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ON (TWISTED) LAWRENCE-KRAMMER REPRESENTATIONS

ANATOLE CASTELLA

ABSTRACT. LK-representations (LK for Lawrence-Krammer) are linear rep-
resentations of Artin-Tits monoids and groups of small type, which are of
particular interest since they are known to be faithful for the monoids, and for
the groups when the type is spherical, under some (strong) conditions on the
defining ring fR.

For a fixed small type, they are parametrized by an 9-module .# for the
monoid, and by a subset .Fg of % \ {0} for the group. It is known that
Fgr is non-empty if the type has no triangle, i.e. no subgraph of affine type
As, and more precisely that .7 = MR and Fg = R if the type is spherical.
Moreover, faithful “twisted” LK-representations for the non-small (spherical)
crystallographic types have been constructed in [Digne, On the linearity of
Artin Braid groups. J. Algebra 268, (2003) 39-57].

The first aim of this paper is to explicit .# and g for any affine and
small type : we establish that % = WY and Fg = RX x RY>1 . and since this
holds in particular for As, this shows that Fgr can be non-empty for a graph
with triangles. The second aim is to generalize the construction of op.cit. in
order to provide faithful twisted LK-representations for any Artin-Tits monoid
that appears as the submonoid of fixed elements of an Artin-Tits monoid of
small type under a group of graph automorphisms ; in particular, we thus
get three twisted LK-representations for the Coxeter type B, (among which
the one constructed in op.cit.) and we finally show that they are pairwise
non-equivalent, at least for the main choice of fA.

INTRODUCTION

In the early 2000’s, Krammer defined by explicit formulas a linear representation
of the braid group on a free Z[z*", y*']-module of dimension the number of positive
roots in the associated root system, and proved its faithfulness [Tl '] (see also [I).
This construction and the proof of faithfulness have been generalized by Cohen and
Wales, and independently by Digne, to the Artin-Tits groups of spherical and small
type [8, [[2], and then to all the Artin-Tits monoids of small type by Paris [21] (see
also [I4] for a short proof of the faithfulness). Since an homological version of this
representation first appears in the work of Lawrence [I]], those representations are
commonly called Lawrence-Krammer (LK for short).

In fact, LK-representations can be defined over an arbitrary unitary commutative
ring R, as far as we do not require their faithfulness (see subsection below for
a faithfulness criterion on fR). This slight generalization will give us some more
insight on what is really needed in the construction, and will at least simplify some
computations. Let us be more specific by considering a Coxeter graph of small type
I’ with vertex set I, and its associated Artin-Tits group B, Artin-Tits monoid BT,
and set of positive roots ®* (see section [I).
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Let V be a free R-module with basis (e4)qea+. The LK-representations of BT
on V are linear representations 3 : BT — £ (V) parametrized by three elements
b, ¢, 0 of the unitary group R* of R, and by a family (f;);cr of linear forms on
V submitted to some extra conditions (see definition [[A). For a fixed choice of
(b,c,0) € (R*)3, the suitable families (f;);c; — that we call LK-families — form
a submodule .Z of the ®R-module (V*)!. When the images of 1 are all invertible,
then v induces a linear representation (also called LK) g : B — GL(V) of the
Artin-Tits group B ; this is precisely the case when the elements f;(eq,), i € I,
all belong to />, and we denote by %, C .# \ {0} the subset of LK-families that
satisfy this additional condition.

Hence the classification of the LK-representations of B* reduces to the descrip-
tion of the SR-module .#, and the question of the existence of LK-representations
of B reduces to the question of the non-emptiness of .%,,. Note moreover that,
when T' is connected, the elements f;(en,), ¢ € I, are necessarily all equal for an
LK-family (f;)icr. The studies of [8, [[2] essentially show that, in the connected and
spherical cases, an LK-family is entirely determined by the common value f € R of
the fi(eq;), @ € I, and that this common value can be chosen arbitrarily ; hence in
these cases, # is isomorphic to R, via (fi)icr = fi,(€a,,) for some ig € I, and Fy,
corresponds to R* via this isomorphism (see subsection B2 below). This situation
is partially generalized in [21] where it is shown that .%,, is non-empty when I" has
no triangle, i.e. no subgraph of affine type Ay (see subsection below). As far
as I know, the structure of .% is not understood in general, and the question the
non-emptiness of F,, is still open when I' has a triangle.

Another topic on this subject is the question of the existence of similar faithful
representations in the non-small cases. A first answer is provided by [T2], where is
constructed a faithful “twisted” LK-representation for an Artin-Tits group of type
B,,, Fy or G4, using the fact that it appears as the subgroup of fixed elements under
a graph automorphism, of an Artin-Tits group of type As,_1, Fg or D4 respectively.

The aim of this paper is to go further on those two questions.

We first investigate the structures of .# and %, when I is of affine and small
type. We show that in these cases, an LK-family (f;);cs is not determined by
the common value f of the fi(es,), i € I, but by an infinite family (§,).en € RY
with fo = f, which can be chosen arbitrarily ; hence .% is isomorphic to RY, via
(fi)ier = (fn)nen, and g corresponds to R* x MN>1 via this isomorphism. In
particular, this holds for A, and we thus get that %4 can be non-empty when I'
has triangles.

We then generalize the construction of (faithful) twisted LK-representations of
2] to any Artin-Tits monoid that appears as the submonoid of fixed elements,
under a group of graph automorphisms, of an Artin-Tits monoid of small type.
Note that our proof of faithfulness is different from the one of [I2] as it does not use
any case-by-case consideration : we show in general that the faithfulness criterion
used in the small type cases also works in the twisted cases. In particular, starting
with types Az, and D, i1, we get two new (faithful) LK-representations of the
Artin-tits group of type B,,. By computing the formulas obtained for a twisted LK-
representation when the considered group of graph automorphisms is of order two,
we show that the three twisted LK-representations for the type B,, are pairwise non-
equivalent, at least when :& = Z[zT!, yT!] and for the main choices of parameters.
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The paper is organized as follows.

We recall the basic results needed on Coxeter groups, root systems and Artin-Tits
monoids and groups in the first section.

In the second section, we define the LK-representations over an arbitrary commu-
tative ring R of Artin-Tits monoids and groups of small type following [T7, [8, T2} 21]
(in subsection EZTl). We then generalize to our settings the faithfulness criterion on
MR used in those articles and its short proof given in [I4] (in subsection E22), and
apply it in subsection

In the third section, we investigate the module of LK-families .# and its sub-
set F, for a fixed Coxeter graph of small type and a fixed choice of parameters
(b,c,0) € (R’*)3. The elements of .Z are characterized in subsection Bl and we
recall the results of [§, [[2] and [Z1] on .# and its subset %, in subsections B2 and
respectively. Subsection Blis devoted to our study of the affine case.

Finally in section Bl we investigate the “twisted” LK-representations. We gener-
alize the construction of [I2] in subsection Bl and prove our “twisted” faithfulness
criterion in subsection E2. We explicit the formulas of a twisted LK-representations
when the considered group of graph automorphisms is of order two in subsection =3l
and apply this in subsection EE4l to compare the twisted LK-representations of type
B,,. As a conclusion, we give in subsection EEAl some limitations of our approach in
the non-spherical cases compared with the spherical cases of [T2].

1. PRELIMINARIES

1.1. General notations and definitions.

In all this paper, the rings we consider will be unitary, with identity element
denoted by 1 or Id. Let R be a commutative ring. We denote by 23* the group of
units of R. If V and V' are two R-modules, we denote by .Z(V,V’) the R-module
of linear maps from V to V. If V =V’ we simply denote by Z (V) = Z(V,V) the
R-module of endomorphisms of V', by GL(V') the group of linear automorphisms
of V and by V* = Z(V,9R) the dual of V.

A monoid is a non-empty set endowed with an associative binary operation with
an identity element. A monoid M is said to be left cancellative if for any a, b, c € M,
ab = ac implies b = ¢. The notion of right cancellativity is defined symmetrically,
and M is simply said to be cancellative when it is left and right cancellative. We
denote by = the (left) divisibility in a monoid M, i.e. for a, b € M, we write b < a
if there exists ¢ € M such that a = be ; this leads to the natural notions of (left)
ged’s and (right) lem’s in M.

By a linear representation of a monoid M on an R-module V', we mean a monoid
homomorphism ¢ : M — Z(V) ; for sake of brevity in this paper, we will often
denote by ¢ the image ¢(b) of a given b € M by a linear representation ¢. Two
linear representations ¢ and ¢’ of a monoid M, on RR-modules V' and V' respectively,
are said to be equivalent if there exists a linear isomorphism v : V' — V' such that,
for every b € M, ¢} = v(pp)v 1.

1.2. Coxeter groups and Artin-Tits monoids and groups.

Let T' = (my )i jer be a Cozxeter matriz, i.e. with m;; = m;,; € Nx1 U {oc}
and m; ; =1 & i = j. We will always assume in this paper that I is finite ; this
condition could be removed at a cost of some refinements in certain statements
below (see [6, Ch. 11] for some of them), which are left to the reader.
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As usual, we encode the data of T by its Cozeter graph, i.e. the graph with
vertex set I, an edge between the vertices ¢ and j if m;; > 3, and a label m; ; on
that edge when m,; ; > 4. In the remainder of the paper, we will identify a Coxeter
matrix with its Coxeter graph.

We denote by W = Wr (resp. B = Br, resp. BT = Bff) the Coxeter group
(resp. Artin-Tits group, resp. Artin-Tits monoid) associated with I :

f— 3 f— . . . 3 P 2 —
W = (s, t€I]s8i88 =888+ if my;# o0, and s7 =1),
m;, j terms m;, j terms
B = <Si,i€I|Sl'SjSi"':SjSiSj"' if mi7j§é00>,
m;, j terms m;, j terms
+ = - GiSi: = 8:8:8; -+ i ;o +
BT = (s;,i€1]|s8is;8 =5j8;S; if m;; #o00)".
m;,; terms m;, j terms

Note that there is no ambiguity in writing with the same symbols the generators
of B and of BT since the canonical morphism ¢ : BT — B, given by the universal
properties of the presentations, is injective [21], so BT can be identified with the
submonoid of B generated by the s;, i € I. We denote by ¢ the length function on
B relatively to its generating set {s; | i € I}.

Let J be a subset of I. We denote by

o I'y = (my ;)i jes the submatrix of I" of index set J,

o W; = (sj, j € J) the subgroup of W generated by the s;, j € J,

e B;=(sj, j € J) the subgroup of B generated by the s;, j € J,

e B} = (s;, j € J) the submonoid of B¥ generated by the s, j € J.

It is known that W, (resp. By, resp. B}r) is the Coxeter group (resp. Artin-
Tits group, resp. Artin-Tits monoid) associated with T'; (see [2, Ch. IV, n°® 1.8,
Thm. 2] for the Coxeter case, [22, Ch. II, Thm. 4.13] for the Artin-Tits group case,
the Artin-Tits monoid case being obvious).

We say that J and I'; are spherical if W is finite, or, equivalently, if the elements
sj, j € J, have a common (right) multiple in B*. In that case, the elements s;,
j € J, have a unique (right) lem in BT, denoted by A; and called the Garside
element of B} . Moreover, the group By is then the group of (left) fractions of B},
i.e. every b € By can be written b = b'~1b" with ¥/, b € B} (see [, Props. 4.1,
5.5 and Thm. 5.6]).

For b € B*, we set I(b) = {i € I | s; < b}. In view of what has just been said,
1(b) is a spherical subset of 1.

Let us conclude this subsection by the following easy, but fundamental, lemma :

Lemma 1. Consider a monoid homomorphism +) : BT — G, where G is a group.
Then 9 extends to a group homomorphism g : B — G such that ¥ = g 0 ¢.
Moreover if I' is spherical and if v is injective, then g is injective.

Proof. The universal property of B gives the first part. For the second, take b €
ker(1g, ) and consider a decomposition b = b'~10"” with b’, b € B*. Then g, (b) = 1
means P(b') = g (V') = e (b”) = ("), whence b’ = V" by injectivity of ¢ and
hence b = 1. (|
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Note that if one is able to construct an injective morphism v : BT — G where
G is a group, then one gets that the canonical morphism ¢ is injective ; this is the
idea of [21]. In this paper, we will be interested in representations 1) of BT in some
linear group GL(V), hence proving their faithfulness will prove at the same time
the faithfulness of the corresponding linear representation g, : B — GL(V') when
T" is spherical.

1.3. Standard root systems.

Let T’ = (m; ;)i jer be a Coxeter matrix. Details on the notions introduced here
can be found in [T1].

Let E = @®,c1Ra; be a R-vector space with basis («;);e; indexed by I. We
endow F with a symmetric bilinear form (.|.) = (.|.)r given on the basis (a;)icr
by (ailey) = —2cos (WL”) The Coxeter group W = Wr acts on E via s;(08) =
B — (Blo)a.

The (standard) root system associated with T' is by definition the set ® = &p =
{w(a;) | w € W,i € I}. It is well-known that ® = & L &, where &+ =
PN (®icsRT ;) and &~ = —dF. For o = >, ; v € @ we call support of a the
set Supp(a) ={i € I |\ #0}.

We will always represent a subset ¥ of &+ by a graph with vertex set ¥ and
an edge labeled i between two vertices @ and 8 if a = s;(8). For example, the
situation where 3 is fixed by s; will be drawn by a loop 3 € )i .

Such a graph is naturally N-graded via the depth function on ®*, where the
depth of a root o € &7 is by definition dp(«) = min{l(w) | w € W, w(a) € &~ }.
Contrary to what suggests this terminology, in all the graphs that we will draw, we
chose to place a root of great depth above a root of small depth ; so drawings like
the following ones (with 3 above &), will all mean that 5 = s;(«) (or equivalently

a = s;(0)) and dp(8) > dp(a) :
. /8 . 6 6.
/A W S
Lemma 2 ([, Lem 1.7]). Leti € I and a € ®* \ {a;}. Then
dp(a) =1 if (a]a;) >0,

dp(si(a)) = { dp(e) if (eai) =0,
dp(a) +1 if (o]e;) <O,

In the remainder of the paper, we will often consider subsets of ®* of the form
{w(a) | w e Wy 3N 2T, for € F and i, j € I with m;; = 2 or 3, so the
following definition and remark will be useful :

Definition 3. Let o € ®F and J C I. We call J-mesh of a, or simply mesh,
the set [a]; := {w(a) | w € W;}(®T. This terminology is inspired by personal
communications with Hée.

Remark 4. Let o € &t and i, j € I with m; ; =2 or 3. Then, up to exchanging
i and j, the graph of the mesh [a](; ;1 is one of the following :

[ ifmiyj:2:
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| Type 1 | Type 2 | Type 3 | Type 4

0O | i00; Jgi

° ifmiyj:3:

| Type 5 | Type 6 | Type 7 | Type 8

O[Z'—l—Oéj -7 .
2
N | io0s
J
Q5 Qa; 7

Let J be a subset of I. We denote by ®; the subset {w(a;) | w e Wy, j € J} of
®. It is clear that ®; is the root system associated with I';y in @©;csRa;.

1.4. Graph automorphisms.

We call automorphism of a Coxeter matrix I' = (m; ;)i jer every permutation g
of I such that mg;y ¢(;) = mq ; for all 4, j € I, and we denote by Aut(I') the group
the constitute.

Any automorphism of T' clearly acts by automorphisms on W, B and BT by
permuting the corresponding generating set. If G is a subgroup of Aut(T'), we
denote by W&, B% and (BT)% the corresponding subset of fixed points under the
action of the elements of G. It is known that W (resp. (B1)Y) is a Coxeter group
(resp. Artin-Tits monoid) associated with a certain Coxeter graph I' easily deduced
from T, and the analogue holds for B when T is spherical, or more generally of
FC-type (see [I3, 20] for the Coxeter case, [I9, [, [0, [7] for the Artin-Tits case).
Note that the standard generator of (B*)“ are the Garside elements A ; of BY, for
J running through the spherical orbits of I under G.

Similarly, any automorphism g of I' acts by a linear automorphism on F =
®ierRa; by permuting the basis (a;)ics. This action stabilizes ® and ®, and the
induced action on those sets is given by w(a;) — (g(w))(ag))-

2. LK-REPRESENTATIONS

In subsection Bl below, we define the Lawrence-Krammer representations, over
an arbitrary (unitary) commutative ring R, of the Artin-Tits monoids an groups
of small type. The definition is inspired by the ones of [I7, B, [[2, 1], where R is
chosen to be Z[zF1, y™1] (cf. section EZ3 below).

In subsection Z2 we extend to our settings the faithfulness criterion of [I7, [
T2, 21] and prove it following [I4]. We apply that criterion in subsection

From now on, we assume that I' = (m; ;)i jer is a Coxeter matrix of small type,
i.e. with m; ; € {1,2,3} for all ¢, j € I.
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2.1. Definition.

Let R be a commutative ring and V be a free R-module with basis (eq)qca+
indexed by ®7.

Notation 5. For f € V* and e € V| we denote by fRe the element of £ (V') given
by (fxe)(v) = f(v)e for every v € V.

Remark 6. Consider p € Z(V), f, f/€e V* and e, ¢’ € V. Then :
(1) p(fme) = frp(e),
(i) (fRe)p = (fo)xe,
(i) (fre)(f'me’) = f(e!)(f'me).
Definition 7. Fix (a, b, ¢, 0) € R* and a family of linear forms (f;)ic; € (V*)!.
For i € I, we denote by f; o the element f;(e,), for « € @, and by
e ; the endomorphism of V' given on the basis (en)qca+ by

wilea) =0 if a=a,
‘Pi(ea) = 0eq if aOiv
, - B
pilep) = bea if Iz in &
wi(eq) = aeq + teg o

e 1); the endomorphism of V' given by ¢; = ¢; + fiRe,;.

Remark 8. If one fixes an arrangement of the basis (eq)qeca+ S0 that e, is the
leftmost element and eg is the right successor of e, whenever 8 = s;(a) with
dp(8) > dp(«e), then the matrix of ¢; in this basis is block diagonal, with blocks
(O) if a=aqay,

(@) it “Oi,

€a €3
a b ifﬁ‘
c 0 az.

And the matrix of v; is the same except that the first row (the one of index «;),
which is zero in ¢;, if replaced by the row (fi o)aca+ = (fi(€a))aca+-

Let us now exhibit conditions on a, b, ¢, ® and (f;);es so that the map s; — ¥;
extends to a linear representation ¢ of Bt into £ (V) or GL(V).

Lemma 9. The map 1; is invertible if and only if b, ¢, 0 and f; o, belong to K™,
in which case the inverse of 1; is given by

1#;1(%) = f_ieaz if a=a,
e o
1 0B b 7,00
vitles) = £ (ca—gea+ fifif) €
1 fig b if Iz in OT.
wi_l(ea) = E(eﬁ — f;:x eai) o
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Proof. Straightforward computations. O

Lemma 10. Consider i, j € I with i # j.

(1) If mi; =2, then @05 = @;p;.

(i) If m;; =3 and if a(D(a —-0)+ bc) =0, then pip;p; = ©jPip;.
Proof. For every a € @, the linear maps ¢; and ¢; stabilize the submodule of V'
generated by the elements eg for § running through the {7, j}-mesh [a]; ; of a. The
results then follow from the direct computations of the matrices of the restrictions
of v;p; and ;¢ to those submodules (of dimension 1, 2, 3, 4 or 6 in view of
remark H). Note that the only case where the condition a(d(a —d) + bc) = 0 is
needed is the case of a mesh of type 7 in the nomenclature of remark El O

Lemma 11. Consider i, j € I with i # j, and assume that 9(a —0) + bc = 0 and
filey) = fi(a;) = 0.
(1) If mi; = 2, then 1/)11/)J = 1/)J1/)1 Zf and only Zf fz‘PJ = Dfl and fj(pl = ij.
(i) If m;; = 3, then fip; = fip: implies Y00 = Y05, and the converse
is true if ¢ € R*.

Proof. Note that, since f;(c;) = 0, we get, by using the formulas of remark B :
(firv)(fReq,) = 0 for every (v, f) € V x V* (and similarly if we exchange i and j),
and hence
o Vith = @i + fiRpi(ea;) + (fip;)Req,, and
o Yithjhi = pipjpi + fiRpipj(ea,) + (fipi)R¢i(eq,)
+(fivjei + (fivj)(ea:) fi)Bea, -
If m; ; = 2, then @;(eq;) = deq,, thus we get, by symmetry in ¢ and j and by case
(i) of the previous lemma :
Yithy —bjrbi = (fips — 0fi)Req, — (fi0i — 0fj)Beq,; -
This establishes (i). If m; ; = 3, then @;(eq,) = aea; + Ca;1a,, Pivj(€a;) = beeq,,
thus we get, by symmetry in ¢ and j and by case (ii) of the previous lemma :
Yihjby — ibihy = o(fijpi — fipj)Rea; +a;
+(fipilp; — ald) + (fjpi)(ea,) fj — befi)RBea,
— (fipi(pi — ald) + (fips)(ea,) fi — bef;) meq,.

Fij

The second part of (ii) is now clear, and to show the direct implication, we have to
show that fip; = fj¢; implies F; ; = 0 (this will give Fj; = 0 by symmetry and
hence ¥;1;1; = ¥;9;1;). But since ¢;(eq,) = 0, we have
Fij = (fip; = fii) (i — ald) + (fip; — fii)(ea) fi + fi (9] — api — beld),
and the linear form f;(¢? — ap; — beld) is the zero form, since it is zero on
o ¢, since p;(eq,) =0 and fj(eq,) =0,
® ¢, if O‘Oz' since then @;(eq) = de, and 9% — ad — be = 0,

e ¢, and eg if Iz in @+, since X2 — aX — bc is the characteristic
@

polynomial of the restriction of ; on Re, ® Reg (see remark F)).
Whence the result. g
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b
Definition 12. Fix (b,c,0) € (R*)3, set a =0 — €c7 and consider the linear maps

p; € L(V), i €I, as in definition [l We say that a family (f;)ier € (V*)! is an
LK-family (relatively to (b, c,0)) if it satisfies the following properties :
(i) for i, j € I with i # j, fi(ea;) =0,
(11) for 4, jel with mi; = 2, fﬁpj = Dfi,
(111) for 1, j € I with mi; = 3, fz‘PJ = fj(pl

We denote by .7 = Z( o) the set of LK-families relatively to (b, ¢,?). This is
clearly a submodule of the R-module (V*)!. We denote by Z the subset of .F
composed of the LK-families for which f;(en,) € R* for every i € I.

In view of lemma [l above, for every LK-family (f;);cs, the map s; — v¢; =
@i + fi¥eq, extends to a linear representation 1) = (g c0),(f1)ic; : BT — ZL(V).
Moreover, if (f;)icr € Fgr, then in view of lemma [ the images of ¢ are invertible,
and hence ¢ : Bt — GL(V) induces a linear representation 14, : B — GL(V).

We call Lawrence-Krammer representation — LK-representation for short — the
representation ¢ of BT and, when appropriate, the representation g, of B.

Remark 13. The assumption on b, ¢, ? to be units of R is not needed to define
the LK-representations of B* and for the faithfulness criterion of the following
subsection. We included it in the definition since we are mainly interested in LK-
representations of BT that extends to LK-representations of B, and since it will be
of importance in our general study of LK-families in section Bl below.

2.2. Faithfulness criterion.

The key argument in [T6, 7, B, T2, 21] is that the LK-representation ¢ they
consider is faithful. The faithfulness criterion used each time can be summarized
as follows (where a, b, ¢, 9, (f;)icr and ¢ are as in definition [[F) :

Theorem 14. Assume that the following two conditions are satisfied :

(i) Im(¢)) is a left cancellative submonoid of L(V),

(ii) there exists a totally ordered commutative ring Ro and a ring homomor-
phism R — Ro, t — I, such that @, b, T, D are positive and fl_a =0 for
every (i,a) € I x ®F.

Then the LK-representation 1 is faithful.

In the remainder of this subsection, we sketch the (much easier) proof of this
criterion obtained by Hée in [T4]. It does not involve any consideration on closed
sets of positive roots, nor on the maximal simple (left) divisor of an element of BT,
and rely only on the two following (elementary) lemmas and a look at the defining
formulas of .

Lemma 15 ([T4, Prop. 1]). Let p : Bt — M be a monoid homomorphism where
M s left cancellative. If p satisfies p(b) = p(b') = I(b) = I(¥') for all b,V € BT,

then it is injective.

Proof. Under those assumptions, one can show, by induction on £(b), that p(b) =
p(b') implies b = b'. (See lemma Fd below for a twisted version of that result.) O

Notation 16. We denote by Bin(f2) the monoid of binary relations on a set
Q, where the product RR’ of two binary relations R and R’ is defined on Q by
BRR a & 3~ € Q such that SRy and vR .

For R € Bin(2) and ¥ C Q, we denote by R(¥) the set {# € Q| Ja € ¥, SRa}.
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We will use again the following lemma in the proof of our faithfulness criterion
in subsection below. So, for completeness, we detail its proof here.

Lemma 17 ([I4, Prop. 2]). Let BT — Bin(Q), b — Ry, be a monoid homomor-
phism, and let (o;)icr be a family of elements of Q such that
(i) o & Ra, (),
(11) Zf’L 75 j, then Ozist g,
(iii) if ms; = 3, then a;Rs, Rs, ).
Then for every b € BT, we have s; < b & «a; & Ry(Q). In particular, for
b, b € BT, we get Rp(Q) = Ry (Q) = I(b) = I(V).

Proof. Since the map b — Rp is a monoid homomorphism, we get that & < b
implies Ry(2) C Ry (Q) for every b, b’ € B*. Thanks to property (i), this shows
that s; < b = «a; &€ Rp(2). For the converse, assume that s; £ b and let us prove
by induction on £4(b) that a; € Rp(92). If b = 1, then Ry is the equality relation and
hence o; € Ry(2). If £(D) > 0, fix j € I such that s; < b (hence j # ¢) and denote by
b1 the element of BT such that b = s;b; ; if 8; £ by, then a; € Ry, () by induction
and hence «; € Rp(Q?) thanks to property (ii) ; if s; < b1, then b = s;8;b2 for some
by € BT, and since s; £ b, we necessarily have m; ; # 2 (hence m;; = 3) and
s; # ba, 50 a; € Ry, (2) by induction and «; € R(Q2) thanks to property (iii). O

Remark 18. Let Ry be a totally ordered commutative ring and let V; be a free
Ro-module with basis (€4 )acn. We denote by Ry the set (semiring) of non-negative
elements of Ry and by £+ (V) the submonoid of Z(Vy) composed of the linear
maps ¢ : Vo — Vp such that p(e,) € @ﬁesﬂigeg for all o € Q.

Then there is a monoid homomorphism £+ (Vy) — Bin(2), ¢ — R, where R,
is given by SR, < the coefficient of eg in p(ey) is positive.

Now assume that we are in the situation of condition (ii) of theorem [l

Definition 19 ([I4, 4.3]). If we denote by Vy the free Jp-module with basis
(éa)aco+, then the ring homomorphism 8 — R, r — I, naturally induces a
monoid homomorphism £ (V) — Z(Vy), ¢ — P, which sends Im(v)) into £ (Vj)
by assumption on the parameters a, b, ¢, 0 and f; o, (i,a) € I x ®T. If we compose
again by the monoid homomorphism £ (V) — Bin(®™), ¢ — R, of remark [[§
we thus get a monoid homomorphism
Bt — Bin(®"), b— R, = Ry,
A quick look at the formulas of definition [ then easily gives the following :

Lemma 20 (|14, 4.3 and 4.4]). Under condition (i) of theorem [I4] and with the
notations introduced in definitionId above, the morphism BT — Bin(®T), b — Ry,
satisfies the following properties :
(1) Qg g RSi ((I)Jr))
(11) ’Lf’L 75 j, then Ozist g,
(iii) if ms; = 3, then oy Rs; Rg, v;.

And a combination of the three previous lemmas easily gives theorem [[4

2.3. Application of the faithfulness criterion.

The typical situation where theorem [[4 applies is, for any totally ordered com-
mutative ring Ry (for example any subring of R) :
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o R = MRy[x] where z is an indeterminate, and the evaluation at = 0 for
the morphism R — Ry,

e b, ¢, 0 positive units of Ry with be < 92,

e an LK-family (f;);er with Im(f;) C 29 and fi(eq,) # 0 for all i € I.

Indeed, in that situation, condition (ii) of theorem [ is clearly satisfied. To
see condition (i), note that, since the elements f;(eq,), i € I, are non-zero, they
become units of some appropriate overring R’ of R (for example its field of fractions
K(z), where K is the field of fractions of fRg). So if we denote by V' the free R’-
module with basis (€4)qea+, then Im(¢)) is included in £ (V) N GL(V') and hence
is cancellative.

Moreover, the faithful LK-representation 1 then induces an LK-representation
gy : B — GL(V'), which is faithful when I" is spherical (in view of lemma [II).

Hence to construct faithful LK-representations of BT — and of B when I is
spherical — it suffices to construct LK-families over 29%¢[z] with non-zero elements
fi(ew,) for @ € I. This will be done, for any Coxeter graph of small type with no
triangle, and for the triangle graph As, in subsection B below.

Example 21. Following [T7, ®, T2 ET], one can choose Ry = Z[y*!] for some
y € Ry \ {1}, and (b,¢,0) = (y?,y9,y") with p, ¢, r € Z such that 21 < p+ ¢ (resp.
2r>p+q)if 0 <y <1 (resp. y > 1).

In [T7, B, T2, 2], the authors choose 0 < y < 1,0 =1 and (b,¢) = (y,y) (in [§]),
(1,y) (in [I2]) or (y,1) (in [21]). Note that the situation in [I7] is slightly out of our
settings since the value of (b, ¢) varies for ¢; (between (y,1) and (1,y)), depending
on the considered {i}-mesh of cardinality two. The authors construct LK-families
(fi)ier over xZly] with elements f;(eq,), i € I, all equal to zy* (in [§]) or zy? (in
[T7, T2, 271]), hence the overring R’ = Z[z*!, y1] is appropriate in the discussion
above.

3. ON LK-FAMILIES

We study in this section the module of LK-families .# and its subset %, for a
given choice of parameters (b, ¢,0) € (R*)3, as defined in definition

In subsection Bl we characterize the LK-families in terms of relations between
the elements f; o = fi(eq) € R, for every (i,a) € I x ®*. This characterization
generalizes some computations of [8, [[2, 2], and we recall in subsections and
B3 below their results on those families : in our settings, it is shown in 8, [[2] that,
when I' is spherical, there exists an isomorphism from % onto PR which sends %,
onto M, an it is shown in [2T] that .Z,, is not trivial when I" has no triangle.

The aim of subsection B4l is to explicit the structure of % and F, when I is
affine : we show that there exists an isomorphism from .# onto RN which sends
Fgr onto R* x RN=1 (see theorem BH). In particular, this result holds for the affine
type A, and hence gives the firsts examples of LK-representations of an Artin-Tits
group whose type has triangles.

In all this section, we fix a Coxeter matrix of small type I' = (m; ;)i jer, &
commutative ring R, a triple (b, ¢,0) € (R*)3 and we set a = 0 — % We denote by
V the free M-module with basis (eq)qco+ and define the linear maps ¢; € .Z(V),
i € I, as in definition [1
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3.1. Characterization of LK-families.

The following proposition gives a characterization of an LK-family (f;)ies in
terms of relations between the f; o = fi(eq)’s. This generalizes [8, Prop. 3.2] and
the computations of [T2, proof of Thm. 3.8] and [21], proofs of lemmas 3.6 and 3.7].

Proposition 22. An element (f;)icr € (V*)! is an LK-family if and only if the
relations listed in TABLE 1 below hold among the elements f; o, (i,a) € I x ®F.
(Note that the relations of cases (6) and (8) must hold whether (a;|c) is positive,
zero or negative. )

| n° | Relations among the f; o’s | Configuration of roots |
(1) fia; =0 ifi#j
(2) fi.,oci = fj_’a]. lf mi_,j = 3
B
(3) fipr =58 ~ ~
' ' ifm; s =3 and J
(4) fiy +afs 5 = cf;, +afjs 7 N
. o
(5) fio = fja if m; ; =3 and e's)
«
(6) afiya = bfi.ﬂ if mi g = 2 and IJ
B
(7) Cfi,aiJraj = _afi7ai if Mi,j = 3
«
(8) Cfi,a = bfjﬂ — afm if m;; = 3 and ﬁ ¢
7
0
(9) fi 8= ij_»y —af; v . 7
’ ’ ’ ifm; ;=3 and B
(10) 0fia = bfj 7

TABLE 1. Relations for an LK-family.

Proof. This is simply the transcription on the basis elements e,, o € ®*, of V, of
conditions (i), (ii) and (iii) of definition [[A on the linear forms f;, i € I. Indeed,
relation (1) is condition (i), and for every 4, j € I, we get by definition :

fivjlea) =0 if a=aqy,

fipi(ea) =0fiq it Oy,

fipj(ep) = afip + cfia B '
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Assume that m; ; = 2. We thus have f;p;(eq) = 0fi(eq) if @ = a; or if « is fixed
by s;. And for the {j}-mesh {a, 5} displayed above,

then fivj(ea) = 0filea) —s bfip = ofi,a
fivjles) = 0fi(ep) afig + ¢fi,a = 0f; g

)

b 0-a
and both equations give relation (6) since 3= in R.

Now assume that m; ; = 3, and consider the system of equations fip;(eq) =
fipi(eq), for a running through the vertices of a given {4, j}-mesh M, and for the
four possible types of M (see remark Hl).

Type 5 : M = {ay, a;,; + «;} (the situations for «; and a; are symmetrical),

then 1 fivilea)) = fivilea) s Wit iita, =0
fi</7j (eaiJrOtj) = fj@i(eaﬂraj) bfi,ai = bfj,aj

this gives relations (7) and (2) (since b € R>).
Type 6 : M = {a}, fivj(ea) = fipi(ea) <= 0f; o, = 0}, ,, this is relation (5).
Type 7: M = {«, 3,7} as displayed above,

fivi(ea) = fipilea) of; o = bf; 5
then q fip;(eg) = fipi(es) < bfi,'y = afj,ﬁ + ij,a )
fipiley) = fipiley) af;y + Fig = 0y

(
this gives relations (10), one case of (8) (by exchanging ¢ and j) and (9).
Type 8 : M ={«a,3,0,7v,7',d} as displayed above (the situations for 5 and ',
and for v and «/, are symmetrical),

fz(p_] (ea) = f_](pz(ea) bfi)ﬁ/ = bfjﬁ
fz<PJ (es) = fipi(es) — bfi y = afjs + Tja ,
fipj(ey) = fipi(ey) af; , + ¢f; 3 = b5
f fz‘PJ (es) = fipiles) af; s + cfi 0 = af; 5+ <f; 5
this gives relations (3) (since b € :8*), the two last cases of (8), and (4). O

Note that these relations are of two kinds : relations (1) to (5) give equalities
between elements associated with roots of the same depth, whereas relations (6)
to (10) express an element f; o in terms of a linear combination of some §; 3’s with
dp(8) < dp(«). In fact, relation (5) can be deleted from TABLE 1 (this generalizes
the analogous observation of [8, proof of Prop. 3.2], [I2, proof of Thm. 3.8], and
21, Lem. 3.5]), this is proved in lemma B4 below.

Lemma 23. Let ¢, j, k € I be such that m; j = mj, = my,; = 3. Then for every
a € 1, we have (a;la) + (aj]a) + (agla) < 0.

Proof. The map v — (a;|v) + (a;|v) + (ax|v) is a linear form on E = @erRay
which is clearly non-positive on the basis elements ay, [ € I. This gives the result

since every o € ®7 is a linear combination, with non-negative coefficients, of those
elements oy, [ € 1. (Il

Lemma 24. Relation (5) of TABLE 1 is implied by relations (1), (6), (8) and (10).
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Proof. Fix i, j € I with m; ; = 3 and a € ®* such that (a;]a) = (oj]a) = 0. Let
us show by induction on dp(a) that f; o = f; ., using only relations (1), (6), (8)
and (10). If dp(a) = 1, i.e. if @ = ay, for some k € I, then k # 4, j and the result
is given by (1). So assume that dp(a) > 2 and fix k € I such that (ax|a) > 0 ; we
set B = s(a) € .

If mjr = m; = 2, then we get (a;|8) = (a;|8) = 0, whence f; 3 = f; 3 by
induction and hence f; o = f;o by (6) since d € ]R*.

If m; x = 2 and m; = 3, then the graph of [a](; ;) is the following :

b
Q fi,o = <fi,p by (6)
0
2 b
@ 5 = (bfis —afiy) by (8)
j 1 R
7] o , whence Fa = . (b5 — af;5) by (8) , and hence f; o = fj,a-
]
b
3 =2 (bf,s — afiy) by (6) and (10)
fi6 = fks by induction

Thanks to lemma 23 we cannot have m; ; = m;, = 3 in that situation, so we
are done (up to exchanging ¢ and j). (I

Remark 25. LK-families and reducibility.

IfI'y,...,I'y are the connected components of I', with vertex set I, ..., I, respec-
tively, then ® = &y U---Li®; and relations (1) and (6) imply that f; o = 0 for every
(i,a) € Iy ¥ @}; whenever m # n. As a consequence, any LK-representation ¢ of
Bff is the direct sum of the induced LK-representations 1, of Bffn for 1 <n < p.

Hence when considering LK-representations (or LK-families), there is no loss of
generality in assuming that I' is connected, in which case the elements f; o,, ¢ € I,
are all equal by relation (2).

3.2. The spherical case.

We assume here that ' = A, (n > 1), D,, (n > 4),0or E, (n =6,7 or 8). In
the following theorem, we rephrase the unicity statements of |8, Prop. 3.5] and [12,
Thm. 3.8]. Recall that .% C (V*)! is the SR-module of LK-families.

Definition 26. Fix ig € I. Let p be the linear map . — R, (fi)ier = fig.0u,- In
view of relation (2) (and of the fact that I' is connected), p does not depend on the
choice of ig € I.

Theorem 27. The linear map p: F — R, is an isomorphism (or R-modules).

Proof. Since T is spherical, there is no mesh of type 8 (see remark Hl) in ®*.

Hence for a given LK-family (f;)icr, every fio with dp(a) > 2 can be expressed
as a linear combination of some f; g’s with dp(8) < dp(«), via at least one of the
relations (6) to (10). As a consequence, (f;)icr is entirely determined by the values
of the f; o, for i, j € I. And since f; o, = 0 if i # j by (1), and f; o, = fio,ai, for
every i € I by (2) (since I' is connected), (f;)ics is in fact entirely determined by
the value f;,,q,,, whence the injectivity of p.

In order to show its surjectivity, the idea is to define an LK-family inductively,
with basis step fi o, = f € R (one could chose f = 1 by linearity) and f; o, = 0 if
i # j, and inductive step one of the suitable relations (6) to (10) to define f; o, (with
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dp(a) > 2) in terms of a linear combination of some f; 3’s with dp(8) < dp(«).
Proving that the obtained family is indeed an LK-family amounts to proving that
the definition of f; o does not depend on the choice of the suitable relation chosen in
the inductive step. This is essentially done in [8, Prop. 3.5] and [I2, Thm. 3.8]. O

When T is connected and spherical (and of small type), LK-representations of
BT are then parametrized by R and LK-representations of B (those corresponding
to LK-families with f;, o, € 91) are parametrized by R*.

Let us end this subsection with some consequences of that construction.

Note that since I' is spherical, the free JR-module V is finite-dimensional and
hence the notion of determinant of an element of Z (V) is defined.

Corollary 28. Tow LK-representations v and 1), associated with to distinct LK-
families (fi)ier and (f!)icr respectively, are non-equivalent.

Proof. It suffices to see that for a given ¢ € I, the maps ¢; and . have distinct
determinant. But in view of remark B we get det(v;) = uf; ,, and det(¢}) = uf; ,,
for a certain u € R, whence the result since the previous theorem shows that

(fi)ier # (f))ier implies fia, # fq,- U

Finally, an easy induction on dp(«) gives the following remark, which generalizes
8, Cor. 3.3] :

Remark 29. Let (fi)icr be an LK-family and set fi; q,, = f-
af

Then for every a # o, we have f; o € —79‘{, and more precisely :
(i) fi,a =0if ¢ & Supp(«), and

dp(a)—2
(ii) fi,a = —%f(g) ’ if dp(a) > 2 and (a;le) > 0.

This construction can be generalized to an arbitrary Coxeter matrix of small
type with no triangle, following [21I]. This is done in the following subsection.

3.3. The LK-family of Paris.

The main construction of [21] is a uniform construction of an LK-family with
fi,a, € R for every i € I, for any Coxeter matrix of small type I' = (m; ;)i jer
with no triangle, i.e. no subset {4, j,k} C I with m; ; = m; = mg,; = 3.

This construction is made over R = Z[z*!, y*!], with f; o, = xy? for every i € I.

The aim of this subsection is to generalize it to our settings.

Definition 30 ([21]). For every a € ®* with dp(«) > 2, fix an element j, € I such
that (ajay,) > 0. Let us define a family (fi,a)(i,a)crxo+ by induction on dp(a) as
follows :

e Basis step : fix f € R (one can choose f =1 by linearity) and set

| Case | Value of §; o | Condition |
(C2) 0 if ao=q  forj#i

(C3) ——(— if dp(a) > 2 and (o) >0
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e Inductive step : if dp(«) > 2 and (a]a;) < 0 — hence i # j, — then set

| Case | Value of §; o | Condition
b
(04) Sfi.ﬂ if Mi g, = 2
«
1 . /8 .701
(C5) < (0Fjay — i) if mj 3, = 3 and '
T
~
Jo
1 . alt
(C6) < (a5 — afip) if m;;, =3 and
Ja
B& )i

ﬂf (E)dp(a)—3

b 0
(C7) Efi.ﬂ + Efjmiﬁ' 2 \3

if mi,; = 3 and

And we define the family (fi)icr € (V*)! via fi(eq) = fia for (i,a) € I x &+,

Note that cases (C4) and (C5) occur whether (a;]a) is zero or negative. Case
(C3) is a generalization of what happens when I is spherical, but is no longer a
consequence of the relations of TABLE 1 in general, and neither is case (C7) (see
subsection B4).

Proposition 31. Assume that the family (f;)icr of definition [Z does not depend
on the choice of the j,’s. Then it is an LK-family.

Proof. We have to show that the family (fi,a)(i,a)erxo+ satisfies the relations (1) to
(4) and (6) to (10) of proposition 22 (thanks to lemma B4]). Relations (1), (2), (3),
(7) and (10) are clearly satisfied by construction. In the same way, (C3) implies
relations (6) and (8) when (a;|a) > 0 (use d9(a — 0) 4+ be = 0 to establish (8)).
Now consider a relation (4), (6) with (a;|a) < 0, (8) with (a;]a) < 0, or (9).
Then the elements f; o, for a of highest depth among the roots involved in this
relation, are defined by induction. Under the assumption of the proposition, we are
free to use the suitable case among (C7), (C4), (C5) or (C6) respectively, to define
them ; this clearly shows that the considered relation is satisfied (use the fact that
9(a — ) + bc = 0 to establish relation (4) via (C7)). O

The previous proposition generalizes the computations of [2I, lemmas 3.5, 3.6
and 3.7]. Tt is not clear whether the independance assumption is true in general,
but this is at least the case when I' has no triangle :

Proposition 32. Assume that T’ has no triangle. Then the family (fi)icr of defi-
nition [T does not depend on the choice of the j,’s.
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Proof. This is [21l lemmas 3.3 and 3.4] : our settings are slightly more general, but
the (long) computations of the proofs are essentially the same. O

Hence if T' has no triangle, then the module of LK-families .# is not trivial
(contains a free submodule of dimension 1), and, by choosing f € > in definition
B0 above, one obtains an element of ;.

It can also be shown that the family of definition does not depend on the
choice of the j,’s when I' = A, (following the same steps as in the proof of lemma
B7 below), hence the same holds for this triangle graph. We will more generally
explicit all the LK-families for any affine Coxeter graph in the following section.

3.4. The affine case.

We assume here that T' = (1, j)o<i j<n is a Coxeter matrix of type A, (n > 2),
D, (n>4)or E, (n=6,7,8). Weset I =[0,n].

We denote by I'g = (m;,j)1<i,j<n the corresponding spherical Coxeter matrix.
Let @ (resp. ®g) be the root system associated with I" (resp. I'g) in £ = @7 (Ray
(resp. Fp = @ Raq;) and let § be the first positive imaginary root of ®, then we
have the following decomposition (see [13]) :

o= || (@ +po) and o = |( [ (®0+pd)).
pEL pEN>
As a consequence, we get the following remark :

Remark 33. The only meshes of type 8 in @1 (see remark H) are the following
ones, for p>1and m;; =3 :

p5—|—ai—|—aj
o+ oy o + oy
po — pd —

p5—ai—aj

In particular, for a given (i,a) € I x ® with dp(a) > 2, then either o = pd + oy
for some p > 1, or the pair (i, @) appears at the left-hand side of (at least) one of
the relations (6) to (10) of TABLE 1, and for every such relation and every pair
(4, B) involved in its right-hand side, then 8 # ¢é — «; for every ¢ > 1.

Definition 34. Let ig, jo € I be such that m;, j, = 3. We denote by u the linear
map % — RN, (fi)ier — (fn)nen, where
(1) f2p = fig.ps+as, for every p € N,
(i) fap—1 = Fig ps—as, — OFig ps—as, —as, — 0 Tjo,ps—ai,—ay, fOT every p € Nxi.
We will show in proposition B9 below that u does not depend on the choice of

10, jo € I such that m;, j, = 3. The aim of this subsection is then to prove the
following :

Theorem 35. The linear map p : F — RY is an isomorphism (of R-modules).
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Hence in those cases, LK-representations of Bt are parametrized by %Y and
LK-representations of B (those corresponding to LK-families with f;; o, € R*)
are parametrized by 8> x ®N>1. The injectivity and surjectivity of u are proved
respectively in propositions Bl and BTl below.

Notation 36. For every k € N1, let us denote by @Z‘ the subset of ® composed
of the positive roots of depth smaller than (or equal to) k.

In the two following lemmas, we assume that we are given a family §r =
(fi,a)(i ayerxat € RI*® whose elements satisfy the relations of TABLE 1 whenever
> Kk

the roots involved are of depth smaller than (or equal to) k, and it is understood
that we work with the elements of §y.

Lemma 37. Fiz (i,p) € I x N>y and assume that k = dp(pd — ;) — 1. Then the
element bef; ps_,—a, + 02§} ps—ai—a, does not depend on j € I such that m;; = 3.

Proof. Assume that j, k € I are such that m; ; = m;, = 3.
If m; ;, = 2, then the result follows from relations (6) and (9) : indeed, we get

fips—ai—a; = kpi—ai—a;—ar — Fips—ai—a;—ar DY (9);
cfi,péfaifak by (9)7
O ps—ai—a; = Ofjps—ai—a;—an by (6),
Ok po— s — by (6).

Ifmj, =3, then T' = Ay, {4,5,k} = {0,1,2} and pd —a; —a; = (p—1)d+ . In
that case we can prove more, namely that the value of f; (,_1)54q,, does not depend
on the pair (I,m) € {0,1,2}2 such that [ # m. To do this, one can first prove the
similar statement for the elements f; 45—q,, With 1 < ¢ < p — 1 by induction on g,
thanks to relations (3) and (8) (the case ¢ = 1 is given by relations (7) and (2)),
and then prove the desired statement for the elements §; 45+q,, With 0 <g<p—1
by induction on ¢, thanks to relation (8) and the intermediate result (the case ¢ =0
is given by relation (1)). O

ij,péfaifaj —ap afi,péfaifaj —ag

bfk,péfaifaj —ay

Lemma 38. Fiz (i,a) € I x &1, with o # pd + «; for every p € N, and assume
that k = dp(a) — 1. If we define f;.o € R by one of the relations (6) to (10) where
(i,ct) appears at the left-hand side, then the value of fi.o does not depend on the
chosen relation.

Proof. Let us assume that (i, o) appears at the left-hand side of two of the relations
(6) to (10) and let us denote by j (resp. k) the index distinct from ¢ involved in
the first (resp. the second) of those two relations. Note that, in that situation,
then I' # A, and there are only ten possibilities up to exchanging j and k (use
remark B3) : two relations (6) with m, ; = 2 or m; ; = 3, relations (6) and (8) with
mj, = 2, relations (6) and (9) with m;, = 2 or m; = 3, relations (6) and (10)
with m; , = 2 or m;, = 3, two relations (8) with m;, = 2, two relations (9) with
mj, = 2, two relations (10) with m; , = 2.
For example in the case (6) and (9) with my, = 2, the graph of [a](; ; 5} is
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b b ab

~fip = —frkny— —<finy by (9), and
whence ab [c] ! ;?] !
;fk,ﬁ’ — ;fi,ﬁ’ = Efk,’y — afiﬁ by (6) (tWO times).

And in the case (6) and (9) with m; s = 3, the graph of [a]g; j xy is

b b2
Efi,ﬁ = 5fk,5 - by (8),
b2
= alie by (9) and (6),
[ a
. e = i
whence b0 ad ab
= C_ij’él — c—sz7,yl — @fi,v’ by (8) and (6)7
b2 ab ab a’b
= —fje— Zfe — Z5zfke + 55fie by (6), (10) and (8),
< ©, <0 =0
— b_f. —ﬂfk +Mf.5,
R = 2o MY
and the result since % + ?sz = (caab)Z (0(a —0) 4+ bc) =0.
The eight remaining cases are similar and left to the reader. O

We are now able to prove the announced results on the linear map p : % — RN
of definition B4

Proposition 39. The definition of u does not depend on the choice of iy, jo € I
such that my, j, = 3.

Proof. Let (f;)ier be an LK-family. Relations (2) and the fact T' is connected show
that the elements f; o,, ¢ € I, are all equal to fop. Now fix p € N>;. In the same
vein, relation (3) and the fact I' is connected show that the elements f; psta,, ¢ € I,
are all equal to fop.

Now if we set fij = @f; ps_a, = 0 ps—as—a; — 0 Fjps—ai—a; for i, j € I with
m;; = 3, we are left to show that f; ; = fi,,j, = fep—1 for every i, j € I with
m;; = 3. But lemma B7 gives f; ; = fir if m;; = m;r =3, and since a =0 — %,
relation (4) can be written 2f; ; = 1f;;, whence f; ; = f;;, when m;; = 3. The
connectedness of I" then gives the result. ([

Proposition 40. The linear map p is injective.

Proof. Let (fi)ics be an LK-family. Thanks to remark B3 an easy induction on
dp(«) shows that, for every (i, ) € [0,n] x ®T, either o« = pd —; for some p € N>,
or fi,o is a linear combination of some f; ys4qo,’s for j € I and p € N. Hence (f;)icr
is entirely determined by the elements f; ,5+q,, for ¢ € I and p € N.

But by proposition B3, the elements f; ps+a,, ¢ € I, are all equal to f2, and we
get fips—ar = fips—ai—a; + 2Fipo—ai—a; + —Tep—1 for any j € I with m;; = 3,
hence f; ps—a, is entirely determined by some faq, ¢ € N, and fop_1. O
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Proposition 41. The linear map p is surjective.

Proof. Fix (fn)nen € RY, and let us construct a family (f;)icr € (V*)! by induction
as follows (recall that we set f;(eq) = fi.o for every (i,a) € I x 1) :

e Basis step : we set f; o, = 0 for i # j, and f; ps1a, = f2p for every i € I
and p € N.

e Inductive step : if (i,«) € I x T is not handled by the basis step (hence
dp(a) > 2) and is such that all the f; g, for j € I and dp(8) < dp(«), are
constructed. Then > )

(1) if = p5— a;, We set fi,a = Efiqpéfai*aj + ;fj,p(s*ai*aj + 5f2p,1 for
some j such that m; ; = 3,

(ii) if not, then (i,«) appears at the left-hand side of (at least) one of
the relations (6) to (10) (see remark B3) ; we define §; o via the cor-
responding right-hand side.

We are left to show that (fi)icr € (V*)! is an LK-family, since it will then be,
by construction, an antecedent of (f,)nen € RY by p. We proceed by induction on
m € N in order to show that the relations of TABLE 1 that involve only roots of
depth smaller than (or equal to) m are satisfied by the elements f; o, for i € I and
a € ¢+ with dp(a) < m.

If m = 0, the only relations to consider are relations (1) and (2), which are
satisfied by construction of the basis step. Relation (3) is also satisfied for arbitrary
depths by construction of the basis step. Now assume that we know the result for
some m € N and consider a relation that involves a root of depth m + 1 and no
root of higher depth.

Assume first that it is a relation of type (4), involving the indices ¢ and j (and
hence the roots pd — a, pd — o; and pd — a; — ;). Lemma B1 shows that the
definition of f; ps_a; (resp. fjps—a,) at inductive step (i) does not depend on the
choice of k (resp. k') such that m; , = 3 (resp. m; = 3). So we are free to chose
k = j (resp. k' = i), and we obtain that both sides of relation (4) are equal to
0 (fi,p(;_ai_aj + fj,p(;_ai_aj) + %fgp_l since a + % =0.

Assume finally that it is a relation of type (6)—(10). Lemma B8 shows that the
definition at inductive step (ii) does not depend on the choice of the relation, hence
we are free to use the considered relation at this step and this gives the result. [

Example 42. The LK-family of Paris (see definition Bl is the one corresponding
af

. . b\ dp(pd+a:)—2
to the family (f,)nen with fo = f and, for p > 1, fo, = —?(5) and
av?f /b dp(pd—ai)—3
o ()
¢ \0

Example 43. Let us assume that I' = A,. Then each o € ®* has a unique
decomposition as o = pd + Ef;ﬁ ar, with p €N, j € [0,n], ¢ € [0,n — 1], and &k
the rest of k modulo n + 1. We then call domain (resp. interior, resp. boundary)
of atheset @ ={k|j<hk<j+/(} (resp. a° ={k|j+1<k<j+l—1},
resp. Oa =a\ a® = {j,j + £}). If (fi)ies is an LK-family, then one can check, by
induction on dp(«), that the element f; o = fi(eqs) is equal to :

o fo, if @« =pd+ oy (ie. i € O and £ = 0),

a(b)é—li( bn71 )P—q .
o —— (= — foq if i € O and £ > 1,
c\?D =0 0
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) (S e
a? Pl ! b1\ p—q o
.T(E) Z(p_Q)(can——2) fog if i g @and £ <n —2,

bnfl

B R O R e

(i.e. i¢g@and £ =n—1).
3.5. Comments.

Assume that we are in the situation of subsection Z3, that is, in particular, with
R = Ro[z] for some totally ordered commutative ring Ro.

Then by choosing for f an element of xR for the basis step of the inductive
construction of LK-families in subsections and B3l it is clear that the obtained
LK-family (f;):e; is such that Im(f;) C 2R for all i € I. We get the same result in
the affine case by choosing for (f,)nen a family of elements of 2R in the inductive
construction of subsection B4

If moreover f (resp. fo) is chosen to be non-zero, hence is a unit of some overring
R’ of R, then the obtained LK-family will be suitable to apply the faithfulness
criterion (theorem [[d) to the associated LK-representation 1) of BT in order to
show that it is faithful.

4. TWISTED LK-REPRESENTATIONS

In [I2], Digne defines “twisted” LK-representations for an Artin-Tits group of
non-small crystallographic and spherical type (i.e. of type B,,, Fy or G2), using the
fact that this group is the subgroup of fixed elements of an Artin-Tits group of small
and spherical type (Aa,—_1, Eg or Dy respectively) under a graph automorphism,
and shows that those representations are faithful.

The aim of this section is to generalize this construction and the faithfulness
result to any Artin-Tits monoid that appears as the submonoid of fixed elements of
an Artin-Tits monoid of small type under a group of graph automorphisms. Note
that our proof of faithfulness (¢f. subsection B2 is different from the one of [I2]
as it is general and avoid any case-by-case analysis.

Let T = (m; ;)i jer be a Coxeter matrix of small type and let G be a subgroup
of Aut(T). We fix (b,c,0) € (R*)® and set a = 2 — Z. Let us consider an
LK-family (f;)icr € %#. Then we get an LK-representation ¢ : BT — Z(V),
s; — ¥; = ¢; + fiRe,,, which induces an LK-representation of B (i.e. which has
invertible images) whenever (f;)icr € Fgr, .. fi(eq,) € B|* for every i € I.

4.1. Definition.

Recall that the group G naturally acts on BT and on ®% (see section [[F).
The action of G on ®T induces an action of G on V by permutation of the basis
(€a)aco+- We denote by (BT)Y (resp. V&) the submonoid (resp. submodule) of
fixed points of B (resp. of V') under the action of G. Recall that (B*)“ = B/,
for a certain Coxeter graph I".

We denote by ¢ : Bt — Z(V), b+ ¢y, the LK-representation of B* associated
with the trivial LK-family (i.e. with 1; = ¢; for all i € I).
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Lemma 44. For all (b,v,g9) € BT x V x Aut(T'), we get g (op(v)) = @q)(9(v)).
In particular, for all b € (BY)Y, oy stabilizes VG and hence ¢ induces a linear
representation ¢ : (BT)¢ — Z(VE), b ¢of = pp|ya.

Proof. The action of Aut(I') on E = ®;crRa; respects the bilinear form (.|.)r,
and this clearly implies that g(pi(ea)) = @q(i)(€g(a)) in view of the formulas of
definition [@ The result follows by linearity and induction on #(b). O

Lemma 45. Assume that §; o = fg(i),g(a) for every (i,o, g) € I x ®T x G. Then for
every i, j € I, v eV and g € G, we get f,i)(9(v)) = fi(v) and fy(i) 04 (9(v)) =
fipj(). In particular, the linear forms f; and fouy (resp. fip; and fouy@qi))
coincide on VC.

Proof. The assumption means that fy;)(g9(ea)) = fi(ea) for every (i,a,g) € I x
&t x G, whence the first point by linearity. The second point follows from the first
one and the previous lemma. ([

Proposition 46. Assume that fio = fg(i),ga) for every (i,a,g) € I x &7 x G.
Then for every (b,v,g9) € BT x V x Aut(T'), we get g (vu(v)) = Vg (g9(v)). In
particular, for every b € (B1)Y, oy stabilizes VE and hence 1 induces a linear
representation

E L (BYE = L(VE), b vf = tylye.

Moreover if the images of 1 are invertible, then so are the images of Y.

9(Wilea)) = g(pi(ea)) + fi,ala,q), and

1/)g(i) (eg(a)> = Pg(i) (eg(a)> + fg(i),g(a)eag(i)-
Whence g(vi(ea)) = g(i)(€g(a)) by assumption and lemma B4, and the first

point by linearity and induction on £(b). Moreover if the images of ¢ are invertible,

that is, if §;.0, = fi(eq,;) € R for every ¢ € I, then the formulas of lemma [ show

that we also get g(¢; *(ea)) = wq_é) (eg(a)); and hence, similarly to what as just

been done, z/Jb_l stabilizes V¢ for every b € (BT). This gives the result. (]

Proof. By definition [ we get {

Definition 47. Under the assumption of the previous proposition, we call twisted
LK-representation the linear representation v : (BT)¢ — £ (V%) of the Artin-
Tits monoid (B*)¢ = B, and, when appropriate, the induced linear representa-
tion wg : Brr — GL(VY) of the Artin-Tits group Br.

The assumption f;.o = fg(i),q(a) for every (i,a,g) € I x @+ x G is not always
satisfied : for example if 4 and ¢(i) are not in the same connected component of T',
then fi o, and fy(i).a,,, can be chosen to be distinct (see remark 23 above). T do
not know if this assumption is always satisfied when I' is connected, but we have
the following partial result :

Proposition 48. Let (f;)icr be an LK-family, and assume that we are in one of
the following cases :
(i) T is spherical and irreducible (i.e. of type ADE), or
(ii) T is affine (i.e. of type ADE), or
(iil) (fi)ier is the family constructed in definition [F and does not depend on
the choice of the jo’s (for example if T' has no triangle).

Then fio = fg(i),g(a) for every (i,a,g) € I x ®F x Aut(T).
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Proof. The result for the three situations (note that the first one is a consequence of
the third one) are easy to see by induction on dp(«), using the inductive construc-
tion of (fi)icr, and the independence results at the inductive steps, of subsection
B2 B4 or B3 respectively, and the fact that the action of Aut(I') on F = @;erRa;
respects the bilinear form (.|.)p. O

We denote by @1 /G the set of orbits of @ under G and, for every © € &1 /G,

we set eg = Y., co €a- The family (eg)oca+ ¢ is a basis of VE.

4.2. Twisted faithfulness criterion.

The aim of this subsection is to prove that the faithfulness criterion of subsection
also works for a twisted LK-representation 1.

Lemma 49. Let p : (B*)Y — M be a monoid homomorphism where M is left
cancellative. If p satisfies p(b) = p(b') = I(b) = I(b') for all b, b' € (B*)Y, then it
s injective.

Proof. Let b, b’ € (BT)Y be such that p(b) = p(b’). We prove by induction on £(b)
that b=1¥. If £(b) = 0, 4.e. if b=1, then I(b) = I(V') = 0, hence b’ = 1 and we are
done.

If £(b) > 0, fix i € I(b) = I(V'). Since the action of G on B* respects the
divisibility and since b is fixed by G, the orbit J of ¢ under G is included in I(b) =
I(t'), but then J is spherical and there exist by, b} € BT such that b = A;b; and
b = Asb}. Since J is an orbit of I under G, the element A is fixed by G and hence
so are by and b, so we get p(Ay)p(b1) = p(As)p(d)) in M, whence p(b1) = p(b})
by cancellation, therefore by = b} by induction and finally b = ¥'. O

Let us assume that the condition of proposition Bflis satisfied, so that the twisted
LK-representation ¢ : (B*)¢ — £ (V%) is defined. Then :

Theorem 50. Assume that the following two conditions are satisfied :

(i) Im(x%) is a left cancellative submonoid of £ (VF),

(ii) there exists a totally ordered commutative ring Ry and a ring homomor-
phism R — R, t — T, such that @, b, <, D are positive and ;o = 0 for
every (i,a) € [ x ®F.

Then the twisted LK-representation 1 is faithful.

Proof. Note first that, with notations [[@ if R € Bin(Q2) and if (¥x)aea is a family
of subsets of 2, we get R(IUycp Ya) = Usea R(¥n).

In order to prove the theorem, it suffices to show that 1)@ satisfies the assumption
of lemma EA So let b, b € (B*)Y be such that ¥¢ = ¢S and let us show that
I(b) = I(¥). Since ¢y, and vy coincide on V¥, we get in particular ¢, (ee) = 1y (eo)
for every © € ®1/G.

With the notations of definition [@ let us consider the set Rp(©). Since the
coefficients of the matrix of 1), in the basis (eq)aca+ of Vo are non-negative, the
set Ry(©) is precisely the set of those indices 3 € &+ for which the coefficient of eg
in the decomposition of ¥y (eg) in the basis (€4)qecq+ is positive.

The same occurs for b, and hence ¥p(ee) = ¥ (eo) implies Ry(0) = Ry (O).
Since we have @ = Ugcg+/,q©, we thus get Ry(2F) = Ugep+/q b(O) =
Uoca+ g B (©) = Ry (27), and hence I(b) = I(V') by lemmas [T and O
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Remark 51. Assume that we are in the typical situation of subsections and
B3A so that condition (ii) of theorem Bl is satisfied. Then proposition Bl shows that
Im (1) is included in .Z(V¥) N GL((V')¢) and hence condition (i) of theorem
is also satisfied. Hence that twisted LK-representation ¢ is faithful and so is the
induced twisted LK-representation ¢§, : Br» — GL((V')“) when I" is spherical.

4.3. Formulas when |G| = 2.

Recall that (BT)¢ = Bff, is generated by the elements A ;, for J running through
the spherical orbits of T under G (see section [[A). In this subsection, we assume
that fi o = fg(i),g(a) for every (i,a, g) € I x ®T x G, and we compute the maps z/JgJ
for those orbits J, at least when |G| = 2.

Notation 52. Let J be an orbit of I under GG. Then in view of lemma B3 :
(i) the linear forms f;, for j € J, coincide on V¢, and we set

f1=Ffilve € (VO for jeJ,
(ii) if J = {4,7}, then the forms f;¢; and f;p; coincide on V¢, and we set
i = fiwilve = figilve € (VO™
Note that if J is an orbit of I under G, then ©; := {a; | ¢ € J} is an orbit of

@+ under G ; moreover if J = {7, 5} with m; ; = 3, then ©’; = {a; + «;} is also an
orbit of ® under G.

Proposition 53. Let J be an orbit of I under G. Then
(1) of J ={i}, v&, = &, + fs®eo,,
(i) of J = {i,7} withm;; =2, 1/)2} = <ng +0fsReo,,
(iit) o J = {i, 7} withmi; =3, ¥§ = % + (befs + af))Reo, + cfjReer .

Proof. If J = {i}, then Ay = s; and (i) is clear. If J = {4,j} with m;; = 2,
then Ay = s;s; and we get Y0; = pip; + fipjReqa, + 0f;Beq; (see the proof of
lemma [[), whence (ii) since fip; = 0f;. Finally if J = {i,j} with m;; = 3, then
Ay = s;s;s; and we get, following the computations of the proof of lemma [IT]
Yithjhi = pipjpi + fipjpiBeq, + (befi +afjpi)Req; + cfjpiReq, ya; (using the fact
that fipj(ea;) = fivi(ea;) = 0), whence (iii) since fip;0ilye = fi0?|ye and since
we have seen, again in the proof of lemma [ that f;p? = bef; + afjpi. (]

Hence when |G| = 2, the previous proposition gives a complete description of
the possible maps 1/12} when J runs through the (spherical) orbits of I under G.

We detail below the matrix of cpg, in the basis (e@)@e¢+/g and the values on
this basis of the linear forms involved in the expression of ¥§ ,- Note that since the
maps @;, ¢ € J, stabilize the submodule of V' generated by the elements eg for 3
running through a given J-mesh M, the map ¢ stabilizes the submodule of V¢
generated by the elements eg for © running through the orbits included in G(M).
The matrix of go? in the basis (ee)ocat/a of V¢ is then block diagonal, for the
corresponding block decomposition.

4.3.1. Case J = {i}.
. i if © = {a}
* f‘](e@) a fl(e(a) - {fi,a + fi,a’ = 2fi,o¢ ite = {a7a/}’a 75 O/,

e the blocks of wg‘, = ¢;|ye are the following ones :
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eo
0) if 0=0,
eo
(d) if® € or © (€]
cO1 ©02 0,9 O, el
it or
¢ 0 18] O, (¢ e}
4.3.2. Case J = {i,j} with m;; = 2.
o if © = {a}

. eo) = 0f;(ee) = . ,
fi(ee) = dfi(ee) {o(fi,a Fhia) =0fia+fia) O ={ad}ad
e the blocks of wgJ = (pi;)|ve are the following ones :

€o

(0) if ©=0y,

eo e e )
(2?) if © (XD} or © (XD (¥
or o2 0: {13 3!

ad bo . :
if v J
@ 0 STRICR INCR )

6@1 E(—)2 E(—)3

a? 2ab b2
ac bec O
A 0 0

e@l 6@2 6@3 564
a’ ab ab b2

ac 0 bec O PO
ac bc 0 0 '
2 0 0 0

4.3.3. Case J = {i,j} with m; ; = 3.

We detail below the values of the linear forms bef;+af’ and ¢f/;, and the blocks
of wgJ = (pip;pi)|lve for the different possible configurations of orbits.
o Orbits ©; = {o, j} and O = {a; + a5}

‘ Orbits ‘ Values of befy + af’ ‘ Values of ¢f’, H Block in % ‘
8, b, 0 00
o 0 b, o 00

Q Q o
o Configuration © {(7¥7)i or © {(( %) (X5,
‘ Value of befy +af’ ‘ Value of ¢f’ ‘ Block in % ‘

10102 o |©|cdf; 0 (ag))

O3 ¥ (¥ o
i i

e Configuration ©2 (8. 8i0

i J

STREE IR IR
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‘ Orbits ‘ Values of befy + af’ ‘ Values of ¢f H

Block in cpi}

eel 6@2 6@3
(Ch bef; ., +0(0 + a)fj 2c0f; , ad?  abd b%d
0, b (cf; 5 + af;, +0f; ) 2bcf; ., acd bed 0
@3 b (0f7 B + bfi,w) QBCfJﬁ CQD O O

O3 ¢

e Configuration 0,

Ch ;

‘ Orbits ‘ Values of bef; + af’ ‘ Values of ¢f/, ‘
6, acf; , + (a% + bc)fis i+ acf; s
O7 b (C(fm + i) + 2afi,6) 2bcf; 5
O3 b (cf; 5 + af;~ + bfi5) 2bcf; .,

04 b} bef; 5
Block in cpg] ‘
eo, eo, eoy eoy
a(a® +bc) 2426 2ab® b3
a’c 2abc  b%¢ 0
ac? be? 0 0
3 0 0 0
e Configuration i O,

‘ Orbits ‘ Values of befy + af’ ‘ Values of ¢f/,
©1 be (fi,5 + f1.5) + 2a (afj 5 + ¢f ;) 2¢(af; 5 + cf; )
99 b (c(firy + Fivy) + 20 5) 2bcf; 5
O3 b (c(fiy + fjy) + 20f; 5) 2bcf; 5
o, | b écfjﬁ +af,., + bf, 5) 20cf,.

Os b (cf; 5 + af; o + bf; 50) 2bcf;
O 0% (Fiy + Fiy') 2bcf, 5
Block in ‘sz

eo, eo, eo; €o, €oy e€og

a(a®4bc) a6 a?b ab® ab® b3

a%c abc abc 0 b% O

aZc abc abe b% 0 O

ac? 0 b 0 0 0

ac? b 0 0 0 0

¢ 0 0 0 0 0
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4.4. Twisted LK-representations of type B.

Fix n € N>3. Then the Artin-Tits group B of Coxeter type B,, appears as the
subgroup of fixed elements of three Artin-Tits groups of type I'y = Ag,,—1, o = Asp,
and I's = D, 41 respectively, under a group of graph automorphisms G, G2 and
G35 respectively, where G, = Aut([y) for 1 < k < 3, except for n = k = 3 where
G35 is a subgroup of order two of Aut(Dy) (see [9, [[]). We denote by Ij the vertex
set of 'y, for 1 < k£ < 3.

Now fix a commutative ring R and (b,¢,0) € (*)3, and consider three LK-
representations ¢, : Bp, — GL(V1), 92 : Bp, — GL(V2) and 3 : Br, — GL(V3).
Recall that ¥, 1 < k < 3, is determined by the common value f, € R* of the
fi.s = fileq;) for ¢ € Ij (see subsection B2). In view of propositions Hfl and
above, we get three twisted LK-representations 1/)1G1 : B — GL(VlGl), 202 : B —
CL(V,%?) and 9§ : B — GL(V7?) of the Artin-Tits group B. Note that ¢ is
essentially the representation of B considered in [T2].

The representation 1/)20 2 is trivially non-equivalent to the two others since it is
of degree |®f /G3| = n(n + 1) whereas the two others are of degree |®f /G1| =
|<I>1J53/G3| = n?. The aim of this section is to show that ¢ and S are non-
equivalent, when R = Z[z*!, y*'] and (b, ¢,0) = (y?,y9,y") with p, ¢, r € Z such
that 2r # p + ¢ (as in subsection Z3), and at least for all n > 3 but two.

Notation 54. Following [2], we label by 1, 2, ..., n, the vertices of the Coxeter
graph B,, in such a way that the vertex n is the terminal vertex of the edge labeled
4, and we denote by Ay, ..., A, the corresponding standard generators of B.

Note that we will keep the same symbols for the standard generators of B when
considering this group as an abstract Artin-Tits group, or as the subgroup of fixed
elements (BF,C)G’c of Br, for 1 < k < 3. The meaning of A;, 1 < i < n, in terms
of a product of the standard generators of Br,, 1 < k < 3, is given in the following
table (where the vertices of Ty, are labeled as in [2]) :

| [1<i<n] i=n_ |

kE=1| si82n—s Sy

k=2| siSont1-i | SnSn115n
k=3 S; SnSn+1

Lemma 55. The determinant of the map (wfk)m, for1<i<nandl<k<3,
is given in the following table :

| | I1<i<n | i=n |
k=1 —(bc)?1p2n(n=2, (_1)”-1(bc)n—la(n—1)2fl
k=2 | (60202 D5, | (—1)"(be)3nTo3n(n D
k=3 _(bc)ansa(nfl)zfg (_l)nfl(bc)B(nfl)DQ(nfl)(nfmfg

Proof. In view of the formulas of subsection B the determinant of ( ,?’“) A, is of
the form det(M)fy (resp. det(M)(befy)?) if (i, k) # (n,2) (vesp. (i,k) = (n,2)),
where M is a block diagonal matrix, with blocks of determinant 9, —bc, 92, —bcd?,
—(bc)? or (be)* (resp. 92, —(bcd)3, (bc)® or —(bc)?) depending on the configuration
of the corresponding orbit in <I>l‘fk . The result then follows from a direct computation
of the number of occurrences of each configuration in (IDIJEk for 1 <k <3. [l
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Proposition 56. Assume that R = Z[z*!,y*'] and that (b,¢,0) = (y7,y%,y"),
with p, q, v € Z such that 2r # p + q. Then the twisted LK-representations 1/)1Gl
and 1/153 are non-equivalent, except possibly for two values of n when r <0< p+q
orp+qg<0<r.

Proof. 1f lel and w§3 were equivalent, then the determinants of (z/chl)Ai and
(S a, for 1 < i < n (vesp. of (p1)a, and (¥5?)a,) should be equal. This
would imply, in view of the previous lemma,

2n52(n*—3n+1) _
fl — (bc)2("_1)0("_1)("_3)f3 ) whence (bc) 0 1,

{(bc)20”22"1f1 = fg, and
and by choice of (b, ¢, ), this is equivalent to 2n(p + ¢) + 2(n? — 3n + 1)r = 0.
It is clear that there is at most two values of n satisfying this equality, and

that in such a case, r and p 4+ ¢ cannot be zero or of the same sign (note that
n?—-3n+1=(n-1)(n—-2)—12>1since n > 3). O

4.5. Final remark on ®%1/G.
Recall that we denote by I the type of W& and (B)¢.

When T is spherical, it is possible to index the basis (eo)oca+ /¢ of V¢ with
the set of positive roots of a finite crystallographic root system (i.e. a root system
in the sense of [2, Ch. VI]) of Weyl group Wr/, via the bijection © — ag, where
ag = Card(©) Y aco @ (see B Ch. 13] for justifications).

For example if I' = Ay, 1, Aoy, or Dy and G = Aut(I") (or a subgroup of order
2 of Aut(T") for Dy4), we get a finite crystallographic root system of Dynkin type
C,, BC, or B, respectively.

This change of index set increases the resemblance between the twisted and non-
twisted cases, and has been used by Digne in [I2] for his proof of faithfulness of
¥%, in the particular cases I' = As,, 1, Eg or Dy and G = Aut(I).

But this change of index set is not possible in general. Indeed, the map © — ag
is not necessarily injective if ' is not spherical : for example when |G| = 2, then
for the following configurations of orbits

we get ag, = e, and ae, = ae, as soon as (q;|a) = (a;|a).

Note that the first of those counterexamples occurs for example in a root system
of type Agn_1 (n > 2) with G generated by the “half turn”, and the second (which
does not occur in the affine cases in view of remark B3 above) occurs for example
in the root system associated with the Coxeter graph ﬂzzwith G = ((13)(24)),

{i,7} =4{1,3} and {a, o'} = {2, a4}.
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