosity solution of the system of PDE (B.3).

4 Convergence results for BSDE

4.1 Tightness and convergence results

Proposition 4.1. There exists a positive constant C' which does not depend on € such that

t
sup{]E(sup Ve +/ \Z§\2d<MXE>S)} <C.
e 0<s<t 0
Proof. Throughout this proof, K, C' are positive constants which depends only on (s, t)
and may change from line to line. It is easy to check that for all £ > 1,

sup IE ( sup [|X2e|* + |X82’€|2k}) < +00. (4.1)

0<s<t

Using It0’s formula, we get:

t t t
VP N2, < IHOGP+ K [ ViPdus [IFCRC X2 0)Pdu

t
- 2/<Yj, ZEAMT).

Passing to expectation, it is then follows by using Gronwall’s lemma that, there exists a
constant which does not depend on ¢ such that,

t
B (:) < CE (1RGP + [ 08, X2 0Pda) s € 0.
0
We deduce that
t t
E ( [ 1zpaar >u) < CE (|H<Xf>|2 + [ X o>|2du) (42)
s 0

Combining (£.3) and the Burkholder-Davis-Gundy inequality, we get

1/t . b
(s WP+ g [ 1ZiPatar), ) < o (IHCaE+ [ 1G0T X2 0P )
0 0

0<s<t

In view of condition (C'1 — i) and ([])), the proof is complete. n
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Proposition 4.2. The sequence (Y=, M?)_, is tight on the space D ([0, t], IR)xD ([0, t], IR)
endowed with the S-topology.

Proof. Since M*® is a martingale, the Meyer-Zheng tightness criteria is fulfilled whenever

sup <C’V(YE) +1E ( sup |Y;| + |Mf|)) < +o00. (4.3)

e 0<s<t

see [[f] or [B]. The conditional variation C'V is defined in appendix A. From [, CV(Y*)
satisfies

t
OV(Y?) < K ( [ xe YS€)|2ds) |
0

where K is a constant which only depends on ¢.
Combining condition (C7) and Proposition [L.1], we deduce ([.3). u

Theorem 4.3. There exists (Y, M) and a countable subset D of [0, t] such that along a
subsequence of €,

(i) (Y5, M*) 2% (Y, M) on D ([0, #], IR) x D ([0, t], IR) endowed with the S-topology.

(i1) (Y*, M®) — (Y, M) in finite-distribution on D*.

Proof. From Proposition .3, the family (Y=, M*®)_ is tight on D ([0, ¢], R) x D ([0, t], IR)
endowed with the S-topology. Hence, along a subsequence (still denoted by ¢), (Y, M*®).
converges in law on D ([0, t], IR) x D ([0, t], IR) towards a cad-lag process (7, M) Moreover,

thanks to Theorem 3.1 in Jakubowski [J], there exists a countable set D such that along a
subsequence the convergence in law as well as in finite-distribution hold on D°. [ ]

Theorem 4.4. Asc — 0, (X', X% Y?) = (X', X2Y) , in the sense of weak convergence
in C(IRy x IR™™) x D(IR, x IR), equipped with the product of the locally uniform convergence
and the S topologies.

tends to zero

The following two lemmas are fundamentals for the convergence result.
Lemma 4.5. sup

s X17a .
/ (f( = ) Xi,e’ Yu€) - f(Xi,s’ Xz%ev Y;)) du
o<s<t|.Jo €

in probability as e — 0.

Proof. We set h(Yi’a, X2 YE) = f(ngs, X2e YE) — f(XLe, X2¢ YE). We shall show

15
that for any 0 < s < t, fos h(Yi’e, X2e Yj)du’ tends to zero in probability as € tends to
Z€ero.
Let V¢ := VY"¢ denote the solution of equation (.f). Note that the first and second
derivatives of V¢ in (z1, 22) are locally integrable. Then, as in [[], since the matrix a is non
degenerate, we can use It6-Krylov’s formula to get

VE(XEe X29) = Ve(ewy, 0) + / WXL S, X225, YE))ds (4.4)
0
. 02V . oV
y Xl,e XZ,E Xl,e X2,€ d / b. Xl,e X2,€ Xl,a X2,€ d
+ /0 a’]( u u )ax2iax2j( s s ) U+ 0 J( u u )01'2]'( u u ) U

ove
81’2

S V&
* / OV (X2, X29)p(X0e, X29) +
0

o (X, X29)o(XL, X2,
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In view of Lemma P7]], it is obvious to see that V®(exy, z2) tends to zero. Once again, from
Lemma P.1], we have

Ve(xhe, x29)| < e[<1+|X§v€|2+|Y€| e X“an]

(pf)i(X2i YE)| (XS,E’ X82,e)|:|
pH(XST) €

;. [(1 X2

Xl,s
b Ly BEP | (L 2P 4 P X2 vy, 250
Xl,s

pf) (Xs2i7 Y;e) |a( ’ Xs2,a)|:|
pH(XST) €

From the uniform estimates of the processes X2, X2¢ Y and the fact that (pf)* satisfies
(C1 —iii), we deduce that

+ Lxe ey X [( { L+ [ X57P)

1 1
B ( sup Ve, x29)) §K<€+ sup_sup [3(5, 2%, y) + s sup|a<%,x2>|)

0<s<t lz1>Ve (z2,y) lz1|>ve 22

Then, since a and [ satisfy (B.4)) and (.3) respectively, the right hand side of the previous
inequality tends to zero as ¢ — 0. Similarly, on can show that

s a2ve
ai (X5, X2°
/0 ]( )0932i0x2j

ove

Xl,a X2,a d
oy (X% X29)d

u

(X%, X2%)du + / by(X1e, X2%)
0

Xla X2€ Xl,a X2,€ qu
aIl ax2 ( ) ( u u )]

converge to zero in probability. [ ]

S £ VE n
s [ G (b X es X2+
0

Lemma 4.6. / FXhe, X225 VE)du 2% / FXL, X2, V)du on (C([0, 4], IR), || |lo) as
e — 0. °
For the proof of this Lemma, we need first the two following results. Let

X = +/ P(XL X2)dW,, 0 < s <t
0

Lemma 4.7. Assume (A2-i), (B1).
1
Let for each € > 0, let D;, = {s :s€0,t] /] X e B(0, ﬁ)} Define also

1
D,=<s:5€0,t / X! € B(0, —)} Then there exists a constant ¢ > 0 such that for each
n

n>1 >0,
ED:|<S, mBD, <
n

31

where |.| stands for the Lebesque measure on [0, t].
Proof. Consider the function define as follows: for every n € IN*,

—x/n—1/2n* if x<-1/n
U, (r)=< 2%/2 if —1/n<z<1/n

x/n—1/2n%* if x>1/n
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By using the It6 formula, we get
s / 1 s ”
W, (X0 = W) + [ W ROX, XD+ g [ WXL XEds, s € 0.4
0 0

Since P = Gpg = p(x1, T2)~ ! is lower bounded by C}, taking the expectation, we get

CllE/l[ 1 1(X ds<]E/ (XS, X2)ds
= 2IE [¥, (X)) — Wy ()]
It follows that IE(|D,|) < 2C;'E [V, (X}) — U, (71)] < ¢/n. The same argument applies to
D:. |

Lemma 4.8. Consider a collection {Z%, € > 0} of real valued random variables, and a real
valued random variable Z be such that for each n > 1, we have the decompositions

75 =Z2,°+ Z7°
7 =Zy+ 7},

such that for each fired n > 1,

Ze = 71

&
IE| 7% < —
7<=

B72 < <.
2 <=

Then Z°¢ = Z, as € — 0.

Proof. The above assumptions imply that the collection of random variables {Z¢, ¢ > 0}
is tight. Hence the result will follow from the fact that

E®(Z°) — E®(Z), ase—0

for all ® € C,(IR) which is uniformly Lipschitz. Let ® be such a function, and denote by K
its Lipschitz constant. Then

EQ(Z°) — E(Z)| < B|Q(Z°) — (Z,°)| + +[E(Z,7) — E®(Z,)| + E[®(Z,) — &(Z)]

< [E®(Z'°) — E®(ZM)| + 2K -
< |[E®(Z,) (Z,)| + 7

Hence c
limsup |[[E®(Z°) — [E®(Z)| < 2K —,
nsup [E0(2) ~ E9(2)| < 2K

for all n > 1. The result follows. [ |
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Proof of Lemma .6 For each n > 1, define a function 6,, € C(IR, [0, 1]) such that 8, (z) =0
for |x| < 1/(2n), and 6, (x) =1 for |x| > 1/n. Now

t t
/ X X2 Y7 )ds _/ F(Xhe, X2 Ys)en(Xsl’e)dst/ XM X2 Y91 — 6,(X1)]ds
0 0

= 7 4 Z2¢
t t
/T(Xsl,Xf,Ys)ds:/ f(xL x2v. ds+/ FIXL X2 V)1 —0,(XD)ds
0 0
=7+ 72

Now the mapping
t
(@) = [ e ot
0

is continuous from C([0,¢]) x D([0,¢]) equipped with the product of the sup—norm and the
S topologies into IR. Hence from Theorem [E4), Z!< = Z}L_as e — 0, for each fixed n > 1.
Moreover, from Lemma [.7, the linear growh property of f, Proposition .1 and (f.1), we

deduce that .

C
E|Z%¢| < — . E|Z% < —.
1z s Bz S

The Lemma now follows from Lemma [I.§. B

The following proposition is obtained by passing to the limit on the backward component of
the equation (2.2).

Proposition 4.9. Let (Y, M), the limit process defined in Theorem 3. Then,
(i) For every s € [0, t] — D

Y,=H(X,)+ [ f(X}, X2, Y)du— (M, —M,),
IE (supg< < |Ys|* + [ X1? 4+ |X2]?) < C.

(ii) Moreover, M is F,-martingale, where Fy = O’{Xu, Y. M, 0<u< s}.

Proof. (i)Passing to the limit in the backward component of the equation (2.2) and using
Lemmas [L.5 and (.6, we derive ().

(17) Let Fs = O’{Xu, Y. M, 0<u< s} be the filtration generated by X, Y, M and
completed by the IP-null sets. Combining the uniform estimates in Proposition @ the
inequality ([.1]), Lemma (A4) and Lemma (&) in Appendix A, we show that M is F,-
martingale. [ ]

4.2 Identification of the limits

Proposition 4.10. Let (Y;, Z,, 0 < s < t) be the unique solution of the BSDE (H(X;), f).
Then, for every s € [0, t],

EY, - Y.+ E <W - / Z,dMX], — [V — / Zudef]s> — 0.
0 0
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Proof. For every s € [0, t| — D, we have

Y. = HX,) + [M F(Xy, Ya)du — [ Z,dM¥

Y, =H(X;) + [ F(Xy, Yi)du — (M, — M,)

Since f satisfies condition (C1), we get by It6’s formula, that
. . t
E|Y,-Y,?+E <W — / ZudM;¥ ]y — [M — / Zudef]s> < C’IE/ Y., — Y. |*du.
0 0 s

Therefore, Gronwall’s lemma yields that EY, — Yiz = 0,Vs € [0,¢t] — D. But, Y is
continuous, Y is cad-lag and D is countable. Hence, Y, = Y5, P-a.s, Vs € [0, t]. Moreover,

we deduce that, IE <[M — / ZudMX], — [M — / Zude]s> = 0. n
0 0

As a consequence of Proposition .10, we have

Corollary 4.11. <Y€, / | Z;de;LXE) Jay (Y, / 'Zude).
0 0

5 Application to the convergence of PDE.

Under assumptions (A), (B), the SDE (B]) has a unique weak solution [[f]. And we have
the following:

Proposition 5.1. (Continuity in law of the flow x — X*)

Assume (A), (B). Let X7 be the unique weak solution of the SDE (B])), and

Xl i=ux, +/ b(X")du +/ o(X])dB,, 0 <s<t

0
law

Assume that x,, converges towards © = (', 2?) € IR™™. Then, X" =% X*.

Proof. Since b and 7 satisfy (A), (B), one can easily check that the sequence X™ is tight in
C([0, t] x R*™). By Prokhorov’s theorem, there exists a subsequence > (denoted also by X")
which converges weakly to a process X. In the sequel, we show that X is a weak solution of

SDE (B1).

e Step 1: For every ¢ € C=(IR'Y),
Vuelo,t], oX,) —/ Lo(X,)dv  isa FX martingale.
0

We need to show that for every 0 < s < w and any function ®; of X, 0 < r < s which is
bounded and continuous in the topology of the uniform convergence,

0=l - ex) - [ Totxmae.cem |

LR {pp()?u) — o(X,) - / u fw(*’mdv]@@)}
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Indeed, since ¢, ® are continuous functions and L is continuous out of the set {z; = 0},
similar argument as in the proof of Lemma [L.§ yields that

~ ~

P = o(02) = [ Lol (0) 22 (o) - (%) - [ Te(Ro)e(R)

S

Moreover ¢, ® are bounded functions and sup,, IE(sup,cp 4 [X*"|*) < 0o, the result follows

by the the uniform integrability criterium. Hence
& {[(p()?u) - (p()?s> _/ z@()?v)dv]Qs()?)} = 0 and (p()?u) - 90(553> - fsu ZQO(XU)CZ’U is a

FX_martingale for any ¢ € C>(R'™M).

eStep 2: From step 1, there exists a F X_Brownian motion B such that X ,

A~

X, == +/ b(X,)du +/ 7(X.,)dB,, 0 < s < t.

0 0
Weak uniqueness tell us that (X*, B) and ()? , E) have the same law on some probability
space ((AZ, .7?, 13) Hence Xon 2% Xz, [ |
Theorem 5.2. Assume (A), (B), (C). Let p > d+ 2.Then,
(i) lim IBIYG — v(t, z)|* = 0.
(1) Yy * = v(t, 2) € C(IR. x IR™), and it is a LP-viscosity solution of the PDE (233).
Proof. (i) We shall prove that lim. o IE|Y$ — Y|? = 0. We have,

Yi = H(XP) + [! f(Xo, X2%, YE)du — Mg

Yo=H(X;)+ [, F(Xy, Y,)du — M,

From Jakubowski [B], the projection: y — y, is continuous in the S-topology. We then deduce
that Y7 converges towards Y in distribution. Moreover, since Yy and Yj are deterministic
and bounded, we have lim._ o IE|YF — Y|? = 0. That is lim. o E|v®(¢, ) — v(t, z)|* = 0.

(i1) For every fixed ¢t € IR, we check that the map (t,z) ~— Yj'* is continuous. Let
(tn, x,) — (t, ). We assume that ¢ > t,, > 0. We have,

tn tn i
Vi = HOGE) + [ TG Ve [ 2 02 s< b (5

where X@ & X,

Since H is a continuous and bounded function and f satisfies (C'1), one can easily show that
the sequence {(Y' ™, [ (o, (u)ZindMX™)} N+ is tight in D([0, 1] x IR x R).

Let us rewrite the equation (5.]]) as follows,

t t
Vi = HOG) + [ RO Y= [ 1@z a5

t
— FXE Yo du, 0 < s <t

tn

= AL+ A2
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e Convergence of A2
t

One has E| [ f(XI Yim™)du
t7l
e Convergence of Al

Denote by (Y7, M’) the weak limit of {(Y'* [ stn]( )Zx"dMXx")} N+ In view of
Lemma [L.6, one has / F(XEn Y immn)dy Loy, / f(X

< K(|z])|t — t,|. Hence A2 tends to zero in probability.

We now pass into the limit in (f.9) and obtain that

Y/ = H(X)+ /f Y/)du — (M — M'), s € [0, ] 0 D".

s

The uniqueness of the considered BSDE ensures that Vs € [0, t], Y/ = Y!/* IP-ps. Hence

ytmon W ythe  Agin (1), one derive that Yy *" & a Yy ® which yields to the continuity of
Yy ®. Therefore, in view of Remark B.4, we conclude that v(t, z) = Y°! is a LP-viscosity
solution of the system of PDEs (3). u

Remark 5.3. The result is extended to the multi-dimensional case under our standing as-
sumptions. In this case Y is IR*-values process and the strategy is line by line the same.

A Appendix: S-topology

The S-topology has been introduced by Jakubowski ([f], 1997) as a topology defined on
the Skorohod space of cadlag functions: D([0, T]; IR). This topology is weaker than the
Skorohod topology but tightness criteria are easier to establish. These criteria are the same
as the one used in Meyer-Zheng topology, ([d], 1984).

Let N%°(z) denotes the number of up-crossing of the function z € D([0, T]; IR) in a given
level a < b. We recall some facts about the S-topology.

Proposition A.1. (A criteria for S-tight). A sequence (Y¢).~o is S-tight if and only if it is
relatively compact on the S-topology.

Let (Y®)os0 be a family of stochastic processes in D([0, T']; IR). Then this family is tight for
the S-topology if and only if (||Y¢]|s0)es0 and (N“°(Y))eso are tight for each a < b.

Let (92, F, IP, (F1)i>0) be a stochastic basis. If (Y)o<i<r is a process in D([0, T; IR) such
that Y; is integrable for any t, the conditional variation of Y is defined by

n—1

CV(Y) = sup ZIE E[Y,,, — Y| Flll.

0<t1<...<tn=T, partition of [0,T] ’;

The process is call quasimartingale if CV(Y) < +00. When Y is a F-martingale, CV(Y') =
0. A variation of Doob inequality (cf. lemma 3, p.359 in Meyer and Zheng, 1984, where it
is assumed that Y7 = 0) implies that

sup ||
tel0, T

JEEE

t€[0, T

<E<CV( ) +1E
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) |

E[NoH(Y)] <

sup |Yy|
te0, T

><—|—oo.

Theorem A.2. Let (Y¢).50 be a S-tight family of stochastic process in D([0, T|; IR). Then
there exists a sequence (ex), .y decreasing to zero, some process Y € D([0, T|; IR) and a
countable subset D € [0, T| such that for any n and any (t1, ..., t,) € [0, T]\D

1

It follows that a sequence (Y¢).~q is S-tight if

sup |Y/|
tel0, T

sup (CV(Ya) +1IE

e>0

(VEx, ., Yvery 2

(Yo, s Vi)
Remark A.3. The projection :mp y € (D([0, T]; R), S) — y(T)is continuous (see Remark
2.4, p.8 in Jakubowski, 1997), but y — y(t) is not continuous for each 0 <t < T.

Lemma A.4. Let (X¢, M?) be a multidimensional process in D([0, T']; IR”) (p € IN*) con-
verging to (Y, M) in the S-topology. Let (FX")is0 (resp. (FX)i0) be the minimal complete
admissible filtration for X¢ (resp.X ). We assume that sup..q IE [supo<,<p |M{|?] < Cr VT >
0, M¢ is a FX -martingale and M is a FX-adapted. Then M is a F~-martingale.

Lemma A.5. Let (Y?¢).~o be a sequence of process converging weakly in D([0, T; IRP) to Y.
We assume that sup, IE [supy<,<r |Y7|*] < +o00. Hence, for anyt > 0, E [supyc,<r [Vif*] <
—+00.
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