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PARAMETRIZATION OF LOCAL CR AUTOMORPHISMS BY FINITE JETS

AND APPLICATIONS
BERNHARD LAMEL AND NORDINE MIR

ABSTRACT. For any real-analytic hypersurface M C C¥ containing no complex-analytic sub-
variety of positive dimension, we show that for every point p € M the local real-analytic CR
automorphisms of M fixing p can be parametrized real-analytically by their ¢, jets at p. As a
direct application, we derive a Lie group structure for the topological group Aut(M,p). Further-
more, we also show that the order ¢, of the jet space in which the group Aut(M,p) embeds can be
chosen to depend upper-semicontinuously on p. As a first consequence, we obtain that given any
compact real-analytic hypersurface M in C", there exists an integer k& depending only on M such
for every point p € M germs at p of CR diffeomorphisms mapping M into another real-analytic
hypersurface in CV are uniquely determined by their k-jet at that point. Another consequence is
the following boundary version of H. Cartan’s uniqueness theorem: given any bounded domain €
with smooth real-analytic boundary, there exists an integer k depending only on 02 such that if
H: Q) — Qis a proper holomorphic mapping extending smoothly up to Q2 near some point p € 92
with the same k-jet at p with that of the identity mapping, then necessarily H = Id.

Our parametrization theorem also holds for the stability group of any essentially finite minimal
real-analytic CR manifold of arbitrary codimension. One of the new main tools developed in the
paper, which may be of independent interest, is a parametrization theorem for invertible solutions
of a certain kind of singular analytic equations, which roughly speaking consists of inverting certain
families of parametrized maps with singularities.
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1. INTRODUCTION

The goal of this work is to study the structure of the group of all local real-analytic CR automor-
phisms, or equivalently, of all local biholomorphisms H: (CV,p) — (C¥,p) mapping the germ of
a real-analytic hypersurface (M, p) in CV into itself; we also deal with the more general situation
of a real-analytic CR manifold of arbitrary codimension (see §2). For every fixed point p € M,
we refer to this group of local biholomorphisms as the stability group of (M, p) and denote it by
Aut(M, p). Endowed with the topology of uniform convergence on compact neighbourhoods of p,
it becomes a topological group. This natural (inductive limit) topology can be described in the
following way: a sequence of germs of biholomorphisms (H;) C Aut(M,p) converges to another
such germ H € Aut(M, p) if there exists a neighbourhood U of p in CV to which all mappings H;
extend holomorphically and such that H; — H uniformly on U.

This group arises in a variety of different circumstances; one of the most important ones where it
naturally appears is the biholomorphic equivalence problem which consists in deciding whether two
given germs of real-analytic hypersurfaces are biholomorphically equivalent. The biholomorphic
equivalence problem has been studied since the beginning of the last century when Poincaré
[37] observed, probably for the first time, that two real hypersurfaces in CV for N > 2 are
not necessarily locally equivalent via a holomorphic transformation (though they are via a C*
transformation). Today, the biholomorphic equivalence problem for strongly pseudoconvex (or
Levi-nondegenerate) hypersurfaces is pretty well understood, based on the grounding works of E.
Cartan [14, 15] in dimension two, and the results of Tanaka [42] and Chern-Moser [17] in arbitrary
dimension.

Thanks to the works initiated in the 70’s, a number of remarkable properties of the stabil-
ity group of strongly pseudoconvex real-analytic hypersurfaces have been discovered (see e.g. the
surveys by Vituskhin [45], Huang [30] and Baouendi, Ebenfelt and Rothschild [6] for complete
discussions on this matter). These properties depend on whether the germ (M, p) can be biholo-
morphically mapped onto a piece of the unit sphere; if there exists such a biholomorphism, one
says that (M, p) is spherical. For instance, if (M, p) is not spherical the group Aut(M,p) is com-
pact (see Vitushkin [44]); every element of such a group is uniquely determined by its derivative at
p and also extends holomorphically to a fixed neighbourhood (independent of the automorphism)
of p in CV. On the other hand, if (M,p) is spherical the group Aut(M,p) is not compact and
every local CR automorphism of (M, p) is uniquely determined by its 2-jet (but not 1-jet) at p.
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Beyond their interest in their own right, these local results also have direct applications to global
biholomorphic mappings of strongly pseudoconvex bounded domains with smooth real-analytic
boundaries by the classical reflection principle [23, 35, 36].

There are two main approaches to derive results on the stability group of a strongly pseu-
doconvex (or Levi-nondegenerate) real-analytic hypersurface in CV. One consists in using the
powerful Chern-Moser theory (see for example the results of Burns-Shnider [13] and the survey
by Vitushkin [45]). The other one, initiated by Webster [46], uses the invariant family of Segre
varieties attached to any real-analytic hypersurface in a complex manifold.

While it seems difficult to extend the first approach to understand the structure of the stability
group of Levi-degenerate hypersurfaces (see e.g. Ebenfelt [21]), the second one can be carried over
to that setting, as first observed by Baouendi, Ebenfelt and Rothschild [2]. In fact, it was shown in
[2] that many interesting properties of the stability group of a germ of a real-analytic hypersurface
(M,p) may be obtained after showing that its local CR automorphisms are parametrized (in a
suitable sense) by their jets at p of some finite order. Such a program was successfully carried
out in [2, 47, 3] for some classes of real-analytic Levi-degenerate hypersurfaces and even CR
manifolds of arbitrary codimension. However, the degeneracies allowed for the hypersurface M
in these results are quite restrictive and in particular fail to hold at every point of real-analytic
hypersurfaces of CV containing no complex-analytic subvariety of positive dimension. Such a class
of real hypersurfaces is of particular interest since, by a well-known result of Diederich-Fornzaess
[18], boundaries of bounded domains with smooth real-analytic boundary are of this type.

In dimension N = 2, the stability group of such real hypersurfaces has recently been studied by
Ebenfelt, Zaitsev and the first author in [22] where it was shown that their local CR automorphisms
are analytically parametrized by their 2-jets. In this paper, among other results, we show that such
a parametrization property by k-jets holds at every point of arbitrary real-analytic hypersurfaces
containing no complex analytic subvariety of positive dimension and for some k£ depending on the
point (see Theorem 1.1).

In what follows, for every integer k and every pair of points p,p’ € CV, we denote by G’;’p,(CN )
the group of all k-jets at p of local biholomorphisms H: (CV,p) — (CV,p'). Given coordinates
Z = (Zy,...,Zy) in CV we will usually identify the k-jet j¥H of a local biholomorphism H at p

with ol
olel I
-k
JpH = ( ~ (p)) :
' 0z lal<k

If, in addition, M, M’ are real-analytic hypersurfaces of CV or more generally real-analytic generic
submanifolds of the same dimension with p € M and p’ € M’, we denote by F(M,p; M',p') the
set of all germs at p of local biholomorphisms H: (CV,p) — (CV,p) sending M into M’

The purpose of this paper is to provide general conditions on a real-analytic generic submanifold
M C C¥ so that for every p € M and every M’ and p’ as above, the set of mappings F (M, p; M', p')
is analytically parametrized by a finite jet at p. Our results are best illustrated in the hypersurface
case by the following theorem which was the main motivation of the present work.

Theorem 1.1. Let M be a real-analytic hypersurface in CV containing no complex analytic
subvariety of positive dimension. Then for every real-analytic hypersurface M' C CV, every
p' € M' and every p € M, there exist an integer €, (depending only on M and p), an open subset
QcCVx fop,(CN) and a real-analytic map V(Z,N): Q — CV, holomorphic in the first factor,
such that the following holds: for any H € F(M,p; M',p'), the point (p,jﬁpH) belongs to Q and
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the following identity holds:
H(Z)=Y(Z,jirH) for all Z € CV near p.
Furthermore, ¢, can be chosen so that it depends upper-semicontinuously on p.

Our first application of Theorem 1.1 concerns the structure of the group Aut(M,p). By using
standard arguments from [3], we obtain a Lie group structure on Aut(M,p) compatible with its
topology.

Theorem 1.2. Let M be a real-analytic hypersurface in CN containing no complex analytic sub-
variety of positive dimension. Then for every p € M, there exists an integer £,, depending upper-
semicontinuously on p, such that the jet mapping

(1.1) o Aut(M,p) — Gz (C)
1S a continuous group homomorphism that is a homeomorphism onto a real-algebraic Lie subgroup
of Gﬁfp(CN)'

We should mention that the real-algebraicity of the Lie group Aut(M,p) in Theorem 1.2 does
not follow directly from Theorem 1.1 but from the more precise version given by Theorem 2.1
in §2 below. Another noteworthy consequence of Theorem 1.2 is the finite jet determination of
local CR automorphisms of (M, p) by their /,-jet at p. As stated, this finite jet determination
property would appear as already known since the existence of some integer k& for which the finite
determination holds follows from the work of Baouendi, Ebenfelt and Rothschild [5]. However
the proof given in [5] does not give any information on the dependence of the jet order required
with respect to a given point of the hypersurface. The existence of an integer ¢, depending upper-
semicontinuously on p for which the mapping given by (1.1) is injective is completely new and
crucial in order to get the following.

Theorem 1.3. Let M be a compact real-analytic hypersurface in CN. Then there is an integer
k, depending only on M, such that for every p € M and for every real-analytic hypersurface
M' c CV, smooth local CR diffeomorphisms mapping a neighbourhood of p in M into M' are
uniquely determined by their k-jets at p.

Theorem 1.3 follows from the upper-semicontinuity of the map p — £, in Theorem 1.2, the fact
that compact real-analytic hypersurfaces do not contain any holomorphic curves [18] and from the
regularity result for smooth CR diffeomorphisms proved in [8]. For proper holomorphic mappings
of bounded domains with smooth real-analytic boundaries, we also obtain the following rigidity
result as a consequence of Theorem 1.3.

Corollary 1.4. Let Q C CV be a bounded domain with smooth real-analytic boundary. Then
there exists an integer k, depending only on the boundary OS2, such that if H: Q — Q is a
proper holomorphic mapping extending smoothly up to OS2 near some point p € ) which satisfies
H(z)=z+o(z— p]k) when z € Q and z — p, then H is the identity mapping.

Corollary 1.4 can be viewed as a boundary version of H. Cartan’s uniqueness theorem [16] and
seems to be new even in the case of weakly pseudoconvex domains (see e.g. [12, 29, 28]). Note that
the smooth extension up to the boundary assumption is known to hold automatically near every
point p € 0f in many cases e.g. if Q is weakly pseudoconvex (see [4] for more on that matter).
For bounded strongly pseudoconvex domains with C* boundary, more precise results are known
from the work of Burns-Krantz [12] (see also Huang [29, 28]).
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2. REsuLTS FOR CR MANIFOLDS OF HIGHER CODIMENSION AND MAIN TOOLS

We state here our results for real-analytic generic submanifolds of higher codimension from
which all theorems mentioned in the introduction will be derived. Recall that a CR submanifold
M of CV is called generic if T,M + J(T,M) = T,C" where J is the complex structure map of C
and T,M (resp. T,C") denotes the tangent space of M (resp. of CV) at p (see e.g. [10, 4]).

In order to state our results, we need to impose two nondegeneracy conditions on a given real-
analytic generic submanifold M C CV. We shall assume that M is essentially finite in the sense
of [8] and minimal in the sense of [43] at each of its points (see §7.1 for precise definitions). Such
conditions are very natural and hold in general situations for compact as well as non-compact
real-analytic CR submanifolds in complex space. For instance, if M does not contain any com-
plex analytic subvariety of positive dimension then M is necessarily essentially finite and also
automatically minimal when M is furthermore of (real) codimension one (see e.g. [4]).

Our first result in this section is the following.

Theorem 2.1. Let M be a real-analytic generic submanifold of CV that is essentially finite and
minimal at each of its points. Then for every real-analytic generic submanifold M' C CV, every
point p' € M' and every p € M, there exists an integer £, (depending only on M and on p), an
open subset Q@ C CN x Gﬁfp/((CN) and a real-analytic map W(Z,A): Q — CN holomorphic in the
first factor, such that the following hold :

(i) for any H € F(M,p; M',p") the point (p,jf;pH) belongs to Q and the following identity

holds:
H(Z)=¥(Z, jﬁpH) for all Z € CN near p;
(ii) the map M > p — £, € N is upper-semicontinuous;
(iii) the map VU has the following formal Taylor expansion
P,(A,A)

(2'1) e Z Doy P

where for every o € NV, s, and r, are nonnegative integers, P, and D are polynomials
in their arguments, A' denotes the linear part of the jet A and D(jLH) # 0 for every
H e F(M,p, M, p).

To our knowledge, Theorem 2.1 is already new even in the case of real hypersurfaces in CV.
(For N = 2, Theorem 2.1 (i) with ¢, = 2 is one of the main results of [22].) On the other hand,
for CR manifolds of codimension bigger than one, only special cases of Theorem 2.1 (including
the Levi-nondegenerate case) were known as consequences of the works in [47, 3].

As in §1, we also derive from Theorem 2.1 a Lie group structure on the stability group of any
essentially finite minimal real-analytic generic submanifold of C¥.

Theorem 2.2. Let M be a real-analytic generic submanifold of CV that is essentially finite and
minimal at each of its points. Then for every p € M there exists an integer {,, depending upper-
semicontinuously on p, such that the jet mapping

(2.2) i Aut(M,p) — G (CN)

18 a continuous group homomorphism that is a homeomorphism onto a real-algebraic Lie subgroup
¢ N
of Gpp(CY).
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Even in the case of real hypersurfaces M C C¥ which do not contain any complex analytic
subvariety of positive dimension with N > 3, the fact that Aut(M,p) is a Lie group was an open
problem. Note also that the fact that the image of Aut(M,p) under the jet mapping jﬁp is a
real-algebraic subgroup of Gf;fp((CN ) follows from the rational dependence of the parametrization
U with respect to the jet A in Theorem 2.1 (iii) (see §11), which is new even in the case N = 2.
For submanifolds of higher codimension only special cases of Theorem 2.2 were known from the
works [47, 3]. We should point out that even in these special cases, the jet order ¢, given by
our Theorem 2.2 can be computed explicitely (from integer-valued biholomorphic invariants of
(M,p)) and is always smaller than the jet order required in the papers [47, 3|. For details on
that matter, we refer the reader to §7.2-7.3. We would also like to recall that the statement
concerning the injectivity of the mapping given by (2.2) is also new by itself since a choice of an
upper-semicontinuous bound on the jet order required to get injectivity does not follow from the
work [5]. The following finite jet determination result for compact real-analytic CR manifolds can
be viewed as a higher codimensional version of Theorem 1.3 and is a direct consequence of the
possibility of an upper-semicontinuous choice of .

Theorem 2.3. Let M be a compact real-analytic CR submanifold of CV minimal at each of its
points. Then there is an integer k, depending only on M, such that for every p € M and for every
real-analytic CR submanifold M’ C CN with the same CR dimension as that of M, smooth local
CR diffeomorphisms mapping a neighbourhood of p in M into M’ are uniquely determined by their
k-jets at p.

Let us explain now in some more detail the main new difficulties faced in this paper compared
to previous related work. The first main ingredient of the proof of Theorem 2.1 relies on the full
machinery of the Segre sets technique introduced by Baouendi, Ebenfelt and Rothschild [4, 3].
In order to use such a tool, one needs to show that every local biholomorphism fixing a germ
of a submanifold (M, p) (satisfying the conditions of the theorem) as well as all its jets, when
restricted to any Segre set attached to p, is analytically parametrized (in a suitable manner) by its
jet at p of some finite precise order. However, in order to realize such a program, one immediately
runs into the problem of inverting certain families of parametrized maps with singularities in
multidimensional complex space, a phenomenon that does not appear in all previous related work.
Here the existence of such singularities comes directly from the high Levi-degeneracy allowed for
the submanifold M in Theorem 2.1. To overcome the difficulty, we will be lead to consider a
precise type of linear and non-linear singular analytic systems of equations near the origin in
C". The most difficult type of singular systems we end up with is of the form A(w(z)) = b(z)
where A,b: (C",0) — (C",0) are germs of holomorphic maps with A = A(w) of generic rank n
and one wants to solve such a system for a biholomorphism w: (C",0) — (C",0); the solution(s)
should, for our application, preserve the dependence of b on arbitrary deformations, that is, any
continuous (resp. smooth, resp. holomorphic) perturbation of the term b should lead to a solution
w = w(z) that behaves in the same manner. Unluckily, there is, to our knowledge, no general
theory to deal with this situation, so we have to develop our own machinery to parametrize the
invertible solutions of such singular systems.

Since our solution to the above problem may be of independent interest, we introduce some
notation which allows us to express our solution in a particularly simple manner. It is useful
here to work in the context of holomorphic maps of infinite dimensional complex vector spaces.
Let H(C"™,0) be the space of germs of holomorphic maps H : (C*,0) — C", n > 1, endowed
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with the topology of uniform convergence on compact neighbourhoods of the origin; here again,
a sequence of germs of holomorphic maps (H;) converges to another such germ H if there exists
a neighbourhood W of the origin in CV to which all H; extend holomorphically and such that
H; — H uniformly on W. With such a topology, the space H(C",0) carries the structure of an
infinite dimensional topological complex vector space being an inductive limit of Fréchet spaces
(see §5.1 for more details). Let H(C",0)° be the subspace of elements of H(C",0) preserving the
origin and B" be the open subset of H(C",0)° consisting of the germs of biholomorphic maps
(preserving the origin).

Given any A € H(C",0), composition with A naturally yields a (holomorphic) map A, : B" —
H(C™,0) given by A.(u) == Aow for u € B*. Our above mentioned problem asks for the
construction of a holomorphic “left inverse” to A, that is, a holomorphic map ¥: H(C",0) — B"
satisfying W(A,u) = w. Here holomorphy of a map f: X D  — Y between locally convex
topological complex vector spaces X,Y with € open in X is understood in the sense of [20,
Definition 3.16]: f is holomorphic if it is continuous and its composition with any continuous
linear functional on Y is holomorphic along finite dimensional affine subspaces of X intersected
with €.

Since the mapping A, is obviously not injective in general, there is of course no hope to find
such a left inverse. However, it was recently shown by the first author in [34] that the holomorphic
map A, X jo: B" 2 u— (A.(u),v'(0)) € H(C™,0) x GL,(C) is injective when A is of generic rank
n. (As usual, GL,(C) denotes the group of invertible n x n matrices and jju = u’(0) the differential
or 1-jet of u at the origin.) It thus makes sense to try to find a left inverse to that latter map.
Our solution provides such an inverse, that we also call parametrization.

Theorem 2.4. Let A : (C",0) — C" be a germ of a holomorphic map of generic rank n. Then
there ezists a holomorphic map ¥ : H(C™,0)xGL,(C) — B" such that ¥ satisfies V(A,u, u'(0)) = u
for all w € B"; furthermore, W can be chosen so that it satisfies j5 (U(b,\)) = X\ for every
be H(C",0) and A € GL,(C).

This result provides us the necessary information about the structure of the invertible solutions
to the equation A(w) = b(z) and allows us to proceed with the construction of the parametrization
of the automorphism group of CR manifolds. The fact that we are even able to parametrize the
solutions of the above type of equations precisely by their 1-jets is one of the main reasons why
we succeed to get an upper-semicontinuous dependence of the integer ¢, on p in Theorem 2.1.
Another result in the spirit of Theorem 2.4, for a certain kind of linear singular system, that we
also need is Proposition 6.3 which provides the parametrization of this type of equations. In both
cases, we need a very careful construction of such a parametrization (in the case of Theorem 2.4
this is provided by the more precise Theorem 3.1) in order to prove statement (iii) of Theorem
2.1.

The paper is organized as follows. We start by providing the necessary background on parametriza-
tion of non-linear singular systems in §3; the proof of the precise results in that section and the
proof of Theorem 2.4 are given in §4-85 (following the development of some necessary material
on homogeneous polynomials in §4.1); we also include an additional application of Theorem 2.4
in §5.2. In §6, we treat the necessary case of a different (and simpler) type of singular systems,
namely linear ones, following the approach in the non-linear case.

After that, we proceed with the construction of the parametrization of the automorphism group
of CR manifolds. In §7 we introduce a class of real-analytic generic submanifolds which is more
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general than the class of essentially finite ones. After discussing a few properties of this class
of submanifolds and giving several examples, we state the most general parametrization theorem
of this paper (Theorem 7.3) which holds for the stability group of any submanifold of the above
mentioned class. The proof of Theorem 7.3 is done through §8-§10 and is completed in §11, where
we also prove all the remaining theorems stated in §1-§2.

Remark 2.5 (Jet space notation). Jet spaces of various kinds will be encountered frequently in
this paper. For a complete discussion, we refer the interested reader to e.g. [25] or [11]. Here we
will use the following notation: for positive integers n, k, [, we denote by J}(C", C*) the jet space
at the origin of order [ of holomorphic mappings from C" to C*. For a germ of a holomorphic
map h: (C",0) — CF, we denote by j'h the I-jet of h at 0. If k = n, we simply write J}(C")
for J{(C",C"). The jet space of holomorphic mappings (C" 0) — (C¥,0) will be denoted by
Jo(C",CF), or simply J{,(C") if n = k. We have already introduced above Gf,(C") as our
notation for the jet group of order [ of biholomorphic mappings (C*,0) — (C",0).

Acknowledgements: The authors are grateful to the referee for a number of remarks improv-
ing the readability and the exposition of the paper.

3. PARAMETRIZING INVERTIBLE SOLUTIONS OF NON-LINEAR SINGULAR ANALYTIC EQUATIONS

We will derive Theorem 2.4 in §5 from the more precise result given in Theorem 3.1 below. For
every CF-valued (homogeneous polynomial) map f: C* — C*, and for any bounded set F' C C",
we define

Il = meax sup | P()l, f=(f1-- ),
Theorem 3.1. Let A : (C",0) — C" be a germ of a holomorphic map of generic rank n. Then
there exists an integer €y and for every integer £ > 0 polynomial mappings p, : C" x GL,(C) x
JOTHC™) — C", homogeneous of degree { in their first variable, and an integer k(£) such that
for every germ of a holomorphic map b: (C*,0) — C", if u : (C",0) — (C™,0) is a germ of a
biholomorphism satisfying A(u(z)) = b(z), then necessarily

1
(3.1) u(z) = (det o/ (0))<®

where u(z) = >~  ue(2) is the decomposition of u into homogeneous C"-valued polynomials terms.
Furthermore, the polynomial maps py and the integers k(€) can be chosen with the following two
properties:

pe(Z, u’(O), jgo+eb)>

(i) for every germ of a holomorphic map b: (C*,0) — C" and for every A € GL,(C)
(3.2) p1(z, A, JTb) = Nz, and k(1) = 0;

(i) there exists a polydisc A C C™ centered at the origin such that for every C > 0 and every
compact subset L C GL,(C) there exists K > 0 such that for every A\ € L and every germ
of a holomorphic map b: (C",0) — C" written into homogeneous terms b(z) = >, <, br(2)
satisfying ||bx||, < C* for all k € N, we have for all £ > 1

(3.3) ' e, A 3o b)

l
(et o || ST

A
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As explained in §5, to every choice of polynomial mappings (p¢) and integers (x(¢)) satisfying
the conclusion of Theorem 3.1, the map
pé fo-l—@b)
3.4 b C",0), A€ GL,(C).

£>1

will be a holomorphic parametrization satisfying the conclusions of Theorem 2.4.

Let us add that it follows from the proof of Theorem 3.1 that we can choose k(f) = {yl.
However, the exact value of k is not important for our purposes. If in Theorem 3.1 we just
consider formal maps A instead of holomorphic ones, the above theorem remains true in the
formal category without the estimates in (ii). In fact, we have a formal counterpart of the above
theorem as follows. Consider a formal power series mapping A as in Theorem 3.1 (not necessarily
convergent) and the sets H(C",0); and B} of C"-valued formal holomorphic maps and formal
biholomorphic maps preserving the origin respectively. For A as above, let (p,;) and (k(¢)) satisfy
the conclusion of Theorem 3.1 (i). Then for every A € GL,(C) and every b € H(CY,0);, formula
(3.4) defines a formal power series mappings that belongs to B} and satisfies W(A,u,u'(0)) = u
for u € B}. If we consider b’s which are elements of R[[z]] for some algebra R over C, then we
get that U(b,\) € R ()A)[[z]]. This means that the obtained parametrization ¥ also preserves the
dependence on parameters in a formal way.

As mentioned before, the obtained parametrization in Theorem 2.4 or Theorem 3.1 allows us to
consider arbitrary perturbations on the right hand side of the singular system. For the purposes
of this paper, the dependence on holomorphic parameters given in Corollary 3.2 below is crucial:
the precise result can be derived from Theorem 3.1 and Lemma 5.1, but we note that Corollary 3.2
(i) also follows directly from Theorem 2.4.

Corollary 3.2. Let A : (C",0) — C™ be a germ of a holomorphic map of generic rankn, X a com-
plex manifold, and b = b(z,w) be a C"-valued holomorphic map defined on an open neighbourhood
of {0} x X C C*xX. Then there exists a holomorphic mapI' = I'(z, \,w): C"xGL,(C)x X — C",
defined on an open neighbourhood 2 of {0} x GL,(C) x X, such that if u : (C*,0) — (C",0) is
a germ of a biholomorphism satisfying A(u(z)) = b(z,wq) for some wy € X, then necessarily
u(z) =T'(z,u/(0),wy). Furthermore, the map I' can be chosen with the following properties :

(i) for every (A\,w) € GL,(C) x X, T'(0,\,w) =0 and I',(0, \,w) = A;

(i) if we write the Taylor expansions
= Z Fo(\w)z®  b(z,w) = Z b (w)z
aeNm aeNn

then there exists an integer €y and for every o € N™ nonnegative integers k. and polynomial
mappings ps: GL,(C) X JéOHC’l'(C”) — C" such that

_ PalA, (bs(w))81<to+1al)
(3.5) Ia(\w) = et e .

An outline of the proof of Theorem 3.1 is as follows. First (in Lemma 4.5), we show that we
may assume that the lowest order homogeneous terms of A are generically independent. Such a
reduction then allows us to linearize our initial system by considering homogeneous expansions of
the power series involved in the system. By using elementary linear algebra on vector spaces of
homogeneous polynomials, one may then conclude the formal part of the proof. However, for the
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last and more tedious part of the proof, namely the convergence part (given by Theorem 3.1 (ii)),
a more careful analysis of the formal part is required in order to get the needed estimates, which
are obtained by using a majorant method.

Let us summarize the organization of the material in the following sections again: In §4.1, we
introduce the notation and collect all the necessary facts about homogeneous polynomials needed
for the proof of Theorem 3.1; a particular normalization of the equations is discussed in §4.2
and the proof of Theorem 3.1 is completed in §4.3. In §5, we show how to derive Theorem 2.4
from Theorem 3.1. §5.2 offers another application of the above results which can be seen as the
continuous version of Corollary 3.2. In §6, we illustrate how the method of proof of Theorem 3.1
can be used to give a precise result, which we also need, for the parametrization of solutions of
other types of singular systems (which are simpler, because they are linear). This section actually
serves as a guide to our proof of Theorem 3.1, the steps being followed in precisely the same
manner, but the technicalities involved are much easier to deal with. As a consequence, the reader
may like to start with that part before going through the details of the proof of Theorem 3.1.

4. PROOF OF THEOREM 3.1

4.1. Preliminary results about homogeneous polynomials. Let P, ; be the vector space of
homogeneous polynomials of degree d > 0 in z = (21,...,2,) € C", n > 1. If n is fixed, we are
dropping the n and simply write P;. Given any positive integer m, note that the space PJ* can
be identified with the space of all homogeneous C™-valued polynomials maps of degree d. Given
any bounded open set {2 C C" containing the origin, we are going to consider the following norms
on the vector space Py:

11l =) [fal, where f(2) = Y faz®

|a|=k |a|=d
I fllg == sup.cq |f(2)] .

Given (ki, ..., k,) € N™ we consider the following norms on the cartesian product Py, X ... X Py, :
£l = max £l f=(F )P € Py,
Ifllg = max [|F]lgs f= (e, £, 1 € P

Let us first note the following fact:

Lemma 4.1. Let M = M(z) be a m X m matriz with holomorphic coefficients near the origin
in C", 2 = (2',...,2"). Assume that det M # 0 (in any neighbourhood of 0) and that for
every j = 1,...,m, the j-th row of M is formed by homogeneous polynomials of degree k; > 0.
Then there exists a bounded open set 2 C C™ containing the origin and a constant C' > 0, only
depending on M, such that for every d € N and for all ki, ...k, there exists a linear operator
B Priya X ... X Pr,va — P which is inverse to matriz multiplication by M of norm at most
C, that is B satisfies

(4.1)  ||Bs|lg < Clsllg, for all s € Pyyya X ... X Py, 14, and B(M -p) =p for all p € P}

After a linear change of coordinates (normalizing det M in the z"-direction), we may actually
assume that €2 is a polydisc.
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Proof. Let ]\/4\(2) denote the transpose of the comatrix of M(z) i.e. the matrix satisfying
M(z) - M(z) = M(z) - M(z) = (det M(2)) I,
where I,,, is the identity matrix. In particular, for any d € N and for every p € PJ* we have
(det M(2))p(=) = M(2) - M(2) - p(2).

Since det M # 0, the Weierstrass division theorem (see e.g. [27]) implies that we can find a linear
change of coordinates (making the function det M z"-regular of order » > 1) and, in the new
coordinates, a polydisc A C C" centered at the origin and a constant C (depending only on M)
such that for any holomorphic function f holomorphic in a neighborhood of A,

f=qdet M+ h,

where h is a unique polynomial in z" of degree < k, and ¢ (the quotient) is a unique holomorphic
function in A that satisfies ||¢||, < C||f||». We define the map B by associating to s € P, 1aX. . .X

Pr,,+a the quotient given by Weierstrass division of M (2) - s(z) by det M. It is easily checked that
this is a homogeneous polynomial map of degree d, and it satisfies || Bs||, < éHM\SHA < O3]l A

for some constant C' > 0. This proves (4.1) on the open set 2 which corresponds to the polydisc
in the original coordinates. O

In what follows, we will make extensive use of Faa di Bruno’s formula, which will be only needed
for formal power series (so that we actually only use the multinomial formula; we will still refer
to it as Faa di Bruno’s formula). We give a statement in this case (see e.g. [33]):

Proposition 4.2. Assume that f(t) = > at", g(x) = 3, bga?, and h(t) = ) cst® are three
complez-valued formal power series in one variable with co = 0 and f(t) = g(h(t)). Then for every
positive integer r, one has

q'b :
(42) a, = Z ﬁlel e Cf s

where q = Z1gjgr k; and the sum goes over all nonnegative integers ky, ..., k, such that
]{31+2]{32+"'+7‘]€TZT.

We now turn to some estimates for homogeneous parts of compositions of certain types of
formal power series mappings. We use the following notation for decomposing a formal power
series mapping u = (u',...,u") : (C¥,0) — (C",0), N > 1, in Taylor series or into polynomial

homogeneous terms :

(4.3) u(@) = ) ual® = Zuj(c), u;(1¢) = tu;(¢) for all (¢,¢) € C x CV.

aeNN

In other words, for every j € N*, u; € (Py;)". From time to time, we also use the notation u|;
to denote u; (especially when the expression of the power series mapping u is long). For each
component u* of u, we use an analogous notation for the decomposition of u* into homogeneous
terms. Note that for every polydisc A C C" centered at the origin, we have Hu?H A < lugll, for
every k=1,...,n.
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Given a homogeneous polynomial P € P, 4 (of degree d > 1) and a formal power series mapping
u: (CN,0) — (C",0), we want to estimate, for any j € N*, the homogeneous part of order d+j —1
of the composition P owu which, in agreement with the former notation, is denoted by (Pow)g1j_1.

Lemma 4.3. Let P € P, 4 and assume that u : (CV,0) — (C",0) is a formal power series
mapping whose decomposition into homogeneous terms is given by (4.3), d > 1. Then for every
polydisc A centered at the origin in CV and every j > 1, we have

d!
(4.4) (P o warjllx < I1PIL D PR
1. .. 7*

where the sum goes over all ki, ..., k; such that ky+2ko+---+jk; =d+j—1 and ki +---+k; = d,
and if j > 2, we also have

d!
(45) (P owarj1— (P our) -y, < IIPHIZW
L k!

where the sum goes over all ky, ..., kj_1, such that ky +2ky+ -+ -+ (j — 1)kj.1 =d+j —1 and
ki+---+kj_y =d. Here ((P'owy)-u;) is the homogeneous polynomial of degree d+ j — 1 given

n oP
by Zy:l (87 (¢] U/l) UJV

Proof. We set v(t) :== >

k k;
lualla - lusllss

k kj—
lualla - Mg —alla™

jene [usll a7 € Cl[t]]. Writing P(w) == >, -y Paw®, we have

(Pow)asj-1(¢) =Y Pa [(u' ()™ . (" ()] lagj1
SR Y i (Ot (Oen (©) e (O

& S o =d4j—1

Hence, taking the norms we get

[(Pouw)arj-1ll, = eaAX|(POU)d+j71(C)|

¢

SRS Y bl b gl e s
a ST oms=d+j—1

SO NP D> usalla - s | allse [l - - usmen || o
a S ors=d+j—1

But since the length of every multiindex oo € NV is exactly d, we get

I(Powarjoilla <D [Pl D lwlla - lluw,lla

a ki toethg=dtj—1
<IPl D> ks llunalla
ot =d-j—1
1 derj*l
’ =0

d! i N
<UPI D gl sl
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the last sum goes over all kq, ..., k; such that ky +2ky+---+jkj =d+j—1and k1 +---+k; = d,
by Proposition 4.2. So we have proved (4.4).

The proof of the second estimate (4.5) is similar to what was done above for (4.4). Indeed note
that one has

(Powasj—1(Q) = (P’ () - u(Q) =D P D ua () uno (Quian () - oo ().

TS =d+j—1
1<8mS <1
Hence following the previous estimates, we get
I(Powarjr— (Prow) wlly < IPIl Yo lluwlls .- lunalla

k4 tkg=d+i—1

1<ku<j
<IPH D oy llel2” a2
the last sum going over all nonnegative my, ..., m;_y such that my +2mg+---+ (j — 1)m;_; =
d+j—1and m; +---+m;_; = d. The proof of Lemma 4.3 is complete. O

We will also need the following lemma, which although a bit technical, is crucial for our treat-
ment.

Lemma 4.4. Let s e N*, a >0, R>0,C >0, D >0 and v, > 0. Define v =0, and forl > 2,

s+d _
(4.6) Dry, = Z HR&CI ki gk otrset
where the sum goes over all nonnegative integers ki, ..., k;_1 such that Zlgugl—l k, > s and

ki+2ky+---+ (I — D)kj—y = s+ 1 —1 and where we have set s +d := ky + -+ k;_1. Then the
(formal) power series Y- yt! converges in a neighbourhood of 0.

Proof. We are going to show that Lemma 4.4 is a consequence of Proposition 4.2. For this, we
consider the following analytic equation where the unknown is a complex-valued formal power
series ¢(t) in one variable :

(4.7) (Rsyi ™" + D)t o(t) = (R(s — 1)7f + D)t =y C'' = 1- acp)( t)’

We claim that there exists a unique formal power series solution ¢(t) satisfying (4.7) with ¢(0) =0
and ¢'(0) = ;. For this, set ¢(t) := >_,ovt" and note that to prove the claim it suffices to show
that (4.7) holds for a uniquely determined choice of the coefficients ~y;, I > 2. This can be checked
by comparing homogeneous terms of the same order on both sides of (4.7). We first note that
homogeneous terms of order s on both sides of (4.7) are identical. For m > 2, the homogeneous
term of order m + s — 1 in the left hand side of (4.7) is given by

((Rsvf_l + D)Ym + C’m+s_1) gmts—l

>s

while on the right hand side such a term is of the form

(4.8) (Rsy " + Qs+ -« Ymr) ) £,
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for some polynomial @,,. Hence (4.7) is satisfied by ¢(t) if and only if for every m > 2, D~,, =
Qm(M,s -+ Ym—1) — C™"% which shows the existence of a unique formal power series solution.
Next, setting 1 (t) := ¢(t)/t and

S

F(z,t) == (Rs7y; '+ D)x — (R(s — 1)7 + D) — Z Cl—s —
[>s

it follows from (4.7) that ¢ satisfies the equation F(i(t),t) = 0. Since F' is convergent and

oF
—(1,0) = D # 0, from the implicit function theorem we get the convergence of 1) and hence

1 —atx’

that of ¢. (We take the opportunity here to thank an anonymous referee for providing us a simple
proof of the convergence of ¢.) To complete the proof of the lemma, we are left to check that the
coefficients v;, | > 2, satisfy (4.6). For this, we want a more precise formula for the coefficient
given in (4.8). To the right hand side of (4.7), we apply Faa di Bruno’s formula (Proposition 4.2)
with

Rx?
h(t) = o(t = :
()= lt), gla)=
to obtain that
S— m-r+Ss— (k —"_ d)! 1
(49) (RS"}/l ! + D)'}/m - C sl — Z m Rad ")/f e "}/sﬁbm
k1o ki

where the sum goes over all nonnegative integers ki,...,kysuchthat ki+.. .+k,, > s, 21<J<mjk; =

s+m — 1 and where s +d =}, ;. k;. (Indeed, one easily checks that since g o h vanishes to
order k, the ky,4; in (4.2) for 1 <j <s— 1 vanish, so we don’t have to write them.) Moreover, in
view of (4.8), the term on the right hand side of (4.9) containing ,, corresponds to k; = s — 1,
ko =0,....kn1 =0, and k,, = 1, so that it is equal to Rsy; '7,,. Hence, (4.9) gives (4.6). The
proof of Lemma 4.4 is complete. 0

4.2. Reducing the initial system to a simpler one. Let

Alw) = (A'(w), ..., A™(w))

be a C"-valued holomorphic map defined a neighbourhood of the origin in C". Without loss of
generality, we may assume that A(0) = 0. We decompose each A’ into homogeneous polynomials

(4.10) =) Al(w), A(tw) = t*A¥(w), for all (t,w) € C x C"™.
k>k;
We will write A, = (A} 14, .-, Ap 1, ) for all v € N. The first problem we have to face before

proceeding to the proof of Theorem 3.1 is due to the fact that even if A is of generic full rank, its
lowest order homogeneous terms need not be, in general, of full rank too. This difficulty will be
overcome by using the following trick contained in [34]. For the reader’s convenience, we recall
the proof.

Lemma 4.5. Let A be as above and assume that A is generically of full rank. Then there exists
a polynomial map P : (C™, 0) — (C™,0) with the property that the holomorphic map B: (C",0) —
(C™,0) given by B(w) := P(A(w)) has its lowest order homogeneous terms By(w) of generic full
rank.
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Proof. In what follows, for any local holomorphic map A : (C*,0) — (C",0), we denote by h'(w)
its Jacobian matrix at the point w.

Let e be the order of vanishing of det A'(w). We define D = e — 3, ;. k;. Then clearly A
satisfies det A, # 0 if and only if D = 0. If D = 0 we are therefore done and hence we may
assume that det Aj = 0. In this case, the polynomials Aij 4 for j = 1,...,n are algebraically
dependent over C (see e. g. [26]), that is, there exists a nonzero polynomial p € Clxy,...x,] such
that p(A; 41, ---, A} 1) = 0. Since each A£j+1 is homogeneous of degree k; 4+ 1, we may choose p
to be weighted homogeneous (where z; has weight k; 4 1) of lowest possible degree f. This means
that p(x1, ..., 2n) = D enyn Cat® With oy (k1 +1)+ ...+ (k,+1) = f and therefore for all ¢ € C,
p(thrtlgy, ety ) = tp(2y, ..., 2,). Without loss of generality, we may also assume that p,,
is nonzero. We now consider the map A: (C*,0) — (C",0) given by A! = p(A), A7 = A7 j > 1
and claim that for this map, the associated number D is strictly smaller than that associated to
A namely D. Indeed, first note that we have

det A'(w) = py, (A (w), ..., A"(w)) - det A (w).

Moreover by our choice of p, the order of vanishing of p,, (A, ..., A") is exactly f — (k; + 1) and
therefore the order of vanishing of det A’ is e + f — (k; + 1). For j = 1,...,n, denote by ]%j +1
the order of vanishing of A7. Then by our choice of p, one has k; +1 > f while l%j =k; for j > 1.
Thus we obtain D = e+ f — (ky +1) — ky — dicicn ki < e =2 1<jcn ki = D, proving the claim.
This in turn means that after finitely many such procedures, we get at a map B satisfying the
property claimed in the Lemma. O

4.3. Completion of the proof. By Lemma 4.5, there exists a polynomial map P: C" — C"
(vanishing at the origin) such that B(w) = P(A(w)) has lowest order homogeneous terms By(w)
of generic full rank n. Now note that if we have proved Theorem 3.1 for B, then Theorem 3.1
easily also holds for A. So we may assume that the lowest order terms of A, denoted as above by
Ag(w) = Ag(w?, ..., w"), are generically independent. Furthermore, by taking every A’ as defined
in (4.10) to some appropriate power, we may assume that ky = --- =k, =: {;, > 0. In addition,
since after a linear change of coordinates w = (w',...,w") = Lw, det Ay may be normalized in
the w™ direction, we claim that we may assume that such a property already holds in the original
w-coordinates. Indeed, if in the w-coordinates we have found a parametrization ¥ as given in
(3.4) whose homogeneous parts satisfy all the conditions of Theorem 3.1, then it suffices to set
P(b,A) == L7 W(b, L-N) for (b,\) € H(CV,0) x GL,(C) to get the right parametrization (whose
homogeneous parts satisfy all the requirements of Theorem 3.1) in the original w-coordinates.
This proves the claim.

After all these reductions, we may start with the formal part of the proof and first construct
a sequence py: C" x JgOM(C”) — C™ of polynomial maps, ¢ > 1, such that for every germ of
a holomorphic map b: (C",0) — C™ if there exists a biholomorphism u: (C",0) — (C",0) with
u'(0) being the identity and A(u(z)) = b(z), then ug(z) = py(z, job) for all £ > 1. Here we recall
that u, denotes the homogeneous part of order ¢ of u. In what follows, we also use the notation
0(z)|, to denote the homogeneous part of order ¢ of a formal power series §. Moreover for every
k € N*, we introduce coordinates A* = (Ay)|aj<k, @ € N™, in the jet space J§(C") associated to a
choice of coordinates z = (z1,..., 2,) in C". By Lemma 4.1, we may choose for each integer ¢ > 2
a linear map By: P}, — Py, which is a left inverse to multiplication by Aj. We set pi(z) := =z
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and define inductively the p,, £ > 2, as follows

~ AO( o — —
pé(Z>AeO+e) =D, Z JZ o A(Pe 1(Z>Aeo+e 1))‘fo+f >
(4.11) lal=to+e
P671(27A€o+671) — Z ﬁk(Z,AeOJrk).
1<k<¢—1

It is easy to see that we also have

_ Ao
(4.12) Pz AT = Be [ D =52 =) AP (5 AT

for ¢ > 2, and hence by induction from (4.12) and (4.11) that the p, are indeed polynomial
mappings of their arguments and homogeneous of degree ¢ in their first factor. Now assume that
b: (C*,0) — C" is a germ of a holomorphic map and that u: (C",0) — (C",0) is a germ of a
biholomorphism satisfying A(u(z)) = b(z) with «/(0) being the identity. We claim that necessarily
for every £ > 1, u;(z) = p(z, j5°Tb). First note that u; = p;. Suppose now that for £ > 2, we have
uk(2) = pr(z, ijJrkb) for k < £ and set Up(z) = >, ., , we(z). We then have

begre(2) = A(u(2))eg10

1

Ay (w(2))leo+e

T

(4.13)

T
= o

Ay (Ue(2)) e +e-

v=0
Noticing that Ag(Ue(2))|eg+e = Ab(2) - we(2) + Ao(Up—1(2))|eg+¢ and that for 1 < v < ¢ — 1,
Ay(Ug(Z))|go+g = AV(Ug_l(Z))|go+g, we obtain that

{—1

(4.14) bigre(2) = Ap(2) - we(2) + > Au(Usa(2)) g,

v=1

and since uy(2) = pr(z, jo° D) for k < £ by assumption we get

Ap(2) - we(z) = begre(z ZA Pz, 50 0)) e e

ie.
/-1

(4.15) Uy = (bw =Y A (PTGt 15))yw) :
v=0

and consequently uy(2) = pg(z, je0Tb). This proves the claim.

We are now going to prove the convergence statement for the p,. In this context, this means
that there exists a polydisc A C C" centered at the origin such that given any C' > 0, there
exists K > 0 such that whenever b: (C",0) — C" is a germ of holomorphic satisfying ||by[ , < C*
for all £ € N where b(z) = ) ,.,0bk(2) is the decomposition of b into homogeneous terms, then
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Hpe O”b HA < K'for all £ € N. Let A = Q C C" be the polydisc given by Lemma 4.1 and
D > O also given by the same lemma (and depending only on Aj) such that the norm of each
linear map By: Pp,, — Py does not exceed 1/D, for all £ > 2. Let b be as above satisfying
|0kl < C* for all K € N. In what follows, we assume b to be fixed and then suppress the

dependence on b when writing p, and P‘~!. Since A is convergent, there exist R > 0 and a > 0
such that ||A;]], < Ra for all j € N. We also set mg := ly+1 > 1. Let £ > 2. By (4.15), we have

0—
Z A OP ‘g0+[ ) .
=1 A

Since Ag(PY(2))|ese = Ap(2) - Pe(2) + Ag(P71(2)), (4.16) implies

(4.16) IPells < D7 <Hbeo+zHA +[|(Ao 0 P gl o +

-
(4.17) el < D7 <O€°+£ + ||(Ao © PY)egre — AG - el 5 + Z (Ay 0 P |go1e ) :
=1 A

Applying (4.4) and (4.5) of Lemma 4.3 in our context and using the fact that p;(z) = z yields

. _ (mo + d)! ~ ke

Il < 7 (€ 2 P A ol )
(4.18) o d
. (m ke
(0 T Z P o e LA 12 O (U ) 7

where k1 + -+ - + ky_1 = my + d and the sum goes over all nonnegative integers kq, ..., ky,_1 with

> i<j<r1dkj =mo+{—1. We shall now use Lemma 4.4 with v, := |[p1]| 5 (that is independent of
b), R, a, C, D as above and s = mg = £y + 1. Let (7¢)e>0 be given by Lemma 4.4 and associated
to the above data. We claim that for all £ > 1, ||p¢||, < .. Indeed, by construction this is the
case for £ = 1. Let us assume therefore that ||pg||, < 7% for k£ < £. Then (4.18) and (4.6) imply
that

_ _ _ mo + d)!
(4.19) IBella < D! (Om S ,f.ik),f%v i ) =%,
which proves the claim by induction. Since the series Y vxt* converges by Lemma 4.4, we see that
there exists K > 0 such that ||p,||, < K* for £ € N*.

We shall now construct the p, from the p, for all £ > 1. For any linear map N: C" — C" and for
every positive integer k we denote by NF: JF(C") — J¥(C") the (unique linear) map satisfying
JE(f o N) = NE(j5f) for every formal power series mapping f: (C",0) — C". (Note that by
identifying jets of order k with Taylor polynomials of degree k, one may also view the mapping N*
as acting on such polynomials.) For every ¢ > 1 and every (z, A, A%*!) € C" x GL,(C) x JT(C™),
we set

(4.20) re(z, A, AT = fy( Az, (ATHTE( AT,

It is easy to see that each r; is a homogeneous polynomial map of degree £ in z, whose components
are rational functions of the other variables. In fact, even more can be said: by Cramer’s rule we see
that there exists a nonnegative integer x(¢) such that (det \)*“r,(z, X\, AF%) =: py(2z, A\, AT is a
polynomial in all its variables. Note that ry(z, A\, A%“*1) = Xz by construction which proves (3.2).
Moreover, for every germ of a holomorphic map b: (C",0) — C", we claim that if u: (C*,0) —
(C™) is a germ of a biholomorphism satisfying A(u(z)) = b(z), then necessarily for every ¢ > 1,
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we(2) = 1o(z, 4/ (0), j D). Indeed, set A := u/(0), and note that v(z) := u(A~'2) is a biholomor-
phism tangent to the identity which satisfies A(v(z)) = b(A7'z). Hence for every £ > 1, the homo-
geneous part of order £ of v denoted vy satisfies vy(2) = pe(2, jo T (boA™)) = Pe(z, (A1) (50T b))
and therefore v(\z) = u(z) implies that wus(z) = pe(Az, A1)+ (j0b)) which is the required
conclusion in view of (4.20). To complete the proof of Theorem 3.1, it remains to check the con-
vergence statement for the r,. So let A C C" be the polydisc given above and L C GL,(C) be a
given compact subset. Let C' > 0 and b: (C",0) — C" be a germ of holomorphic map satisfying
|b]| , < CF for all k € N. Since there exists C; > 0 such that [|A7!]| < C for all A € L and since
(A"1)%(by) is the homogeneous part of order k of bo A™*, we have ||(A™1)%(by)|| . < [|bkl|, o Where
C1A is the polydisc of multiradius C'p if p is the multiradius of A. Using the homogeneity of each
by, we therefore get ||(A™1)%(by) ||y < CF|lbkl|ly < CFC* =: C*, for all X € L and b as above. Hence

[(bo A=Y k]l < C* for all k € N and by the first part of the proof, there exists K > 0 such that

2o 5570 (00 AT)[|y = [[el AT G B < K
Furthermore there exists Cy > 0 such that ||A|| < C; for all A € L, so we have
e 2 g0} o = 15, AH (g ™00))| 5
< [Be(, AT G0 | ey
< Col[pe(, ATHZ G b)) | < K,
where K = KC,. The proof of Theorem 3.1 is complete.

5. PROOF OF THEOREM 2.4

5.1. Holomorphy of ¥ (b, \). To each fized choice of polynomial mappings (p,) and integers (k(¢))
satisfying the conclusions of Theorem 3.1, we consider the associated map ¥: H(CY, 0) xGL,(C) —
B™ given in (3.4) and we show here that ¥ is holomorphic furnishing the proof of Theorem 2.4.
Here we recall that holomorphy of a map f: X D 2 — Y between locally convex topological
complex vector spaces X, Y with €2 open in X means that f is holomorphic if it is continuous and
its composition with any continuous linear functional on Y is holomorphic along finite dimensional
affine subspaces of X intersected with Q (this last property being called Gateauz-holomorphy).
Note that the fact that W takes its values indeed in B" follows from Theorem 3.1 and the following
well-known elementary fact.

Lemma 5.1. Let ¢ = ¢(2) be a formal power series in z = (z1,...,2,). Consider the decom-
position of ¢ into homogeneous polynomial terms and in Taylor series ¢(z) = Y o0 Pu(2) =
Y aenn Paz®. Then the following are equivalent: -
(i) ¢ is convergent;
(ii) There exists C > 0 such that for all « € N", |¢,| < Ol
(iii) There exists a polydisc A C C"™ centered at the origin and D > 0 such that for every
positive integer k, ||¢x||, < D¥;
(iv) For every polydisc A C C™ centered at the origin, there exists K > 0 such that for every
positive integer k, ||ox||, < K*.
All the power series ¢ satisfying either of the inequalities in (ii), (iii) and (iv) have the property
that their region of convergence contains some neighbourhood of the origin only depending on C
or D or K, respectively.
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For r > 0, we let H(C",0), be the Fréchet space of holomorphic maps b : A, — C", where
A, ={ze€ C": |z < r for all j}, endowed with the topology of uniform convergence on compacts
subsets of A,. It is in our case generated by the seminorms

Vi = () €HE0) Il = max sup [Fi()], s <,
7jfnZ€As

If we choose a sequence 7; > 0 converging monotonely to 0, the space H(C",0) is a locally convex
space which is the inductive limit of the sequence of Fréchet spaces H(C",0),,, or, equivalently,
of the Banach spaces H*(A,,)". We denote by H(C",0)? (resp. H(C",0)°) the closed subspace
of H(C™,0), (resp. of H(C",0)) consisting of those elements preserving the origin. We also let
B be the open subset of H(C™,0)? consisting of those maps b satisfying det ¥'(0) # 0. For each
r > 0, we have a continuous linear injection ¢,: H(C",0), — H(C",0), through which we identify
H(C™,0), with a subspace of H(C",0). Note though that the image of ¢, in H(C",0), is not closed
for s < r; hence, H(C",0) is not a strict inductive limit of the spaces H(C",0),,. However, in our
setting, the inclusion mappings for the inductive limit are compact (by Montel’s Theorem). For
this special case of an inductive limit, some powerful results from functional analysis are available;
the main one is that this inductive limit is regular (cited as Fact 1 below, which implies Fact 3)
and that the topology induced on it as an inductive limit of locally convex spaces agrees with the
topology induced on it as an inductive limit of topological spaces (this implies Fact 2 below). In
what follows, when we identify subsets of H(C™,0), (resp. of H(C",0)?) as subsets of H(C",0)
(resp. of H(C™,0)"), we always use the canonical embedding. These results can be found in e.g.
(24, §23, p. 132] or [32, p. 26-27] (and in this particular setting seem to originate from work of
e Silva [40] and Raikov [38]). For the convenience of the reader, we summarize the facts we are

going to use so we can refer to them later:

Fact 1: [24, 2.2. Satz, p. 136] A subset B C H(C",0) is bounded if and only if there exists r > 0
such that B C H(C™,0), and B is bounded in H(C",0),.

Fact 2: A mapping f : H(C",0) — Y, where Y is a topological space, is continuous if and only if
it is sequentially continuous.

Fact 3: [24, 2.10. Korollar 3, p.139] A sequence (y,) converges to y in H(C", 0) if and only if there
exists an r > 0 such that y;,y € H(C",0), and the sequence converges there.

Fact 2 is an immediate consequence of Fact 1, Fact 3 and the fact that H(CY,0), is Fréchet and
thus metrizable. We can now prove the following result concerning the parametrization ¥, which
essentially reduces the study of W as a map between spaces of germs to that of a map between
the Fréchet spaces.

Lemma 5.2. With the assumptions of Theorem 3.1 and in the above mentioned setting, let
U: H(C™ 0) x GL,(C) — B™ be the operator given by (3.4). Then there exists a family (Vg)gr=o,
where for each R > 0, Vg is an open subset of H(C™,0)r, satisfying the following properties:

(i) for any given bounded set B C H(C",0), there exists S = S(B) > 0 such that B C Vg;
(ii) ]ﬁgr every R > 0 and for each relatively compact open subset @ C GL,(C) there exists an

R > 0 such that
\II‘VRXQ: VR x Q) — B% C H(Cn,O)R’

18 holomorphic.
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Proof. For every R > 0, let Vg be defined by
n 1
Vi =1{b € H(C",0)r: [|b=b(0)lgp <1, [I60)lz/2 < 5}

This is clearly an open subset of H(C™,0)g. From the usual Cauchy estimates together with Fact
1, it is easy to see that every bounded set is contained in a set Vg for some R > 0.
Next, for every R > 0, by the Cauchy estimates, we easily have

nR\* 1
Vb € VR, Vd € N*, HdeR/2 S (7) (and HbOHR/Q < E) .

(Recall here that by is the homogeneous part of order d of b.) By Theorem 3.1 (ii) (which holds
automatically for all polydiscs centered at the origin), there exists K > 0 (depending on R) such
that

W (b, Malls < K% Vb€ Ve, VYA€, Vde N

Choosing R < R/4K, we see that for each (b, \) € Vg x Q, we have
(5.1) Wb, M)l < 1.

and ¥(b,\) € H(C",0)5. Moreover, setting U*(b,\) := >, U(b,\)|, for every k > 1 and
(b, \) € VrxQ, we have by the above choices that (I*) converges uniformly to ¥ in Hz i.e. that for
all 7 < R, sup(, \yevpxo |k (b, A) — (b, )\)HT — 0 when k — +o00. Denote by M,,(C) be the space
of n x n matrices and let £ C H(C",0), x M, (C) be any affine subspace and L: H(C",0)5 — C
be any continuous linear functional. In view of the explicit form of the ¥* given by Theorem 3.1,
we see that L o U* is clearly holomorphic (and rational) along E N (Vg x ), and since L o W*
uniformly converges to L o W on Vg x €, it follows that L o ¥ is holomorphic along E N (Vg x Q).
Hence U|y,xq: Vr x Q@ — H(C",0)5 is Gateaux-holomorphic. To conclude that it is holomorphic,
it remains to check that it is continuous. In fact, in view of [20, Example 3.8(g)], since H(C",0)r
is metrizable, we need only to show that for each continuous linear functional L: H(C",0)z — C
the map L o U is holomorphic. Since this latter is already Gateaux-holomorphic, in view of [20,
Proposition 3.7] it is enough to show that Lo W is bounded on Vg x €. Since ¥(Vg x Q) is clearly
a bounded set in H(C",0)5 in view of (5.1), we reach the desired conclusion. The proof of the
lemma is complete. O

Completion of the proof of Theorem 2.4. It is now not difficult to derive Theorem 2.4 from Lemma
5.2. Firstly, it follows immediately from the lemma that W: H(C",0) x GL,(C) — B" C H(C",0)
is Gateaux-holomorphic. It remains therefore to check that W is continuous (between the right
topological spaces). But Lemma 5.2 together with Fact 2 and Fact 3 from above implies that W is
indeed continuous: If (y,) C H(C",0) x GL,(C) is a convergent sequence with limit y, there exists
R > 0 and a relatively compact open set 2 C GL,(C) such that (y,) C Vg x Q (and y € Vg x Q).
The lemma then implies that ¥(y,) — V(y) and we are done. O

5.2. A further application of Theorems 2.4 and 3.1. We want here to give the following
continuous version of Corollary 3.2.

Theorem 5.3. Let A : (C",0) — C" be a germ of a holomorphic map of generic rank n, X a
topological space and b = b(z,w) be a C"-valued continuous map defined on an open neighbourhood

V oof {0} x X C C" x X such that
(1) 2z — b(z,w) is holomorphic on V,, = {z € C"*: (z,w) € V'} for each w € X;
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(2) For each compact set K C C™ and for every point w € X with K x {w} C V' there exists
an open neighbourhood U of w such that b is defined and uniformely bounded on K x U
(this is satisfied if e.g. every point in X has a compact neighbourhood basis).

Then there exists a continuous map I' = T'(z,\,w): C" x GL,(C) x X — C", defined on an
open neighbourhood 0 of {0} x GL,(C) x X (and holomorphic in the first two factors) such that
if u: (C",0) — (C™,0) is a germ of a biholomorphism satisfying A(u(z)) = b(z,wo) for some
wo € X, then necessarily u(z) = I'(z,u/(0),wy). Furthermore, the map I' has the properties (i)
and (ii) given in Corollary 3.2.

Proof. We define the neighbourhood €2 in the following way: For each point w € X we choose
subsets of the form Ag x U, where U and R are small enough so that for w € U, b(-,w) € Vg (with
the notation of §5). We claim that this is possible by Assumption (2): indeed, start by finding a
neighbourhood Uj of w and an Ry > 0 such that such that b is defined on Ag, x Uy. Choose an
R; < Ry and consider the compact set 0Ag, C C". By assumption, there exists a neighbourhood
Uy C Uy of w such that Hb(-,w)HaARl < C for some constant C, for all w € U;. The Cauchy

estimates imply that

[|60(0,w)|| < %, w e U.
Iy
From these estimates it is clear that if we choose 0 < R < R; small enough, the desired claim
follows.
Next, for every relatively compact open set W C GL,(C) we may choose by Lemma 5.2 an
R > 0 such that W(b,\) € H(C",0)5 for every (b,\) € Vg x W. We let Q be the union of the
open sets Az X W x U, as w ranges over X. The mapping I' is then defined by

Lz, \,w) = W¥(b(-,w), \)(2).

We will check that I' is continuous by checking that it is continuous on sets of the form Az xW x U.
To do that, we will show the following two facts: firstly, the mapping w +— b(-,w) is continuous
from U to H(C™,0)g; and secondly, the evaluation mapping (f,z) — f(z) is holomorphic from
H(C",0)5 x Ap to C". These both follow from our assumptions using the Cauchy formula for
polydiscs, as we will show; combining all these facts we get the result.

Let us start with the proof of the first claim. Let w € X and U(= U,) be as in the above
construction of Q. We check that w +— b(-,w), as a map from U to H(C",0)g, is continuous at
every point wy € U. Let € > 0 and 0 < r < R. We need to show that there exists a neighbourhood
U, of wy such that for w € U,

16(-,w) = b(-,wo) |, < €.

We choose s with < s < R. By assumption (2), there exists a neighbourhood V' C U of wy such
that b is bounded on A x V. The function

plw) = / bz = )] dle

is continuous on V', and p(wy) = 0. The Cauchy formula implies that

b(z,w) — b(z,wy) = (27;,)” /6A b(c’”)c__bz(c’w()) ¢, zeA,, weV.
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Estimating, we get

1
) = b an)], < (s =) "0,
and the desired estimate follows.

The proof of the second claim is similar to what we did for proving the holomorphy of the solution
mapping in §5. It is clear that the evaluation mapping is holomorphic along finite dimensional
affine subspaces. To complete the proof, we just have to show that the mapping is locally bounded.
We leave it to the reader to check that this latter fact also follows from the Cauchy formula. The

proof of the corollary is therefore complete. O

6. RESULTS FOR LINEAR SINGULAR ANALYTIC SYSTEMS

We consider here linear systems of the form ©(z) - w = b(z), w € C™, where ©(z) is a m x m
matrix with holomorphic coefficients near the origin in C", of generic rank m, and b: (C*,0) — C™
is a germ of a holomorphic map. We are interested in getting a holomorphic parametrization of all
solutions w = w(z) of such systems, as well as other systems that are variations of the original one.
In fact, for such systems and contrarily to the nonlinear case, there is a unique potential obvious
holomorphig\ solution of the system; such a solution has to be the quotient of the Weierstrass
division of © - b by det ©, where © denotes the transpose of the comatrix of © as in the proof of
Lemma 4.1. By analyzing the proof of the Weierstrass division theorem, it is very likely that such
a quotient would be a suitable parametrization of the system satisfying the required conditions of
Proposition 6.1 below.

Since we were not able to find in the litterature the precise result given by Proposition 6.1 below,
we choose instead to follow the approach developed in the previous section (for the non-linear case)
to get the parametrization needed for our purposes here. The obtained parametrization may be
a priori different from the one given by Weierstrass division, since the algorithm proposed here
to compute the parametrization is different from the algorithm given by Weierstrass division. In
what follows, we keep the notation defined in previous sections.

We start with the following.

Proposition 6.1. Let © be a m x m matriz with holomorphic coefficients near the origin in C",
m,n > 1, such that © s of generic rank m. Then there exists £y € N and for every nonnegative
integer £ polynomial mappings qe: C" X JéOH(C”, C™) — C™ homogeneous of degree { in their first
variable such that for every germ of a holomorphic map b: (C*,0) — C™, ifu: (C",0) — C™ is a
germ of holomorphic map satisfying ©(2) - u(z) = b(2), then for every £ >0, ug(2) = qu(z, jo0 D),
where u, denotes the homogeneous part of order £ of w. Furthermore, the q; can be chosen in such
a way that there exists a polydisc A C C™ centered at the origin for which the following holds:
For all C > 0 there exists K > 0 with the property that whenever b: (C™,0) — C™ is germ of a
holomorphic map written into homogeneous terms b(z) = >_,-,br(2) and satisfying ||b||, < C*

for all k € N, then ||qi(-, j*™b)|| , < K* for all k € N.

The proof of Proposition 6.1 following our algorithm is given in §6.1. For our purposes, in
addition to the preceding result, we need also the following refined version as well as a version
with parameters given by Proposition 6.3 below which follows immediately from Lemma 5.1 and
Proposition 6.2.
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Proposition 6.2. Let © be a m x m matriz with holomorphic coefficients near the origin in C",
m,n > 1, such that © is of generic rank m. Then there exists {u € N and for every ¢ € N
nonnegative integers k(¢) and polynomial mappings py: C* x JootH(C) x JPt(Cr,C™) — C™
homogeneous of degree £ in their first variable such that for every germ of a holomorphic map
b: (C",0) — C™ and every germ of a biholomorphic map c¢: (C*,0) — (C",0), if u: (C*,0) — C™
is a germ of holomorphic map satisfying ©(c(z)) - u(z) = b(z), then for every £ >0,
pe(z, jo e o)

(det jge)* 7
where uy denotes the homogeneous part of order ¢ of w. Furthermore, the p, can be chosen in
such a way that there exists a polydisc A C C™ centered at the origin for which the following
holds: For all C > 0 and any compact subset L C GL,(C) there exists D > 0 with the property
that whenever b: (C",0) — C™ is germ of a holomorphic map and c: (C*,0) — (C",0) is a germ
of a bihomorphism (both written into homogeneous terms b(z) = Y, 5qbi(2), c(2) = > 150 ck(2))
satisfying ||bxl|, < C*, |lckl|x < CF, for all k € N, and ¢ € L, then for every positive integer ¢,
' ( Lo+L o+€b

ue(z) =

Jo" 6 o
(det jie)k®
Proposition 6.3. Let © be a m x m matriz with holomorphic coefficients near the origin in C",
m,n > 1, such that © 1s of generic rank m. Let X be a complex manifold, and assume that

c:C"x X = C" and b: C* x X — C™ are holomorphic maps defined on some neighbourhood of
{0} x X. Assume that c satisfies

c(0,w) =0, detc,(0,w)#0, foreverywe X.
Then there exists a holomorphic map I': C" x X — C™ defined on a neighbourhood of {0} x X such
that if u: (C*,0) — C™ is a germ of a holomorphic map satisfying ©(c(z,wy)) - u(z) = b(z,wp) for
some wy € X, then u(z) =I'(z,wy). Furthermore, if we write the Taylor expansions

w) = Z bo(w)2%, c(z,w) = Z Ca(w)z,

aeN" aeN"?

e

then there exists an integer £y and for every a € N"™ nonnegative integers k, and polynomial
mappings pa: J (€, Cm) x JET(Cr) = € such that

o - 3 M )

aeN"

The proof of Proposition 6.2 is given in §6.2.
6.1. Proof of Proposition 6.1.

6.1.1. Reducing the linear singular system to a simpler one. A process similar to that used in
§4.2 is done to bring the original m x m matrix © to another which has a convenient form.
Given our m x m matrix ©(z) with holomorphic coefficients near the origin in C", for each
j=1,...,m we write ©7(z) for its j-th row and decompose the rows into homogeneous terms as
0i(z) = Zk <k o’ 1.(2) where @f; is a homogeneous polynomial map C" — C™ of degree k. For

v € N, we define ©, to be the m X m matrix whose j-th row is given by @k - Hence the j-th
row of ©, is a homogeneous polynomial map of degree k; + v. We say that O is the matrix
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formed from © by taking its lowest order homogeneous terms. We have the following reduction,
analogous to that done in Lemma 4.5.

Lemma 6.4. Let O(z) be a m x m matriz with holomorphic coefficients near the origin in C* and
assume that © is generically of full rank. Then there exists a m x m matriz Q(z) of polynomials
such that N(z) := Q(z) - O(2) has the property that the matriz Ny formed from N by taking the
lowest order homogeneous terms in each row is generically of full rank.

Proof. Let e be the order of vanishing (at the origin) of det © and define D :=e—3" ., k;. First
note that det ©¢ is nonzero if and only if D = 0. In case D = 0, we are therefore done. Hence we
may assume that D > 0. We claim that there is a m x m matrix Q(l)(z) of polynomials such that
if we denote k; the lowest order homogeneous in the jth row of the matrix O(z) := QW (2)0(z)
and if we denote by & the order of vanishing of det ©, then D := é — > <j<m 18 strictly smaller
than D. Indeed, if det ©y = 0, there exist polynomials py,...,p, € C|z] not all identically zero
such that

(6.2) POy, + -+ O =0.
Moreover, since each @f;j is homogeneous of degree k;, we may choose each polynomial p; to be

homogeneous of degree d — k; for some positive integer 6. Without loss of generality, we may also
assume that that p; # 0. Define

P1 P2 DPm
Q(l) _ o 1 ... 0 |
0 1

so that the order of vanishing of det® is e + 6 — k; since det© = p; det®. Note that for
j=2,...,m, ];fj = k + j and that it follows from (6.2) that the lowest order homogeneous term
of ©' is of order k; > . Hence D = e 46 — ky — Y i<i<m ki <e— > i<j<m kj = D. This proves
the claim. Therefore, after finitely many such procedures, we arrive at a matrix N satisfying the
property claimed in the lemma. O

6.1.2. Completion of the proof of Proposition 6.1. Let ©¢ be as defined in 6.1.1. By Lemma 6.4,
there exists a m x m matrix Q(z) of polynomials such that the matrix Ny(z) formed from N(z) :=
Q(2) - ©(z) by taking the lowest order homogeneous terms in each row is generically of full rank.
Now observe that if we prove Proposition 6.1 for the matrix /N, the result easily follows for the
original matrix ©. So we may assume in what follows that the matrix © is generically of full
rank. Furthermore, by multiplying the rows with appropriate homogeneous polynomials, we may
assume that the rows of Oy are homogeneous of the same degree, say ¢, > 0. By Lemma 4.1, we
may choose a polydisc A centered at the origin and a constant D > 0 and for all £ > 0 a left
inverse By to the operator given by multiplication with ©¢ (which takes P}" to P +¢), and which
has norm at most D' (when P;* and P;",, are equipped with [|-||,). We define inductively the
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polynomials maps (q¢)e>o0 as follows:

() 1= B (i, 3 ) |

(6.3)
qe(z, A7) == B, (Zla =ttt Ly Z@é -i(2) - ¢;(z Aeoﬂ)) , L2 1.

It is easy to show by induction on ¢ that each p,: C™ x Jg”e((C”, C™) — C™ is a polynomial map
that is homogeneous of degree ¢ in its first variable z. We claim that given a germ of a holomorphic
map b: (C",0) — C™ if u: (C",0) — C™ is a germ of a holomorphic map satisfying

(6.4) O(2) - u(z) = b(2),

then necessarily u(z) = qo(z, j&™b). Indeed first note that by considering homogeneous terms
of order ¢, in (6.4), we get Og(z) - ug(z) = by, (2) and hence ug(z) = ¢o(ji°b). Now assume that
up(2) = qu(z,55°7D) for all k < £. Considering homogeneous terms of order £ + £, in (6.4), we

obtain
¢

Oo(2) - ur(2) + Y O0,(2) - tp—y(2) = byyre(2),
v=1
which easily gives the required conclusion by the induction assumption.

The convergence statement can now be derived by a similar but much simpler argument as in
the proof of Theorem 3.1. Indeed, let C' > 0 and let b: (C",0) — C™ be a germ of holomorphic
map satisfying ||bg]|, < CF for all k& € N where b(z) = >,-,bx(z) is the decomposition of b
into homogeneous terms; without loss of generality we may assume that ¢, > 0. Since © is
convergent, there exists a > 0 such that ||©;||, < a’. We first claim that for any oy > 0, the series
o(t) =2 jen o;t7 converges in a neighbourhood of 0, where o; is defined for j > 1 by

(6.5) Doj =Y o Fo, + C7H.
k<j
This follows from the fact that ¢(t) is a solution of the equation

at tClot1

Do(t) — Dog = m@(t) it

Now, we set 0y := C**D~1 and (0;);>1 as given by (6.5). Then by using (6.3) and (6.5) it is easy
to show by induction that for all £ € N, HQe(',ngMb HA < gy. Since )., 05t/ is convergent, there

exists K > 0 (independent of b) such that o, < K* for all £ € N. This completes the proof of
Proposition 6.1.

6.2. Proof of Proposition 6.2. Actually, this proposition is a simple consequence of Proposition
6.1 and the inverse function Theorem. We will of course need a version of the latter which is
compatible with the desired estimates, so we first turn to this. The reader will notice that the
results we derive here are by no means new, but nevertheless we think it is important to put the
proofs of the precise desired results here. We first have the following lemma.
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Lemma 6.5. For every positive integer {, there exist a polynomial map p,: C* x JE(C") — C",
homogeneous of degree ¢ in its first variable, such that for any germ of a biholomorphic map
c: (C",0) — (C",0) written into homogeneous terms c(z) = 3., ¢;(z) is given by

Cil(z) _ pg(Z,jéC)

=0 (det Cl)e )

Furthermore, there exists a polydisc A C C" centered at the origin such that for any C > 0 and
any compact subset L C GL,(C) there exists K > 0 such that for every c¢: (C*,0) — (C",0) as
above satisfying ¢; € L and ||cx||y < CF for every k € N*, then for every { € N*

i

Proof. We set py(z, A') := (A')~! - 2 and define the polynomials p;, ¢ > 2, inductively as follows
(here we use again the notation wu,(z) = u(z)|s):

PN = () Sy Dy 3 (B AT,
R (2, A1) = D 1<vce—1 Pu(2, A,

It is easy to see that for every £ > 1, py(2, A?) := (det c1)* py(z, A*) satisfies the required conditions

of Lemma 6.5. It remains therefore to check the estimates for the py,. So let A be the unit polydisc

in C", L a compact subset of GL,(C), C' > 0 and suppose that ¢: (C*,0) — (C",0) is a germ of a

biholomorphic map satisfying ||cx||, < C* for all k > 0. We set
1

Ar=min oy B

p@('u jgc)

< K*.
(det )¢

A

(6.6)

'l

(Here, as in Lemma 4.1, the matrix norm is adapted to the maximum norm on C".) Let C>0
(independent of ¢) such that ||¢;||, < C7 for all j > 0. Consider the one-dimensional equation

C2(t)?
(6.7) Aoty — OO gy
1-Co(t)
It is then easy to check that (6.7) has a unique convergent solution
-y n
£>0

vanishing at the origin, which furthermore satisfies B, > 0 for all £ > 0. Moreover, Proposition 4.2
implies that the B, satisfy the following relation for ¢ > 2:

(6.8) ABy =Y Lcd BY . B
‘ ¢ k! kg =1
where d = ky + - - -+ ky,_1 > 2, and the sum goes over all nonnegative integers k1, ..., ky_1 with

ki 4+ 2ky + -+ (£ — 1)ky—y = £. We claim that for all £ > 1, Hﬁg(-,joc HA < B;. For E =1 this is
clear by the choice of By and the definition of p;. Suppose now that H pa(-, jde H A S Biford<d.
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Using (6.6) and Lemma 4.3, we get the following estimates

NI (R (=55 e) e

1<j<e

1PeC 300 < llex

A
k
<"l X i mlelh IPllA - 1Pealls™
2<5</4
where j = ky + --- + ky—1, and the sum goes over all nonnegative integers ki,...,k,_; with

ki +2ky+ -4+ (£ — 1)k,—y = £. Hence by (6.8) and the induction assumption we get

'l
el < 'l Y g otBl B

2<5</4

= [l ABe < By,
by our choice of A, which proves the claim and also completes the proof of the lemma. O
Remark 6.6. Note that Lemma 6.5 also holds for every polydisc A C C™ centered at the origin.
We also need the following lemma about the composition of analytic functions with estimates.

Lemma 6.7. Let K > 0 and assume that A C CV and A’ C C" are polydiscs centered at 0.
There exists C > 0 such that whenever f: (C",0) — C™ and g: (CV,0) — (C",0) are germs of
holomorphz’g mappings wm’tt;n into homogeneous terms f = ijo fi, 9= 2321 g; and satisfying
gilla < K7 and || f;]| 50 < K7 for every positive integer j, then the composition h = fog =3, h;
satisfies ||h;|| , < C7 for j > 0.

Before we begin with the proof, let us point out that there are easier proofs for this lemma

than the one we give; we prefer to give a proof using majorization by a conveniently chosen power
series because this ties in nicely with the proofs of the other convergence estimates given before.

Proof. We use the geometric sum to compute

K, 5L K, Kt . o
6.9 Ll G ! =N K K1+ KW
(69) - K £ 1-K(1+ Kyt ; I

Now choose K large enough (depending only on K and A’) so that || f;||, < K] for all j > 0, for
all f satistying | f;||, < K7. We claim that ||h;| , < KiK7(1 + K;)’~! for j > 0. This is proved
using Lemma 4.3 and Faa di Bruno’s formula (Proposition 4.2). For every j > 0, we have the
following estimates:

1hilla < Z [(fao9)lslla
d=

d'|| fa k;
<l gl
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where d = k; + ... 4+ k; > 1 and the sum goes over all nonnegative integers ki, ..., k; such that
ki +2ky+ ...+ jk; = j. Using (6.9), we get

Iislla < Dy KA

== KlK](l + Kl)jil
Setting C' := K (1 + K) yields the desired result. O

Completion of the proof of Proposition 6.2. Now, we can easily prove Proposition 6.2. Let ¢, given
by Proposition 6.2 and for every k € N, let ¢; be the polynomial map given by the same proposition.
Define for every nonnegative integer ¢ the map p, by setting

(6.10) Pe(z, ]é”‘)c ]0”06 <Z qx(c ”ZO bocl))> le,

keN

for all germs of holomorphic maps b and ¢ as in Proposition 6.2, where, as used before, the notation
|e on the right hand side of (6.10) denotes the homogeneous part of order ¢ of the corresponding
power series mapping. It is clear from Lemma 6.5 and the chain rule that for every ¢ € N, there
exists k(¢) € N such that for every b and ¢ as above we have

(det jgc)* pe(z, jo e, j5TOb) =t pe(2, 35 0c, j5T0D)

for some polynomial map satisfying the required properties. Finally, we leave the reader to check
that the needed estimates follow from the estimates given in Lemma 6.5 and Lemma 6.7 and from
Remark 6.6. The proof of Proposition 6.2 is complete. 0

Remark 6.8. Let H(C",C™) be the topological vector space of germs of holomorphic maps
(C™,0) — C™ (endowed with the topology of uniform convergence on compact neighbourhoods of
the origin in C") and © = O(z) be a m x m matrix with entries in H(C", C) with © of generic rank
m. Define the holomorphic map ©,: B" x H(C",C™) — B" x H(C",C™) by setting O.(c,u) =
(¢, (©®oc)-u) for all u € H(C",C™) and ¢ € B". Then we leave to the reader to check that,
following the lines of the proof of Theorem 2.4 given in §5, the statement given by Proposition 6.2
yields the existence of a holomorphic left inverse ®: B x H(C",C™) — B" x H(C",C™) to the
map O,.

7. A CLASS OF REAL-ANALYTIC GENERIC SUBMANIFOLDS

We introduce here a class of real-analytic generic submanifolds, more general than the class of
essentially finite generic submanifolds, and state the most general parametrization theorem of this
paper (Theorem 7.3) for such a class; all the results stated in §2 will then follow from that theorem.
We also discuss a few properties of this class of manifolds, compare it to some well-known other
ones and also give several examples of manifolds in this class that are not essentially finite.

7.1. Nondegeneracy conditions for real-analytic generic submanifolds. We start by in-
troducing a nondegeneracy condition for real-analytic CR submanifolds of C¥ and then compare
it to some well-known ones. For more background concerning CR structures, we refer the reader
e.g. to the books [4, 10].

Let (M, p) be a germ of a real-analytic generic submanifold of CV i.e. satisfying T, M +.J(T,M) =
T,CN where J is the complex structure map of C and T,M (resp. T,C") denotes the tangent
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space of M (resp. of CV) at p. Let n and d be respectively the CR dimension and the codimension
of the manifold M so that N = n+d. Let p = (p1, ..., pa) be a real-analytic vector valued defining
equation for M in some neighbourhood U of p in C¥ satisfying dp; A...Adpg # 0 in U. For every
point ¢ € CV sufficiently close to p, recall that the Segre variety attached to ¢ is the n-dimensional
complex submanifold of CV given by

S,:={Z e U: p(2.9) =0},

where the original real-analytic map p has been complexified and U may have been shrinked so
that p(Z,() is now convergent on U X U. On the other hand, the complexification of M is the
germ through the point (p, p) € C*V of the 2n + d-dimensional complex submanifold of C?" given
by

(7.1) M= {(Z,¢) € (C*,(p,p)) : p(Z,¢) = 0}.

Here and throughout the paper, given any holomorphic map 7 defined on some open subset (2
of C¥ and given any point a € , we denote by {t € (C* a) : n(t) = 0} the germ at a of the
complex-analytic set {t € Q:n(t) = 0}.

For every integer k and for u € CV, let EF"(CY) be the jet space of order k at q of n-dimensional
complex submanifolds of CV passing through u. Then U,ccn E¥™(CY) carries a natural fiber
bundle structure over CV. Following [19, 8|, for every ¢ € M sufficiently close to p, we consider
the antiholomorphic map 7r(’1c defined as follows:

(7.2) 7T(];I Sy — E;“’”(CN), (&) = jgb},

q

where j¥Se denotes the k-jet at g of the submanifold S¢ (see e.g. [25]).

Definition 7.1. We say that the germ (M, p) belongs to the class C if the antiholomorphic map

7r]’§ is of generic rank n for k large enough (or equivalently, is generically immersive for k large

enough).

For a germ (M, p) € C, we denote by kj(p) the smallest integer k for which the map W;f is
of generic rank n. Clearly, the integer xy/(p) is a biholomorphic invariant attached to the germ
(M, p). Furthermore, for ¢ € M sufficiently close to p, we see that, shrinking the neighbourhood U
if necessary, that S, depends anti-holomorphically on ¢ (i.e. can be parametrized by a holomorphic

map depending anti-holomorphically on ¢; see e.g. §7.3 below for more details if needed). By unique

continuation it follows that if (M,p) € C, then the map ng(p ) is still generically immersive for

q € M close enough to p i.e. that (M, q) is in C. Hence there exists a neighbourhood V' of p in M
such that k,; is well defined on V' and from the definition we have that k,; is upper-semicontinuous.
It is interesting to compare the above local open condition with other well-known ones. We recall
the following nondegeneracy conditions for a germ (M, p) of a real-analytic generic submanifold
of CV:
(I) the submanifold M is Levi-nondegenerate at p if the map ’/T; is an immersion at p;

(IT) the submanifold M is said to be finitely nondegenerate at p if the map WS is an immersion
at p for k sufficiently large; in this case, M is said be k,-nondegenerate at p if k, is the
smallest k& for which the above condition holds (see [7, 4]).

(IIT) the submanifold M is said to be essentially finite at p if the antiholomorphic map 7r1’§ is
finite for k large enough; in this case, the smallest of such k’s is called the essential type
of M at p and denoted esstype,,(p) (see [8]).
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(IV) the submanifold M is said to be holomorphically nondegenerate at p (in the sense of Stanton
[41]) if for a generic point ¢ € M sufficiently close to p the antiholomorphic map 7r§
is generically immersive for k large enough. (Equivalently, for a generic point ¢ € M
sufficiently close to p, (M, q) € C.)

The definition of holomorphic nondegeneracy given in (IV) does not correspond here to the original
one but it is not difficult to show, by using Stanton’s criterion of holomorphic nondegeneracy
(see Proposition 7.6 below) that it is in fact equivalent to the original one. It is well-known that
(D)= (II)=(I11)=-(IV) (but converses do not hold). It is also clear from the above definitions that if
(M, p) € C then (M, p) is holomorphically nondegenerate and that if (M, p) is essentially finite then
(M,p) € C. Hence the essentially finite submanifolds form one general subclass of submanifolds
that are in the class C. Another subclass of the class C that is worth to point out consists
of those germs (M, p) of generic real-analytic submanifolds that are rigid and holomorphically
nondegenerate (see §7.3 for the definition and details). We summarize the above in the following.

Proposition 7.2. Consider the following conditions on a germ (M,p) of a real-analytic generic
submanifold of CN:

(i) (M,p) is essentially finite;
(ii) (M,p) does not contain any nontrivial complez analytic subvariety;
(iii) (M, p) is rigid and holomorphically nondegenerate.

If (M, p) satisfies one of the above three conditions then (M,p) € C.

In §7.3, we shall provide the reader with an elementary example of a germ of a submanifold
belonging to the class C that is not essentially finite nor rigid holomorphically nondegenerate and
also give a more explicit criterion (Proposition 7.5) that allows one to decide when a given germ
of a submanifold is in C or not.

Another nondegeneracy condition on a germ (M, p) we also need to recall is the minimality
condition due to Tumanov [43]: (M, p) is called minimal if there is no proper CR submanifold
S C M passing through p with the same CR dimension as that of M. As is well-known (see [4]),
for real-analytic generic submanifolds, this condition is equivalent to the finite type condition of
Kohn [31] and Bloom-Graham [9] on the CR vector fields of M.

7.2. The main result of the paper. The most general parametrization theorem we shall prove
in this paper is the following.

Theorem 7.3. Let M be a real-analytic generic submanifold of CN of codimension d. Let p € M

and assume that (M, p) is minimal and belongs to the class C and set €, := (d + 1)kp(p). Then
0

there exists an open subset Q@ C CN x GPp(CN) and a real-analytic map ¥(Z,A): @ — CV
holomorphic in the first factor, such that the following hold :
(i) for any H € Aut(M, p) the point (p,jﬁpH) belongs to Q) and the following identity holds:
H(Z)=¥(Z, jﬁpH) for all Z € CN near p;
(ii) the map ¥ has the following formal Taylor expansion

_ PA(AT) e
(73) VN = Y o e ()

aeNN
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where for every o € NV, s, and r, are nonnegative integers, P, and D are polynomials
in their arguments, A' denotes the linear part of the jet A and D(jLH) # 0 for every
H e Aut(M, p).

Let us remark here that the set (2 appearing in the statement of Theorem 7.3 is only determined
by some algebraic conditions on the first order jets, and these conditions are automatically fulfilled
for jets of CR automorphisms of M.

Quite analogously to §2, we obtain by following some arguments from [4, 3| the following result
from Theorem 7.3.

Theorem 7.4. Let M be a real-analytic generic submanifold of CN of codimension d. Let p € M
and assume that (M, p) is minimal and belongs to the class C and set €, := (d + 1)k (p). Then
the jet mapping

(7.4) i Aut(M,p) — G (CN)

18 a continuous group homomorphism that is a homeomorphism onto a real-algebraic Lie subgroup
£ N
of Gpp(C™).

Another special class of real-analytic generic submanifolds of C that has been much studied
in recent years is that of finitely nondegenerate ones. For a germ of a k,-nondegenerate real-
analytic generic submanifold (M, p), Theorem 7.3 (and hence Theorem 7.4) has been established
by Baouendi, Ebenfelt and Rothschild in [3] (see also [47] for a previous weaker version) with a
bound £, = (d + 1)k,. We would like to point out that it follows from the discussion in §7.1 that
we always have £, < £, with ¢, given by Theorem 7.3. Furthermore, we give in §7.3 a number
of examples of finitely nondegenerate submanifolds for which the above inequality is in fact strict
(see Example 7.8). This shows that Theorem 7.3 improves also the known results for finitely
nondegenerate submanifolds.

The proof of Theorem 7.3 is given throughout §8-§10 and is completed in §11 together with the
proof of Theorem 7.4.

7.3. Some properties of the class C and comparison between known invariants. Our goal
here is to give here a characterization (Proposition 7.5) by using local holomorphic coordinates of
germs of real-analytic generic submanifolds that belong to C.

Let (M,p) be a germ of a real-analytic generic submanifold of CV. Following [4], we use a
system of normal coordinates (z,w) € C* x C? for (M, p), which means that in these coordinates
p = 0 and that there is a defining equation for M near the origin of the form

(7.5) Imw = (2, %, Rew), ¢(,0,5) = 9(0,%,5) = 0,

where ¢: C" x R? — R? is a germ of a real-analytic map at the origin. By the implicit function
theorem, (7.5) is also equivalent to a defining equation of the following form:

(7.6) w=Q(z,z,w),
with Q(z,0,w) = Q(0,z,w) = w; here Q: C" x C" x C? — C% is a germ of a holomorphic map at

the origin. We write and use the following expansions:

(7-7) ijw ZQasz Q (Q:L?"'?Qd)? qa:(@é?‘“?éi)'

aceN"
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Here and throughout the rest of the paper, for any holomorphic function h: C" — C defined near
the origin in C”, we denote by h: C" — C the holomorphic function obtained from h by taking
the complex conjugates of the coefficients of its Taylor series. In the above normal coordinates,
the complexification M is given by

(7.8) M= {((z,w), (x,7)) € (C¥ x CY,0) : 7 = Q(x, 2, w)},

and for every integer k, the mapping W;f defined in (7.2) may be identified with the conjugate
of the local holomorphic map z — (a!q,(2,0))jaj<k- As a consequence, we have the following
characterization.

Proposition 7.5. Let (M, p) be a germ of a real-analytic generic submanifold in CN and let (z,w)
be normal coordinates for (M, p) so that M is given by (7.6). Then the following are equivalent:

(i) (M,p) €C;
(ii) for some integer k, the local holomorphic map z — (Ga(2,0): |a| < k) is generically of full
rank.

Furthermore, if any of these conditions is satisfied, the integer ky;(p) is the smallest integer k for
which condition (ii) holds.

As already mentioned in §7.1, the first natural class of manifolds that belong to C is given by
the class of essentially finite ones. Another one is given by the class of rigid holomorphically
nondegenerate submanifolds. Recall that (M, p) is called rigid if there exists normal coordinates
(2,w) € C"xC?such that M is given by equation of the form (7.5) with the additional requirement
that ¢ does not depend on s i.e. p(z,2,8) = p(z,2) (see [4]). The fact that the class of rigid
holomorphically nondegenerate real-analytic generic submanifolds is contained in C follows from
Proposition 7.5 and Stanton’s criterion of holomorphic nondegeneracy whose statement we now
recall.

Proposition 7.6. ([41, 4]) Let (M, p) be a germ of a real-analytic generic submanifold in CN and
let (z,w) be normal coordinates for (M,p) so that M is given by (7.6). Then the following are
equivalent:

(i) (M,p) is holomorphically nondegenerate;
(i) for some integer k, the local holomorphic map (z,w) — (G.(z,w): |a|] < k) is of generic
rank N.

We now exhibit examples of generic submanifolds that belong to the class C without being
essentially finite nor rigid holomorphically nondegenerate.

Example 7.7. Let M C C2 x C,, be defined by
Imw = |2]* + (Rew) |22]?,

Let us check that M is neither essentially finite nor rigid; by using Proposition 7.5 one sees that
it does belong to C, though. Moreover, we have r,;(0) = 2. Indeed, rewriting in complex form,
the defining equation of M is given by

1 +Z|ZQ|2 X |Zl‘2

1—7;’22‘2 1 —7;’22‘2

w=w = Q(z,z,w).
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Thus, Q(z, z,0) is given by
o
Q(2,2,0) =20 Y ]z
=0

Using this expansion, we can now apply Proposition 7.5 to see that M € C; however, M is
not essentially finite since the map x + (ga(x)) is—up to constant factors and uninteresting
components—just the map

X = (X1, X1X2: X1 X35 - - )

which is not finite. To check that M is not rigid, note that if M is rigid, there exists a (germ
of a real-analytic) curve (R,0) > r — C(r) = (z(r),w(r)) = (2(r),s(r) + it(r)) in M with
C'(0) = 0 and s'(0) # 0 such that the germs (M, 0) and (M, C(r)) are biholomorphically equivalent
for all r close to 0. Such a curve is obtained as follows: since M is assumed to be rigid, in
suitable local holomorphic coordinates ((,n) € C*> x C, M is given by an equation of the form
Imn = ¢(¢, ) with ¢ real-analytic near the origin; in these coordinates the claimed curve is just
the line (0,7), r € (R,0). On the other hand, (M, 0) contains the complex line (0, z2,0) while for
(2,5 +it) € C* x C close to 0 with s # 0 the germ (M, (z, s + it)) does not contain any complex
curves through (z, s + it) since a calculation in the given coordinates shows that M is actually
strongly pseudoconvex at all such points. The germs (M,0) and (M, C(r)) can therefore not be
biholomorphically equivalent for r # 0 close to 0, which shows that M is not rigid.

Suppose now that (M,0) is germ of a real-analytic ko-nondegenerate generic submanifold (as
defined in §7.1), then obviously (M,0) € C and one has k3;(0) < k. In the following example, we
show that this inequality may be strict. In fact, this example shows for every k£ > 2 there exists
a k-nondegenerate real-analytic hypersurface (Mj, 0) in C? for which xy, (0) =1 < k.

Example 7.8. Let (M,,0) C C? ) be defined by

(21,22,w
Imw = Re ((z1 + 22)%") + |21]*.

Moreover, analogous examples of real-analytic hypersurfaces or generic submanifolds may be
constructed in CV for arbitrary N; this is left to the reader as an easy exercise. Similarly, for
essentially finite submanifolds, we have the following.

Example 7.9. For every k > 3, let (Mk, 0) c C? ) be defined by

(21722711)

Imw = |21|* + |2120]* + |22|2"“’.

Then M is essentially finite at the origin (but not finitely nondegenerate) and esstypeg; (0) = &
while £y, (0) = 2 < esstypeg; (0).

8. SPACES OF HOLOMORPHIC MAPS IN JET SPACES

Recall that for any positive integer k, we denote the space of jets at the origin of order k of
holomorphic mappings from CV into itself and fixing the origin by J§,(C"). Given coordinates

Z =(Zy,...,Zy) in CV, we identify a jet J € J§(C") with a polynomial map of the form

Ak
(8.1) J=J2)= >, =z

aeNT | 1<|a|<k
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where AF € CN. We thus have for a jet J € J§(C") coordinates

(8.2) A = () 1<jal<k

as given in (8.1). Given a germ of a holomorphic map h: (CV,0) — (CV,0), h = h( ), we denote by

JFh the k-jet of h at t for ¢ sufficiently small and also use the following splitting j, kh =: (h(t), j%h).
Moreover, since h(0) = 0, we may also identify j&¥h with ] “h, that we will freely do in the sequel.

For later purposes, given a splitting (z,w) € C" x C? (Where N = n+d) of coordinates in CV (as
for example induced by a choice of normal coordinates (7.6)), we introduce a special component of
any jet A" € JF(CV). We denote the set of multiindices of length one having 0 from the n + 1-th
to the N-th digit by S, and the projection onto the first n coordinates by pr;: C¥ — C™ (that is,
pry(z,w) = z). Then

(8.3) A= (pr(Aa))aes:

Note that for any local holomorphic map (C* x C%,0) > (z,w) — H(z,w) = (f(z,w), g(z,w)) €
(C™ x C4,0), if jkH = A*, then A! = (%(O)). We can therefore identify A! with an n x n matrix
or equivalently with an element of J&O(C”). Throughout the paper, given any other notation for
a jet \F € J&O(CN ), AL will always denote the component of A\* defined above. We denote by
Gg(CN) the connected open subset of J§(CV) consisting of those jets A* for which det AL £ 0

i.e. for which A! € GL,(C).

For later purposes, it is convenient to introduce the following spaces of functions. For any
positive integers k, s, let F¥ = O({0} x GL(CY) x GF(CN)) be the ring of germs of holomorphic
functions on {0} x G}(CN) x GE(CN) € C* x GL(CY) x GE(CN); recall that this is just the space
of holomorphic functions which are defined on some connected open subset (which may depend
on the function) of C* x G}(CY) x GF(CV) containing {0} x GL(CY) x GF(CY) where we identify
two such functions if there exists an open connected subset containing {0} x G}(CV) x GF(CV)
on which they are both defined and agree. For any © = O(t, \}, A*) € F¥ we write the Taylor
expansion

O, A, AF) =3 0,(A, ARt
vENS
Let £F denote the subspace of F¥ consisting of those germs © € F¥ for which ©,(A\!, A¥) can be
written, for any v € N°| in the following form

B, (AL, AF)
(det A1)er (det A1)av
for some polynomial B, and some nonnegative integers c,, a,.
In what follows, for x € C? and y € C", we denote by C{z}[y] the ring of polynomials in y with
coefficients that are convergent power series in x.

Throughout the paper, we will need the following elementary facts about the space £F that we
shall freely use.

Lemma 8.1. Let O4,...,0,,0,,1,...,0, be ¢ holomorphic functions belonging to E¥ such that
O, 41(0, AL, AR) = .. =0,(0, A1, AF) = 0 for all (\', A*) € GL(CN) x GE(CY). Then the following
hold.
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(i) IfV(t,T;y) € C{t, T}y, (t,T,y) € C° x CT" x C", then the holomorphic function
V(t, 0,1 (t, A AR) o 0,8 A AR); O (1, A AR) L O,(E AL AR))

also belongs to EF.
(i) IfC(t;y) € C{t}Y[y] and D(t;y) € C{t}[y], (t,y) € C*XC", with D(0; \!, A¥) = (det A*)* (det X')?
for some nonnegative integers a, b, then for every nonnegative integer m the ratio
C(t;01(t, N1, AR) . 0.(t AL AF))
(D(t;01(t, AL, AF) . O,(E, AL, AR)))™

defines an element of E.

9. REFLECTION IDENTITIES

Throughout the rest of this paper, we let (M, 0) denote a germ of a real-analytic generic subman-
ifold of C through the origin. This section is the starting point of the proof of Theorem 7.3. We
shall assume, without loss of generality, that M is given in normal coordinates Z = (z,w) € C*xC?
asin (7.5) and (7.6). Recall also that the complexification M C C¥ x C¥ is the complex submani-
fold given through the origin by (7.8). In what follows, we shall keep the notation and terminology
introduced in §7-§8.

This section is devoted to the first of the three main steps of the proof of Theorem 7.3. We
establish here some general identities on the complexification M of M (see Propositions 9.1 and
9.4), which are valid without any condition on the submanifold M.

Recall that for any positive integer k£, A* denotes the coordinates in J§,(C") as explained in §8,

and A! is the component of A! given by (8.3), corresponding to our choice of normal coordinates
(z,w). In what follows, for every H € Aut(M,0), following the splitting of the coordinates
Z = (z,w), we split the map H as H = (f,g) € C" x Cce.

For the map @ previously defined, we will use the following notation to simplify our formulas:
QlZl T 7%1 B Q%(a,zl T Qia,zl
7 R ) QXQ,Z ) - e B
QlZN T %N Q>1<(’7ZN T Q;i(“,ZN
where o € N" and Q = (Q*,...,Q%).

We start with the following well-known computational lemma (see e.g. [3, Equation (3.4.14)]).

Qz =

Proposition 9.1. There exists a universal polynomial D = D(Z,(,AY) € C{Z,(}AY and, for
every a € N\ {0}, another universal C*-valued polynomial map Py = Po(Z,(, Al*) whose
components are in the ring C{Z, (}[A1*] such that for any H € Aut(M,0), the following holds:
(i) D(0,0,A') = det A;
(i) D(0,0,joH) # 0;
(iii) for all (Z,¢) € M near 0,

/\‘

&) (D(Z,¢,GEH)) 7 Qe (F(Q), H(Z)) = Pul(Z.C,TEH).

Our next identity is concerned with pure transversal derivatives of every element of Aut(M,0).



36 BERNHARD LAMEL AND NORDINE MIR

Proposition 9.2. For any u € N\ {0} and a € N*\{0}, there exist a universal C4-valued polyno-
mial map T,,.o(Z, ¢, Z', ', NH=1 A whose components belong to the ring C{Z, (, Z', ¢’} A=, Al
and another universal C%-valued polynomial map Q,, (Z,¢, AlelFel) whose components are in the
ring C{Z, C}[AHIM] | such that for any H € Aut(M,0) and for any (Z,() € M close to the
origin, the following relation holds:

|l _ _
(9.2 T (2)- Qe s, H(Z) = () + ()
where
(9.3) (0= T (2.C H(Z), T(C), 4 1Y)
and

Qu a(Z C j'aHMH)
(D(Z, ¢, jEH))lelHrl=1
Proof. Consider the following holomorphic vector fields tangent to M:

0 0

0 - X J .
(9.5) Rj—g—wj%—ij(x,z,w)-aT 3w]+ZQ (x, 2, w)aTk =1,...,d.

(9.4) (%)g 1=

We prove the proposition by induction on the length of p. For i € N of length one, say, without
loss of generality, for p = (1,0,...,0), (9.2) follows easily after applying R; to (9.1). Suppose now
that (9.2) holds for all multiindeces u of a certain length k. Then if 4/ € N? is of length k + 1,
say again pu' = (1,0,...,0) + u for some pu € N? of length k, we apply again R; to (9.2), and one
easily sees from the chain rule that (9.2) is satisfied with p replaced by /. We leave the details
to the reader. ([l

The next lemma deals with the transversal derivatives of the normal component g of any H =
(f,9) € Aut(M,0).

Lemma 9.3. For any p € N%\ {0}, there exist a universal C*-valued polynomial map W, =
W(Z, ¢, 7', ¢ N1 AR whose components belong to the ring C{Z,¢, Z', ('}AH= A such
that for every H = (f,g) € Aut(M,0) and for any (Z,() € M sufficiently close to the origin,

1l 1l _
(9.6) P92y = 0L 2) Qur(2) F Q) + ()
with
(9.7) () = W, (2.¢, H(Z), H(Q), ¥ 1,5V H)

Proof. We again prove the lemma by induction on |pu].

Let u € N? of length one, say u = (1,0,...,0). Applying the vector field R; (as defined in
(9.5)) to the equation g(Z) = Q(f(Z), H(C)), for (Z,{) € M, one easily sees that the existence
of W, satisfying (9.6) follows from the chain rule.

Suppose now that (9.6) holds for all multiindeces u of a certain length k. Then if y/ € N is of
length k + 1, say again g/ = (1,0,...,0) + u for some p € N of length k, we apply again R; to
(9.6), and the existence of W, satisfying the desired equality follows again from the chain rule.
We leave the details to the reader. OJ
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Combining Proposition 9.2 and Lemma 9.3, one gets the following.

Proposition 9.4. For any u € N\ {0} and a € N*"\{0}, there exist a universal C4-valued polyno-
mial map 1, (Z,¢, Z', (', A=A whose components belong to the ring C{Z, ¢, Z, ¢'YAH=1 Aln]
such that for any H = (f,g) € Aut(M,0) and for any (Z,() € M close to the origin, the following
relation holds:

Iul _ _ _ _ _
©08) 2 L(2) (Quo (F(QO H2) + QU (2).TQ) - Qo (O HZD) = (41 + (92
where (x)y is given by (9.4) and (%)} is given by
(9.9) ()= T (2:C H(2), T(C), T4 BV
Iul

Remark 9.5. In (9.8), one should see 5 f(Z) as a 1 X n matrix, Qe z(f( ),H(Z)) asanxd
w

matrix, Q.(f(Z), H(C)) as a n x d matrix and Qye ,(f(C), H(Z)) = (@, (F(C), H(Z)))1j<a
as a d X d matrix.

10. PARAMETRIZATION OF Aut(M,0) ALONG SEGRE SETS

This section is devoted to the second part of the proof of Theorem 7.3, which involves two main
ingredients: the Segre sets and mappings introduced by Baouendi, Ebenfelt and Rothschild [1] and
the parametrization theorems for singular analytic systems developed in the first part of the paper.
We shall now prove that for a real-analytic generic submanifold M € C (the class C is defined in
§7), the elements of Aut(M,0), restricted to any Segre set, are parametrized by their jets at the
origin. Such a property is in fact first shown to be true on the Segre variety attached to the origin
(in Proposition 10.1) and then we establish that this parametrization property “propagates” to
higher order Segre sets (this is done in Proposition 10.2). For both of these results, we now use
the fact that M belongs to the class C.

10.1. Segre sets and mappings. We start by recalling the Segre mappings as introduced in [1].
They play a fundamental role in the study of mappings between real-analytic or real-algebraic
CR-manifolds of arbitrary codimension [4, 6, 39]. In what follows, for any positive integer s,
t° = (¢5,...,t>) will denote an n-dimensional complex variable.

For j € N*, we define the Segre mappings v7: (C%,0) — (C¥,0) inductively: For j = 1,
v () := (¢',0); and for j > 1,

(10.1) VL) = (L QTP (L)),

By definition, given a sufficiently small neighbourhood U; of the origin in C™/, the Segre set is the
image of the neighborhood U; under the map v’ (for a thorough discussion, see e.g. [4]). Note
that for any 7 > 1, the map

(CUD 0) 5 (1, Y s (T, T (1) e (CY x €V, 0)

takes in fact its values on the complexification M. In what follows, for any 57 > 1, we shall use
the following useful notation

(10.2) thh= (... ).
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10.2. Jet parametrization of CR automorphisms along the first Segre set. In what
follows, we keep the notation introduced the beginning of this section as well as in §9.

The next proposition gives a precise parametrization property by jets at the origin of all elements
of Aut(M,0) and of their derivatives along the first Segre set. Note that for any H € Aut(M,0)
and for any positive integers k, s, (0, joH,j5H) and (0, jiH, j¥H) are in the domain of definition
of any holomorphic function belonging to the space F* as defined in §8.

Proposition 10.1. In the above setting and with the above notation, assume furthermore that
(M, 0) belongs to the class C and denote by ko := k(M,0) the invariant integer attached to (M, 0)
as defined in §7. Then for any multiindex 3 € NV, there exists a CN-valued holomorphic map

(10.3) Wy = W (1, A\ ARt = (Eff (£, AL, A8y B (¢ )\1,/\”0+W|)> e C" x C%,

whose components belong to 5§o+|ﬂ\7 satisfying the following properties:
(i) If we denote by S C N¥ the set of multiindices of length one having 0 from the (n + 1)-th
to the N-th component, then for any (A\', A") € GL(CV) x G§°(CN) we have
v

(10.4) W0, AL, A%0) = 0, (TF(0, AL, A0))5es = o

Z—L1(0, AL, A0) = XL,
(ii) For every H € Aut(M,0), we have
(10.5) (0°H) o v')(#') = W{(#, jo H. jo" " " H),
for all t' sufficiently close to the origin in C".

We prove the proposition by induction on |3|. The induction start § = 0 is treated in §10.2.1
and the induction step is carried out in §10.2.2.

10.2.1. Proof of Proposition 10.1 for || = 0. For § = 0, we first note that it follows from
the normality of the chosen coordinates (z,w) that for any H = (f,g) € Aut(M,0), one has

(g o v)(t!) = 0. We may therefore define WO(t', A1, A*) := 0, and it is enough to construct
WOt AL AR0). Setting Z = v!(¢') and ¢ = 0 in (9.1) implies that for any H € Aut(M,0) and for
any a € N"\ {0},

Pal(0(t). 0.5 H)
(D! (1Y), 0, j3H))2el =1
for all ¢! sufficiently close to the origin. Using (7.7) and the fact that g o v! = 0, we obtain
equivalently

(10.6) Qxe (0, (H o v)(t)) =

Po (v (1), 0, 5V H)
(D(v1(t1), 0, 74 H))2eal-1

In what follows, we use (10.7) only for multiindices o € N\ {0} with |a| < ky. For such a’s, we
set

(10.7) alGo(fov'(th),0) =

(108)  palt A) = Pu(}().0,A), A, (1 AY) = (D('(1),0.AY), o € N,
and

1 KO
(109) Ta(t17AHO) — pa(t ,A )

AQ\a|—1(t17 AI) .
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It follows from Lemma 8.1 and Proposition 9.1 that the map r, = (r},...,7%) defines a C%-valued
holomorphic map in a neighborhood of {0} x G5°(CY) whose components belong to £%°. Moreover,
since M € C Proposition 7.5 implies that we may choose n integers iy,...,i, € {1,...,d} and

n multiindeces o, ... o™ € N"\ {0} of length < kg so that z (q_;l(l) (2,0),..., q‘i’;n) (2,0)) is
of generic rank n. Consider the following system of complex-analytic equations in the unknown
1 n—1
eC

(10.10) aN g, (T, 0) =ri, (1, A™), v=1,...,n.
By Corollary 3.2, there exists a holomorphic map
(10.11) T9 =T, X', A"0): C" x GL,(C) x G&o(CN) — ¢
defined in a neighbourhood of {0} x GL,(C) x G;°(C"), satisfying

or?

T9(0, X', A%0) =0, —L(0, X!, A%0) = X!

ot
such that if u: (C*,0) — (C",0) is a germ of a biholomorphism satisfying (10.10) for some
Aro € G°(CN), then u(t!) = T9(¢, jiu, A™). Hence, since for any H € Aut(M,0), t' — (fovl)(t)
is a germ at 0 of a biholomorphism satisfying (10.10) with A" = j5°H in view of (10.7), (10.8)
and (10.9), we have

1012)  (Forte) =T b oo E) =1 (2 (o)) )

Therefore if we set WO(t!, AL, A%0) := T9(¢}, A1, A%), we are left to prove that the components of
WOt AL A%) belong to £, For this, we write the taylor expansion

(10.13) WY(H A AR) = T ML AR) = ) T (A A%) (1),

yENn
From Corollary 3.2 (ii) we know that for each v € N, there exist positive integers e, and s, such
that F?,V(Xl, A"0) can be written in the form

(det Xl)ew

where p, is a C"-valued polynomial map of its arguments. Since each component of the map r,,
la| < ko, belongs to £, it follows from (10.14) and (10.13) that the same fact holds for every

n

component of ‘Tl(f This completes the proof of the Proposition 10.1 in the case 3 = 0.

(10.14)

10.2.2. Induction for Proposition 10.1. Assume now that Proposition 10.1 holds for all multindices
B € NV of length |a] < k, k € N, and let § = (d,...,0x) € NV with |§] = k + 1. Suppose first
that there exists m € {1,...,n} such that d,, > 0. Then by setting

vy
otl ~
where t! = (¢1,...,t}) € C" and 8 = (f1,...,0n), Bi = 6; for i # m and 3, = §,, — 1, we see
that the derivative of order ¢ of every H € Aut(M,0) is parametrized in the right way and we
are done in this case. Equation (10.15) also shows that the parametrizations ¥¢ with § € S are

(10.15) WO (¢, N, Arothtly = L (g1 AL A\Rotk)
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constructed in such a way that the second part of (10.4) holds. We may now therefore assume
that 6, = ... =9, = 0 (and 6] = k+1). We set u = (6,11,-..,0n) € N? and we note that
lu| = 16] = k + 1. Using (9.8) and (9.9) in which we set Z = v!(#!) and ¢ = 0 and using the
fact that Q(z,0,0) = 0 (normality of the coordinates), we obtain the following equality for every
a € N\ {0} and every H = (f,g) € Aut(M,0) and every t' € C" sufficiently close to the origin

97a Qo (01,0, T
10.16) ! ((0“f)ov') - —=(fov',0 " —
(10.16) ol (G f)ov’) - 5=( ) = Ao on (10 T)

+ 7;1/,04 (UlvoaHovl,O, ((aﬁH) OUl)

k+1771
1<k do H).

We have deliberately dropped the variable ¢! in (10.16) to simplify a bit the formula. In what
follows, we restrict ourselves to multiindices o € N? such that |a| < kg. For such a’s, we set

Qo (v(t1), 0, Alolhr)
10.17 2, oth, AFothtLy . X Y, 7
(10.17) Zpal ) Aoron (0, A)

(10.18)  Yua(th, AL, ARy = T <v1(t1), 0, WO(, AL, A%0), 0, TP (1, AL, ARo+k), Ak“) .
In the last equation we use the notation
\Ij(k (tl )\1 AnoJrk) <qjﬁ(t1 )\1 Ano+|ﬁ\)) )
1<[BI<k
It follows from (10.8), (10.4), Lemma 8.1 and Proposition 9.1 that the mappings =, , and T, ,
define holomorphic mappings in an open neighborhood of {0} x G&(CN) x Got*1(CV) in C" x
Jo(CN) x JEGTFHH(CN), whose components belong to X0+F+1. Consider the following linear
singular system in X € C™:
0L
0z

(1019) a1 X - LN A),0) = By (1 AFFH) 4 T o (11,0, A4,

forv =1,...,n. By (10.16) and the induction assumption, for any H € Aut(M,0), X = (9" f)ov!

satisfies the above system with \' = jiH and AfotF+t — jsotA 1T - Now, the holomorphic map
. , 0\11

z = ()0 (2,0),...,q%. (2,0)) is of generic rank n, (0, A\, A%) = 0, and F(O AL AR s

invertible for all (A!, A%) € GL(CY) x G5°(CN) by (10.4). Hence we may apply Proposition 6.3 to

conclude that there exists a holomorphic map

(10.20) TF = T, AL ARt €7 o gL(CN) x ggotF L (eN) —

defined in a neighbourhood of {0} x GA(CN) x GEot*1(CN) such that if X: (C*,0) — (C",0)
is a solution of (10.19) for some (A}, A%0tk+1) c GIH(CN) x GEoTFHH(CN), then X = X (¢ ) =
D4 (¢, AL, ARotk+) - We set,

(1021) Ej‘ls(t17 )\17Aﬁo+k+1) — F/f(tl, )\17An0+k+1)’
(10.22) BN A = W (0(8), 0, W3, A A), 0,01 (11, A1, A7), AFL)

where W, is the C%valued polynomial map given by Lemma 9.3. In view of Lemma 9.3, the con-
structed map W9 is the desired parametrization for the 6-th derivative of all elements of Aut(M, 0).
It remains to check that its components belong to the space £70tE+1 In view of the induction
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assumption, Lemma 8.1 (i) and (10.22), this fact is clear for all the components of W4, To deal
with the components of W¢, we first expand ¢ in a Taylor series

(10.23) (NN AR = DY N AR = T (W AR ()7
yeENn
and note that from the application of Proposition 6.3, we know that each I'f | (A!, A%oT5+1) s of

the following form
(10.24)

OW [(( ;EMO&)(Ov)‘lvAKOJFkJrl)v( ;Tuva)(ov)‘%AHOJrkJrl)v( ;Ej(l])(()? A17Aﬁo+k+1)>1<(1<h:0]

TV‘S;Y
ldet (%‘111 (0, A! Ano))

where C, is a C"-valued polynomial map of its arguments and s, and e, are positive integers.
Since each component of the W9 Z,, and T, for |a| < ko belongs to £+ and since
ouY
ot! (
U9 belongs to the space £ This completes the proof of Proposition 10.1.

€y )

0, A1, A") = X! by (10.4), it follows clearly from (10.23) and (10.24) that each component of

10.3. Iteration along higher order Segre sets. We now turn to constructing a parametrization
for the elements of the stability group Aut(M,0) along higher order Segre sets analogous to that
obtained along the first Segre set in §10.2. For any positive integer k, we recall the notation
thl = (1, t*) € C" as introduced in (10.2). We will prove the following.

Proposition 10.2. With the previous notation and under the assumptions of Proposition 10.1, the
following holds. For any k € N* and any multiindex 3 € NV, there exists a C -valued holomorphic
map

(10.25) WP = WM N1 ARRoHBl . (@ gk X1 ARR0HIOl) gl (glk AT ARRoHBLY) e ¢ e

whose components belong to Sk o+l

(i) If we denote by S C N¥ the set of multiindices of length one having 0 from the (n + 1)-th
to the N-th component, then for any (\', A¥%0) € GL(CN) x GF"(CN) we have

, satisfying the following properties:

~ w0 AL if kis odd
10.26)  WY(0, AL AkRoy — 0. (WP(0, AL, ARmotl — 0, AL Akroy = 20
( ) k( ) ) ) ) ( k( ) 5 )),865' 3tk ( ) A17 i I is even

(ii) For every H € Aut(M,0),
(10.27) (0°H) o o®)(tH) = w0t i H, kP if k is odd,

(10.28) ((0°H) o o) (tH) = WPt VH, jb= Py if & is even,

for all t*) sufficiently close to the origin in CF".
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We prove Proposition 10.2 by induction on k. For k = 1, the result is exactly the content of
Proposition 10.1. Suppose now that the result holds for all k£ € {1,...,m} and let us prove the
proposition for k = m + 1. We assume that m + 1 is even, and leave the odd case to the reader.
We shall construct the maps (07 +1)gen~ by induction on |f].

10.3.1. Construction of the parametrization W9 . We use (9.1) in which we set Z = v™*! =
o™t (¢ ) and ¢ = o™ = o™ (™). We get for every a € N\ {0}

Pa (0™, 0™, ((07H) 0 0™)1<)81<a))
(D(vm+1, o™, ((0PH) 0 0™) =) )2lel =1

(10.29) Qya(fot™ Hov™M) =

for all ™1 sufficiently close to the origin in C™*Y"  In what follows, we will only use (10.29)
for multiindices o € N™ \ {0} such that |a| < ky. For such a's, we set

P, (Um-i—l (t[m-i—l}) o™ (t[m]) 7\IJ£Y\7IOI|)(t[m]7 )\17Amno+|a\>>

(10.30) Qa(t[mJ’”, )\I,A(mJ’l)“O) = p— a1
<D(Um+1 (t[m—f—l]) ’@m (t[m}) , \Ijgb) (t[m}, )\17 Amno—f—l))

As before, for any integer k we set

\I’( (t[m] )\1 AmnoJrk) (\Dﬁ (t[m] )\1 Amno+\ﬁ|)>1<|m<k

and note that in (10.30) the bar is applied to the parametrizations W2 viewed as functions of the
variable t[™ only. It follows from Proposition 9.1 (i) and (10.26) (with & = m) that

D(0,0, U (0, A1, A™50F1)) = det (W5, (0, A1, A™0+1)) 5o )
= det Xl.

This shows that for each o € N*\ {0} with |a| < ko, 00 = (0}, ..., 0%) defines a C-valued
holomorphic map near {0} x G} (CN) x GotH(CN) ¢ CmHn x GLH(CN) x ot (CN). Moreover,
it also follows from Lemma 8.1 (ii) and the induction assumption that the components of each g,

(10.31)

belong to the space 5(::11);0 Next, we notice that we have
(10.32) Hov™ = o™ (fov™ fod™ ... fotl).
Since M is assumed to be in C, by Proposition 7.5, we may choose n integers i, ..., i, € {1,...,d}
and n multiindices o, . a(” € N™"\ {0} of length < kg so that z — (’; (2,0),...,q % (2,0)) is
of generic rank n. C0n51der the following singular analytic system in the unknowns (T,..., 7™ e
C"x C"...x Cr = Clmthn
(10.33)7' '
;”a(y) (T™ o™, T ) = 2" (¢ AL AmADR0y -y —
TF = WOl \! Akeo), ke{l,...,m}, kodd
TF = \Tlg(t[k}, AL ARro), ke{l,...,m}, keven

Note that by (10.29), (10.30), (10.32) and the induction assumption, for any H = (f,g) €
Aut(M,0), the map

(10.34) (T, 72,7, T =9 () i= (f o', fou?, ..., fod™, fouv™)
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is a solution of the system (10.33) with A\! := j}H and A(m+bro .= j(()erl)“OH. Moreover, it follows
from the normality of the chosen coordinates (z,w) that the Jacobian matrix of the map ¥ is the
following (m + 1)n x (m + 1)n block triagular matrix

20) 0 0 ... 0
0o %o o ... 0
(10.35) 0 0 o o o
: . 0 . 0
0 0 0 0 %0

Hence the map ¥ is a local biholomorphism of CO+Dn fixing the origin. In order to apply
Corollary 3.2 so that to get a parametrization of the invertible solutions of the system (10.33), we
need to check that the holomorphic map

(TY, ..., 7™ T s (Tl, T (Q o) (T™ ™ (T ,Tm+1))> )
X< v=1....m

=1,...,

is of generic rank (m + 1)n. Since the Jacobian of this system with respect to (T%,...,T™"!) is
equal to the the Jacobian of the map

(T T T v (Q ) (T, 0 (T T )

with respect to 71, it is enough to check that this map is of generic rank n for generic 7%, ... T™
(or, equivalently, is of generic rank n for one particular point Ty, ...Tg"). This is indeed the case
since, by the above choice, the holomorphic map

T (@ O TL0) = (g (00, g, (T70))

.....

is of generic rank n. We may therefore apply Corollary 3.2 to conclude that there exists a holo-
morphic map

(10.36) m+1 . CUmtn o GI—(m-I—l)n( ) % Q&(CN) % g(()erl)lio (CN) —_, C(mtn

defined in a neighbourhood of {0} X GLimy1)n(C) x GL(CN) x G5 (CN), satisfying
or?

(10.37) L1 (0, A N ARy = 0, 2t (0, A, AT, AR = A

otlm+

for all (A, AL, AT D%0) € GLpn11)n(C) x GH(CV) x GV (CN) such that if u: (CO*+D",0) —
(Ctm+Hn () is a germ of a biholomorphism satisfying (10.33) for some (A', A(m+Dro) ¢ GI(CN) x

6°(CY), then u (t[mﬂ]) = F%H(t[m“],jéu, AL A(mHDRo) - Consider the following map @ : G§(CV)x
GA(C™) = GLis1n(C) given by

A\ 0 0 0
0 A 0 ... 0
(10.38) ALAY oA = 0 0 X 0 o0
L0 o

0 0 0 0 Al
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We write T9, = (T0L ..., TO™ ) € C" x C"... x C* = C™*D" and set
(10.39) Wiy (77 AL AL D) o TR (] o (A, AT), AL, Al ),

Since for every (A1, A(m+Dro) € GL(CN)xg{mTm, WO (0, AL, A(m+DR0) — 0 and W0, (0, A1, A™o) =
0 by (10.37), (10.39) and the induction assumption, we may also set

(10.40) WOy (eI N A G DRy o (O, (AT ARy RO (gbml N1 A0y

Then W9, = (09, +1, o 1) clearly defines a CV-valued holomorphic map in a neighbourhood of
{0} xGLCNYxGI™ ™ (CN) in CmHIn X GLCN ) x GJ™ V™ (CN) and satisfies WO, (0, AT, A(nH+Dso) —
0 for all (AL, AR} ¢ GLECN) x g™ V™ (CN). Furthermore, in view of (10.35), (10.38) and
the above construction, for any H = (f, g) € Aut(M,0), we have that for t+1 sufficiently small

in Cm+bn,
(1041) (H oo™t (e 1) = o, (041 iH, j§m U H).

or?
From (10.37), we have —2EL(0, (AL, A1), AL, AlmHDR0) — (AL A1) and hence from (10.38) and

at[m—l—l}
(10.39), we get that

o0,
otm+1
for all (A1, A(m+Dro) € GL(CN) x G&" ™" (CN). This proves part of (10.26). To finish the case

B = 0, we need to check that each of the components of the constructed parametrization ¥ 41
(m+1 Ko

(07 /\17 A(m—l—l)no) _ /N\l

belong to the space 5 It is actually enough to prove that each component of \?[721 41 isin

5((:;:11))“0 by (10.40), Lemma 8.1 (i) and the induction assumption. Consider the map I'), . given

in (10.36) and obtained from Corollary 3.2 applied to the system (10.33). Then from that result,
we know that if we write the Taylor expansion

Do (7L AN AT =y T (AN AL ()
~EN(m+1)n
then each T'9, ,, (A, A, A(™F%0) can be written in the following form

Q’Y(A’ )\17A(m+1)no)
(det A)ev

(10.42)

where e, is a nonnegative integer and (2, (A, A}, Am*Dr0) i5 a polynomial map in the following
arguments

(10.43) ((asjnﬂ] 04)(0, A A(m+1)no))|a‘§’{0

(10.44) (0 WO AT))
1,0 1 mko

(10.45) <(a m+1]‘11 )(07)‘ 7A ))1<k<m

and in A. Here s, denotes some positive integer. By the induction assumption and the discussion
after (10.31), each component of each term in (10.43), (10.44) and in (10.45) can be written as a
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polynomial in A! and A™ over a product of powers of det \! and det Al. Now, if we write the
Taylor expansion

Wi (AL AT =y L (A RO ()

,YEN(m+l)

Y

then in view of (10.39), each component of \Ifm+1 (AL, Atm+Dro) s a component of (10.42) with

A = (A, AY). From (10.38) and the above discussion, we see that each component W9 | indeed
(m—l—l)no

belongs to the space & (m+1)n

This completes the proof of Proposition 10.2 in the case 3 = 0.

10.3.2. Induction for the construction of the parametrizations (‘Ilfﬂ_l)ﬁeNN. We assume here that
the desired parametrizations \I/f for all j € {1,...,m} and all 3 € NV as well as the parametriza-

tions \I/fl 41 for | 8] < r have already been constructed. We will construct the parametrization ¥,
for 6 € NV of length r + 1 with the desired properties. We first reduce this to the construction
for 0 corresponding to purely transversal derivatives in Lemma 10.4, and start with the following
computational lemma.

Lemma 10.3. With the above notation and assumptions, the following holds.
(i) For any H € Aut(M,0), we have

ow? 1)
(1046) — st (1 G g™ U H) =

otm+1
OH oOH
(g o Um—f—l) (t[m-i—l}) + (@ o pmtl ) (t[m—I—l]) . Qz (tm—l—l’l—)m (t[m])> 7
for all /1 sufficiently close to the origin in Cm+1n
(ii) Let
L={peN":|u=r}, J={veN:|=r+1}.
For every multindex § € NV of length r+1, there exist holomorphic nx 1 matrices (h,.s)c1,
and holomorphic functions (&,5),c., defined near the origin in C™tI"  such that for any

H € Aut(M,0),
(10.47)  ((8°H) o v™*) (tm+1) =

oV, <t[m+1}, i, (m+1)no+7’H> s (t[m-l—l}) I Z £ (t[m+1]) (8’4}[ . Um) (t[m+1}) ‘

otm+l1 ow”
pely vedy

Proof. Part (i) of Lemma 10.3 follows by differentiating the identity
(H o0 ) (101) = (2741, (171, 7 (47))
=) (t[m“],JoH ot )
which holds for all H € Aut(M,0), with respect to t™1.
To prove (ii) for every 6 = (dy,...,0y) € NV of length 7, we set g5 := >, d;, and we prove

(10.47) by induction on gs. If gs = 0, (10.47) is a trivial statement. Suppose now that gs > 0
with § € NV of length r + 1. Then we may write § = e + w with e € S (S denotes the set of
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multiindices of length 1 having 0 from the n + 1-th component to the N-th component, as defined
in Proposition 10.2 (i)), ¢, < ¢s and |w| = r. Differentiating the identity

S, (7 AT S ) — (00 H) 0 um ) (i)
= ((awH)(tm+l7 Q(tm+1, Em(t[m}))

which holds for all H € Aut(M,0) with respect to t™*!, we get (similarly to what was done for
the proof of (i)) that

owy
(10.48) (%Tﬂirll (t[erﬂ,joH (m+1)no+rH> =

((ei(a” >) v’”“) (1) + Qo (e (i) - ((a‘l@w )) va) (tm+1])

Hence (10.48) and the induction hypothesis shows that (9°H) o v™*! may be written in the form
(10.47). The proof of the lemma is complete. O

We let O, denote the set of multindices 6 € NV of length r + 1 with 0 from the first to the
n-th component. Note that the set of multiindices in N¢ of length r + 1 can be identified with
O,41 via the map N¢ 3 v — (0,v) € O,;;. The purpose of Lemma 10.4 is to show that it is
enough to find the parametrizations W9 ., with § € O,41 to get to the parametrizations W ;| for
all 6 € NV of length r + 1.

Lemma 10.4. Assume that one has constructed the parametrizations (‘Ilgﬂ_l) for all multiindices
B € O,41 satisfying the required properties of Proposition 10.2. Then one may construct all the
parametrizations (U°, +1) for all multiindices § € N of length r+1 satisfying the required properties
of Proposition 10.2.

Proof. If r > 0, for any multiindex § € NV \ O, ;, we set

out N N
L R T - e S R

(1049) HEIT
+ Zé’ t[m-i—l] \117(737:% (t[m-i—l], Al, A(m+1)no+r+1)'

veJr

Then it follows from Lemma 10.3 (ii) that the desired parametrizations are constructed for all § of
length 7 4+ 1. Moreover, it is clear that since each component of U7 41 for B € Opqq o1 for |B] =7

belongs to the space 8(2111);“”1 by assumption, the same fact also holds for each component of

\IlfnJrl( m+1] 7/\17 A(m+1)no+r+1) with 6 & O,41.
In case r = 0, note that N\ O, coincides with S as defined in Proposition 10.2 (i). If the
parametrizations W9, 41 for 6 € O,1; have been constructed, then we may set

oA
) m m K L m+1
(1050) (\I’erl ( [ +1}a AlaA( +1) O+1)>6€S T otm+1

_ (qunﬂ (t[m“], /\17 A(m+1)r€0+1))6eor+1 -Q, (thrl’ 7" (t[m])) 7

(t[erl} ’ )\17 A(m+1)no)
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where we see (U0, )ses as a N x n matrix and (U . )sco0,,, as a N X d matrix. It follows from
Lemma 10.3 (i) that the parametrizations are constructed for all ¢ of length 1. It also follows from
(10.50) that our construction gives

Oy
orm+1
which proves the required condition in (10.26). Finally, it is clear that since each component of
W, for p =0 or for p € O,41 belongs to the space E(n”;”ill rotl by assumption, the same fact

also holds for each component of W8 | (¢ AL A(m+Dro+1) with § € S in view of (10.50). This
completes the proof of Lemma 10.4. O

(U0, 1 (0, AT, AL Dm0y g = (0, A1, Abm+Dmoy

By Lemma 10.4, it is now enough to construct the parametrization W ., for § € NV with
0] = r+ 1 and § € O,41. In what follows, we fix such a multiindex ¢ and we therefore write
6= (0,u) with o € N® and |u| =7+ 1.

We start by using (9.8) in which we set Z = v™*! = v™*! (¢"+H1) and ¢ = o™ = o™ (¢). We
obtain that for every v € N* \ {0} and for every H = (f, g) € Aut(M,0) the expression
(10.51)

omyg
<8w“ o +1) (@
is equal to (10.52)4(10.53) where
(10.52) T, (V"L 0" Hou™ Hot™ ((0°H) o v )igg<r, (07H) 0 0™ )1<ipi2r41)

ao(fod™ Hov™ ™) +Qu(f ov™  Hot™) Quau(fod™ Houv™))

Qpua (v, 0™, ((0°H) 0 0™ )1<)i< |l 4711)
(D(vmtt, om, ((0°H) o 17m)|m=1))2‘a|“

As in all previous analogous situations, we are only interested in multiindices o € N™ \ {0} such
that |a| < kg. For such a’s, we define the following n x d matrix with holomorphic coefficients
near the origin in Cm+Hn»

(10.54) Ko (T',T%... ,Tm“) = Qe (T 0™ (T, T )+

QZ(Terl’ 'Dm(T'l7 o ’Tm)) X Qx(’,w(Tm, Uerl(Tl, o ,Terl)).
Here each 79 € C*, j =1,...,m + 1. We also write K, := (K!,..., K%) and set
(10.55) ¢%a(t[m+1}’ )\1’A(m+1)no+r+l) —

(10.53)

Qu,a <Um+1’ 1—)m7 \I/g—i—l))

2|a|+r

7;,,& < m+1 _m \Ij?n—i—l? \I/?m \ijvzrl‘lj%—’—l)) + _
(D1, om, wi)))

By the induction assumption, (10.31) and Lemma 8.1, ¢,, o := (¢, PREREE ¢ .,) defines a C4-valued
holomorphic map defined in a neighbourhood of {0} x G§(CV) x g(mH)ROHH(CN) in Cm+bn
GL(CN) x Gim DRt (CNY  whose components belong to & (ZLI))”OHH Since M is assumed to be
in C, we may again, by Proposition 7.5, choose n integers iy, ..., i, € {1,...,d} and n multiindices

al, ) € N\ {0} of length < kg so that z — (@ (2 0) . ,qil’zn)(z, 0)) is of generic rank n.

In What follows we write YA = (Y, ... .Y¥) e C", ke {1,...,m} and for j = 1,...,n we denote
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by \Ilz’j (resp. \Tf—gj) the j-th component of ‘ng (resp. \Tf_g) Consider the following linear singular
analytic system in the unknowns (X,Y,...,Y™) € C" x C"... x C" = C™*V" given by
(10.56)

X . Kiu (Tl Tm+1) — i (t[erl] )\1 A(m+1)no+r+1) 1<v<n
a®) P ,u,oz(”) ’ ’ ) = =

Y Th = Wt AL, Ak 1<j<n, 1<k<m, kodd

Yf-]g":‘le’j(t[k},/\l,/\k"o), 1<j<n, 1<k<m, keven

in which for every k € {1,...,m + 1} we have set

(10.57) T" = {

In view of (10.51), (10.52), (10.32), (10.54),(10.55) and the induction assumption, we know that
for any H = (f,g) € Aut(M,0) the vector ((0*f) ov™* 1 1,1...,1) is a solution of the system
(10.56) with A\! = jiH and A(m+hmotr+l .— j(()mH)KOHHH. To apply Proposition 6.3 to get a
parametrization of the solutions of the system (10.56)-(10.57), we need to check that the (m +
)n x (m + 1)n matrix associated to this linear system has maximal generic rank and that for
all (A1, A(m+Drotr+1) ¢ GL(CN) x gim TRt (CN) | the mapping Z: (Cm+Dn ) — (Cm+n ()
given by

TO(¢F] AL ARRo) if K is even
WO (k] AL ARR0) if K is odd

(1058) t[m—i—l} = <Ej_(1](tm7 ')7 Elg(tmu ')7 s 76—21(15[7”‘]7 ')7 Ej?‘n—l—l(t[m—i—l}v )>

is a local biholomorphism at the origin. Let us check the first condition. The (m+1)n x (m+1)n
matrix associated to the linear singular system (10.56) is given by the following

K(T,....,T™Y 0 ... ... ... ... ... 0

0 T} 0 0

0O . 0 0

(10.59) 0 T! 0 0

‘ 0 T2 0 0

0o . 0 0

: P 0

0 O ... ... ... ... 0 T™
where T% = (T, ..., T}) for k = 1,...,m and K is the n x n matrix whose columns are given by
the vectors K;”(V), v =1,...,n. Hence it is enough to show that K has generic rank n. In fact, we
claim that K restricted to the subspace T' = ... = T™ = 0 has already generic rank n. Indeed,
in view of (10.54) and the normality of the chosen coordinates (z,w), K(0,...,0,7™"") is the
oq™

n x n matrix whose columns are the vectors a/*)! %(T’”“, 0) for v = 1,...,n, which proves

the above claim and the fact that the matrix (10.59) has generic rank (m + 1)n. We now prove
that the local holomorphic map given by (10.58) is invertible at the origin. For this, we note that
its Jacobian matrix at the origin is a (m + 1)n lower triangular matrix by blocks with (m + 1)
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blocks of size n X n in the diagonal. Moreover, in view of (10.26), we obtain that this matrix is of
the following form

A0 0 0
« A0 .. 0
(10.60) « % A0 0
* ok 0

and hence is invertible. This shows that the map given by (10.58) is a local biholomorphism. We
may now apply Proposition 6.3 to conclude that there exists a holomorphic map
(10.61)

I M= Fm+1( [m+1}’ )\1, A(m+1)l€o+?“+l): (C(erl « g ((CN) ((]m-l—l)no-l—r—f—l((cN) " x M
defined in a neighbourhood of {0} x G}(CV) x G&" T+ (CNY such that if
(X,Y): (Ctm*n ) — (CcmH+in o)

is a solution of (10.56)-(10.57) for some (A!, A(m+Drotr+1y ¢ GlL(CN) x g{m DRt (CNY  then
(X,Y) = (X (¢t |y (et ) = T8 (¢t NE Al FDsotr1) - We write

re = (el T T e Ctx Ch x L. x C"
and set
(10.62) Wh, (¢, N Al rotrtly s L (gt AT A Dsotr),
(10.63)

B (N A s B QB T W (75 0 T ) W),

where W, is the C-valued polynomial map given by Lemma 9.3. In view of the above construction

and Lemma 9.3, the map W2, 41 1s the desired parametrization for the d-th derivative of all elements
of Aut(M,0). It remains to check that its components belong to the space 5(;1:11):()”“ In view

of Lemma 8.1 (i), (10.62), (10.63) and the induction assumption, it is enough to check that the
components of the map I'}, ., given by (10.61) belong to the above mentioned space. For this we
write the Taylor expansion

(10.64) Fum+1(t[m+l]> )\17A(m+1)no+r+l) — Z FmHv )\17A(m+1)no+r+1) (t[erl])’Y

,YGN(m+1)n

From Proposition 6.3 we know that I'}, ., (A, AmADrotT+1) may be written in the following form
(10.65)

B’Y [((a;/[mﬂ] ¢M70¢)(O> )‘17 A(m—l—l)no—l—r—l—l)’ (a;/[k] @2)(07 )‘17 Almo)a (a;/[k] @2)(0’ )‘1’ A]mo)) 1<|a|<kg ]

V| <dy;1<k<m+41

0T 1 (m+1)ko+r+1 “ ’
{det (W(O, A ,A 0 )

where B, is a Cm+Dn_yalued polynomial map of its arguments and ¢y and d, are positive integers.

Since each component of the ¢, , \T/z and \ng for 1 < |a| < kg, 1 <k < m+1 belongs to the space
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5(m+1)no+r+1
(m+1)n
matrix of 7 is given by (10.60), it is clear that each component of I}, belongs to the space
g(m+1)no+r+1
(m+1)n
proof of that proposition.

by the above construction and the induction assumption and since the Jacobian

. This completes the induction part of the proof of Proposition 10.2 and hence the

11. PROOFS OoF THEOREMS 7.3, 7.4, 2.1, 2.2, 2.3, 1.1, 1.2

In this section, we keep the notation introduced in §10.

Proof of Theorem 7.3. By the minimality criterion of Baouendi, Ebenfelt and Rothschild (see e.g.
3]), there exists 1 < k; < d+ 1 (where d is the codimension of M in C) such that the generic
rank of the Segre set map v*! is N. Applying firstly Proposition 10.2 with k = 2k;, we obtain that
there exists a map W9, : C?"1 x GH(CN) x G3M"*(CY) — CV holomorphic in a neighbourhood
of {0} x GL(CN) x G2F1%0(CN) whose components belong to the space 822,1“117':0 such that for every
H € Aut(M,0) and for every t?*1] sufficiently close to the origin in C?1™ the following identity
holds
(H o o™)(tP)) = Wy, (¢29, joH, jg" ™ H).

Here we recall that kg = x(M,0). By mimicing the proofs of [3, §4.1], one may construct a
map U0: CV x GH(CN) x G3F1#o(CN) — CN holomorphic in a neighbourhood of {0} x G}(CN) x

k1m0 (CN) whose components belong to the space 3" such that for every H € Aut(M,0) and
for every Z sufficiently close to the origin in CV the following identity holds

H(Z)=9"Z,joH, jo" H).

Now the map (2, A21%0) := WO(Z, AL, A?#1%0) satisfies all the conclusions of Theorem 7.3 except

that ¢ is a function of A%1%0 € GE@TD™ (CNY which is twice more than claimed. To complete the
proof of the theorem, we apply again Proposition 10.2 with £ = £y, which may be assumed to be
even (the other case being analogous) and obtain the existence of a map Uf, : C"* x Gj(C") x
Gorro(CN) — CN holomorphic in a neighbourhood of {0} x G (C™) x G5 (CV) whose components
belong to the space 5,’;11;0 such that for every H € Aut(M,0) and for every /1l sufficiently close
to the origin in C*" the following identity holds

(11.1) (H o v™)(#)) = 93, (¢™), 5o H, jg ™ H).

By mimicing the arguments of [3, §4.2], one may construct by using (11.1) and the above map
U0 another map ®: CV x GA(CN) x G&"°(CN) — C holomorphic in a neighbourhood of
{0} x G(CN) x GE"o(CN) whose components belong to the space 5 such that for every
H € Aut(M,0) and for every Z sufficiently close to the origin in C¥ the following identity holds

H(Z)=®(Z,jiH,j5"H).

We leave the details of this to the reader. Then setting W(Z, A¥1%0) := &(Z, AT, A¥1%0) yields the
required parametrization. The proof of Theorem 7.3 is complete. 0

Proof of Theorem 7.4. Theorem 7.4 follows directly from Theorem 7.3 and from repeating the
arguments of [3, §4.3]. We leave the details to the reader. O
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Proofs of Theorem 2.1 and Theorem 2.2. Firstly, note that to prove Theorem 2.1, it is enough to
prove the parametrization property for the stability group of (M, p) for every p € M. Then
Theorem 2.1 (resp. Theorem 2.2) follows immediately from Theorem 7.3 (resp. Theorem 7.4),
Proposition 7.2 and the upper-semicontinuity of the map M > ¢ — rp(q) (see §7.1). O

Proof of Theorem 2.3. Firstly, when M is generic, Theorem 2.3 follows from the fact that compact
real-analytic CR submanifolds of CV do not contain any complex-analytic subvariety of positive
dimension ([18]) and hence are essentially finite at all points, from the upper-semicontinuity of the
map p — £, in Theorem 2.2 and from the reflection principle proved in [8]. When M is not generic,
one proceeds as follows. By [4], there exists r € {1,..., N — 1} such that for every point p € M
there exists a neighbourhood U, of p in CV and a neighbourhood W, of 0 in C such M N U, is

biholomorphic to W,N (]\//—71) x {0}) where ]\//—7p is a real-analytic generic submanifold of C" containing
the origin, minimal at each of its points and not containing any complex-analytic subvariety of

positive dimension. By using Theorem 2.2, for every p € M we may assume, shrinking M, near
the origin if necessary, that there exists a positive integer k, so that germs at any point ¢ € M,

of smooth CR diffeomorphisms mapping M, into another real-analytic generic submanifold of C”
of the same CR dimension as that of M are uniquely determined by their k,-jets at g. Then the
theorem easily follows by using a finite covering of M by the the neighbourhoods U, for p € M.
The proof of Theorem 2.3 is therefore complete. 0

Proofs of Theorems 1.1 and 1.2. Since real-analytic hypersurfaces containing no complex-analytic
subvariety of positive dimension are automatically minimal (see e. g. [4]), Theorem 1.1 (resp.
Theorem 1.2) follows immediately from Theorem 2.1 (resp. from Theorem 2.2). O
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