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ABSTRACT. We give a partial uniqueness result concerning comparable renor-
malized solutions of the nonlinear elliptic problem —div(a(z, Du)) = p in
Q, u =0 on 0f2, where p is a Radon measure with bounded variation on €.

1. INTRODUCTION

Let us consider the nonlinear elliptic problem
(1) —div(a(z,Du)) =p in Q,
(2) u=0 on 09,

where () is a bounded open subset of RY with N > 2, u — —div(a(z, Du)) is
a strictly monotone operator from VVO1 P(Q) into W1 (Q) and p is a Radon
measure with bounded variation on 2.

In the linear case G. Stampacchia has defined in [L7] the notion of “solution
by transposition” which insures existence and uniqueness of such a solution.
If p = 2 and for the nonlinear case, this notion is generalized in [15] and the
existence and uniqueness of the solution obtained as limit of approximations is
proved in [[[3] (see also [B] and, for a class of pseudo-monotone operator [{]).

If 2—1/N < p < N the existence of a solution of ([I)~(f) in the sense of
distributions is proved by L. Boccardo and T. Gallouét in [J]. However, using
the counter example of J. Serrin [[If] it is well known that this solution is not
unique in general, except in the case p = N for an appropriate choice of the
space to which the solution belongs (see [§] and [[LT]).

When g is a function of L'(€2) the notions of entropy solution [I]], of solution
obtained as limit of approximations [f] and of renormalized solution [IJ] (see
also [[4] and [[g]) provide existence and uniqueness results (and these three
notions are actually equivalent).

When g is a Radon measure with bounded variation on 2, G. Dal Maso,
F. Murat, L. Orsina and A. Prignet have recently introduced in [ and [f]
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a notion of renormalized solution of ([])—(E]) which generalizes the three (and
equivalent) previous ones. The authors prove in [[f] the existence of such a
renormalized solution, a stability result and partial uniqueness results for “com-
parable” solutions. In particular, under some assumptions on a, if u; and wus
are two renormalized solutions of (f[)~(B) such that u; — uy belongs to L>®(Q)
(this condition is here the precise meaning of the fact that the two solutions
are comparable), then u; = ug. The uniqueness of the renormalized solution of
()~(B) remains an open problem in general and the present paper is devoted
to weaken this condition. We prove that the condition of being comparable can
be localized in a neighborhood U of the set where p is singular and that it is
sufficient to assume that (u; — ug)~ (the negative part of u; — ug) belongs to
L>U).

The paper is organized as follows: Section 2 is devoted to give the assump-
tions on the data and to recall the definition of a renormalized solution of ([])—
(). In Section 3 (Theorems [ and []) we establish partial uniqueness results
concerning comparable renormalized solutions of ([])—(H).

2. ASSUMPTIONS AND DEFINITIONS

Let © be a bounded open subset of RY with N > 2, p and p’ two real numbers
such that 1 < p < N and 1/p +1/p’ = 1. We assume that a : Q x RY - RY
is a Carathéodory function (i.e. measurable with respect to x and continuous
with respect to £) such that

3) a(z,§) - § = algl’,
(4) (a(@,&) —a(z,£)) - (€ -¢) >0,
(5) |az,€)] < v(b(x) + €7

for every &, € (€ # ¢') in RY and almost everywhere in 2, where v > 0, a > 0
and b is a nonnegative function lying in LP(2).

We denote by M;(€2) the set of Radon measures on  with total bounded
variation on  and by M (2) the set of measures of M;(Q2) that are absolutely
continuous with respect to the p-capacity (i.e. pu € My(Q) and u(E) = 0
for every Borel set E such that cap,(F,§2) = 0). For K > 0 we define as
Tk (r) = max(— K, min(K,r)) the truncation function at height +K. If A is a
measurable set we denote by 14 the characteristic function of A.

We recall now a decomposition result of the Radon measures (see [ and
[L0]) and the definition of the gradient of a function whose truncates belong to
VVO1 P(Q) (see [I] Lemma 2.1 and [[1]) which are needed to define (following [])
a renormalized solution of ([I)—(f).
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Proposition 1. ([ and [I0]) Let p be an element of My(Q). There exists two
functions f € LY(Q), g € (LP ()Y, two nonnegative measures in My(Q), A\t
and \~, which are concentrated respectively on two disjoint Borel sets E* and
E~ of zero p-capacity such that

p=f—div(g) + AT — A",

Moreover, if ug denotes f — div(g) then uyg € My(Q2) and the decomposition
1= po + AT — X\~ is unique.

Definition 2. ([] and [[[J]) Let v be a measurable function defined from
into R which is finite almost everywhere in Q. Assume that Tk (u) € VVO1 P(Q)
VK > 0. Then there exists a unique measurable function v : Q — RY such
that

VK >0, DTK(U) = ]l{‘u|<K}v a.e. in 2.
This function v is called the gradient of v and is denoted by Du.

Following [fl] we are now in a position to recall the definition of renormalized
solution.

Definition 3. ([ff]) Let i be an element of M;(2) and p = f—div(g)+AT =\~
the decomposition given by Proposition fI. A function u defined from © into R
is a renormalized solution of ([])-(p) if

(6) wis measurable and finite almost everywhere in © and Tk (u) € VVO1 P(Q)
VK > 0;

(7) IDulP~! € LY(Q) Vg <

N_1

(8) Vw e WyP(2) N L®() such that IK > 0 and two functions w> and
w™™ lying in WH(Q) N L®°(Q) with r > N and

{w:eroo on {x; u(r) > K},
w=w *on{zr;u(r) < -K},

we have

(9) /Qa(a:,Du)-Dwdxz/ﬂfwdx%—/ﬂg-Dwdx

+/w+ood)\+—/w_ood)\_.
Q 0

It is proved in [f] that if a verifies (), () and (f) then for any element p
belonging to My(€2) there exists at least a renormalized solution of ([)—(B).
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Remark 4. Every function w € C°(f) is an admissible test function in (d)
and then any renormalized solution of ([[)~(B) is also solution in the sense of

distributions.
Furthermore if ¢ € W1m(Q) N L°() with » > N then we have
1
(10) lim —/ a(z, Du) - Dupdz :/ edAT +/ wdA™.
n—=+00 N Jf|y|<n} Q Q

This property (see for more details on the properties of renormalized solu-
tions) is obtained by using the admissible test function w = 17, (u)¢ in () and
by passing to the limit as n goes to infinity.

3. UNIQUENESS OF COMPARABLE SOLUTIONS

In [f] the authors prove under assumptions () and (f), the strong mono-
tonicity of a and the local Lipschitz continuity, or the Holder continuity, with
respect to &, i.e. a verifies

(11) (a(z,€) —a(z,&)) - (€ — &) > al¢ — &P if p>2
: , € — ¢ .
,§) — R - (& — >a——— if 2,
(a(z,8) —a(x.£) - (6~ ¢) T e p<
12 |a(z,€) —a(z,&)| <y(b(@) + €]+ ) 2le—¢|  ifp>2,
|a(z,&) —a(z,¢)| <yl - ¢! if p <2,

for every &, ¢ € RYN and almost everywhere in €, where v > 0 and b is a
nonnegative function in LP(2), that if two renormalized solutions w; and ug
of ()~ (relative to the same element p € My(Q)) satisfy the condition of
being comparable, in the sense that u; — ug € L*°(2), then u; = us. In
Theorem [] below we weaken this condition; if there exists an open neighborhood
U of E = ET UE~ where ET and E~ are given by Proposition [| such that
(up —ug)™ € L (U), then uy = ugy. This result is a consequence of the following
theorem.

Theorem 5. Assume that (B), (H), (B) and ([13) hold true. Let y be an element
of My(Q) and let E = ETUE~ where E™ and E~ are the two disjoint Borel sets
of zero p-capacity given by Proposition [[. Let uy and us be two renormalized
solutions of ([i)—(B) with p as right-hand side. If moreover there exists an open
set U such that

(13) EcUcq,

1

] _ _ p _

(14) VK >0 lim /m{u1u2<K} |Duy — DuslP da = 0,
N{|u1|<n, |uz|<n}

then u; = us.
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Remark 6. Using the following property for every m € N*
{lua] <2, Jua| <27} C{lua| <1, Jug| <1}
m—1
U ({28 < Jua| < 27 Jug| < 281}
k=0
m—1
U U {Qk < ‘u2’ < 2k+17 ’ul‘ < 2k+1}7
k=0
a Cesaro argument and the fact that 71 (u1) and T} (ug) belong to Wy (), the
condition ([14) is equivalent to

1
lim — Duy — DuslP dzx
n—4oco N Mﬂ{u17u2<K} ‘ 1 2’
N{n<|u1|<2n, [uz|<2n}

+ ‘Dul — Dug|Pdz | =0,

um{m —u2<K}
N{Ju1|<2n, n<|uz|<2n}

for all K > 0. Notice that the condition above with &/ = Q and K = 400 (so
that U N {u; —ug < K} = Q) is the one given in [fl] (Theorem 10.3).

Theorem 7. Assume that (), @), (B), (1) and ([3) hold true. Let u be
an element of My(Q) and let E = E* U E~ where E* and E~ are the two
disjoint Borel sets of zero p-capacity given by Proposition [|. Let uy and ug be
two renormalized solutions of ([I)~(@) with p as right-hand side. If moreover
there exists an open set U such that E C U and (u; — u2)~ € L*U) (or
(uy —u2)t € L>®U)), then u; = us.

Proof of Theorem [J. Using Proposition [l, let f € L(Q), g € (L”' ()N, AT and
A~ two nonnegative measures of M;(€2) which are concentrated on two disjoint
subsets ET and E~ of zero p-capacity such that u = f—div(g)+ AT —A". Since
cap,(E*,Q) = 0 and EY C U C Q we have (see [19]) cap,(E*,U) = 0 (and
also cap,(E~,U) = 0). Thus, following the construction of the cut-off functions
in [ff], we define for all § > 0 two functions, Q,Z)gr and ¢y , lying in C2°(U) such
that

(15) 0<yf <1 0<y; <1 onu,
(16) supp(¢y) Nsupp(yy ) = 0,

(17) /% dat <6, /¢ d\~ <6,

(18) /9(1 — ) dAt <4, /9(1 — 5 )dAT <4

Since U C Q, we define ¢ = ¢; = 0 on Q\U so that we have ¢, 15 € C°(Q).
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For any n € N* let h,, be the function defined by hy,(r) = (n—T, (|r| —n))/n
Vr € R.

Let K > 0 be fixed, n € N* and 6 > 0. Since the function h, belongs to
W1oo(R) while supp(hy,) = [—2n,2n] is compact, from the regularity of u; and
us we obtain that the function h, (u1)hy, (u2) (Tk (w1 —u2) — K (¢ +5)) lies in
Wol’p(Q) N L*>(€) and is equal to zero on the set {z; |u;(z)| > 2n} for i = 1,2.
Therefore setting W = T (u1 — us) the function hy, (u1)hy, (u2) (Wi — K (5 +
¢g)) is an admissible test function on both equations ([) written for u; and

ug, relative to (f]) of Definition . Subtracting the resulting equalities gives

(A) /Q i (1) (1) (a(Dus) — a(Duy)) - (DWic — KD} — 15 )) da
(B) + | hn(un)hn(uz)(a(Dus) —a(Dug)) - Dur (Wi = K (0 +v5)) da
h;l UQ

©  + /Q wr)(a(Duy) — a(Dus)) - Dus(Wie — K0 + ;) de
=0

In order to study the behavior of the terms above as n goes to infinity and §
goes to zero, [A] and [B are split into A; + Ay and By + By respectively, where

A= /th(ul)hn(UQ)(a(x?Dul) —a(@, Dup)) - DTk (u — us) da,
Ay =K /Q hi(u1)hn (uz) (a(a, Dur) — a(z, Duz)) - (Dyf + D5 ) da
B = [ W) (ue) (a(e. Dur) ~ ale. Du) - DusWic(l =5 — 5 da

B, = /Qh;ml)hn(m)( a(z, Dur) — a(, Dup)) - Duy (Wi = K) (U] +¢5) da

From (B) and ([7) it follows that a(z, Du;) belongs in particular to L(Q) for
i = 1,2 and then (a(z, Duy) — a(z, Dug)) - (D¢ + Dy ) belongs to L'(Q).
Since hy,(u1)hy, (ug) converges to 1 almost everywhere as n tends to infinity and
is uniformly bounded, Lebesgue Theorem leads to

n—-4o0o

lim Ap = —K/ (a(z, Du1) — a(z, Duy)) - (DY + Dy ) da
Q

Recalling that u1 and us are also solution of ([l)~(B) in the sense of distributions
and since ¢3_7 Yy € C°(2), we obtain that

(19) lim Ay =0.

n—-+00
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Due to the definition of w;r and v¢5 we have 1 > 1 — 1/1; — 15 > 0. Thus
Assumption (f) and Young’s inequality lead to

C _
Bi] < — (/{ - }!Dul\p(l—wﬁ—%)dw
ul|<2n

n
+/ |Du2|p(1—¢;—¢6)dx+/bpdx>
{|uz|<2n} Q

and (f) gives

(20) |By] < ¢ </{| - }a(x,Dul) -Duy(1 —o¢f — o5 ) da

n
—|—/ a(m,DUQ)-Duz(l—i/);—%;)dx—l—/b”dx ,
{luz|<2n} Q

where C' is a generic constant independent of n and §. Since 1 — Q,Z)gr — 5 €
C>(92), using the property ([[()) of renormalized solutions we get for i = 1,2

lim i/ a(z, Du;) - Duy(1 — ¢ — o5 )de =
{Jui|<2n}

n—-+oo 2n
Ja-vi—van+ [a-vf —vpax,
Q Q
from which it follows, using ([[7), (I§) and () and since b € LP(2),
n——+00
and then

(21) lim lim |By| =0.

d—0n—-+oo

Let U, i be the set defined by
(22) Unxk =UN{|ur] < 2n} N {Juz| < 2n} N {u; —ug < K}.

Because 0 < K —Tg(u1 —uz) < 2K 1y, _y,< gy (vecall that Wi = T (u1 —u2)),
from the definition of the cut-off functions 1/);5F and 15 we obtain

2K
IBa| < — |a(x, Duy) — a(z, Dug)| |Du | da.

n un,K
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Using Holder inequalities together with (f]) permits us to deduce that if p > 2
then

1/p
1
|B2| S CK —/ |Du1 - DUQ|p dx
n Z/{n,K

. /{u1|<2n} + ’Dul‘ + ‘DUQD dx
N{|uz|<2n}

1/

and if p < 2 then

1/p

1/p’
1
Ba| < CK <5/ |Duy — Dus|? dx) /{|u1<2n} [Dur” dz
Z/{n,K

N{|uz|<2n}
In both cases, property ([I() (with ¢ = 1) and ([[4) lead to
V6>0 lim |Ba|=0.
n—-+o0o

From (R1) it follows that

(23) lim lim [B|=0 and %iH(l) @ |C| =0 (by symmetry).

d—0n——+oo

From ([19) and (23) we then have lims_o lim,, ;o A1 = 0. Since hy, (u1)hn (uz)
is nonnegative and converges to 1 almost everywhere in €2, the monotone char-
acter of the operator a and Fatou lemma imply that for all K >0

/ (a(z, Du) — a(x, Dug)) - (Duy — Dug) dz = 0,
{lur—uz|<K}

and from (ff) we can conclude that u; = us. O

Proof of Theorem [}. Tt is sufficient to show that ([4) holds true and to use
Theorem fl. We assume that (u; — u2)~ belongs to L (U).

According to the properties of the difference of two renormalized solutions
(see [ff]) we have for all K > 0

(24) / (a(z, Duy) — a(z, Dup)) - (Duy — Dug) dz < CK,
{lur—uz| <K}

where C is a constant independent of K.

Let M be a real number such that M > [[(u1 — u2)™ | g ) and let K > 0,
n € N* and U, k the set defined by (P2). Since U C {—M < uy — uz} we get
Un k C {|u1] <2n} N {Juz| < 2n} N {|ur — uz| < max(M, K)} and therefore

1
—/ |Duy — Dug|P dx < — / |Duy — Dug|P dz.
n Ju . {|u1\<n luz|<n}

s {Ju1—uz|<max(M,K)}
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In both cases (p < 2 and p > 2), the strong monotonicity of the operator a,
Hélder inequalities together with ([[(J) (with ¢ = 1) and (P4) allow us to prove
that for all K > 0
1
o1 B P
nkrfoo - / (s <. [us| <n} |Duy — Dug|P dz = 0.
N{|u1 —uz|<max(M,K)}

It follows that the conditions of Theorem E are satisfied and then u; = uy. 0O

Remark 8. In Theorem f], assuming a to be strongly monotone, if condition
([9) is satisfied for K = 0 only (and not for every K > 0), then u; = ug. In-

deed, in this case ([[), ([) and (P4) imply that limy, o L f{‘m_m‘d(} | Duy —
Dug|Pdx = 0 VK > 0 and then ([l4) is satisfied for all K > 0.

Acknowledgments: The author thanks F. Murat for interesting discussions and
remarks regarding this paper.
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