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LAWRENCE-KRAMMER-PARIS REPRESENTATIONS UNDER
GRAPH AUTOMORPHISMS

ANATOLE CASTELLA

ABSTRACT. Lawrence-Krammer-Paris representations (LKP for short) are the
first examples of faithful linear representations of the Artin-Tits monoids of
small type (and hence of the Artin-Tits groups of spherical and small type).
If the construction is essentially unique for the spherical and small types, the
same is not clear for a spherical and non-small type. Another important open
question is to ask if there exists an analogue of this construction for the non-
small types.

The aim of this paper is to classify all the LKP-representations for the affine
and small types, and to generalize the construction of [Digne, On the linearity
of Artin Braid groups. J. Algebra 268, (2003) 39-57] in order to provide “LKP-
like” faithful linear representations of any Artin-Tits monoid that appears as
the submonoid of fixed points of an Artin-Tits monoid of small type under the
action of graph automorphisms.

INTRODUCTION

In the early 2000’s, Krammer defined by explicit formulae a linear representation
of braid groups, which is known to first appear in the work of Lawrence [@], and
showed that this representation is faithful [[[d, [[7] (see also [[[}). This construction
and the proof of the faithfulness have been generalized by Cohen and Wales, and
independently by Digne, to the Artin-Tits groups of spherical and small type [E,
@], and then to all the Artin-Tits monoids of small type by Paris [@] Such an
LKP-representation (LKP for Lawrence-Krammer-Paris) is of degree the number of
positive roots in the associated root system, and the matrices of the representation
have nice properties regarding the combinatorics of this set of positive roots (see
section [l below).

The construction is essentially unique in the spherical and small type cases : the
LKP-representations for a given type form an infinite “one parameter”-family (see
[ [ or section below). It is not clear whether the same holds in a non-
spherical and small type case and, when the type has a triangle (i.e. a subgraph of
affine type As), even the existence of the construction is not established (see [21]).

Natural questions on this subject are then

(i) what about the existence and unicity of the construction in general,
(ii) what can be done for Artin-Tits monoids and groups of non-small type ?

A first answer to the second question is provided by [IE], where is defined an “LKP-
like” faithfull linear representation for the Artin-Tits group of type By, Fy or Ga,
using the fact that it appears as the subgroup of fixed points, under the action of
graph automorphisms, of an Artin-Tits group of type Aa,_1, Eg or Dy respectively.
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2 ANATOLE CASTELLA

The aim of this paper is to go further on those two questions.

In section , we characterize all the LKP-representations in the affine and
small type cases : for a given type, they form an infinite “infinite parameters”-
family. Since this also holds for the type As, we thus get the first examples of
LKP-representations for a Coxeter graph of small type with a triangle.

In section E, we generalize the construction and the faithfulness result of [E]
to any Artin-Tits monoid that appears as the submonoid of fixed points, under
the action of graph automorphisms, of an Artin-Tits monoid of small type. Note
that our proof of faithfulness is different from the one of as it does not use
any case-by-case consideration. Moreover, applied to the Coxeter graphs A, and
D, 41, our result provides two new faithful representations for the Artin-tits group
of type B,,. We then explicit the formulae of the induced representation when the
graph automorphism involved is of order two. As a consequence, we show that the
three linear representations of an Artin-tits group of type B, just mentioned are
pairwise non-equivalent.

1. PRELIMINARIES

Let T' = (my )i jer be a Cozxeter matriz, i.e. with m;; = m;,; € Nx1 U {oc}
and m; ; =1 & i = j. We will always assume in this paper that I is finite ; this
condition could be removed at a cost of some refinements in certain statements
below (see [f, Ch. 11] for some of them), which are left to the reader.

As usual, we encode the data of I' by its Coxeter graph, i.e. the graph with
vertex set I, an edge between the vertices ¢ and j if m; ; > 3, and a label m; ; on
that edge when m,; ; > 4. In the remainder of the paper, we will identify a Coxeter
matrix with its Coxeter graph.

For sake of brevity in this paper, when considering a monoid homomorphism
p: M — M’ we will often denote by p, the image p(b) of a given b € M by p.
1.1. Coxeter groups and Artin-Tits monoids and groups.

We denote by W = Wr (resp. B = Br, resp. Bt = B[) the Coxeter group
(resp. Artin-Tits group, resp. Artin-Tits monoid) associated with T :

e y e . . . 3 .. 2 —
W = (s, 1€I]s88;8 - =8;858;--- if m;;# o0, and s7 =1),
m; j terms m; j terms
B = (s,i€l|s;8;8---=8;88;--- if m;; #o0),
m;, j terms m;, j terms
+ = g G:S:i-++— 8:8:8:--- 1 o +
BT = (s;,i€1]|s8is;8 =588 if m;; #o00)".
m;, j terms m;, j terms

Note that there is no ambiguity in writing with the same symbols the generators
of B and of BT since the canonical morphism p : BY — B, given by the universal
properties of the presentations, is injective [@], so Bt can be identified with the
submonoid of B generated by the s;, i € I.

We denote by < the (left) divisibility in the monoid BT, i.e. for b, b’ € B*, we
write b’ < b if there exists b” € BT such that b = b’'b” ; this leads to the natural
notions of (left) ged’s and (right) lem’s in BT. We denote by ¢ the length function
on BT relatively to its generating set {s; | i € I}.
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Let J be a subset of I. We denote by

'y = (m; ;)i jes the submatrix of I' of index set J,

Wy = (s;j, j € J) the subgroup of W generated by the s;, j € J,
By = (sj, j € J) the subgroup of B generated by the s, j € J,
B} = (sj, j € J) the submonoid of B* generated by the s;, j € J.

It is known that W, (resp. By, resp. B7}) is the Coxeter group (resp. Artin-
Tits group, resp. Artin-Tits monoid) associated with T'; (see [E, Ch. IV, n°® 1.8,
Thm. 2] for the Coxeter case, [@, Ch. I, Thm. 4.13] for the Artin-Tits group case,
the Artin-Tits monoid case being obvious).

We say that J and I'; are spherical if W is finite, or, equivalently, if the elements
sj, j € J, have a common (right) multiple in B*. In that case, the elements s;,
j € J, have a unique (right) lem in BT, denoted by A; and called the Garside
element of B}r ; and the group By is the group of (left) fractions of B}r, i.e. every
b € By can be written b = ¥'~1b" with V', b € B} (see B, Props. 4.1, 5.5 and
Thm. 5.6]).

For b € B*, we set I(b) = {i € I | s; < b}. In view of what has just been said,
1(b) is a spherical subset of I.

Let us conclude this section by the following easy, but fundamental, lemma :

Lemma 1. Consider a monoid homomorphism v : BT — G, where G is a group.
Then 1 extends to a group homomorphism g : B — G such that 1 = g0 1.
Moreover if I' is spherical and if 1 is injective, then 4, is injective.

Proof. The universal property of B gives the first part. For the second, take b € B
such that v, (b) = 1 and consider a decomposition b = v'~1b" with v/, b’ € BT.
We get (V') = g (V') = e (b”) = (V"'), whence ' = b by injectivity of ¢ and
hence b = 1. (|

Note that if one is able to construct an injective morphism v : BT — G where
G is a group, then one gets that the canonical morphism g is injective ; this is the
idea of @] In this paper, we will be interested in linear representations ¢ : BT —
GL(V), hence proving their faithfulness will prove at the same time the faithfulness
of the corresponding group representation s, when I' is spherical.

1.2. Standard root systems.
Details on the notions introduced here can be found in [@]

Let E = @®;c1Ra; be a R-vector space with basis («;);e; indexed by I. We
endow E with a symmetric bilinear form (.|.) = (.|.)r given on the basis (o )ier
by (as|aj) = —2cos (=Z=). The Coxeter group W = Wr acts on E via s;(f) =

3
B — (Blei)a.

The (standard) root system associated with T' is by definition the set ® = &p =
{w(e;) | w € W, i € I}. Tt is well-known that ® = &+ U &~ where &+ =
(I)ﬂ (EBieIR“'ai) and @~ = —OT.

We will always represent a subset U of ® by a graph with vertex set ¥ and

an edge labelled i between two vertices o and § if & = s;(8). For example, the
situation where 3 is fixed by s; will be drawn by a loop 3 €)i .

Such a graph is naturally N-graded via the depth function on ®*, where the
depth of a root @ € ®* is by definition dp(a) = min{l(w) | w € W, w(a) € &~ }.
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Contrary to what suggests this terminology, in all the graphs that we will draw, we
chose to place a root of great depth above a root of small depth ; so drawings like
the following ones (with « above (), will all mean that 8 = s;(«) (or equivalently

o = 5:(8)) and dp(a) > dp(B) :
70N,

Lemma 2. Leti € I and a € @+ \ {a;}. Then

dp(a) =1 if (a|as) > 0,
dp(si(a)) = { dp(a) if (o) = 0,
dp(a) +1 if (a|ay) <0,

Proof. This is [, Lem 1.7]. O

In the remainder of the paper, we will often consider subsets of ®* of the form
{w(a) | w e Wi 53N @F, for a € @1 and 4, j € T with m;; = 2 or 3, so the
following definition and remark will be useful :

Definition 3. Let o € ®' and J C I. We call J-mesh of «, or simply mesh,
the set [a]; = {w(a) | w € W;}(®*. This terminology is inspired by personal
communications with Hée.

Remark 4. Let o € &t and i, j € I with m; ; =2 or 3. Then, up to exchanging
i and j, the graph of the mesh [a](; ;1 is one of the following :

(] ifmiyj:2:

| Type 1 | Type 2 | Type 3 | Type 4

0O | i00; @i

° ifmiyj:?):

| Type 5 | Type 6 | Type7| Type 8 |

Q;+o; i )
. . J
N | io0s
)
Q5 Qa; ]

Let J be a subset of I. We denote by ®; the subset {w(a;) | w e Wy, j € J} of
®. Tt is clear that ®; is the root system associated with I'; in @;eRa;.
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1.3. Graph automorphisms.

We call automorphism of I' every permutation g of I such that mgy 4¢;) = mi,;
for all ¢, j € I, and we denote by Aut(T") the group the constitute.

Any automorphism of I' clearly acts by automorphisms on W, B and BY by
permuting the corresponding generating set. If G is a subgroup of Aut(T'), we
denote by W&, B¢ and (BT)% the corresponding subset of fixed points under the
action of the elements of G.

It is known that W& (resp. (BT)%) is a Coxeter group (resp. Artin-Tits monoid)
associated with a certain Coxeter graph I' easily deduced from I", and the analogue
holds for B¢ when T is spherical, or more generally of FC-type (see [, E] for the
Coxeter case, [@, E, , m] for the Artin-Tits case). Note that the standard generator
of (BT)Y are the Garside elements A of BT, for J running through the spherical
orbits of I under G.

Similarly, any automorphism g of I' acts by a linear automorphism on F =
®ierRa; by permuting the basis (a;);cs. This action stabilizes ® and &, and the
induced action on those sets is given by w(a;) — (g(w))(ay))-

2. LKP-REPRESENTATIONS IN THE SMALL TYPE CASE

From now on, we assume that I' = (m, ;) jer is a Coxeter matrix of small type,
i.e. with m; ; € {1,2,3} for all ¢, j € I.
We denote by Q[z, y] the ring of polynomials in two indeterminates over Q, and

by K = Q(z,y) its field of fractions. Let V = B cp+Ke, be a K-vector space with
basis (€q)aca+ indexed by ®+.

Definition 5. We call LKP-representation every representation 1) : BT — GL(V)
sending the generator s; on a linear map 1, whose matrix in the basis (eq)aca+,
properly arranged, is of the form

- the line «; is of the form (27} o)aco+, With
Covi T € Q[y]a
o - the matrix M; is block diagonal, with blocks

(1) if %,

0 €g €a o
L=y v} i
1 0 B,

We call LKP-family every suitable family (7} a),0)erxa+ € Q[y]lx‘w, that is,
every family of polynomials that makes those maps invertible and satisfying the
relations v, s, = Vs, Vs, (resp. Vs, Vs, Vs, = s, Vs, Ys;) if myj =2 (resp. 3).

Remark 6. We follow here the definition of [RI]. The other authors who have
worked on the subject make different choices for the matrix M;. For example the
one of [@] is the transpose of our M;, whereas the one of [E] is symmetric.

We will discuss the existence of LKP-representations, that is of LKP-families, in
the next section. For the moment, let us just note that such a linear map s, is
invertible if and only if T} o, # 0, in which case its inverse is given by the matrix :
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- the line q; is of the form (F; o)aeco+, with
E,a = IT},&,L ifa = (673
E,a = - T.iya_ if QOZ',
foi T  yTistwDTia o
k ok ... X Fi,= fy,ﬁ_i
Fig=—7° g
Iy , Where ’ Yli,ay
: i - the matrix M/ = M; " is block diagonal, with
0 ea
(1) if O‘Oi ,
blocks e e o
1/(0 Y . )
- if i
y\l1 y—-1 B

2.1. Faithfulness of an LKP-representation.

The key argument in , E, E, , , @] is that an LKP-representation 1 is
faithful. More precisely, if we fix the indeterminate y to some real value yo €]0,1]
that is not a zero of some T} ,,, i € I, then we get a representation 1y : BT —
GL(Vh), where Vy = ®pca+ R(2)eq, and one can show that v is faithful.

We sketch here the (much easier) proof of this fact obtained by Hée in [[4).
It does not involve any consideration on closed sets of positive roots, nor on the
maximal simple (left) divisor of an element of B¥.

Lemma 7 (, Prop. 1]). Let p: BT — M be a monoid homomorphism satisfying
p(b) = p(b') = I(b) = I(V) for all b, ¥ € BT. If M is left cancellative (for example
if M is a group), then p is injective.

We denote by Bin(2) the monoid of binary relations on a set €2, where the
product RR’ of two binary relations R and R’ is defined on Q2 by BRR'a < 3+ € Q
such that SRy and vR'a.

For R € Bin(Q2) and ¥ C Q, we denote by R(V) the set {# € Q| Ja € ¥, fRa}.
It is easily seen that for a family (Wx)xca of subsets of Q, we get R({Jycp ¥Ya) =
Usea B(¥)) (this remark will be useful in the proof of our theorem P§ below).

Definition 8 ([i4, 4.3]). By choice of yp, the coefficients of the matrix of 1(s;)
in the basis (eq)qeca+ are real polynomials in & with non-negative constant terms.
This property naturally extends to the matrix of 1g(b) for an arbitrary b € BT.

For b € B, we denote by R; the binary relation on ®* defined by 3Ry« if and
only if the coefficient (8, «) of the matrix of 1y(b) in the basis (€4 )qcq+ is nON-ZETO
modulo z.

Lemma 9 ([[[4, 4.3 and 4.4]). The map B* — Bin(®*), b — Ry, is a monoid
homomorphism which satisfies the following properties :
(1) Qg g RS'L ((I)Jr))
(ii) if i # j, then a;Rs, ay,
(iii) if ms; = 3, then oy Rs; Rg, v;.

Lemma 10 ([[4, Prop. 2]). Let B* — Bin(Q), b — Ry, be a monoid homomor-
phism, and let («;)icr be a family of elements of Q such that

(i) Q5 Q/ RSi (Q);
(i) i1 # . then o Ra, o,
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(iii) if ms; = 3, then a;Rs, Rs, ).
Then for every b € BT, we have s; < b & «a; & Ry(Q). In particular, for
b, b € BT, we get Rp(Q) = Ry (Q) = I(b) = I(V).
A combination of the three previous lemmas easily gives the following :
Theorem 11. The representation vy (and hence 1) is faithful.
2.2. On LKP-families.

Fix an arbitrary family of polynomials (T a)(;,a)crxa+, and consider the linear
maps Ys,, ¢ € I, as in definition E above.

Proposition 12. The map s; — s, extends to a monoid homomorphism 1 :
BT — End(V) if and only if the relations listed in the table below hold among the
polynomials T; , (i,«) € I x ®T. (Note that the relations of cases (6) and (8) must
hold whether (a;|a) is positive, zero or negative.)

| n° | Relations among the T; o ’s | Configuration of roots |
(1) Tia; =0 fi#j
(2) n_]ai = Tj,aj Zf miyj = 3
(3) T .
ha = g if mi; =3 and 1t
(4) | Top+(1-9)Toy =Tog + (1-y)Ty, |77 s
. Q@
(5) Tio="Tja if mi; =3 and (X))
«
(6) T;,a = yﬂ,ﬁ if mij; = 2 and j
p
(7) Tio=w—1T; 0, if mi; =3 and o = o + @
o
(8) Ti,a = (y—l)Tiﬂ + yTjﬁ Zf mij; = 3 and B /
i
gt
(9) Tio = (y—l)ﬂﬁ + T} if mj; =3 and
(10) Tio =yT; 3 if m;; =3 and

TABLE 1. Relations for an LKP-family (apart T; o, #0, 1€ I).
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Proof. This result is essentially contained in [RI], proofs of lemmas 3.6 and 3.7].
The map s; — 1s, extends to a monoid homomorphism Bt — End(V) if and
only if for every i, j € I with m;; = 2 (vesp. 3), then 1,95, = 15,15, (resp.
"/)sﬂ/}sj wsi = "/)sj"/)sﬂ/}sj)-

It is an easy (but rather long) exercise to compute the image, in the basis
(eg)pea+, of a given e by g, 1bs, (vesp. s, ¥s,vs,) when m;; = 2 (resp. 3).
The only roots involved in this computation are the elements of the {4, j}-mesh
[@](i,51 of a and the roots a; and «j (resp. a;, a; and a; + ) if m; ; = 2 (resp. 3),
and the result naturally depend on the graph of [a](; ;; (see lemma [f) and on the
place of a in this graph. The coefficients in this basis (eg)sco+ are elements of
Q[z,y] = (Q[y])[z] of degree in x less or equal to three (recall that the polynomials
T; g are elements of Q[y]).

The prescribed relations then naturally appear when one requires equality, co-
efficient wise in the basis (eg)gca+, between 1,95, (ea) and ts;1s, (ea) (resp.
Vs, s, Vs, (€a) and Vg Vs, Vs, (ea)) if my; = 2 (resp. 3). O

Note that these relations are of two kinds : relations (1) to (5) give equalities
between polynomials associated with roots of the same depth, whereas relations
(6) to (10) express a polynomial T;, in terms of a linear combination of some
T; 5’s with dp(8) < dp(«). In fact, relation (5) can be deleted from the list (this
generalizes the analogous observation of [§], and [R1, Lem. 3.5)]), this is proved in
lemma @ below.

Lemma 13. Let i, j, k € I be such that m; ; = m; = my; = 3. Then for every
a € T, we have (a;]a) + (aj|a) + (agla) <O0.

Proof. Tt is easy to see that (o;|3) + (o]8) + (ak|B) is constant for S running
through the mesh [a]y; j xy, hence it is enough to prove the desired property for
an arbitrary element of [a]; jx. Consider an element 3 of minimal depth in
T Nalgijry- I B & {as,aj,ar} then the coefficients (a;|3), (oy|3) and (ax|f)
are necessarily non-positive (see lemma E), and if 8 € {a;, @, oy} then we clearly
have (;|8) + (o]8) + (ax|B) = 0, whence the result. O

Lemma 14. Relation (5) of table 1 is implied by relations (1), (6), (8) and (10).

Proof. Fix i, j € I with m;; = 3 and a € ®* such that (a;]a) = (oj]a) = 0. Let
us show by induction on dp(«) that T; o = T}, using only relations (1), (6), (8)
and (10). If dp(a) = 1, i.e. if & = oy, for some k € I, then k # i, j and this is a
consequence of (1). So assume that dp(a) > 2 and fix k € I such that (ag|a) > 0;
we set 8 = s(a) € ®T.

If mi, = mjr = 2, then we get (o,|8) = (a;|8) = 0, whence T; 3 = Tj 3 by
induction and hence T; o = Tj o by (6). If m;, = 2 and m;, = 3, then the graph
of [a]y; j,ky is the following :

Q
Q9
Tio =yTip by (6)
j b =y(y— )Ty +y*Tjs by (8)
~ &) whence | Tj.o = (y — DT} 5+ yTk, by (8) yhence T; o = T .
i =y(y—1Tiy +y*Ths by (10) and (6)
a0 Tis =Tks by induction

Thanks to lemma , we cannot have m;j = m; = 3 in that situation, so we
are done (up to exchanging ¢ and j). O
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Remark 15. Some further remarks on the equations of table 1.

e They are linear, i.e. the solutions of those equations form a submodule of
the Q[y]-module Q[y]lx‘w. In particular, if (75 ) (i,a)erxa+ 18 @ solution
and if P € Q[y], then (PTia)(i,a)crxa+ is still a solution.

o IfI'y,...,I', are the connected components of I', with vertex set I,... I,
respectively, then & = ®; U---L®y, and relations (1) and (6) imply that
T;.o = 0 for every (i, ) € I, % <I>;rn whenever m # n. As a consequence,
any LKP-representation ¢ of Bff is the direct sum of the induced LKP-
representations 1, of Bffn.

Hence when considering LKP-representations (or LKP-families), there is no loss
of generality in assuming that I' is connected, in which case the polynomials T; o,,
1 € I, are all equal by relation (2). Recall however that in order to get invertible
maps, we are interested in solutions with 7} ,, # 0 for i € I.

2.2.1. The spherical case.

We assume here that I' is of type ADE.

In that case, there is no mesh of type 8 (see lemma E) in ®*. Hence every
T;.o with dp(a)) > 2 can be expressed as a linear combination of some T} g’s with
dp(8) < dp(«) (and coefficients in Z[y]), via some relation (6)-(10).

As a consequence, we get that an LKP-family (7} )@ a)erxao+ is entirely deter-
mined by the common value T € Q[z,y] of the polynomials T; o,, ¢ € I. In fact,
there exists an LKP-family for every choice of T € Q[y] \ {0} ¢f. [B, [[]. The idea
is to define it inductively, with basis step T; o, = T (one could chose T' = 1 by
linearity) and Tj o, = 0 if ¢ # j, and inductive step one of the suitable relations
(6)-(10) to define T; o (with dp(«) > 2) in terms of Tj 3 with dp(5) < dp(«).
Proving that the obtained family is indeed an LKP-family amounts to proving that
the definition of T; , does not depend on the choice of the suitable relation chosen
in the inductive step.

Moreover, any LKP-family satisfies the following properties (cf. [E, Cor. 3.3]) :

(i) Ti,a = 0if i & Supp(a),
(ii) Tjo = y®@=2(y — )T if dp(a) = 2 and (ay|a) > 0,
(iii) deg(Ti,o) = deg(T) +dp(a) — 1, and T; o € (y — D)TZ[y] if o # ;.

This construction has been generalized in to an arbitrary Coxeter matrix of
small type with no triangle. We recall that construction in section below.

2.2.2. The affine case.

Let T' = (m; ;)o<i,j<n be a Coxeter matrix of type A, (n = 2), D, (n > 4)
or E, (n = 6,7, 8) and let Ty = (m;;)i<ij<n be the corresponding spherical
Coxeter matrix. Let ® (resp. ®g) be the root system associated with T" (resp. T'g)
in E = & jRa; (resp. Eyp = & ;Ra;) and let § be the first positive imaginary
root of ®. Then we have the following decomposition (see [[LF]) :

@ = Uz (@0 +70) and @ = @5 L (L, (#0-+70) ).
We thus get the following remark :

Remark 16. The only meshes of type 8 in ®T (see lemma H) are the following
ones, forp>1and m;; =3 :
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o+ i +aj
po + pd +
po — pd —

pé —a; —

As a consequence, it is easy to see that, for a given (i,a) € [0,n] x &1 with
dp(a@) > 2, then either a = pd + «; for some p > 1, or the pair (i, «) appears in at
least one of the configurations (6)-(10) of table 1, and for every configuration where
it appears and every pair (7, 8) involved in the right-hand side of the corresponding
relation, then 3 # g0 — «; for every g > 1.

Let 7 = (Tj,a) (i,a)e[0,n] xa+ be a family of elements of Q[y].

Lemma 17. Fiz (i,p) € [0,n] x Nx1 and assume that the relations of table 1 are
satisfied by the polynomials of T if the roots involved are of depth (strictly) smaller
that dp(pd — ;). Then the polynomial yT; ps—a;—a; + Tjps—a;—a, does not depend
on j € [0,n] such that m;; = 3.

Proof. Assume that j, k € [0,n] are such that m; ; = m;, = 3.
If m; ; = 2, then the result follows from relations (6) and (9) : indeed, we get

E,p(?faifaj = (y - 1)7;,;757&1-7&]-70% + Tk,pzifaifajfak by (9),
Tips-oi—ar = U= DTips—ai—a;—ar + Tjps-ai—a;—ax by (9);
Tj»Pé—Oti—Otj = yTj,pﬁ—ai—aj—ak by (6),
Tk@(s—ai—ak = ka,pé—ai—aj—ak by (5)

If mj, =3, then T' = Ay, {i,5,k} = {0,1,2} and pd — i — o = (p — 1)§ + a.
In that case we can prove more, namely that the value of T} (,_1)51q,, does not
depend on the pair (I,m) € {0,1,2}? such that [ # m. This is clear if p = 1 (by
relation (1)), so let us assume that p > 2. One can first prove the same statement
for the polynomials 7j 4s—q,, With 1 < ¢ < p — 1 by induction on ¢, thanks to
relations (8) and (8) (the case ¢ = 1 is given by relations (7) and (2)), and then
prove this statement for the polynomials 7} 45+q,, With 0 < ¢ < p —1 by induction
on ¢, thanks to relation (8) and the intermediate result (the case ¢ = 0 is given by
relation (1)). O

Lemma 18. Consider (i,a) € [0,n] x ®F, with o # pd + a; for every p € N, and
assume that the relations of table 1 are satisfied by the polynomials of T if the roots
involved are of depth (strictly) smaller that dp(«). Then the polynomial defined by
the right-hand side of a relation (6)-(10) corresponding to a configuration where
(i, ) appears does not depend on the configuration.

Proof. Let us assume that (i, a) appears in two of the configurations (6)-(10) and
let us denote by j (resp. k) the index distinct from ¢ involved in the first (resp.
the second) of those two configurations. Note that, in that situation, then I'" # A,
and there are only ten possible cases up to exchanging j and k (use remark E) :
two configurations (6) with m;, = 2 or m, ; = 3, configurations (6) and (8) with
mj, = 2, configurations (6) and (9) with m,, = 2 or m; = 3, configurations (6)
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and (10) with m; = 2 or m; = 3, two configurations (8) with m;; = 2, two
configurations (9) with m; ; = 2, two configurations (10) with m, = 2.
For example in the case (6) and (9) with m;; = 2, the graph of [a]; j xy is

whence { yTip = y(y—DTiy+yTky Dby (9), and
(y—1Tip+Thsy = yly—1)Tiy+yTh, by (6).
And in the case (6) and (9) with m; = 3, the graph of [a](; j &) is

by (8),
y— 1>Ti,§/ + y2(y - 1)Tk,s + y2Tj,€ by (6) and (9),
(y = V)T p + Thp
whence = yly— DTy + @y — DTy +yTje by (6) and (8),
= yly—1)Tis +y*(y — D)The by (8),
+yly — DTy +y°Tje  (10) and (6),
= V- DTy +y*(y — DTk + y°T.
The eight remaining cases are similar and left to the reader. O

yTipg = y(
y2

(

Proposition 19. Let us assume that T is an LKP-family. Then T is entirely
determined by the family of polynomials (Ty)qen, where

(i) Top = T pota, for every p € N and i € [0,n],

(11> T2p71 = Ti,pzifa-; - yTi,pzifaifaj - Tj,pzsfa-;*aj fOT every p € N>1 and
i, j € [0,n] such that m;; = 3.

Proof. Relations (2) or (3) and the fact I" is connected prove that the polynomial
T po+a, is independent of ¢ € I, whence (i). To see (ii), we have to prove that the
polynomial T} j = T; ps—a; — YTips—ai—a; — Ljps—ai—a, is independent of (i,7) €
[0, n]? such that m; ; = 3. Relation (4) shows that T} ; = T} ; if m; ; = 3, and since
I' is connected, it is then sufficient to see that T; ; = T; 5, if j and k are such that
m; ; = M, = 3. This last equality is given by lemma E

Now thanks to remark E above, an easy induction on dp(«) shows that, for
every (i,a) € [0,n] x @, either « = pd — «; for some p € N3y, or T;, is a
linear combination of some T} ps1a; = T2p’s. Hence the LKP-family 7T is entirely
determined by the polynomials Ty, p € N, and T p5-a,, (j.p) € [0,n] x N>1. But
then by (ii), a polynomial T} ys_q, is entirely determined by the polynomials T5y,
p € N, and 15,1, whence the result. O

The family (T,)4en can in fact be chosen arbitrarily (with Ty # 0) :
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Proposition 20. Let (T,)qen be a family of elements of Q[y] with Ty # 0, and
assume that T is constructed by induction as follows :
- Basis step : Tjo; =0 for i # j, and T; ps1a, = Top fori € [0,n] and p € N.
- Inductive step : consider (i,a) € [0,n] x @1 that is not handled by the basis step
(hence dp(ar) > 2), and such that all the T; g for 0 < j < n and dp(8) < dp(«a) are
constructed.
(i) If « = pd —ay, then set T; o = Yl a—a; + Tja—a; +Top—1 for some j such
that mi,; = 3,
(ii) If not, then (i,a) appears in (at least) one of the configurations (6)-(10) ;
define T; o via the corresponding relation.
Then T is an LKP-family.

Proof. We show by induction on m € N that the relations of table 1 that involve
only roots of depth smaller than (or equal to) m are satisfied by the polynomials
of T. If m = 0, the only relations to consider are relations (1) and (2), which are
satisfied by construction of the basis step. Relation (3) is also satisfied for arbitrary
depths by construction of the basis step.

Assume that we know the result for some m € N and consider a relation that
involves a root of depth m + 1 and no root of higher depth. If it is a relation of
type (4), then lemma [1] and inductive step (i) show that this relation is satisfied
by the polynomials of 7 involved. If it is a relation of type (6)-(10), then lemma

and inductive step (ii) show that this relation is satisfied by the polynomials of
7T involved. Whence the result. O

Example 21. Let us assume that T = A,,.
It is known that each o € ®T can uniquely be written as o = pd + Zj 5o

with p € N, j € [0,n], £ € [0,n — 1], and k the rest of & modulo n + 1. We then
call domain (vesp. interior, resp. boundary) of a the set @ = {k | j < k < j + £}
(resp. a° ={k|j+1<k<j+L—1},resp. da=a\a® = {j,j +£}).
If 7 is an LKP-family, then one can check, by induction on dp(«), that the
polynomial Tj ,, is equal to :
o Tp, if « :p6+ai (i.e. i € O and £ = 0),

o (y—1) ZlZy Tg(p @ ifi€0aand (>

° )2 Y’ 1qu Tg(p g ifigaand £ <n—2,

o (y+1)(y—1)%y3 Z qu("_l)Tg(p_q) + Ty 1ifa=pl—a; (ie. i¢a
qg=1

andﬁfnfl)

. 2€2Zq+1 Tg(p q)lf’LEOt

2.2.3. The construction of Paris.

A big part of [@] is devoted to a uniform construction of an LKP-family for
an arbitrary Coxeter matrix of small type I' = (m; ;)i jer, at least when it has no
triangle, i.e. no subset {i,7,k} C I with m; ; = m, = mi,; = 3.
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Definition 22 ([R1]). For every a € &+ with dp(«) > 2, fix an element j, € T
such that (aa;, ) > 0. Define T; ,, by induction on dp(«), as follows :
Basis step : fix a non-trivial polynomial T € yQ[y] and set

| Case | Value of T; o | Condition |
(C1) T ifa=q
(C2) 0 if o =qy for j#i
(C3) |y @)=2(y — )T | if dp(a) > 2 and (afa;) > 0

Inductive step : if dp(«) > 2 and (o]a;) < 0 — hence @ # jo — then set

| Case | Value of T; o | Condition
(04) yﬂ,ﬁ if M, = 2
«
Ja
(C5) (=T +yTj, ~ if mi;, =3and B
1
0
Ja
(C6) (y—DTip+Tj.p if m; ;, =3 and ay’
Ja
B& )i

(CT) | yTip+ Ty p +yPD=2(1 —y)T | if m;; = 3 and

Note that cases (C4) and (C5) occur whether (a;]«) is zero or negative. Case
(C3) is a generalization of what happens when T' is spherical, but is no longer a
consequence of the relations of table 1 in general. Similarly, the formula of case
(C7) is not implied by the relations of table 1.

In [B1]], Paris chooses T' = 32, this simplifies the formulae of cases (C3) and (C7).
The assumption T € yQ[y] is needed for the formula (C7) to define a polynomial
(and not a fraction) when dp(a) = 2 ; this only occurs if @ = «;, + ar where
[fija.k) 18 a triangle, so if " has no triangle, then T' # 0 can be chosen arbitrarily.

Proposition 23 ([RI, lemmas 3.3 and 3.4]). Assume that T' has no triangle. Then
the T; o ’s of definition @ above do not depend on the choice of the jo’s.

Corollary 24 ([R1, lemmas 3.5, 3.6 and 3.7]). Assume that T has no triangle. Then
the T; o ’s of definition @ above form an LKP-family.

Note that the proofs of 21} lemmas 3.5, 3.6 and 3.7] really show that the family
of polynomials of definition P9 is an LKP-family as soon as it does not depend of
the choice of the j,’s. Indeed, the last case that should be considered in the proof
of [EI, lemma 3.5] to deal with Coxeter matrices of small type with triangle is in
fact impossible (see the proof of lemma @)
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3. ACTION OF GRAPH AUTOMORPHISMS

Let I' = (m; ;)i jer be a Coxeter matrix of small type, let G be a subgroup of
Aut(T) and let ¢ : BY — GL(V) be an LKP-representation of B = Bff.

Recall that the group G naturally acts on Bt and on ®T (see section [L.3).
The action of G on ®T induces an action of G on V by permutation of the basis
(€a)aco+- We denote by (B1)Y (resp. V) the submonoid (resp. subspace) of
fixed points of Bt (resp. of V) under the action of G.

Lemma 25. Assume that Tj o = Ty(;).g(a) for every (i,o,9) € I x @+ x G. Then
for every b € (BT)Y, the linear maps 1y and w;l stabilize V& . Hence v induces a
linear representation

Y& (BHY = GL(VY), b |ye.

Proof. Tt is sufficient to prove that, for every (b,v,g9) € BT x V x G, one has
9(Wu(v)) = Vg (g(v)) and g, t(v)) = 1/);(})) (g(v)). By linearity and induction on
£(b), proving this property reduces to proving that, for every (i,, g) € I x @+ x G,
one has g(s,(ea)) = Vs, (€g(a)) and (15, (ea)) = z/Js_gl(i) (eg(a))- It is easily seen,
on the formulae that define the maps ¢, and w;l for i € I, that these equalities
occur if and only if T; o = Ty (i), g(a) for every (i,a,g) € I x @ x G. O

The assumption of the previous lemma is not always satisfied : for example if 4
and ¢(i) are not in the same connected component of T, then T; ,, and Ty(s),00000)
can be chosen to be distinct (see remark E above). I do not know if this assumption

is always satisfied when I' is connected, but we have the following partial result :

Lemma 26. Let 7 = (Tj,a)(i,0)crx o+ be an LKP-family.

(i) If T is spherical and irreducible (i.e. of type ADE), then T; o = Ty(i),g(a)
for every (i,a,g) € I x T x Aut(T).
(ii) IfT is affine (i.e. of type ADE), then Tio = Ty(iy,g(a) for every (i,a, g) €
I x ®F x Aut(T).
(i) If T is the family constructed in definition @ and if it does not depend
on the choice of the jo’s (in particular if T' has no triangle), then T; o =
Ty(iy,g(a) for every (i,a,g) € I x T x Aut(T).

Proof. The three points (note that the first one is a consequence of the third one)
are easy to see by induction on dp(«a), using the inductive construction of 7 (and
the corresponding independence results for the inductive steps) and the fact that
the action of Aut(T') on F = @®;crRay; respects the bilinear form (.].)r. O

We denote by T /G the set of orbits of @ under G and, for every © € ®1/G,
we set eo = Y. ,cq €a. The family (eo)oca+ /¢ is a basis of VO.
3.1. Faithfulness of the induced representation ).

In this section, we assume that the condition T; o = T(i),g(a) for every (i, g) €
I x &F x G is satisfied, and we prove our main theorem, namely that the induced
representation ¢ of lemma @ is faithful.

In fact, like in the small type case, we prove more : if we fix the indeterminate
y to some real value yo €]0;1[ that is not a zero of some T; ,, @ € I, then we
get a representation ¢§ : (BT)¢ — GL(V{?), where V¥ = ®ocao+,cR(z)ee and
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P (b) = Yo(b)ly,e (with the notations of section B.1)), and we prove that 1§ is
faithful. The proof follow the lines of the one of section P.1]

Lemma 27. Let p : (BY)Y — M be a monoid homomorphism satisfying p(b) =
p(b") = I(b) = I(V') for all b, b' € (BY)C. If M is left cancellative (for example if
M is a group), then p is injective.

Proof. The proof is adapted from the one of lemma E Let b,V € (B*)% be such
that p(b) = p(b'). We prove by induction on ¢(b) that b = b'. If £(b) = 0, i.e. if
b=1, then I(b) = I(t/) = (), hence b’ =1 and we are done.

If £(b) > 0, fix i € I(b) = I(V'). Since the action of G on B* respects the
divisibility and since b is fixed by G, the orbit J of ¢ under G is included in I(b) =
I(V'), but then J is spherical and there exist by, b} € BT such that b = A;b; and
b = Ayb}. Since J is an orbit of I under G, the element A ; is fixed by G and hence
so are by and b}, so we get p(As)p(b1) = p(As)p(by) in M, whence p(b1) = p(b})
by cancellation, therefore by = b} by induction and finally b =b'. (I

Theorem 28. The representation 1§ (and hence ¢ ) is faithful.

Proof. Let b, b’ € (BT)S be such that ¢§(b) = 4§ (b'). Thanks to lemma P7, it
suffices to show that I(b) = I(b'). Since vo(b) and vo(b’) coincide on V&, we get
in particular (vg)p(ee) = (1o)p (€g) for every © € T /G.

With the notations of definition F, let us consider the set Rj(©). Since the
coefficients of the matrix of 1o (b) in the basis (e4)qcq+ are polynomials in & with
non-negative constant terms, the set R,(0©) is precisely the set of those indices
B € @+ for which the coefficient of eg in the decomposition of (¢)y(ee) in the
basis (eq)aca+ is non-zero modulo z.

The same occurs for ¥, and hence (¢g)p(ee) = (¢o)y(eo) implies Ry(0) =
Ry (©). Since we have ®F = Ugep+ /g ©, We thus get By(2T) = Ugeg+ /¢ 6(0) =
Uoca+ /¢ By (©) = Ry (®T), and hence I(b) = I(b') by lemma [d O

We also call LKP-representations the faithful representations 1 thus obtained.
The following section will justify this definition (at least when |G| = 2) : the
matrices of the representation in the basis (ee)oeca+ /¢ are very similar to the ones
of the small type case.

3.2. Formulae when |G| = 2.

Recall that (BT)% is an Artin-Tits monoid generated by the elements A ;, for .J
running through the spherical orbits of I under G (see section [[.d). We compute
below the matrix of wgl in the basis (eo)oca+/a of V¢ for such an orbit J, when
|G| = 2.

The computation uses the formulae defining the representation v and the as-
sumption that T; o = Ty(i),g(a) for every (i,a,g) € I x @ x G. It depends on
the cardinality of the chosen orbit J, and on the configuration of the graph of
{w(a) |w e Wy, a € ©}P®* (union of the J-meshes of the elements of ©).

Note that ©y := {«; | i € J} is an orbit of ®T under G.

3.2.1. Case J = {i}.

The matrix of wgJ = ¢ in the basis (eo)oca+ /g is of the form
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eo,
x ok oe- % - the line O is of the form (276)eca+ /¢, With
0 T if ©={a}

, where Tie=< " ’
: My 7.0 {QTLO‘ if @ ={a,d}, a#d,
0 - the matrix M is block diagonal, with blocks :

€e, €e,
I1-y y
1 0

3.2.2. Case J = {i,j} withm;; = 2.

The matrix of wgl = wgsj in the basis (ee)gea+ /¢ is of the form

eo, S
Kok e % - the line O is of the form (270)eca+/q, With
0 T if _
, where Tre=4," ) ©=to},
: My ’ Tia+Tja if ©={a,d}, a#d,
0 - the matrix M is block diagonal, with blocks :
co
(1) if o (XD or e (¥ ¥,
€oq €0y e
1— @25@' @'i
y oy .
( 1 0) if i i
(CIHER MR X
eo, eo, co, 05
(1-9)? 2y(1—y) ¢
1—y y 0 if ©, (@
1 0 0
01
eo, eo, eos eo, .
(1-9)? y(l-y) yl-y) ¥ O
1—y 0 y 0 . :
(C] NG
1—y y 0 0 if ©2 i O3
1 0 0 0 o,

3.2.3. Case J = {i,j} with m;; = 3.

In that case, o; +«; is a (positive) root fixed by G. The matrix of z/zg‘] = Q/Jg-sjsi

in the basis (ee)oea+ /¢ is of the form
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€0 j €{ataj}

£ 0 % -0 % - the line O (resp. {a; + «;}) is of the form

O % -orox (@Ts0)eca+ /G (resp. (zUse)eca+/c), with
0 0 , where the T; o’s and U e’s computed below,

Do M - the matrix M ; is block diagonal, with blocks
0 0 described below.

Case 1. © = {a;,a;} or © = {a; + ¢}

| Value of T 0 | Value of Uje | Value of © |
yTi,ai 0 @ = {Oéi, Oéj}
0 YT s O ={wo; +a;}

/
Q O«
Case 2. Configuration © {(7&:)i or © (7). (G %)

| Value of T'j0 | Value of Uje | Block in M |
€o

Card(©)T}q | Card(©)T;.q (1)

0 ¥ «

i i
Case 3. Configuration ©2 (8. __ ei(
J

O1i(Ge (L9 v

Values of T;.. | Values of Uj,. |
Tre,=yTiy+(2—y)Tjy Use, =2T}
Tr0,=Tia+y(l —y)Ti~ +yTj, Ujse,=2yT;
Tr0,="Tia+ T Ujse,=2T;q

eo, >
l—y y(l-y)
Block in My : [ 1—

Case 4. Configuration

| Values of T, . | Values of Uy, . |
Tre, =1 —-9)Tj + (1 -y+y*)Tis | Use, =Tjn+ 1 —y)Tjs
Tre, =y(Tiy +Tjy +2(1 —y)Tis) Use, = 2yTis

Tre; =y(Tjp+ (1 —y)Tiy +yTis) Uses = 2yTi
Tre. =y’ Tiy Use, =yT;p
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€e, €Oqy €og3 €Oy
-y -y+ y?) 2y(1-y)* 2y2(12— y) v
: . (1-y) 2y(1 —y) y 0
Block in M : 1y Y 0 0
1 0 0 0
1 6/
: @5
Case 5. Configuration
: /@3
5
| Values of ;. | Values of Uy . |
Tre, =2(1 —y)(Tj + (1 —y)T}s) Use, =2(Tjy+ (1 —y)Tjs)
+y(Tis + Tisr)
Tre, =y(Tiy + Tjy +2(1 —y)T}s) Use. =2yTjs
Tros =yY(Tiy +Tjy +2(0=y)Tjs) | Uses =2yTj s
Tre, =y(Tjp+ (1 —y)Tiy+yT}s) Ujse, = 2yT;
Tres =y(Tjp + (1 =y)Tiy +yTje) | Uses =2yTiy
T-L@G = yQ(TiN + Tiﬂ’) UJ,@G = 2yT‘1ﬁ
Block in M :
(—;@1 662 663 664 665 e@G
1=yl -y+y°) y(1-y)? yQ-9? -y y*Q-y) ¢
(1—-y)? y(l—y) y(l-y) 0 y? 0
(1—-y)? y(l—y) y(l-y) y? 0 0
1—y 0 Y 0 0 0
1—y Y 0 0 0 0
1 0 0 0 0 0

3.2.4. Consequence for the LKP-representations of type B.

Fix n € N33. Let us consider the Coxeter matrices I';, I's and I's of type
Asp_1, Asp and D, respectively (and vertex set I, Ir and I3 respectively),
and three LKP-representations 1y : Bffl — GL(W), s : Bffz — GL(V;) and
Y3 Bff3 — GL(V3) associated with those matrices. Each of these representations
¥y for 1 < k < 3 is characterized by a certain polynomial T, € Q[y] \ {0} which is
the common value of the Tj ,, for i € Iy (see section P.2.1)).

Let us consider the groups of graph automorphisms G; = Aut(Ty), Gy =
Aut(T'z), and G5 a subgroup of order two of Aut(I's) (resp. G = Aut(I's)) when
n =3 (resp. n > 3). Then the submonoid (Bl'fk)Gk, for 1 < k < 3, is an Artin-Tits
monoid of type B, (see [[l, f).

By lemmas @ and E, we get three linear representations wlc 1 2G 2 and wg 3 for
the Artin-Tits monoid of type B,. Note that 1/)101 is essentially the representation

considered in [[17].
The aim of this section is to show that those three representations are pairwise
non-equivalent, where two linear representations ¢ and ¢’ of a monoid M, on
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vector spaces V and V' respectively, are said to be equivalent if there exists a linear
isomorphism f : V — V' such that, for every b € M, 1, = fot,o f~1.

Lemma 29. We label by 1, 2, ..., n, the vertices of By, in such a way that the
vertex n is the terminal vertex of the edge labeled 4. We denote by Ay, ..., A, the
corresponding standard generators of Bgn. Then det(( ,?’“)Ai), for 1 <k <3 and
1 < i< n, is given by the following table :

| || 1<i1<n | i=n |
k=1 —zy®> Ty (=) tayn 1Ty

k=29 .Ty2"T2 (_1)n—1y3n—1($T2)2
k=23 71.y2n73T3 (71)n71zy3(n71)T3

Proof. Considering the formulae of sections B.2.1|, B.2.9 and B.2.3, the determinant
of (YI*)a, is of the form 2T}, det(M) (resp. (xyTx)? det(M)) if (i, k) # (n,2) (resp.
(i,k) = (n,2)), where M is a block diagonal matrix, with blocks of determinant
1, —y, —y> or y* (resp. 1, —y3, y® or —y”) depending on the configuration of the
corresponding orbit in <I>li'k. The result then follows from a computation of the
number of occurrences of each configuration in the three root systems considered
here. O

Proposition 30. The linear representations wlcl, 26'2 and wg“”' are pairwise non-
equivalent.

Proof. This is trivial for 5 since it is a representation of degree Card(®f, /G2) =
n(n+1) whereas the two others are of degree Card(®f /G1) = Card(®f, /Gs) = n”.

Anyway, the result is a direct consequence of the previous lemma, since it shows
that, for a given 1 < i < n, we cannot have at the same time det(( ,?k)Ai) =
det((¢F") a,) and det((¥S*)a,) = det((1)7")a,) for k # L. O

Note that the same holds for the Artin-Tits group of type B, by virtue of
lemma ﬂ

3.3. Final remark on o1 /G.
Let us denote by I’ the type of W& and (B)C.

When T is of spherical type ADE, it is possible to increase the resemblance
between the LKP-representation 1»¢ and the (small type) LKP-representation 1,
by indexing the basis (eo)oca+ /a of V& with the set of positive roots of a finite
crystallographic root system (i.e. a root system in the sense of [E, Ch. V1)) of Weyl
group Wrv, via the bijection © — ag, where ag = m Zae(a « (see for example
[Bl, Ch. 13] for justifications).

For example if I' = Ay, 1, Agy, or Dyyq and G = Aut(T") (or a subgroup of order
2 of Aut(T") for D4), we get a finite crystallographic root system of Dynkin type
C,, BC), or B, respectively. This change of index set has been used by Digne in
for his proof of faithfulness of ¥, in the particular cases I' = As,,_1, Eg or Dy
and G = Aut(T).

But this change of index set is not possible in general. Indeed, the map © — ag
is not necessarily injective if T' is not spherical : for example when |G| = 2, then
for the following configurations of orbits
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we get ag, = ae, and ae, = ae, as soon as (a;|a) = (a;|a).

Note that the first of those counterexamples occurs for example in a root system
of type Ag,_1 (n > 2) with G generated by the “half turn”, and the second (which
does not occur in the affine cases in view of remark [Lf above) occurs for example
in the root system associated with the Coxeter graph 1Z;with G = ((1 3)(2 4)),

{i,7} =4{1,3} and {«, &'} = {2, a4}.

(1]
2]
(3]
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