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Abstract

We consider a repeated quantum interaction model describing a small system
Hs in interaction with each one of the identical copies of the chain @)y Ccrtl,
modeling a heat bath, one after another during the same short time intervals [0, h].
We suppose that the repeated quantum interaction Hamiltonian is split in two
parts: a free part and an interaction part with time scale of order h. After giving
the GNS representation, we establish the relation between the time scale h and
the classical low density limit. We introduce a chemical potential p related to the
time h as follows: h% = e”#. We further prove that the solution of the associated
discrete evolution equation converges strongly, when h tends to 0, to the unitary
solution of a quantum Langevin equation directed by Poisson processes.

1 Introduction

In the quantum theory of open systems, two different approaches have usually been
considered by physicists as well as mathematicians: The Hamiltonian and Markovian
approaches.

The first approach consists in giving a full Hamiltonian description for the interac-
tions of a quantum system with a quantum field (reservoir, heat bath...) and studying
ergodic properties of the associated dynamical system.

The second approach consists of giving up the idea of modeling the quantum field
and concentrating on the effective dynamics of the quantum system. The dynamics are
then described by a Lindblad generator, which dilates a quantum Langevin equation (or
quantum stochastic differential equation (cf [P])).

It is worthwhile to note that the quantum Langevin equation (or Lindblad generator)

associated to the combined system can be derived from its Hamiltonian description by
the classical weak coupling and low density limits (cf [AFL], [APV], [Dav], [D1], [Pe]...).



Recently, Attal and Pautrat describe the interaction between a quantum system and
a quantum field by a repeated quantum interaction model (cf [AtP]): The exterior system
is modeled by an infinite chain of identical copies H (H is an Hilbert space) and the
interaction is described as follows: The small system interacts with each one of the
identical pieces of the exterior system one after another during the same time intervals
[0, h]. They prove, in the continuous limit (h tends to 0), that this discrete description
of the combined system gives rise to a quantum Langevin equation.

In [AtP], we observe three time scales, which appear in a repeated quantum interac-
tion Hamiltonian H = H(h), with respectively order 1, v and h.

In [AtJ], the authors have studied the time scale of order v/h. They prove that,
in the continuous limit, we get a quantum diffusion equation where new noises, called
thermal noises, appear. This normalization is used for modeling some physical systems
(cf [D1], [D2]).

In this paper we prove that the time scale of order h corresponds to the classical low
density limit. For this purpose, we consider a repeated interaction model associated to
a small system Hg, with Hamiltonian Hg, which interacts with a chain @y. C"™ of a
heat bath, so that the Hamiltonian of each piece of the chain is the operator Hr on C**.
The associated repeated quantum interaction Hamiltonian is defined on Hg ® C**! by

] — :
H:H5®I+[®HR+EZDM®CL}7 (1)

ij=1

where the D;; are the interaction operators associated to the small system and the a§ are
the discrete quantum noises in B(C"*!), the algebra of all bounded operators on C"*1.
The thermodynamical equilibrium state of the small system is defined by the density

matrix
e~ B(Hs—pN)

pﬁ - Tr(e_B(HS_MN)) ’

where N is the number operator defined on C"*! and y is a chemical potential (p < 0).
The length of the time interaction h between the small system and each piece of the
heat bath is supposed to be related to the chemical potential by the relation

h? = el

Obviously, h tends to 0 if and only if u tends to —oo.

After giving the GNS representation and taking into account the above assumption,
we prove that in the continuous time limit we get a quantum stochastic differential
equation directed by Poisson processes.

This paper is organized as follows. In Section 2 we introduce the discrete model which
presents the repeated interaction model describing a small system in interaction with a
heat bath. Also, we give a description of the GNS representation of the pair (C", pg).
In Section 3 we describe the tools used to obtain the continuous limit: Guichardet inter-
pretation of a Fock space, quantum noises and quantum Langevin equations. Finally, in
Section 4 we prove that the discrete solution of the associated discrete evolution equa-
tion with repeated quantum interaction Hamiltonian, given by ([l]), converges strongly
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to the unitary solution of a quantum Langevin equation. In this equation only Poisson
processes appear in its noise part.

2 The discrete model

In this section we start by describing the discrete atom chain modeling an exterior
system (reservoir, heat bath...). We further give the repeated quantum interaction
model, which is the object of our study. In the last part we describe the associated GNS
representation.

2.1 The atom chain

Let us give a brief description of the algebraic structure of the atom chain. We refer
the interested reader to [At2] for more details. Let H be a Hilbert space, where we fix
an orthonormal basis {ey, k € J = I U{0}}. The vector ey = 2 defines the vacuum
state. Now, consider the atom chain T® = Qy+H defined with respect to the stabilizing
sequence (€2),en+ and denote by Py« s the set of finite subsets {(nq,41), ..., (ng, i)} of
N* x J such that n; # n; for all 7 # j. Then, an orthonormal basis of T'® is given by
the family
{60, o€ PN*,J},

where e,, 0 = {(n1,41), ..., (nk, ix) }, is the infinite tensor product of elements of the basis
{ex, k € J=1U{0}} such that e;, (1 < m < k) appears in the n;, -th copy of H and
Q) appears in the other copies of H in the tensor product ®y«H.
Let {a}, i,j € J} be the basis of B(H) defined by
a;ek = Oixe;.

Denote by a§(k) the operators on 7T'®, which act as aé- on the k-th copy of ‘H in the
atom chain ®y-H and the identity elsewhere. The operators aé»(k) are called discrete
quantum noises and they act on elements of the basis {e,, 0 € Py~ s} as follows

a}(k)ea = Lki)coCo\(ki)u(k,j), for all i # 0 and j # 0,
ag(k)es = L(gijeolo\(ki), forall i #0,

aj(k)es = Nimigavicsiouky), forall j #0,

ap(k)es = LiuigovierCo-

2.2 Small system in interaction with a heat bath

Now, we consider a small system described by a Hilbert space Hg in interaction with
a heat bath modeled by the atom chain Q. C", where B = {eg,e1,...,e,} is an
orthonormal basis of H = C"*! and ¢y = Q is the vacuum state. The interaction
between the two systems is described as follows: the small system interacts with each
of the identical copies C™*! of the heat bath one after another during the same short



time intervals [0, h]. Therefore, the total interaction between the small system and the
chain of identical pieces is described by the Hilbert space Hg ® @y. C" .
Consider the orthonormal basis {a}, 0 <i,j < n} of B(C**!') where

i
ajer = dixe;.

The respective Hamiltonians of the small system and one piece of the heat bath are
given by a self-adjoint operator Hg defined on Hg and the operator Hp defined on C*+!
by

n

0 i

Hp = E Vit Qg
i=0

where ~; are real numbers.
The full Hamiltonian of the small system interacting with one piece is the self-adjoint
operator H defined on Hg ® C"*! by

IS :
H:H5®I+I®HR+EZDM®&}, (2)

ij=1

where D;; = (Dj;)*. Note that the operators a} describe the transition of a non-empty
state of one piece to another non-empty state, where the total number of particles is
preserved.
The associated unitary evolution during the time interval [0, ] is the operator
U=e

Denote by C}™' the k-copy of C"™! in the chain @. C"*!. Then we define the
operator Uy, on Hg @ Q. C* by

Uk:{ oo HS@CZH

I elsewhere .

Hence, the discrete evolution equation, describing the repeated interactions of the small
system with the heat bath, is given by the sequence (Vi)ren in B(Hs @ @y C*M1)
satisfying

Vk+1 = UkJerk
{ T ®

Note that the operator U can be written as
n
U= Z Ul ® al,
i,j=0

where U]’f are operators on Hg. They are the coefficients of the matrix (U})Osi,an of U
with respect to the basis B. Therefore, the equation (f]) is written in terms of discrete
quantum noises as follows:

{ Vk+1 = ZZ]‘:O U;Vka;(k -+ 1)



Next, we give the matrix representation of the operator U with respect to the basis
B, which will be used. Set D = (D;;)1<ij<n and consider the matrix M = (M;;)1<i j<n,
where M;; = 0,j(Hs + 7;I). Note that the unitary evolution U can be written as

U = e—ihH _ Z <_Z) L EH™.

m!
m>0

Moreover, Hy, is a diagonal operator with respect to the basis B

HR - dlag (707 BATREES ’Yn)a

and the full Hamiltonian H is given by

7 — Hg + ol 0
N 0 M++D |-

This implies that

we = (00 0.

Furthermore, for all m > 3 we get

(hH)™ = ( 0<82> D™ +00(h) ) '

Thus, we obtain

I —ih(Hs + ol) + O(h? 0
g (T 00 e o ) @

This gives the coefficients U j’ of the matrix of U with respect to the basis B with precision
O(h) and O(h?).
2.3 GNS representation

The aim of this subsection is to describe the GNS representation of the pair (C™"*!, pg),
where pg is the thermodynamical state at inverse temperature 3 ( § > 0) of one piece
of the heat bath. It is given by

1

where
- Z — Tr(e_ﬁ(HR_MN))’
- N =>""lej)(ej| is the number operator defined on C"**,

- p is a scalar, called chemical potential.
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Note that, with respect to the basis B, the density matrix ps has the form

P3 = dlag (/607/817 "'7ﬁn)7

where ,
eIHB o=B;

ﬁj - e_ﬁ’YO + eMﬁe‘ﬁ’Yl + + enﬂﬁe_ﬁ’m’ (5)

for all 7 €{0,1,...,n}.
Now, denote by H = B(C"*!), the algebra of all bounded operators on C"™! equipped

with the scalar product
(4, B) = Tr(psA"B).

Hence, the GNS representation of the pair (C"™!, ps) is the triple (, 7-l, Qg), where
- Qp =1,
- 7 :H —> B(H) such that 7(M)A = MA for all M, A € H.

Set B
U=mn(U)

and denote by Hk the k- copy of H in the chain Q- H. Then, it is easy to check

that Uk = W(Uk) acts as U on Hs ® Hk and the identity elsewhere. Moreover, if we

denote by V;, = m(Vi), then it is straightforward to check that the sequence (Vk)keN in
B(Hs ® ®y. H) satisfies the following equation:

(6)

Vk+1 Uk+1Vk
Vo =1.

3 The atom field

The space T'® given in subsection P.J] has a continuous version whose structure we
describe below. We refer the interested reader to [At1] for more details.

In what follows, we preserve the same notations as in subsection P.J] and denote by
H' the closed subspace of H generated by vectors (e;);cs. The symmetric Fock space
constructed over the Hilbert space L*(Ry,H’) is denoted by ® = I's(L*(R,,H’)) with
vacuum vector €. The space H' is called the multiplicity space and dimH’ is called
the multiplicity of the Fock space I's(L?(R,,H’)). Now, in order to justify the equality
P = (®R+ H, we introduce the so called Guichardet interpretation of the Fock space ®.

3.1 Guichardet interpretation of the Fock space I's(L?(R,, H))

Note that we have the following identification

LQ(R-HH,) = LQ(R-F X J7 C)a



obtained by identifying a vector f in the former space with the function on R, x J
defined by (¢,7) — f;(t) = (v;/f(t)). Therefore, the symmetric Fock space is identified
to

@ Liym((R-l— X ‘])kv C)
k=0

consisting of vectors ¥ = (U},),>0 such that U, € L2 ((R, x J)*, C) and

sym

1
IONR, 2, 2y = Z EH‘I’kH%gym((R+ x J)¥, C).

k>0

Denote by Y the k-standard simplex in R*. Then, it is straightforward to check that
@Lgym<(R+ X J)k7c> = @L2<Ek X Jk)
k=0 k=0

and

I

: =Y 1wlf3
s(L2(Ry,H)) EllL2(32), xJ*,C)"
k>0

Let Py be the set of k-element o of R, x J such that each o takes the following form

o ={(ty, i), ..., (tr,ix) },

where t; # t; for all ¢« # j. It is interesting to note that there is isomorphism from
P, into Xy x J* given by ((t1,i1), ..., (tr, ix)) — ((t1,t2, ..., tx), (i1, 42, ..., ix)) such that
t, <ty < ... < ty. Hence, P), inherits a measured space structure of ¥, x J*.

Set Py = {0} for which we associate the measure dy and denote by do the measure
on P = UPy. Let F be the associated o-field. Then, the Fock space I's(L?(R,, H')) is
the space L?(P, F,do) and the elements of I's(L?(R,H’)) are the measurable functions
f's from P into C such that

WWZLW@WWwQ

In the following, any element o € P is identified with a family (0;)1<;<n of subsets
of R, such that
o ={seRy, (s,i) € o}.

In order to justify that ® is the continuous version of the atom chain T'®, we need
to describe an important representation in the Fock space ®. For this purpose, we
introduce the curve family x! defined by

oy = { doa®) it = 1000)

0 elsewhere .

This family satisfies the following:
- Xi € Q0. = Ls(L7((0,2), H')),



- Xi — XL € Dy =T5(L*((s,t),H')) for all s, such that s <t.
- X! and xJ are orthogonal elements @ for all i, j such that i # ;.

The above properties of the family x! allow us to define the Ito integral in ®. Consider
a family g = {g}, t > 0, ¢ € J} of elements in ® which satisfies the following:

i) ¢ — ||lgi|| is measurable, for all 4,
ii) g; € Py for all ¢,
i) S,y [ lgill2dt < oo
Such a family is called an [to integrable family. Then, if we consider a partition {¢;, j €

N} of Ry with diameter § and if we denote by P the orthogonal projection on @),
the Ito integral of g, I(g) = > .., [y gidxi, is the limit in & of

o0 1 ti+1 ) ) ]
ZZ m / Ptjgéd5®<Xij+1 _Xzztj)a
ieJ j=0 7 J I

when ¢ tends to 0.

Theorem 3.1 The Ito integral 1(g) = > .., fooo gidxi of an Ito integrable family g =
{gi, t > 0,1 € J} is the element of ®, given by

0 elsewhere

f<g><a>={ $ulo-) W Ve e

where Vo = sup {t € Ry s.t there exists k which satisfies (t,k) € o} and
o_ =0\ (Vo,i) if (Vo,i) € o. Moreover, the following isometry formula holds

=15 [ aill =3 [ airar

Now, consider a family f = (f%);c of elements of L?(P,) = L?(R, x J). It is obvious
that {f(t)Q, t € Ry, i € J} is an Tto integrable family with Ito integral is given by

10)=% [

and we have
if 0 ={s};

elsewhere .

o) ={

In the same way, we define the Ito integral of a family f € L?(P) recursively as:

N 0oty t2 A ‘
L) = > / / o | i (b e ) 2AX . dXE
il ..... Zk_l 0 0 0
= f(o)dxg;--dxs;
P



Moreover, we have

(o) = { Jirin (s t) 3 o= {(t, i) U U (81, i)}

0 elsewhere .

Finally, if f = (fx)ren € L*(P), then I(f) is given by
FOQ+D " L(f).
k=1

The following theorem gives the chaotic representation of an element f in & (cf

At1]).

Theorem 3.2 FEvery element f of ® has a unique chaotic representation

f= /P flo)dxs

which satisfies the isometry formula

12 = /P (o) Pdx.

From the above theorem, the space ® is interpreted as the continuous version of the
space T'®, where the countable orthonormal basis {X4, A € Py- ;} of TP is replaced
by the continuous orthonormal basis {dx,, o € P} of ®.

3.2 Continuous quantum noises

The symmetric Fock space ® = I's(L*(R,, H) = ®R+ ‘H is the natural space in which we
define the annihilation, creation and conservation operators, which are called continuous
quantum noises. These operators are merely considered as a source of noise, which occurs
during the interaction of a quantum system and an exterior system. They are defined

by

@ f1e) = Y flo\{sh),

@ ()/)(0) = / f(o U {s}) ds,
@O0 = S fo\{shU{sh),

[a; (1) f1(0) = tf(0).

A common domain of these operators is given by

D—{fea, /P\a||f(a)|da < oo},

9



The coherent vector e(f) of an element f € L*(R,,H’) is defined by

(M) =TT ] fits).

i€J s€o;

In [At2], it is proved that the continuous quantum noises satisfy the following relation

(e(f), aj(t)e(g)) = /Ot fils)g(s) ds (e(f). e(g)).

where ad(t) = tI, ho(t) =1,¢t > 0 and h € L*(R,, H'). We also have the following table

Q dy | dxi, i # ]
da(t) | dxi| 0 0
dajy(t) | dtI | 0 0
dai(t) | 0 |dx; 0

As a corollary of the above table, it is easy to show that the actions of the continuous
quantum noises da? (t), i,7 € JU{0} on the element of the orthonormal basis {dx,, o €
P} of & are similar to the ones of the discrete quantum noises on the elements of the
basis {Xa4, A € Py« s} of T®. We then have

da’(t)dx, = dXo\{(tiu{ti)} Litieo, forall i#0, 5 #0,
dag(D)dxo = dxo\rind! L ieo,

JdXo = dXou(s} Loyes
dag(t)dxo = dxodt L k)ygavrer)-

3.3 Quantum Langevin equation

The quantum Langevin equations or Hudson-Parthasarathy equations play an important
role in describing the irreversible evolution of a quantum system in interaction with an
exterior system. The ingredients of these equations are quantum noises, which are
defined in the previous subsection, and system operators, which control the interaction
between the two physical systems.

Let H, L;'» be bounded operators on a separable Hilbert space Hy such that H = H*.
The sum Y, LY*L{ is assumed to be strongly convergent to a bounded operator. Suppose
that the operators L; satisfy

. 1 .
L) = —(zH+§ZL2 LY),
k
k

L = S -6l

where the matrix (S7),; is unitary. The operators L;, S are called system operators.
Actually, the following theorem holds (cf [M], [P]).

10



Theorem 3.3 Suppose that the system operators satisfy H = H* and the matrix (Sf)”
1s unitary. Then there exists a unique strongly continuous unitary process Uy, which
satisfies the quantum Langevin equation

t
U =1+ Z/ LIUdal(s),
ij 7Y
where the operators L7 are given by ([1).

4 The continuous limit

In this section we state the main result, which allows us to obtain the quantum Langevin
equations from discrete models. We further study the convergence to a quantum
Langevin equation of the repeated quantum interaction model, describing a small sys-
tem in interaction with an exterior system, which is introduced in subsection 2.2. Hence,
we establish the relation between the time scale h, given in (), and the classical low
density limit.

4.1 Convergence to quantum Langevin equation

Consider a repeated quantum interaction model of a small system Hg in interaction
with an atom chain @. H, where {e;, i € I U{0}} is an orthonormal basis of the
Hilbert space H. Let U = e~ be the unitary evolution describing the small system in
interaction with a single piece of the chain where H is the associated repeated quantum
interaction Hamiltonian. Hence, the discrete evolution equation is given by the sequence

(Vi)ken in B(Hg ® @y H) which satisfies

Vigr = Ut Vi
{ Vo = 1. (8)

Let (U});; be the matrix of U with respect to the basis {e;, i € I U{0}}. Then, we
have the following result (cf [AtP]).

Theorem 4.1 Assume that there exist bounded operators Lf, i,7 € 1U{0} on Hg such

that ;
lim Ul (h) — d;;1

= I’
h—0 heii v

where €9 = %(5,0 + 60;). Assume that the quantum Langevin equation

{ AV (t) = 32, LIV (t)dal(t)
V() =1

has a unique unitary solution (Vi)i>o. Then for almost all t, the solution Vi of (§)
converges strongly to V;, when h tends to 0.

11



4.2 Low density limit

All this subsection is devoted to study the continuous limit of the small system in
interaction with a heat bath which is presented in subsection 2.2. The main assumption,
according to which we suppose that the length of the time interaction between the small
system and one piece of the heat bath is related to the chemical potential as follows

h? = e,
Therefore, it is clear that h tends to 0 if and only if the fugacity e®* tends to 0, that is

the chemical potential y converges to —oo.
Now, we give an orthonormal basis of H = B(C"™!). Put

vp=1—01—Ps—...— G, forall ke{l,.. n}
Consider the family {X]Zf, i, 7 €40,1,...,n}} such that
S X0 =1,
- X} = ﬁaé, for all ¢ # 7,
- XF=diag (A, AL, o AR LA,

where 2 s
DY I S A B VA Vi
1 1 1 \/V_l ) 1 \/E’ (9)

(10)
Y (11)

A= A== M=o (12)

Hence, it is straightforward to show that the family {XJ’:, i,j € {0,1,...,n}} is an

orthonormal basis of H, equipped with the scalar product (A, B) = Tr(psA*B).

Note that in [AtJ], the authors only need to give explicitly the elements X and X;,
i # j, because the vectors X} do not contribute in the proof of their main theorem.
However, this is not the case here, so we have computed explicitly the elements X
which play an important role in the proof of our result.

As a consequence of the relations (f]) and (§)—(T3), we prove the following.

12



Lemma 4.2 The following hold:

BoA] = O(h),

GoA) = o(h), forall i>2,

BiA = O(h),

B\ = o(h), forall i>1, k>1 such that (i,k) # (1,1),

(
ﬁk)\k)\k = o(h), forall i,5 > 1 such that i # j,
Be(A2 = o(h), forall i,k >1 such that i # k,
}llinéﬁk()\’g)Q = 1, forall k>1.

In order to study the continuous limit of the discrete solution of equation (f), we
consider the matrix representation (Uy4)iie{0.1,..ny Of U with respect to the basis
{X}, i, 7 =0,1,...,n}. Therefore, it is obvious that

Ui = Tep(ps( X5 UXD). (13)

In the sequel, we suppose that the matrix of the unitary operator e=*”, defined by
(3), with respect to the basis B, is given by

e = (S )<t zn:
Now, we prove the following.

Theorem 4.3 The solution \7[,5/;1} of (B) converges strongly, when h tends to 0, to the
unitary solution of the quantum Langevin equation

v, = — '(HS+VOI)X~4dt
+ Z —§;0) w(Zda ) (14)
7,k=1

with initial condition 170 = I and where daf’i(t), 1,7, k,l =0,1,...,n are the associated

quantum noises of the symmetric Fock space Ty(L*(R., CD°=1)) with respect to the
basis {X}, i, j =0,1,...,n}.

Proof From relation ([[3) we have

Upp = Trz(psU).
Hence, by using (f]) we get

U0 = Bo(I — ihHs +yohI) + (I — ihHy)
+ Bo(I —ihHg) + ... + B, (I —ihHg) + O(h?).

This gives _
Usp =1 —ih(Hs + Boyol) + o(h). (15)

13



Now, for all 7,5 € {0,1,...,n} such that (i,5) # (0,0) and i # j, we have
Usy = Trﬁ(PBUX;)
(ei, psUe;)
\/E BY g
= \/E(Gi, U@j).
Therefore, we distinguish the following two cases:

- Ifi=0o0r j =0, then we have
Usy = Upg = 0. (16)
- If i # 0 and j # 0, then we have

G={ G a1 (17

In the same way, we prove that
Uyl =Upg =0, Vk,l € {1,...,n}, (18)

and for all k,l € {1,...,n} such that k # [, we get

o ={ ok (19

It is worthwhile to note that for all i # j, k # [ and 4, j, k,l € {1,...,n}, we have
(7;’7{ = 5ik<617 U6j>,

from which follows that o
Uil =0, Vi#k (20)
and o~ »
U7 = (er,Uej) = S) + O(h). (21)

For all ¢ € {1,...,n}, the coefficient (7520 is given by
Uso = Trﬁ(PBUX‘i)
= Z BiXl(e;, Uej).
Note that from Lemma [[.7, we have the following

BoA) = O(h), BiAy = O(h),
BoA) = o(h), foralli>2,
BN = o(h), foralli>1,j>1 such that (i,j) # (1,1).
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Hence, we obtain

~i [ O ifi=1

Voo = { o(h) if i>2. (22)
Similar as a above, we show that

~00 [ O(h) if k=1

Uil = { olh) i k>2. (23)

Now, for all 7, k[ € {1,...,n} such that k # [, we have
Uiy = Tr~<pﬁ<xf>*UX¢>
= \/ﬁk)\i e, Uey).

Note that /B, = o(h), Vk € {1,...,n}. Therefore, we get

(e, Uej)

Uyy = o(h), Vi # k (24)
and
Ui = Vi Si+O(h). (25)
' vV VE-1
In the same way, we prove that for all 7, j, k € {1,...,n} such that ¢ # j, we have
Ui = oh), Vi # & (26)
and
Uil = \F ST+ 0(h). (27)
k—1

Let i,k € {1,...,n}. We then have
Ui = TralpsXEUX))
= > BN (e, Ue))
J

N n
= D OBNM(SI = D)+ BMN T+ BT + o(h).
j=1

j=1
Note that
(X!, X Z BN = by

7=0
This implies that

Ukk—52k1+zﬁy)‘])‘] — 1)+ o(h).

J=1
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Thus, we obtain

Ui = o(h), Vi#k (25)
and N | |
i = T+ BODA(S] = 1)+ ofh). 2
Now, in order to apply Theorem f.1, we will compute the following limits

Ugl = gl

s — lim = ,
1

h—0 s

where 800 =1, 5“ = 800 =1/2 and 52]1 = 0.

Note that from equalities ([[d), (I§) and (BQ), we have (75:8 = (7(% = 0 for all
i,7 € {1,...,n} and ﬁ;? =0 for all 4,7, k,l € {1,...,n} such that i # k. Moreover, the
equalities ([[7), (I9), (BY) and (BJ) imply that

UO 0 UZ _]

lim —L — 1im

h—0 /b ~ h—0 \/_ =0,

Vi, k0 € {1,....n}.
By using relations (21)), (BY) and (P7,) we have

}le U;lj =
—0

for all 7, 7,1 € {1,...,n} such that j # [. Furthermore, by taking into account equalities

(B4), (B) and (]), we get

fle%Ukl = hm U,if = hm U,izk =0,

Vi, 7, k.l € {1,...,n} such that i # k.
The equality ([3) implies that
Ued -1

lim 0.0 = —i(Hs +0l).

Finally, from (P1]) and (£9), we have
hm(U” I = Sj — 1, Vi,je{l,..,n}.

h—0

Hence, by using Theorem [.1], the solution of equation (fJ) converges strongly to the

16



unitary solution of the quantum stochastic differential equation

AV, = —i(Hs+7ol) Vidt

n

+ ) SV daii()
jk=1 i=1
j#k

n

EO S - DT a0
j= i=1

1
= —i(Hg + ~ol) V,dt
7.k

— 8 )Vi Y dall(t)
=1

n

+ > (s

with initial condition 170 = I. This completes the proof.
Remark The result of Theorem .9 is still true if we assume that

h = e,

for all v > 1.
Setting

dA](t) = Z dagi(t), forall j k> 1,
i=1

we prove the following.
Proposition 4.4 For alli, j > 1 we have
QAL (AT (1) = Dnd A (2).

Proof We have
A = (Y audn) (Y anr )

=:Zwmwwm

i1,i2=1

= Z 521] mldaZ?ZL()

i1,i2=1

= 0y dali(t)
i=1

= §,dAP(D).
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Therefore, from the above proposition the quantum noises dAi(t) satisfy the well-
known Ito formula. Moreover, the equation ([4) can be identified to a quantum Langevin
equation defined on a Fock space with multiplicity n?. Hence, on the Fock space Hg ®
[ (L*(Ry,C")), this equation is written in terms of quantum noises dA? (t), 7,7 > 1 as

dV, = —i(Hg+ ~ol) V,dt

+ > (S = 0pD)Vid A1),
gk

It is worth noticing that in [AtJ], the repeated quantum interaction Hamiltonian
studied by the authors is composed of a free part and a dipole Hamiltonian interaction
with time scale v/h. They prove that, in the continuous limit, we get a quantum diffusion
equation, where new noises appear, called the thermal noises. Moreover, these noises
satisfy a specified commutation relation, which depends on the temperature 5. In our
paper, after taking the continuous limit of the repeated quantum interaction model with
time scale h, we obtain a quantum Langevin equation directed by Poisson processes.
Furthermore, the noises, which appear in this equation, have the same properties as the
canonical continuous quantum noises.
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