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[sometric Immersions of Hypersurfaces in
4-dimensional Manifolds via Spinors

Marie-Amélie Lawn and Julien Roth

Abstract

We give a spinorial characterization of isometrically immersed hyper-
surfaces into 4-dimensional space forms and product spaces M?>(k) x R, in
terms of the existence of particular spinor fields, called generalized Killing
spinors or equivalently solutions of a Dirac equation. This generalizes
to higher dimensions several recent results for surfaces by T.Friedrich,
B. Morel and the two authors. The main argument is the interpretation
of the energy-momentum tensor of a generalized Killing spinor as the
second fundamental form, possibly up to a tensor depending on the am-
bient space. As an application, we deduce some non-existence results for
isometric immersions into the 4-dimensional Euclidean space

keywords: Dirac Operator, Generalized Killing Spinors, Isometric Immersions,
Gauss and Codazzi-Mainardi Equations, Energy-Momentum Tensor.

2000 Mathematics Subject Classification: 53C27, 53C40, 53C80, 58C40.

1 Introduction

A classical problem in Riemannian geometry is to know when a Riemannian
manifold (M™, g) can be isometrically immersed into a fixed Riemannian man-
ifold (M™*P g). In this paper, we will focus on the case of hypersurfaces, that
isp=1.

The case of space forms R"™!, §"*! and H"*! is well-known. The Gauss
and Codazzi-Mainardi equations are necessary and sufficient conditions. Re-
cently, B. Daniel (B]) gave an analogous characterization for hypersurfaces in
the product spaces S™ x R and H™ x R.

In low dimensions, namely for surfaces, another necessary and sufficient con-
dition is now well-known, namely the existence of a special spinor field called
generalized Killing spinor field (see [, [16] I8, Ol [[1]). Note that this condition
is not restrictive since any oriented surface is also spin. This approach was
first used by T. Friedrich (J]) for surfaces in R® and then extended to other
3-dimensional Riemannian manifolds by (16, [Ig]).

More generally, the restriction ¢ of a parallel spinor field on R"*! to an
oriented Riemannian hypersurface M"™ is a solution of a generalized Killing
equation

—IMAX))g,

0 =



where Y™ and V*M are respectively the Clifford multiplication and the spin
connection on M"™, and A is the Weingarten tensor of the immersion. Con-
versely, Friedrich proves in [d] that, in the two dimensional case, if there exists a
generalized Killing spinor field satisfying equation ([l), where A is an arbitrary
field of symmetric endomorphisms of 7'M, then A satisfies the Codazzi-Mainardi
and Gauss equations of hypersurface theory and is consequently the Weingarten
tensor of a local isometric immersion of M into R3. Moreover, in this case, the
solution ¢ of the generalized Killing equation is equivalently a solution of the
Dirac equation

(2) Dy = Ho,

where || is constant and H is a real-valued function.

One feature of those spinor representations is that fundamental topological
informations can be read off more easily from the spinorial data (see for example
).

The question of a spinorial characterization of 3-dimensional manifolds as
hypersurfaces into a given 4-dimensional manifold is also of special interest since,
again, any oriented 3-dimensional manifold is spin. The case of hypersurfaces
of the 4-dimensional Euclidean space has been treated by Morel in [I6], when
A is a Codazzi tensor. Here, we extend Morel’s result to other 4-dimensional
space forms and product spaces, that is S*, H* (see Theorem [M), S* x R and
H? x R (see Theorem B).

The techniques we use in this article are different from those in Friedrich
and Morel’s approach. The main difference is that unlike in the 2-dimensional
case, the spinor bundle of a 3-dimensional manifold does not decompose into
subbundles of positive and negative half-spinors. In this case, the condition
for an isometric immersion is the existence of two particular spinor fields on
the manifold instead of one as in the case of surfaces. Moreover, we prove the
equivalence between the generalized Killing equation and the Dirac equation for
spinor fields of constant norm in the above four cases.

The last paragraph is devoted to an application. We prove in a straight-
forward way using our results and the existence of special spinors on certain
three-dimensional 7-Einstein manifolds that they cannot be isometrically im-
mersed into the Euclidean space R*.

2 Preliminaries

2.1 Hypersurfaces and induced spin structures

We begin by preliminaries on hypersurfaces and induced spin structures. The
reader can refer to [I2, Bl 2] for basic facts about spin geometry and [T, [l [7]
for the spin geometry of hypersurfaces.

Let (N"*!,g) be a Riemannian spin manifold and XN its spinor bundle.
We denote by V the Levi-Civita connection on TN, and V¥ the spin connec-
tion on X N. The Clifford multiplication will be denoted by v and (.,.) is the
natural Hermitian product on XN, compatible with V and ~. Finally, we de-
note by D the Dirac operator on N locally given by D = """ | v(e;)Ve,, where
{e1,++,ent1} is an orthonormal frame of TN.

Now let M be an orientable hypersurface of N. Since the normal bundle is



trivial, the hypersurface M is also spin. Indeed, the existence of a normal unit
vector field v globally defined on M induces a spin structure from that on V.

Then we can consider the intrinsic spinor bundle of M denoted by XM . We
denote respectively by V=M, ~M and DM the Levi-Civita connection, the Clif-
ford multiplication and the intrinsic Dirac operator on M. We can also define an
extrinsic spinor bundle on M by S := ¥ N|5;. Then we recall the identification
between these two spinor bundles (cf [7], [I5] or [I] for instance):

3) S = { XM if n is even

XM & XM if nis odd.

The interest of this identification is that we can use restrictions of ambient
spinors to study the intrinsic Dirac operator of M. Indeed, we can define an
extrinsic connection VS and a Clifford multiplication 45 on S by

(1) VS = V4 y(n(4),
(5) 7 =),

where v is the exterior normal unit vector field and A the associated Weingarten
operator. By the previous identification given by @), we can also identify con-
nections and Clifford multiplications.

vEM if n is even
S _ )
©) V= { VEM @ VEN - if nis odd,
M . .
s_ |7 if n is even,
(™) 7= { M@ —4M if nis odd.

Then, we can consider the following extrinsic Dirac operator on M, acting on
sections of S, denoted by D and given locally by

(8) D= sz(ewz,

where {e1,...,e,} is an orthonormal local frame of T M. Then, by ), we have

n
o) ()R
that is, for any ¢ € T'(S)

(10) Dy i= ZHv = (1) D — V.

Remark 1. In the sequel, when we are only considering 3-dimensional mani-
folds, we will denote for the sake of simplicity the Clifford multiplication by a
dot.

We have all the spinorial ingredients, and now, we will give some reminders
about surfaces into product spaces.



2.2 Basic facts about product spaces

In this section, we recall some basic facts on the product spaces M"(k) x R
and their hypersurfaces. More details can be found in [3] for instance. In the
sequel, we will denote by M" (k) the n-dimensional simply connected space form
of constant sectional curvature k. That is,

S*(k) k>0
M"(k)=<¢ R” itk=0
H"(k) if kK <O.

We denote by V and R the Levi-Civita connection and the curvature tensor of
M"(k) x R. Finally, let % be the unit vector field giving the orientation of R
in the product M" (k) x R.

Now, let M be an orientable hypersurface of M" (k) x R and v its unit normal
vector. Let T be the projection of the vector 2 on the tangent bundle TM.

ot
Moreover, we consider the function f defined by:
0
f = <I/, §>
It is clear that 9
—=T :
o LI

is a unit vector field, we have:
T[>+ f* =1
Let’s compute the curvature tensor of M"™ (k) x R for tangent vectors to M.
Proposition 2.1. [3, [19] For all X,Y,Z,W € T'(TM), we have:
(RIX,Y)Z, W) = k((X,Z)(Y,W)—(Y,Z)(X,W)
—(V,TYW, THX, Z) = (X, T)NZ,T)(Y, W)
HX, D)W, TNY, Z) + (Y, T)(Z,T)(X,W)),

. 9
Since 5;

and

<R(X5Y)V’Z> = "ﬁf(<X7Z><YaT> - (Ya Z><X5T>)'

The fact that % is parallel implies the following two identities

Proposition 2.2. [5, [I9] For X € I'(T'M), we have

(11) VxT = fA(X),

and

(12) df (X) = —=(A(X), T).

Proof: We know that VX% =0 and % =T+ fv, so
0 = VxT+df(X)v+ fVxv

= VT + (AX), TV + df (X)v — FA(X).

Now, it is sufficient to consider the normal and tangential parts to obtain the
above identities. O



Definition 2.3 (Compatibility Equations). We sA(Y) that (M, {.,.), A, T, f)
satisfies the compatibility equations for M™ (k) xR if and only if for any X,Y, Z €
D(TM) the two equations

(13)  R(X,Y)Z =(A(X), 2)A(Y) — (A(Y), Z)A(X)
+ n((X, 2)Y — (Y, Z)X — (Y, )X, Z)T

— (X TUZT)Y + (X, T)(Y, Z)T + (Y, T)(Z,T)X ),

(14) VxAY) - VyAX) - AIX,)Y]|=rsf({Y,T)X — (X, T)Y)
and equations [[I) and ) are satisfied.

Remark 2. The relations (I3) and (IJ) are the Gauss and Codazzi-Mainardi
equations for an isometric immersion into M" (k) x R.

Finally, we recall a result of B. Daniel ([B]) which gives a necessary and
sufficient condition for the existence of an isometric immersion of an oriented,
simply connected surface M into S™ (k) x R or H" (k) x R.

Theorem (Daniel [3]). Let (M,{.,.)) be an oriented, simply connected Rie-
mannian manifold and V its Riemannian connection. Let A be a field of sym-
metric endomorphisms A, : TyM — TyM, T a vector field on M and f a
smooth function on M, such that ||T||*> + f? = 1. If (M,{.,.), A, T, f) satis-
fies the compatibility equations for M"(k) x R, then, there exists an isometric

mmersion
F:M—M"'(k)xR

so that the Weingarten operator of the immersion related to the normal v is

dF o AodF™!
and such that 9

— =dF (T .

= AF(T)+ fv

Moreover, this immersion is unique up to a global isometry of M™ (k) x R which
preserves the orientation of R.

3 Isometric immersions via spinors

3.1 Generalized Killing spinors

The case of space forms We introduce the notion of generalized Killing
spinors corresponding to hypersurfaces of the space forms M™ (k). These spinors
are obtained by restriction (using (@) of a parallel (resp. real Killing or imagi-
nary Killing) spinor field of the ambient space R™ (resp. S™(k) or H"(x)). If n
is odd, they are the restriction of the positive part of the ambient spinor fields.
We set 17 € C such that xk = 4n?.



Definition 3.1. A generalized Killing spinor on a Riemannian spin manifold
M with spin connection VM is a solution o of the generalized Killing equation

1
SAX) o +nX wy g,
for all X € T(TM), where A is a field of g-symmetric endomorphisms and
n € C. Here, WS stands for the complex volume element and ”-” is the Clifford
multiplication on M.

(15) Vitle =

Remark 3. Note that the complex number n must be either real or purely imag-
inary because of the following well-known property of Killing spinors. If ¢ sat-
isfies

Ve =nX ¢,

for all X € T(T M) then 1 is either real or purely imaginary.
The norm of a generalized Killing spinor field satisfies the following
Lemma 3.2. Let ¢ be a generalized Killing spinor. Then
1. If n € R, we have || = Const.
2. If n € iR, we have X|p|> = —2in(iX - wE - ¢, ¢), for all X € T(TM)
Proof : First, we recall the well-known following lemma.
Lemma 3.3. Let ¥ be a spinor field and 8 a real 1-form or 2-form. Then
Re (810, 15) = 0.
Now, from this lemma, we deduce easily the proof of Lemma
1. If n € R, we have,
Xlol? =20V, 0) = 200X -n 0, 0) = =20(p, X v ) =0
and consequently |p| = Const.
2. If n € iR, we have
X|pl? =2(nX - wip, ) + (AX) - ¢, 0) = —i2n(iX - Wi, ¢).
O
The case of product spaces We give the following definition of the gener-
alized Killing spinor fields corresponding to hypersurfaces of M™ (k) x R. These
spinors are obtained by restriction of particular spinor fields on M"™ (k) x R play-

ing the role of Killing spinors on space forms (see [I8] for details). We set n € C
such that x = 472,

Definition 3.4. A spinor field which satisfies the equation
1
(16)  VXMe = —JAX)-p+nX T o+nfX-o+n(X,T)¢,

for all X € T(TM) where 7”7 stands for the Clifford multiplication on M, T
is a vector field over M and f a smooth function on M. Such a spinor field is
called a generalized Killing spinor on M"(k) x R.



These spinor fields satisfy the following properties

Proposition 3.5. 1. Ifn € R, then the norm of a generalized Killing spinor is
constant.

2. If n € iR, then the norm of a generalized Killing spinor satisfies for any
X el(TM):
XlpP=Re(iX T -p+ifX -¢,0).

Proof: We need to compute X|p|? for X € I'(T'M). We have

Xlpl* = 2Re (VZM 0, 0) .

We replace VM by the expression given by ([[H), and we use Lemma to
conclude that

Re (A(X) - p,p) =0,
and

By this lemma again, we see that
Re (X -T-¢,0) +Re ((X,T) ¢, ) =0.

So X|p|*> = 0 and then ¢ has constant norm.
If € iR, an analogous computation yields the result. (I

Remark 4. In the case n € iR, the norm of ¢ is not constant. Nevertheless,
we can show that ¢ never vanishes.

3.2 The main results

Here, we state the main results of this paper. The first result gives a charac-
terization of hypersurfaces in 4-dimensional space forms assuming the existence
of two generalized Killing spinor fields which are equivalently solutions of two
Dirac equations. Part of this result can be found in the thesis of the first author

[Ty

Theorem 1. Let (M3, g) be a 3-dimensional simply connected spin manifold,
H: M — R a real valued function and A a field of symmetric endomorphisms
on TM. The following statements are equivalent:

1. The spinor fields ¢;, 7 = 1,2, are non-vanishing solutions of the Dirac
equations:

Dp1 = (%H+377)5017
Dgy = —(3H + 3n)gps,

" lpj| = Const if n € R,
wi , ,
X|pj* = 2Re (nX - j,9;) if n€iR.



2. The spinor fields ¢;, j = 1,2, are non-trivial solutions of the generalized
Killing equations

ViMoo = AX) -1 —nX -1

VM2 = —5A(X) - g2 + 10X - 2,
with 1tr (A) = H.
Moreover both statements imply that

3. there exists an isometric immersion F : M — M*(k) into the 4-dimensional
space form of curvature k = 4n? with mean curvature H and Weingarten
tensor dF o AodF~1.

Remark 5. Note that in the case of R*, Assertion 3. is equivalent to Assertions
1. and 2. (see [16])

Now, we state the second result which gives a characterization of hypersur-
faces into the 4-dimensional product spaces M3(k) x R.

Theorem 2. Let (M3, g) be a 3-dimensional simply connected spin manifold,
f, H: M — R two real valued functions, T a vector field and A a field of
symmetric endomorphisms on T'M, such that

T[>+ f* =1,
VT = fA(X),
df (X) = —(A(X),T).

The following statements are equivalent:

1. The spinor fields pj, j = 1,2, are non-vanishing solutions of the general-
ized Dirac equations

Doy = 3Hepy — 20T - o1 — 3nfer,

Dy = —3Hpy — 20T - o3 + 3nfp2,

with constant norm if n € R or satisfying X|¢|? = Re (iX~T-ga+ifX~gp, <p)
if n € iR.
2. The spinor fields ¢;, j = 1,2, are non-trivial solutions of the generalized

Killing equations

ViMopr = —3AX) -1 +nX T - o1 +nfX - o1 +1n(X,T) p1,

ViMe2 = 3AX) -2 +0X -T2 = nf X -2 +1(X, T) 2.
Moreover, both statements imply

3. There exists an isometric immersion F from M into S3(k) x R (resp.
H3(k) x R, with k = 4n?) of mean curvature H such that the Weingarten
tensor related to the normal v is given by

dF o AodF ™1
and such that 9
— =dF (T .
o = dF(T) + fv



Remark 6. As we will see in the proof (Lemma [[.3), the condition of the
ezistence of the two spinor fields 1 and @2 is equivalent to the existence of only
one generalized Killing spinor field with A a Codazzi tensor field.

4 Proof of the theorems

We will prove Theorems[ll and Bljointly. For this, we need three general lemmas.

4.1 Three main lemmas

First, we establish the following lemma which gives the Gauss equation from a
generalized Killing spinor.

Lemma 4.1. Let (M3,g) be a 3-dimensional spin manifold. Assume that there
exists a non-trivial spinor field ¢ solution of the following equation

(17) V§(M<p=%A(X)-so+nX-T-<p+an-so+n<X,T>so,
where A, T and [ satisfy
VxT = fAX), df(X)=—(AX),T) and
dVAX,)Y) =4 f((Y,T) X —(X,T)Y),

then the curvature tensor R of (M, g) is given by
(18)  R(X,Y)Z =(A(X), 2)A(Y) — (A(Y), Z)A(X)

+ m((X, 2)Y — (Y, Z)X — (Y, )X, Z)T

— (X, TUZ,T)Y + (X, TIY, Z)T + (Y, T)(Z,T) X ).

Proof: We compute the spinorial curvature R(X,Y)p = VEMVEM VM VM
V[ZXMY]@. From [19, [IR], we now that

VEMGEM o — Y AX) o4 n?Y T-X-T-o+ 2 fY -T-X -
o1 (X,Y) a2(X,Y) as(X,Y)
n
— oY T AX) o= n(AX).T)Y o+ n’fY X T
—as(X,Y) —as(X.Y) as(X,Y)

+2 (X, T)Y -T-o+0°fY - X -0+’ f(X,T)Y - ¢

a7 (X,Y) asg(X,Y) a0 (X,Y)
n
- §fY'A(X) co+nf (Y,AX)) o+n2 (Y, T)X -T -
—_—
—a10(X,Y) a11(X,Y) a12(X,Y)

FPIVD)X -’ (XY (VT o~ 3 (V.T)AX) -

a13(X,Y) a14(X,Y)

—ay5(X,Y)

S VRAW)) o LAY X T TFAY) X g

—a16(X,Y) —a17(X,Y) —a18(X,Y)



1
— T T)AY) o+ JAY) - A - p+VRMY T
—_— ———

—a1o(X,Y) azo(X,Y) a2 (X,Y)
+nfVIMY o+ (VEMY, T)p.
a22(X,Y) a3 (X,Y)
That is,
23

VIVVIM o =)o (X, Y).
i=1

By symmetry, it is obvious that

23
VMV o =) iy, X).
i=1
On the other hand, we have
Visye = alX,Y]-T-o+nflX,Y] ¢
B([X.Y]) B2([X.Y])

1
—_———
Bs([X,Y]) —Ba([X.Y])

Since the connection V is torsion-free, we have

OéQl(X,Y) — OéQl(Y,X) — 61([X, Y])
an(X,Y) —an(Y,X) - £([X,Y])
a(X,Y) —a3(Y, X) — B3([X,Y]) =

0,
0.

Moreover, lots of terms vanish by symmetry, namely a1, ag4, as, aig, @11, 014,
a5, (17, (V18 and a19.
On the other hand, the terms as, a7, ag and ay2 can be combined. Indeed, if
we set

a =az+ a7+ ag+ g,

then
a(X,Y) - oV, X) = nQ[fQ(Y-X—X-Y)—i—Y-T-X-T—X-T-Y-T}-<p
= P[P X=X V) HITIPV-X-X-Y)] ¢
—2((X,T)Y - T —(V,T)X -T) - .
If we set
B =as+as+ ag + a1z,
we obtain

BX,Y) — B(Y,X) =2 f (<Y, T)X — <X,T> Y) .o,

10



Finally, we get

R(XY)p = 1 (A(Y) AXX)~ A(X) - A(Y)) ¢ — sd7ACX,Y)

A~ =

P f (V)X — (X, T)Y) o+ (Y- X =X -Y) ¢

22 ((X,TVY - T — (Y, T)X -T) - .
Since we assume that A satisfies the following Codazzi equation
dvA(X7 Y) = 4772f( (Ya T> X - <X7 T> Y)a

we have

(19) R(X,Y)g = 1 (A(¥)-AX)~ A(X)-A(YV)

+Pf (VT X — (X, T)Y) o+ (Y - X =X -Y)-¢
Now, let X =e; and Y = e; with i # j. The Ricci identity sA(Y)s that:

(20) Rei ej) o= !

5 [Rijire; — Rijijer — Rijjrei] - ¢,

where (7, j, k) is any cyclic permutation of (1,2, 3).

Further with a simple computation we find
Alej) - Ale;) — Ales) - Alej) = 2(Aidj; — A Aj)ei
_2(AikAji — AiiAjk)ej + Q(AijAji — AiiAjk)ek.
With the integrability condition ([[) this yields
(Ve,A)(ei) = (Ve A)ej) = (Rijje — (AinAjj — AijAji) + £%)e;

—(Rijir — (AinAji — AiiAji) + “fQ)ej

+(Rijij — (AijAj — AiiAji) + Kf?)er

+rf ((ei, T)ej — (e, T)e;)

which proves that, if A is a Codazzi tensor, it satisfies the Gauss equation too.
This observation was made by Morel ([I6]) in the Riemannian case for a parallel
tensor A. We point out that the converse is also true. (I

Now, we state a second lemma which will give the equivalence between the
Dirac equation and the Killing equation (up to a condition on the norm of the
spinor field).

Lemma 4.2. Let (M3,g) be a 3-dimensional spin manifold. Assume that there
exists a non-trivial spinor field ¢, solution of the following equation

3
(21) Dy =gHe—2T ¢ =3nfp,
where the norm of ¢ satisfies for all X € T(TM)

Xl =2Re(nX -T-o+nfX-p,0).

11



Then ¢ is a solution of the following generalized Killing spinors equation

1
(22) ViMe=SAX) o +nX T o+ufX p+n(X,T)¢.

Proof: The 3-dimensional complex spinor space is Y3 = C2. The complex spin
representation is then real 4-dimensional. We now define the map

f:RR@R — X3
(v, 1) — v-ptre,
where ¢ is a given non-vanishing spinor.
Obviously f is an isomorphism. Then for all ¢ € X3 there is a unique pair
(v, 1) € (RP@®R) = T,M3 @R, such that ) = v - ¢ + re.
Consequently (V%M go)p € F(T;M ® X3) can be expressed as follows:

VMo =B(X) - ¢+ w(X)e,

for all p € M and for all vector fields X, with w a 1-form and B a (1,1)-tensor
field.

Moreover we have

XJol? = 2RV, ) = 20ulX)i, 0 = w(X) = L)),

which yields w(X) = Re <77X T-o+nfX -, | ‘P|2>
®
Now, let B = S+ U with S the symmetric and U the skew-symmetric part of B.

Let {e;} be an orthonormal basis of TM and ¢ a solution of the Dirac equation
&1). We have

Dy

3 3 3
doei- VMoo= e Bijej-p+ Y wlee;- ¢
i=1 Jj=1

ij=1

3 3 3
> Usjei-ej-o+ Y Suei-ei-p+ > Sy eire; o+ W,
i=1 i=1 izt~ ~—~—

sym. skew—sym.

where W is the vector field defined by W := Z;’:l w(ej;)e;j. Then,

3 3
Dy = —QZUijei'€j'90+ZSii€i'€i'90+W'90
i<j i=1
= —2(Upze1-ea+Uizer-e3+Usgea-e3)-p—tr(B)p+W-¢
We recall that the complex volume element wéc = —eq - €9 - e3 acts as the

identity on ¥ M, where {e1,eq,e3} is a local orthonormal frame of TM. So we
deduce that for any spinor field on M, e;-€; - ¢ = ey -, where (i, , k) is a cyclic
permutation of (1,2,3). From this fact, we get

DQD = 72(U12€3 — U13€2 + U2361) Y= tr (B)(p + W ®.

12



On the other hand, we have

3
Dy = §H<p—2nT-so—3nst-

Note that Re((Ui2e3 — Urzes +Uaszer)p, ) = 0 and Re (W - ¢, ¢) = 0. It follows
that

3
SHe* = 2Re (0T - ¢, ) — 3Re (nfep,0) = —tr (B)| .

Moreover, since {Tg_\’ e‘l—g;“@, %“@, %“@} is an orthonormal frame of ¥, M for the

real scalar product (., .), we deduce that

—2(Urzes — Urzea + Uszer) -9 = =3nfo—W - —20T -0+ 2Re (nT - 0, ) ¢
+3Re (nfp, @) ¢.

Further we compute

3
Ue;) o, eivw) = YUy len-p eig)  =Uglol
——
k =—(ei-er-p, ©)=0, ik

Consequently, for i, j € {1,2,3}, we have

3
=2 Ui ler-er-p,ei-ej-9) = —=3(nfo,ei-ej-0) —(W-pei-e-¢)
k<l

—2(nT - p,ei-ej o) +2(nT -, 0) (p,€i - € ©)
+3Mfe,0) (prei-ej- ).
Moreover, in the 3-dimensional case at most three of the four indices could be
distinct. Then, for m # n, (e, - e, - ¢, ©) =0 holds and as the trace of a skew-

symmetric tensor vanishes, we have: (e -¢e; - ¢, ej- e ) A0 k=1il=jor
k=j,1=1,i+# j, which yield

—2Uylel? = —2(U(e;) - p,ei- )

=3(nfp,ei-ej-o)—(W-p,ei-ej-@)=2(nT e -ej-p)

+3(nfe, ) (ej-p,ei-0) +2(nT -0, 0)(ej- @ ei-p).

Then, we deduce that

¥
-2U(X) = X~W~¢7<X~W~¢,¢>W72nX~T~ga

@ @
+2X -T-p,0) —> +3<77f%—2>X-50
|0l |0l
@ @
(23) +2 <77T PR > X-p=3nfX -o+3nfX- 0,0 e

From now on, we will consider separately the cases n € R and n € iR.
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The case n € R

Since 7 is real, the norm of ¢ is constant and so w(X) = 0 for any vector field
X. Consequently, using Lemma B33 we get

UX) ¢ = nX'T'QO777<X'T~sp7gp>#
= X -T-o+n(X,T)e.
Moreover,
Qylei,ej) = %<€z"ViM<p+ej.Vngp,#>
1/3 3 ;
- §<zk:sjkei'€k'90+zk25ikej-ek-cp,W>

= —Silel? = 5(X) = -Qu(X).

Now, we set
A(X) :==2Qu(X) + 2nfX.

Finally, we obtain

(24) ViMw:%A(X)-<P+77X-T-sa+an~<P+<X7T><P,

which achieves the proof in the case n € R.

The case n € iR

Here, 7 is not real and so the norm of ¢ is not constant but satisfies
Xlol* =2Re (nX - T - +nfX - ¢,0).

Then

(25) (X) Mel 1 g X -T-o+nfX -0, 0)
w = = ——)te . . . s .
Aplz ~ 2pp T TIHATEY

Like in the case n € R, we have S(X) = —Q,(X) and we set
A(X) :=2Q,(X) + V(X),
where V(X)) is the symmetric endomorphism field defined by

V(va) - 2%6<7]<X,Y>T~(p,g0>+2%6<7}f<X,Y>(,0,50>
(26) +Re (n((X, 1YY + (Y, T)X) - v, 0).

Since
ViMle=89(X) ¢+ U(X) - o+ w(X)ep,

we deduce from [ZH), 3) and Z8) that

1
(27) V§M<p=§A(X)-90+nX-T-<p+an-so+n<X,T>so-

14



O

Now, we give a final lemma which will allow us to use Lemma ET] for the
proof of Theorems [l and Bl Indeed, in Theorems [ and B, we do not suppose
anything about the symmetric tensor A. Nevertheless, the existence of two
generalized Killing spinor fields implies that A is Codazzi.

Lemma 4.3. Let (M3,g) a 3-dimensional spin manifold. Assume that there
exist two non-trivial spinor fields o1 and po such that

1
(28) V§¢1:§A(X)'so1 +nX T o1 +nfX o1+ (X, T) 1,

and
(29)  ViMea= f%A(X) 2+ nX T —nfX - g2+ (X, T) 2,
where A, T and f satisfy
VIMT = fA(X), df(X) = —(AX),T),
then the tensor A satisfies the Codazzi-Mainardi equations, that is
dVAX,Y) =4 f (Y, T) X — (X, T)Y).

Proof : From the proof of Lemma EJl we know that the equation satisfied by
1 implies

(Ve,A)(ei) = (Ve, A)e;) = (R — (A Ajy — AijAji) + k1)
—(Rijir — (AirAji — AiAji) + kf)e;
(30) +(Rijij — (AijAji — A Ajr) + v f?)ey

+rf (e, Tye; — (e;, The;).
On the other hand, by an analogous computation for the spinor field @2, we get
—(Ve; A)(ei) + (Ve, A)ey) = (Rijjn — (AiwAj; — AijAji) + £ f?)e;
—(Rijir — (AinAji — AiiAji) + “fQ)ej
+(Rijij — (AijAji — A Aji) + K f?)ex
—kf ({e;, Thye; — (e;, The;).
If we combine the last two equalities, we get
Rijjr — (AinAj; — AijAjr) + kf? =0,
Rijit — (AirAji — AiAji) + 5> =0,
Rijij — (AijAji — AiAji) + kf? =0,

that is exactly the Gauss equation. Then, we get immediately from equation
B0) that A also satisfies the Codazzi equation

dVAX,Y) =4 f((Y,T) X —(X,T)Y),

for all vector fields X and Y. O

15



4.2 Proof of the Theorems
The proof of the theorems follows easily from Lemmas ET] and with

n=0 for R*,

1 4
n:i,Tzo,le for S%,
n:éT:O,f:l for H*,

1 3
n=3 for S° x R,

i
=35 for H® x R.

Indeed, Lemma gives the equivalence between Assertions 1. and 2. of the
theorems, that is, between the existence of a generalized Killing spinor and a
Dirac spinor satisfying an additional norm condition.

The proof of 2. = 3. is an immediate consequence of Lemmas EL1l and
From Lemma B3 the problem is reduced to the case of only one generalized
Killing spinor field, but with A a Codazzi tensor. Now, if the tensor A satisfies
the Codazzi-Mainardi equation, then by Lemma Bl it satisfies also the Gauss
equation. It is well-known that if the Gauss and Codazzi-Mainardi equations are
satisfied for a simply connected manifold, then it can be immersed isometrically
in the corresponding space form. For the case of product spaces, by the result of
Daniel (J]), to get an isometric immersion, the two additional conditions (ITI)
and ([[2) are needed. O

Remark 7. Conversely, the existence of one generalized Killing spinor field ¢1
with Codazzi tensor field A implies the existence of a second spinor field ps.
Indeed, as we just saw, M is isometrically immersed into M*(xk) or M3(k) x R.
Then, one just defines o as v - @1, where v is the normal unit vector field.
Thus, if p1 satisfies

1
VM1 = =5 AX) o1 +nX - Teor+0fX o140 (X, T)r,
then, by a straightforward computation, @2 satisfies

1
ViMoo :§A(X)'902+77X'T'<P2—UfX'<P2+77<X,T><P2-

5 Application: Non-existence of isometric im-
mersions for 3-dimensional geometries

In [I7] and [13], for instance, it is shown that there exist no isometric immer-
sions for certain 3-dimensional homogeneous spaces into the Euclidean 4-space.
As an application of Theorem [l we give a short non-spinorial proof of the non-
existence of such immersions for certain three-dimensional n—manifolds includ-
ing the above homogeneous spaces.
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5.1 Preliminaries the some 3-dimensional geometries

In this section, we will give some basic facts about 3-dimensional homogeneous
manifolds. A complete description can be found in [20]. Let (M?3,g) be a 3-
dimensional Riemannian homogeneous manifold. We denote by d the dimension
of its isometry group. The possible values of d are 3, 4 and 6. If d is equal to
6, then M is a space form M?3(x). There is only one geometry with d equal to
3, namely, the solvable group Sols. Finally, if d = 4, then, there are 5 possible
models.

5.1.1 The manifolds E(x,7) with 7 #0

Such manifolds are Riemannian fibrations over 2-dimensional space forms. They
are denoted by E(k,7) where & is the curvature of the base of the fibration and
7 is the bundle curvature, that is the defect for the fibration to be a product.
Note that & # 472, if not, the manifold is a space form. Table 1. gives the
classification of these possible geometries.

k>0 k=0 k<0
=0 S*k)xR R3 | H3(k) x R

T #0 | (S*,9Berger) | Nily | PSLy(R)
Table 1: Classification of E(k,T)

From now on, we will focus on the non-product case, i.e., 7 # 0. In this
case, E(k,T) carries a unitary Killing vector field £ tangent to the fibers and
satisfying Vx & = 7 X A€. Moreover, there exits a direct local orthonormal frame
{e1,e2,e3} with e5 = £ and such that the Christoffel symbols are

[fy =T3 =-T% :11711%3 =T,
(31) [ =-T§H =7-

27’
i i i Td .
=T, =0%=I},=0, Vije {1,2,3}.

In particular, we deduce from these Christoffel symbols that E(x, 7) is n-Einstein.
Precisely, we have

Kk — 2712 0 0
Ric= 0 k—212 0
0 0 272

in the local frame {ey, es,&}. Moreover, from this and the local expression of
the spinorial Levi-Civita connection, we deduce that there exists on E(k,7) a
spinor field ¢ satisfying

KR

1 1 1
(32) Veyp=g7e1- ¢, Ve,p = g7e2-9, Vep = 5 (; - T) - .

One can refer to [I8] for details.

5.1.2 The Lie group Sols

The solvable Lie group Sols is the semi-direct product R? x R where t € R acts
on R? by the transformation (z,y) — (e'z,ely). Then, we identify Sols with
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R? and the group multiplication is defined by
(z,y,2) - (@,y, 7)) = (x + 772",y + %y, 2+ 2).
The frame e; = e™%0,, ex = €0y, ez = 0, is orthonormal for the left-invariant
metric
ds? = e?*da? + e ?dy? + dz°.
We easily check that in the frame {ej, es, €3}, the Christoffel symbols are
F?l = F§3 = _F%3 = _F§2 =—1,

and the other identically vanish. So, we deduce the existence of a special spinor
field ¢ on Sols satisfying

= 1 — 1 —
(33) Veayp=ger-9, Vep=ger-¢, Vep =0,

and the Ricci curvature in the frame {e1, es, e3} is given by

0 0 O
0 0 O
0 0 -2

Details can be found in [6].

5.1.3 The hyperbolic fibration T%

This last example is the hyperbolic fibration defined in [I4]. Let B be a matrix
of SLy(Z), which can be considered as a diffeomorphism of the flat torus T2
and admit two eigenvalues o and 1 . Now let T% be the 3-dimensional manifold
defined by T% = T? x R/ =, where = is the equlvalence relation defined by
(z,y) = (B(z),y +1). We denote by b the slope of the eigenvector associated
to the eigenvalue é Thus, T% is a compact manifold of universal covering R?
equipped with a Riemannian metric for which the base {e1,e2,e3} defined as
follows is orthonormal

er1 =a *(—b0; + 0y), ea = a® (05 + b0y), e3 = 0.
One can easily check that
[e1,ea] =0, [e1,e3] =In(a)er, [e2,es3] = —In(a)eq,
and that the Christoffel symbols are given by
1—‘31 = 1—‘23 = Fis = _ng = —In(a),

with the other identically zero. The Ricci curvature is given by the following
matrix in the frame {eq, e2,e3}

0 0 —2In(a)?

From the expression of the Christoffel symbols, there exists a spinor field ¢
satisfying

1 1
(34) Ve, p = 3 In(a)es - ¢, Ve, = 3 In(a)er - ¢, Ves,0 =0.
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5.2 A non-existence result

Here is the main result of this section.

Proposition 5.1. The 3-dimensional manifolds Nils, Sols, PSl3(R), the Berger
spheres and the tori T% cannot be isometrically immersed into R*, even locally.

We start by giving the following

Lemma 5.2. Let (M3, g) be an oriented Riemannian manifold which is n— Einstein,
i.e. Ric=Ag+nERE, withn # 0. Assume that there exists a non-trivial spinor
field o such that VMo = —%A(X) -, where A is a symmetric endomorphism
field. Then,

1. If X\ # —n, and A is Codazzi, then

|>\42r77| 0 0
_ A
A=+ 0 | ;‘77| 0
0 0 A7

in an orthonormal frame {e1,es,&}.
2. If \ = —n, then A cannot be Codazzi.
3 IfAx=0andn <0, then A cannot be Codazzi.

Proof : Using the fact that A is Codazzi, a simple calculation shows
REM(X,Y) o= 2(A(Y) - A(X) — A(X) - A(Y)) - .
Then the Ricci identity 1) yields
Ric(X) - = tr (A)A(X) - p — A2(X) - .
Now if the manifold is n—Einstein, we get
(/\X (X, €€ — tr (A)A(X) + A2(X)) o =0.

Since ¢ is a non-trivial generalized Killing spinor, it never vanishes. Conse-
quently

(35) AX + (X, €€ —tr (A)A(X) + A%(X) = 0.

Let {e1,e2,e3} be a diagonalizing frame of A, then from equation (BH) ez can
always be chosen to be £ and e, es orthogonal to £&. Now denote by a1, ag, as
the respective eigenvalues. Then equation ([BH) leads to

A+n
aijaz = 2
A=q
a203 = —5—,
ajas = A-n

2

If A = —n, then this system has no solutions. If A =0 and n < 0, then we have
a; = ag, and so a? = 7 < 0, which is not possible because a; is a real number.
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Thus, in these two cases, A cannot be Codazzi. If A # —n simple computations
yield the result. [l
Proof of Proposition El: Let M = Nils, Sols, PSIl(R), T% or a Berger sphere
and assume that M is isometrically immersed in R%. Then there exists a spinor
¢ on M verifying V3M ¢ = —1 A(X)-¢, where A is shape operator of the immer-
sion and hence Codazzi. Moreover, all these manifolds are n-Einstein. For Sols
and T%, we have A = 0 and n < 0, so from Lemma[f2 A cannot be Codazzi and
such a spinor cannot exist. This leads to a contradiction. In the case of Nils,

PSI3(R) and Berger spheres, we have A = k — 272 and = 272. Since k # 472,
then A\ # —n and A is as in part 1 of Lemma B2 Finally, a simple computation
shows that A is not Codazzi, which is again a contradiction. Thus all these
manifolds cannot be immersed isometrically into the 4-dimensional Euclidean
space. ([l
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