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ABSTRACT. We prove a few existence results of a solution for a static system with a coupling
of thermoviscoelastic type. As this system involves L' coupling terms we use the techniques
of renormalized solutions for elliptic equations with L data. We also prove partial uniqueness
results.

1. INTRODUCTION

In the present paper we consider the following nonlinear coupled system:

(1) M —div (A(z)Du — f(0)) =g in Q,
(2) pb — div (a(z, D)) = (A(z)Du — f(0)) - Du in €,
(3) u=0 0=0 on 09,

where € is an open and bounded subset of RN (N >2), A,z > 0, f : R — R" is a continuous
function, g € L?(Q), A(z) is a coercive matrix with L>—coefficients and v — — div (a(z, Dv))
is a monotone operator defined from H{(Q) into H=(Q).

Problem ([I)-(B) is a static version (or time discretized-version) of a time dependent class
of systems in thermoviscoelasticity. Under stronger assumptions than in the present paper,
existence of a solution for these evolution systems is established in [ (see also []). Moreover,
for ([I)-() uniqueness results were also proved.

The main difficulties in dealing with existence of solution of system ([)-(f]) are due to
equation () and the coupling. Indeed if u is a variational solution of ([I) (i.e. u € H(Q))
then the right-hand side of () belongs to L'(£2). It follows from L. Boccardo and T. Gallouét
[A] (see also [B] and [R(]) that 6 is expected in L4(Q2) for ¢ < N/(N —2)if N >3 and ¢ < oo
if N = 2. With the aim of solving ([l) with f() € L?(Q2) we are then led to assume that f
satisfies the growth assumption

VreR ‘f(r){ <a+ M|r|%,

with @ > 0, M > 0 and o < N/(2(N —2)) if N <3 and a < oo if N = 2. Under this
hypothesis on f, the coupling between Equations () and (f]) together with the L. Boccardo
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and T. Gallouét estimates techniques (see [f] and Remark p.§ of the present paper) lead to
the following a priori estimate on 6,

N (07
Vq e [1, m[ 101l Loy < C(1+ Hf(a)H%Q(Q)) < Cl(l + /Q s dx),

where C' and C’ are real positive constant independ of u and . This implies that if 2« > 1
the estimate above is not sufficient in general settings to obtain the existence of a solution of
([)~@B) using a fixed-point or approximation method.

As the right-hand side of (E) belongs to L', we use in the present paper the convenient
framework of renormalized solutions that insures uniqueness and stability results for equations
with L' data. Renormalized solutions have been introduced by R.J. DiPerna and P.-L. Lions
in [l and [[[Z] for first order equations and have been adapted for elliptic equations in [g],
g, 9] and for elliptic equations with general measure data in [ (see also [§]). Other
frameworks as entropy solutions [J] or SOLA [[[(] may be used for equation (f) with L! data.

Another interesting question related to problem ([)—(J) deals with the uniqueness of a
solution, that is an open problem in general settings due to lack of regularity of € and the
right-hand side of (f). We investigate in the present paper uniqueness of a small solution
(u, ) such that 6 > 0 almost everywhere in © and under additional assumptions on the data
for N =2 and N = 3.

Elliptic systems involving L' coupling terms are also studied in [[J], [[]] and [[7] and use a
convenient formulation for equation with the L' term.

The plan of this paper is as follows. In Section 2 we recall the definition of a renormalized
solution and we define a weak-renormalized solution for system ([l)~(f). In Section 3 we
give a few useful properties on renormalized solutions. Section 4 and Section 5 are devoted
to existence results for two restricted case: the first case deals with small data, the second
case contains existence results under more restrictive conditions on f but for general data.
Section 6 contains a partial uniqueness result of a small solution (u, #) such that § > 0 almost
everywhere in 2 and under additional assumptions on the data.

2. ASSUMPTIONS AND DEFINITIONS

Let © be an open and bounded subset of RN (N > 2). The following assumptions are
made on the data:
(A1) A(xz)isa coercive matrix field with coefficients lying in L®(Q) i.e. A(z) = (a;;(x))
with
° am(x) S LOO(Q)
e 3y > 0 such that V¢ € RY A(z)¢- € > V][€||Zn  for almost every x € ©;
(A2) the function a : Q x RN —— R¥ is a Caratheodory function (continuous in ¢ for

almost every x € Q and measurable in x for every ¢ € RY) and there exists § > 0
such that

Ve e RY a(z,€) &> 5¢|IAy  for almost every z € Q;

1<i,j<N

(A3) for every ¢ and ¢’ in RV, and almost everywhere in
(a(z,&) —a(@,{)) - (§—¢) = 0;
(A4) there exists 3 > 0 such that
la(z, §)| < B(b(x) +[£])
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holds for every ¢ € RY and for almost every in 2 € Q with b € L?(Q);
(A5) A >0, u>0;
(A6) f is a continuous function defined on R with values in R ;
(A7) g is an element of L?().

Throughout this paper and for any non negative real number K we denote by Tk (r) the
truncation function at height +K, i.e. Tk(r) = min(K, max(r,—K)). For a measurable set
FE of ), we denote by lg the characteristic function of F.

Following [[§] (and [[9]) we recall the definition of a renormalized solution for nonlinear
equations of type (f) with L' right-hand side.

Definition 2.1. Let I be an element of L'(€2). A measurable function @ defined on € is
called a renormalized solution of the problem

P(F { uh —div(a(z, D)) = F in Q,

# =0 on 01,
if
(4) 0 € LY(Q), VK >0 Tk(0) € H}(Q);
for every function h € Wl’OO(R) such that h has a compact support,
(5) ph(9) — div(h(0)a(z, DO)) + W' (6)a(x, D) - DI = Fh(6) in D'(Q);
(6) lim l/ |DO*dx = 0.
=N Jin<|g|<2n}

Under assumptions (A3)-([A4) and with p > 0, using the techniques developped in [[[§] (see
also [[] and [[]), there exists a unique renormalized solution of P(F) for any F in L'(Q).

We now use renormalized solutions to define a so called weak-renormalized solution of
Problem ()7()

Definition 2.2. A couple of functions (u, ) defined on Q is called a weak-renormalized
solution of ([l)—(f) if u and 0 satisfy

(7) u € Hy(9),

®) 1) € (2*0)",

9) M —div (A(z)Du — f(0)) =g inD'(Q),
(10) 6 is a renormalized solution of (B))—([).

Under regularities ([f)-(8), the right-hand side of (f), (A(x)Du — f(6)) - Du, belongs to
)

LY(0). So we are in the framework of renormalized solution for equation (f

3. USEFUL PROPERTIES OF RENORMALIZED SOLUTIONS

We recall the following propositions on renormalized solutions of elliptic equations for L!
data, that can be shown using the techniques developped in [J], [[§] and [[9].

Proposition 3.1 (Existence and uniqueness of the renormalized solution). Assume that
(E2)-(A9) hold true and y > 0. Then for any F belonging to L'(Q), there exists a unique
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renormalized solution of Problem P(F). Moreover for any function w € L°(Q) N H (), if
there exists K > 0 such that Dw = 0 almost everywhere in {x : |#(z)| > K} then

(11) u/@wdx—i—/a(x,DG)-Dwdx:/Fwdx.
Q Q Q

Remark 3.2. Equality ([1]) which is proved in [f]] in the context of general measure data, is
formally obtained through using the test function w in the equation of P(F).

Proposition 3.3. Assume that (A3)-([A4) hold true and u > 0. Let Fy, F, be two elements
of LY(2), and denote by ; the unique renormalized solution of P(F;) (i = 1,2).
Then for any K > 0

(12) M/(Ql — 92)TK(91 — 92) dx —|—/ (a(x, D91) — a(m,DGz)) . (D91 — DHQ) dx
Q {|01—062|<K}

S /Q(Fl —FQ)TK(Hl —92) dzx.

Remark 3.4. Inequality ([[J) is obtained by plugging the admissible test function
hin(01)hn(62)Tx (61 — 02) in the difference of the equations P(F;) and P(Fy) (that is licit in
view of Proposition B.1]) where h,, is a sequence of functions in W1>°(R) such that h,(r) — 1
as n tends to co and with compact support.

Due to Proposition B.3 we deduce that

1
H91 - 92HL1(Q) = ;HFl - F2HL1(Q)

and the continuity of the renormalized solution of P(F') with respect to the datum F'.
We recall the following lemma that can be proved by means of the estimates techniques of

L. Boccardo and T. Gallouét [[] (see also [B]).

Lemma 3.5. Let 0 be a measurable function defined on ), that is finite almost everywhere
in Q, and M > 0 such that

VK >0, Tg(0) € H}(Q) and
/ | DT (0)|” dz < K M.
Q

Then 0 € Wol’p(Q) for any 1 < p < N/(N — 1) and there exists a constant C' (depending on
Q) and p) such that

HHHWOI”’(Q) < COM.
Gathering Proposition B.1] and Lemma B.5 we deduce the following corollary.

Corollary 3.6. Assume that ([A3)-(A4) hold true and yu > 0. Let F be an element of L' ()
and 6 the renormalized solution of P(F'). Then for any 1 <p < N/(N —1), 0 € Wol’p(Q) and

(13) 101l () < ClENL1 )

where C' is a constant only depending upon (), p and a.
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4. EXISTENCE OF SMALL SOLUTIONS OF ([[)~(f]) FOR SMALL DATA

In this section we assume that the continuous function f satisfies the following growth
assumption
(14) Ja>0,3M >0, VreR |f(r)|<a+ M|r|®
with 1/2 <a < N/(2(N —2))if N>3and 1/2 < a < o0 if N = 2.

Under this additional assumption, Theorem [.1] insures the existence of at least a solution
of Problem ([l)~(f]) for small data enough. Notice that on the one hand the upper bound of

in ([[4) is motivated in Introduction, on the other hand the lower bound permits us to exploit
the small character on the data.

Theorem 4.1. Assume that ([A1)-([AT) and ([I4) hold true. There exists a real positive
number n such that if a + |g|l2(q) < n, then there exists at least a weak-renormalized
solution of ([I)-(B) such that

el 13 ) + 10 20 ) < )
where w(n) tends to zero as 1 tends to zero.
Proof. The proof is divided into 2 steps. Step 1 is devoted to the construction of a fixed—point

operator. In Step 2 we give a sufficient condition on the data in order to apply the Schauder
fixed—point Theorem.

Step 1. Since the function f is continuous and verifies growth assumption ([[4), under as-
sumptions (A1), (AH) and (A7) the mapping
L**(Q) — Hy(9)
0 — 1, where 4 is the unique solution of the problem

15) { A — div (Aéx:)l;ﬁ —Oi(gg) =g nQ

is continuous and the coercivity of A implies that
(16 | 1Dl @z < (ol 0, + 176)

where g’ is a generic constant independent of 6.

Let 6 be an element of L2*(£2) and @ the unique element of H}(£2) solution of (). Due to
growth assumption ([4) on f and the regularity of 4, the field (A(x)Di — f(6)) - Di belongs
to L'(Q), and by Proposition B-1, let 6 be the unique renormalized solution of the problem:
(17) p6 — div (a(z, DO)) = (A(z)Di — f()) - Da in 0
(18) 0=0 on 0N).

2
(LQ(Q)N))

~

We denote by I' the mapping defined by 6 = I'(6).

Since 1 < 20 < N/(N —2) (and 1 < 2a < 400 if N = 2), let ¢ be a positive real number
such that 2a < ¢* < N/(N —2) (and 2o < ¢* < 400 if N = 2), where ¢* denotes the Sobolev
conjugate exponent (1/¢* =1/q — 1/N).

Using the properties of the renormalized solutions (see Remark B.4 and Corollary B.g), the
interpolation of L2¥(2) between L!(2) and L7 (2) and the Rellich Kondrachov Theorem we
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deduce that T is defined continuous and compact from L2%((2) into itself. Moreover inequality
(@) and Corollary B.g imply that V0 € L?*(), if = I'(9) then

Heuwqu(g) = C(ngi?(ﬂ) + Hf(é)

and growth assumption ([4) on f yields

2
(LQ(Q))N)

(19) HHHW&"I(Q) S C(HQH;(Q) +a®+ M0

where C is a constant independent of 6.

Step 2. Applying the Schauder fixed—point Theorem to the mapping I" reduces to show that
there exists for instance a ball B of L?¥(Q) such that I'(B) C B.

Let 6 be an element of L2*(Q) and 0 = I'(d). Since 1 < 2o < ¢* < N/(N —2) (and
1 <2a < ¢* < +oo if N = 2), the Sobolev embedding Theorem and ([[g) lead to
2a )
L2(Q)

(20) HGHLQQ(Q) = C(ngi?(ﬂ) +a® + M0

where C is a constant independent of é, g, a and M.
As 2a> 1, let n > 0 and R(n) > 0 such that

C(n+ M*(R(1))**) < R(n),
R(n) < 2Cn.
If
(21) H9Hi2(ﬂ) +a® <
then we have
r <BL2a @ (0, R(U))) C Braa(q) (0, R(n)).

Therefore, we may apply the Schauder fixed—point Theorem so that, there exists at least a
solution (u, @) of ([l)~(f) in the sense of Definition P.2.
Moreover the choice of R(n) and ([L§) imply that

el 13 ) + 10 20 ) = )
0

where w(n) tends to zero as n tends to zero.
The proof of Theorem 1] is complete. O

5. EXISTENCE OF A SOLUTION OF ([l)—() FOR MORE GENERAL DATA

In order to remove the small character on the data of the previous section, we suppose by
now more restrictive hypotheses on the behavior of f, which are on R

NG
(22) r—+oo r(N+2)/(2N)
vr e RY |f(r)| <a+ Mlr| if N=2 witha>0and M >0,

=0 if N >3,

that is more restrictive than ([[4) since (N +2)/(2N) < N/(2(N —2))), and on R~ a behavior
of which the model case is f = 0 for r < ro < 0. (see hypotheses (P3) and (4) below).
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Theorem 5.1. Assume that assumptions ([Al)-([A7) and (B2) hold true. Moreover assume
that the continuous function f is such that

(23) im L0

r——00 |r,~|
Then there exists at least a weak-renormalized solution of ([l)—({).

In the case where the function f has a zero on R™, the structure of equation () allows us
to remove the growth assumption on f on R™ and give an additional property on 6.

Theorem 5.2. Assume that assumptions ([A1)—([A7) and (B2) hold true. Moreover assume
that the continuous function f satisfies:

(24) dro € R™  such that f(rg) =0.

Then there exists at least a weak-renormalized solution (u,0) of ([i)~(@) such that 6 > rg
almost everywhere in Q.

Remark 5.3. The existence results of Theorems p.1] and .9 were announced in [[Lf] (see also
[5]) under more restrictive hypotheses on the function f. Let us notice that when N = 2
linear growth on R* is allowed for f.

Before to prove Theorem 1], we give a technical lemma.

Lemma 5.4. Assume that (24) holds true. Let 6 be a measurable function defined on §) such
that

(25) 6 e L'(9),
VK >0 Tx(0) € H}(Q),

1
(26)  3Ci > 0 such that VK >0 —/ ‘DTK(H)‘Q dz < Cl</ 2(0)dx + 1).
K Jq {0<0<K}

Then for any 1 < ¢ < N/(N —2) (and 1 < ¢ < +oo if N = 2), there exists a constant C",
only depending upon g, €2, ||0|11(q), C1 and f such that

(27) 16]] o0y < C"-
Sketch of the proof. The proof relies on estimate techniques of L. Boccardo and T. Gallouét

[A] (see also [@]). If N =2 we use the limit case of the Sobolev embedding Theorem (see [,
[L4] for instance) that allows us to reach linear growth on R for the function f.

Case N > 3. Let n be an element of N, that will fixed in the sequel, and let ¢ be such that
1< q< N/(N —2). Hypothesis () gives that

(28) vr e [2 oo [F(r)] < wlmyrHI,

where w(n) tends to zero as n tends to infinity.
As 0 is finite almost everywhere in §2, we have

+o0
/ 169 dz < 27|00 + Z/ 6] da
Q k=n {

2k <|0|<2k+1}

+oo 1 2* —q
s2"qmr+2(2—k> / [Ty (0) da,
k=n Q
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where 2* denotes the Sobolev conjugate exponent (1/2* =1/2 —1/N).
The Sobolev embedding Theorem and (B) (with K = 2¥+1) yield

Lo T 1 2% —q 2*%/2
/ 07 dz < 2"|Q + 0] * Y (7) <2’f+1/ F2(0)dz + 2’f+1> ,
Q 2 {0<g<2k+1}

k=n
where C' is a constant depending on €.
Using (R§) we obtain

+oo 2*/2—q
* 1
(29) /\qudeQ"q\Q]JrC(zCl)z /2§:<—k> (\Q] max |f(r)|* +1
Q 2

rel0,27]

2% /2
+w(n) / 10| (V2N dx) .
{2n§6§2k+1}

On the one hand Hoélders inequality gives, Vn < k < 400,

2/2*
2/N
(30) / |9|(N+2)/N dx < (\|9||L1(Q)> / (/ |9|N/(N72) dx) ,
{2n<p<2k+1} {2n<p<2k+1}

on the other hand as ¢ < N/(N — 2) = 2*/2, the series 3> (2%)2*/27(1 is convergent and
we have

+o0 1 2*/2—q /( )
31 — / N/ IN=2) 4z < C /qux,
(31) Z<2k> v @ [ 1o

k=n

k=n

where C(q) is a constant only depending on g.
After a few computations, from inequality (P9) together with (B() and (B1) it follows that

(32) / ‘HIC] dz < Ml(nqugafa Cl) + (w(n))Q*/QMQ(HHHI/l(Q)7q7 Cl,Q) / ‘qudx7
Q Q

where M; is a constant only depending on n, ¢, €, f and Cy, and Ms is a constant only
depending on 0|11 (q), ¢, C1 and Q.
Therefore since w(n) tends to zero as n tends to infinity, we can choose n such that

(w(n))Q*/QMQ(HHHU(Q),q, C1,Q) < 1/2 and then (BY) yields

/ ‘0’(1 dx < 2M1(7’L,Q,Q,f, Cl)’
Q

that is (7).
Case N = 2. Let a and M be two non negative real numbers such that
(33) vreR" |f(r)| <a+ Mr|.

Using similar techniques as in the previous case, we obtain

2 oo
1
dz<Cl1+) — / 0|? dx
/Q ( kZO 2k+1 {0<9§2k+1}| | )

§C<1+/\«9[dx>,
)

Do
1+ 0]
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where C is a constant only depending on €2, a, M and Cj.
It follows that

(34) | In(1 + |9|)HH5(Q) <C,

where C' is a constant only depending on 2, a, M, C1 and ||0]| 11 (0.
Making use of Theorem 7.15 from [[[4], let Cy and C3 be two positive real numbers only
depending on N, such that

2
In(1+ |0])
[ <c2||D<1n<1 ¥ |9|>>\|Lzm>> de < Gl

Therefore from (B4) we have

/eX
Q

where C, Cy and C3 does not depend on 6.
If follows that for any 1 < g < 400 there exists C’ > 0 only depending on f, Q, Cy, Co,
C3, [|0]| L1 (o) and ¢ such that

In(1+10))

0] agey < C".
The proof of Lemma p.4 is complete. O

We are now in a position to prove Theorem [f.1].

Proof of Theorem [5.1. The proof is divided into 3 steps. In Step 1 we consider a solution
(u®,6°) of the approximate problem ([l)~(f) with f = foTj,. (¢ > 0) in place of f and we
derive a few preliminary estimates. In Step 2, using the coupling between the unknowns u®
and 6, we establish an important equality that first implies an L!(Q)-estimate on . In
Step 3, we make use of Lemma [.4 to obtain an L?(Q)-estimate on f¢(6°) and, at last, we

pass to the limit in the approximate problem.

Step 1. For € > 0, we consider the following system

(35) M —div (A(z)Du® — f5(6°)) = g in Q,
(36) pb° — div (a(z, D6%)) = (A(x)Du® — f5(6°)) - Du’ in €,
(37) u® =0 =0 on 0N.

Analyzing the proof of Theorem [ allows us to show that there exists at least a weak-
renormalized solution (uf,#) of (B3)—(B7). Indeed as the continuous function f¢ is bounded,
the mapping I' constructed in the proof of Theorem [£1] is continuous and compact from
LY(9) into a bounded subset of L(Q2). Then the Schauder fixed—point Theorem allows us to
conclude.

For £ > 0, let (uf, ) be a weak-renormalized solution of (BF)-(B7). It follows from ([L6])
that

(38) A!Dug\zdx <O(1+ 17O peqap )

(39) [(A(@) D = F7(69)) - D 1 gy < C (14 [[£0) 7oy )
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and, recalling that 6° is a renormalized solution of (Bf)—(B7) and using Proposition B.1l,

(40) /Q | DTy (6°)]* da < CK(l +|1r269))7 VK >0,

H (L2(@)~ )
where C is a constant independent of € and K.
Remark 5.5. From Corollary B.§ we obtain that for any 1 < p < N/(N — 1)

(41) 1 ey < O+ 17O gy )

In the case where lim,_ o | f(7)|?/r = 0, deriving an L9-estimate for any 1 < g < N/(N —2)
(and 1 < ¢ < 400 if N = 2) is an easy task. But under hypothesis (29), a new estimate on
6° is necessary to obtain a upper bound on ||6°[[11(qy and more generally on [|6°|| L4 (q)-

Step 2. For K > 0, since Tk (0°) € L>=(2) N HY () and DTk (6°) = 0 almost everywhere on
{x : |6°(x)| > K} Proposition B.1 (with w = Tk (6°)/K) gives that

TK(GE) € 1 e € o TK(GE) 2)DuE — FE(05)) - Dut da
,u/ﬂiﬁ dx—i—?/ﬂa(aﬂ,Dﬁ)-DTK(ﬁ)dx—/7(A( )D f5(6%)) - Du® de.

K o K
Plugging the test function «° in (BJ) and summing the result to the previous equality yield
Tk (6°)
0° dx DO?) - DTk (6°) dx
3w de e [ 29500+ £ [ (o009 DTk()

e _ 5
/ KT g o putae = [ K250 ey pusaa s [ g
Q Q

Since A > 0 and K — Tk (6) is a non negative function, the coercivity of a and A together
with Young’s inequality lead to

@) [ [ B0 gy L © [ 1) o
+/QK—£K( )|Du€|2dx§0</QK_£K(96) ‘f6(9€)|2dx+/ﬂg2d$>,

where C' is a constant independent of ¢ and K.
AsVe >0

96

K —Tk(6°) k—o
K
passing to the limit as K tends to zero in inequality (f3) gives that, Ve > 0,

(43) /Q(uf)2dx+/g|9€|dxgc(/g\ff(w){z]l{gsgo} dx+/gg2 dx)

where C' is constant independent of ¢.

Due to assumption (23) on the behavior of f on R™, Vi > 0, 3C,, > 0 such that, Vr € R,
|£(r)|?> < nlr| + C,. If we choose n sufficiently small, then inequality (i) implies that there
exists C7 > 0 such that, Ve > 0,

(44) /ﬂ(uf)deJr/deﬂdx <Oy,

—— |6°| almost everywhere in € and

Tk (6°) K0,
K

20gp- <0y + Lyge—gy almost everywhere in €,
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Remark 5.6. Inequality (i) shows that 6° and u® are controlled respectively in L*(Q) and
in L2(Q) if £5(6°) is controlled in L?(2) only on the subset of 2 where §° < 0. Inequality
(EJ) is also used to prove uniqueness result (see Theorem [.1]).

Step 3. As all the terms in the left hand side of (1) are non negative, one has, Ve > 0 and
VK >0,

%/Q{DTK(GS)Fdxgc</ﬂ%m\fs(ee){2dm+/ﬂg%x>

§C</ 2/ 2(0) o+ [ |f€(9€)\2dx+/92dx>,
{6¢<0} {0<6s <K} Q

since K — Tk (6°) = 0 almost everywhere on {z : 6°(z) > K}.
Therefore growth assumption (2) on f and estimate (f4) imply that there exists Co > 0
such that Ve > 0, VK > 0

%/ | DT (6°)|* de < Cs </ \fa(é?e)fdx—irl).
Q {0<6°<K}

Let us denote f* the real-valued function defined by f*(r) = supg<, <, | ()|, Vr € R*. The
function f* satisfies (R9) and Ve > 0, VK > 0

1 e\ |2 x /e |2
E/Q|DTK(9)| dz < Cy </{0§06<K}|f (6°)] d:c+1>.

Since C; and Cy are independent of € and K, from ({J) and the above inequality we can
apply Lemma .4 to 6°, Ve > 0. It follows that the sequence 6° is bounded in LI(2) for any
1<qg< N/(N-2)(and 1 < ¢ < o0 if N = 2). In particular, growth assumptions (R3) and

(B3) on f imply that
(45) £2(6°) is bounded in (L2())",
and from ([I]) we obtain that for any 1 < p < N/(N — 1)
6° is bounded in W, ().
By the Rellich Kondrachov Theorem, let § be a measurable function defined from €2 into R
such that, up to a subsequence, V1 < ¢ < N/(N —2) (and 1 < ¢ < 400 if N =2)
(46) 0° — 6 in LY(Q) and almost everywhere in 2, as ¢ tends to zero.

Since (N +2)/N < N/(N —2), the continuity of f, growth assumptions (2) and (P3) and
(£G) allow us to deduce, by a standard equiintegrability argument, that

(47) fe(0°) — f(#) in (LQ(Q))N as € tends to zero.
Next, using the linear character of equation (BH) with respect to u® together with ({7) it
is easy to show that
u® — u in H3(Q) as € tends to zero,
and then, (u,) satisfies equation ([[) in D’(€2) with u € H(Q2) and f(6) € (L*(2))".
It follows that

(A(z)Duf — f5(6%)) - Du* — (A(x)Du — f(0)) - Du in L*(Q) as e tends to zero.
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As far as equation (B6]) is concerned, the continuity of renormalized solution with respect
to the data implies that 6 is a renormalized solution of ([]).
The proof of Theorem [.]] is complete. O

We now prove Theorem f.2:

Proof of Theorem [5.3. Let fbe the function defined by
~ 0if r <,
1) = {f(r) if r > rg.

The function ]7 is continuous and satisfies assumptions () and (R3). Making use of
Theorem p.1, let (u,0) be a weak-renormalized solution of system ([I)-(B)) with f in place of
f.

Our aim now is to prove that
0 > ry almost everywhere in €.

For K > 0, let H be the function defined by H(r) = =T (r — r9), Vr € R. We have
H e WHe(R), H'(r) = 1K trg<r<rg)s SO H'’ has a compact support. Since rg < 0, it follows
that H(6) € L>(Q)NH}(Q) and recalling that 6 is a renormalized solution of (f), Proposition
B.J] with w = H() leads to

,u/QHH(H) dz + /{—K+m<6<m} a(z,D0) - DOdx = — /Q (A(z)Du— f()) - DuH () dz.

The definitions of H and f imply that f(r)H(r) = 0, Vr € R, and because H(r) < 0 the
coercivity of a and A gives

/Q 6] T (6 — 7o) dz < 0.
It follows that
0 > ry almost everywhere in €2,
and according to the definition of f,
f(0) = f(0) almost everywhere in Q.

Hence (u, ) is a weak-renormalized solution of ([I)-([)). O

6. UNIQUENESS RESULTS
In this section we assume that
(48) f(0) =0,

and we give the following uniqueness result of a small solution (u, 0) of ([I)-(f) such that 6 > 0
almost everywhere in 2 under additional assumptions on f, a and N.
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Theorem 6.1. Assume that assumptions (Al)-(A%), (B3) and ([§) hold true. Moreover
assume that

(49) N=2 or N=3,
(50) (a($af) - a(ﬂf,g,)) (E—¢)>06l€—¢€* almost everywhere in Q, V€, € RY,
(51) 3L > 0 such that Vr,r' € Rt |f(r) — (r/)| <Llr— r/|.

There exists n > 0 such that if ||g|[12(q) < 71, then the weak-renormalized solution (u,0) of
([@-@), such that 6 > 0 almost everywhere in Q, is unique.

Proof of Theorem [6.1. From Theorem .9 let (uy,61) and (uz,62) be two weak-renormalized
solutions of ([)—(B) such that 6; > 0 and #2 > 0 almost everywhere in Q.
The aim is to prove that

(52) H91 - 92HL2 = W(HQHL2 )H91 - 92HL2(Q)’
where w is independent of §; and 65 and is such that w(r) tends to zero as r tends to zero.
We denote by F; the term (A(z)Du; — f(6;)) - Dug, for i = 1,2. Proposition B.3 and (B0)
give
VK >0, 6 |D01—D02|2dx§K/ |F1 — F|da.
{|61—62|<K} Q

From a result of [ff], it follows that Tk (6 — 02) € H}(Q) for any K > 0. As N=2or N =3
there exists 1 < p < N/(N — 1) such that p* = 2 and so Lemma B.§ and the above inequality
imply that

(53) |61 — 62]] <C||F - F

L2(Q) QHLl(Q)’

where C' is a generic constant independent of ¢ and g.
A calculus leads to
HFl — B <[ All(zo~ @) NXNHDul DU’QH(LQ(Q L HDul +Du2H (L2(Q)N
+[[£(61) = f(62) H(L2(Q))N X || D[ 2 gy

+ Hf(al)H(LQ(Q))N X HDUl - DU2H(L2(Q))N

I @)

The linear character of equation ([]) gives
HDul - DuQH(LQ(Q))N < CHf(al) - f(HZ)H(L2(Q))N7
[1Duill L2 < CULFO) 2 @pn + llgllze(y),  fori=1,2.
Using (F1)) and the above inequalities we obtain
(54) ||F1 - F2HL1(Q) < C(IFO)lrz@p~ + 1F O r2@)n + 19ll2@)) |61 — 92HL2(Q),
and therefore (f3) reduces to prove that
(55) Hf(ei)H(LQ(Q))N < w(HgHLQ(Q))7 fori=1,2,

where w is independent of ¢ and is such that w(r) tends to zero as r tends to zero.
Since ; > 0 almost everywhere in 2, () implies that

(56) Hei“Ll(Q) <Clgllp2@y fori=1,2,
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and from (fJ) we obtain, for i = 1,2,

1
(57) VK >0 - /Q | DTy (6;)|° dz < © </{0§€Z§K} 709> da + Hg”%m)) :

So if Hg||L2 <1, (B6) and (F7) together with Lemma [5.4 allow us to deduce that, V1 < g <
N/(N )(andq<+oo if N =2),
(58) HHZHLQ(Q) < C(Q)a

where C(q) is a constant independent of i and g.
Using (P2), () and (F1)), let M > 0 such that

vre RY |f(r)] < Mr(VF2/CN),
By interpolation between L'(Q) and LIN+D/(N=1)(Q) we have, for i = 1,2,

N+1

N 1
2(N+2) 2N 2N
17 8] 2oy < M(HGiH N2 Q)) < M(HGiHLl(Q)) (”‘%HL%@) :

and using (b6) and (Bg) (indeed 4 < ), if 9l 2y <1 then we have

a2
(59) Hf(ei)H(LQ(Q < CH9||L2(Q
where C' is independent of ¢ and g.

It follows from (E3), (54) and (§9) that (5J) is proved for ||g[|;2(q) < 1. Then there exists

n > 0 such that if [|g]2(q) < 7 then w(|lgllz2()) < 1 and (FF) implies that 6; = 6> almost
everywhere in Q.
The proof of Theorem [6.]] is complete. O
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