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Direct numerical simulations of high velocity ratio coaxial
jets: mixing properties and influence of upstream conditions

G. BALARAC,∗ M. SI-AMEUR, M. LESIEUR and O. MÉTAIS

Equipe MoST/LEGI. B.P. 53, 38041 Grenoble Cedex 09, France

Direct numerical simulations (DNS) are performed to investigate mixing in free round coaxial jets. A
great attention has been put on the influence of upstream conditions upon the global flow structure and
the mixing process. The mixing behavior is studied through the spatial and temporal development of
the mixture fraction of the annular and the inner fluids, and examined by means of flow visualization
and statistics. It is shown that the turbulent mixing process and the mixture fraction field in coaxial
jets depend on the upstream conditions, even though a quasi self-similar state is reached. The mixing
alterations are explained by the understanding of the flow dynamics modifications implied by the
different upstream conditions. These alterations are mainly due to the intense generation of streamwise
vortices, favored by high inlet velocity gradients and velocity ratios, as well as low ratios between the
inner and the outer jet diameters. This is associated with a high quality of mixing, as far as global
mixedness is concerned. It is also shown that the annular fluid reaches the inner fluid and mixes
swiftly into it. Conversely, the latter remains confined. Additionally, spots of pure unmixed species
are observed at the end of the computational domain, and shown to be due to the annular jet.

Keywords: Turbulence; Coaxial jets; Mixing properties

1. Introduction

Coaxial jets are widely used in industrial applications, especially in chemical engineering
systems and combustion devices. They are for instance linked to flames in power producing
gas turbines. Achievement of high rates of molecular mixing between turbulent gaseous jets is
a challenging target. A better mixing is of crucial importance to improve combustion efficiency
and reduce pollutant emissions in such technological combustion systems.

In this framework, the present work aims to study qualitatively and quantitatively scalar
mixing in free round turbulent coaxial jets, with emphasis put on modifications of the upstream
conditions. The key interest is to understand these influences as a preliminary attempt to predict
the mixing behavior in practical coaxial nozzles for which typical initial conditions are not
known. In these situations, mixing is subject to many interacting processes and takes place
at all turbulent scales. We will speak here of one kind of mixing, the macro-mixing which
is controlled by the dynamics of turbulent eddies. A detailed topological analysis of such
structures has already been done in earlier works [1, 2]. Micro-mixing is relevant when the
molecular mixing is deemed and is evaluated in terms of probability density functions (PDF).

In order to place the present study in its context, we present a literature survey. In fact
few works have considered the important problem of mixing. The numerical investigation
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of Salvetti [3] has examined the mixing process but the configuration was limited to an
axisymmetric approximation. They have provided informations about the mixing evolution in
the early stage of flow development. Jahnke et al. [4] have performed a large-eddy simulation
(LES) of mixing in a confined coaxial jet. They study the influence of different parameters
(such as Reynolds number, Schmidt number and density ratio), and consider the case where the
inner jet is faster than the outer jet. In a previous experimental work, Villermaux and Rehab [5]
have determined the mixing time scale as a function of the Schmidt number. Ferrao et al. [6]
have also studied the turbulent scalar mixing in the initial region of an axisymmetric coaxial
jet of CO2 and air. They have shown in particular that the structure of the inner jet is affected
by fluid from both the inner and annular jet. Additional experiments [7–9] studied forced
coaxial jets for an active mixing control. They provide a thorough instantaneous snapshot of
the concentration field and statistical information on the concentration fluctuations. Ritchie
et al. [7] have highlighted that the active mixing control by synthetic jets was able to influence
the inner and outer jets.

In this paper, we present a study of near- and far-field structures of constant density round
coaxial jets, with emphasis put on mixing properties. We restrict ourselves to mixing without
chemical reactions, in order to concentrate on the effect of turbulent vortices and structures on
the mixing process, with a particular focus on the influence of upstream conditions. A great
attention is paid to the spatio-temporal evolution of the mixture fraction f , with a particular
interest in PDF of f . The tool of investigation is DNS, which allows us to resolve the smallest
scales and hence describes the molecular mixing process itself. Even though the present DNS
is restricted to low Reynolds numbers (in order to resolve all the mixing scales), it can be
considered as a noteworthy step for our developing work using LES at a high Reynolds
number [10]. Furthermore, a nearly fully developed flow has been reached in the far field, as
demonstrated by the flow dynamics and energy spectra. The maximal local Reynolds number
approaches the minimal value required to produce a quasi fully developed turbulence [11],
which gives confidence in tracking the mixing process through the increase of the interfacial
area between the species which is due to the stirring process linked to the turbulent structures.
A successful description and quantification of the mixing behavior in terms of marching
and non-marching PDF provides valuable informations for modeling procedures, which are
difficult to verify experimentally considering the constraints in measurements resolution. The
outline of the paper is as follows. Section 2 presents the numerical method and computational
parameters. Section 3 gives a picture of global mixing for the configuration selected as a
reference case. Section 4 constitutes the main part of this paper showing the influence of the
upstream conditions upon mixing.

2. Numerical method and computational parameters

We solve numerically in a parallelepipedic computational domain the incompressible Navier–
Stokes equations written in Cartesian coordinates. The spatial discretization is performed with
the aid of a sixth-order compact finite-difference scheme in the streamwise direction, together
with pseudo-spectral methods in transverse and spanwise directions which are taken as peri-
odic. Pressure–velocity coupling is assured by a fractional step method, requiring the solution
of a Poisson equation to insure incompressibility of the velocity field. The advancement in
time is carried out by a third-order Runge–Kutta scheme. The outlet boundary condition is
of a non-reflective type where the convective and viscous terms are explicitly advanced [12].
Gonze [13] showed that the coherent structures are not distorted in the computational domain
by this condition. Full numerical discretization details can be found in [14]. Moreover, we
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Figure 1. Sketch of the inlet velocity profile. U1 is the inner jet velocity coming out of the nozzle (diameter D1).
U2 is the velocity of the outer jet stream, issuing from a diameter D2 > D1.

consider the mixture fraction f to study the mixing between two species A and B seeded
in the coaxial jets. Thus, f = 1 (respectively 0) if only species B (respectively A) is there.
The evolution of the mixture fraction is given by a transport equation (convection-diffusion)
which is solved simultaneously with the flow equations. For the spatial discretization of the
convection term, we use a second-order semi-discretized TVD Roe scheme [15].

The shape of the inlet velocity profile is constructed with two hyperbolic-tangent profiles
(see figure 1). More precisely, the inlet velocity profile �Umed(r ) = (Umed(r ), Vmed(r ), Wmed(r ))
in Cartesian coordinates writes

Umed(r ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

U1 + U2

2
+ U1 − U2

2
tanh

(
r − R1

2θ01

)
for r < Rm

U2 + U3

2
+ U2 − U3

2
tanh

(
r − R2

2θ02

)
for r > Rm

, (1)

with Vmed(r ) = Wmed(r ) = 0. In equation (1), U1 is the inner coaxial jet velocity, U2 is the
outer velocity and U3 is a very small co-flow. Moreover, R1, R2 and Rm = (R1 + R2)/2 are
the inner, outer and averaged radii, and θ01 and θ02 are the inlet momentum thicknesses of the
inner and outer shear layers, respectively. At the beginning of the coaxial jet, a weak-amplitude
random noise is superposed on the inlet velocity profile (roughly 3% of the fast outer stream).
It is applied to the three velocity components (see [1]). The computational code has been
validated in round jets [14], plane jets [16] and coaxial jets [1, 2].

All simulations have been carried out on the same computational grid consisting in 231 ×
384×384 points with a uniform mesh size in all three directions for a domain size of 10.8D1 ×
10.65D1 × 10.65D1, along the streamwise (x) and the two transverse directions (y, z). In all
the simulations the Reynolds number and the Schmidt number are Re = U2 R2/ν = 3000
and Sc = 1. To study the influence of the upstream conditions, we vary the velocity ratio,
ru = U2/U1, the initial momentum thicknesses θ01 and θ02, and the diameter ratio β = D2/D1.
Table 1 summarizes the different flow configurations studied. The initial momentum-fluxes
ratio between the outer and the inner jets is also given. The inlet mixture fraction profile is
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also built with hyperbolic tangents

f (x = 0, r, t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f1 + f2

2
+ f1 − f2

2
tanh

(
r − R1

2θ01

)
for r < Rm

f2

2
+ f2

2
tanh

(
r − R2

2θ02

)
for r > Rm .

(2)

Note that the co-flow is always composed of species A ( f = 0), and we seed species B ( f = 1)
either into the inner jet (in this case, f1 = 1 and f2 = 0 in equation (2)) or the outer jet (in
this case, f1 = 0 and f2 = 1 in equation (2)). Of course, we seed species A in the jet where
species B is not seeded. The different numerical simulations are called DNSXY, where X is
a number which stands for the kinematic parameters of the simulation and Y is ‘O’ or ‘I’ if
species B is seeded in the outer jet or the inner jet, respectively.

3. Picture of global mixing

In this section we review the main mechanisms of transition to turbulence and the mixing
behavior in coaxial jets (see also [17]), through the DNS1O case (where species B is seeded
in the annular jet). This configuration is selected as a reference case to study the influence of
upstream conditions (velocity ratio, velocity-gradients profile, diameter ratio).

3.1 Flow dynamics

The main features of the flow can be obtained with an observation of the flow structures.
Figure 2 shows positive Q isosurfaces for DNS1O colored by the value of streamwise vorticity
ωx (see color scale in figure 2). Note that the green corresponds to a value near zero for ωx . Q
is the second invariant of the velocity-gradient tensor. The positive Q criterion was proposed
by Hunt et al. [18] and is well recognized as a good coherent-vortex tracer [19]. Thus, in the
first stage of transition, the inner and outer shear layers roll up into quasi-axisymmetric vortex
rings due to Kelvin–Helmholtz instabilities. For a high velocity ratio coaxial jet (ru > 1), inner
and outer vortices turn in opposite sense. Moreover, they undergo a ‘locking’ phenomenon.
Indeed, the inner structures are trapped in the free space between two consecutive outer
structures. Therefore, the evolution of the inner vortices is dictated by the motion of the outer
vortices. This implies for the inner and outer shear layers identical frequencies corresponding
to the theoretical value predicted by the linear-instability theory for the outer shear layer
[20]. The appearance of primary structures is characterized by two peaks in the rms axial
velocity (noted 〈u′2〉1/2, where the brackets stand for a temporal averaging calculated by
accumulated data over 6000 instantaneous fields over a time period which allows more than

Table 1. Characteristics of the simulations. M1 and M2 are the initial
momentum flux of the inner and outer jet, respectively.

Name ru R1/θ01 = R1/θ02 β M2/M1

Jet introducing
species B

DNS1O 5 12.5 2 27 Outer
DNS1I 5 12.5 2 27 Inner
DNS2O 17 12.5 2 60 Outer
DNS3O 5 25 2 41 Outer
DNS4O 5 25 1.54 20 Outer
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Figure 2. Positive Q isosurfaces (Q = 0.5(U2/D1)2) colored by the streamwise vorticity ωx following the color
scale shown in the figure, for DNS1O.

30 Kelvin–Helmholtz vortices to leave the computational domain) profiles localized on the
inner and outer shear layers as shown by figure 3(b) at locations x/D1 < 6. When x/D1 > 6,
there is a rapid spatial growth of rms quantities. This is due to the appearance of pairs of
streamwise vortices between two consecutive outer and inner primary vortices (figure 2) in
agreement with the classical scenario of transition in free shear layers. In a round jet, counter-
rotating streamwise vortices cause radial ejection of fluid from the core of the jet to its periphery
[21]. Note that the location where streamwise vortices appear is very sensitive to upstream
conditions [2]. Before this stage, the coaxial jet keeps a mean velocity profile similar to the
upstream profile. But for x/D1 > 8, the axial velocity profile resembles more a single round
jet (figure 3(a)). Indeed, the profile loses its two-layer structure and the maximum velocity
moves toward the centerline [22]. At the end of the computational domain, the most intense
turbulent activity is localized in the outer annular jet (figure 3(b)). In this region, there is
an abrupt increase in the small-scale turbulence level. The flow reaches a fully developed
turbulent state and the time-frequency spectrum of the axial velocity component has a −5/3
range over about one decade (figure 3(c)). Moreover, there is a strong momentum transfer
from the outer annular jet to the inner jet for a high-velocity ratio. This transfer implies a
‘pinching’ of the central jet by the annular jet [23].

(a) (b) (c)

Figure 3. Mean axial velocity profiles (a) and rms axial velocity profiles (b) of DNS1O at several sections. Frequency
spectrum of the axial velocity signal for DNS1O in the center of the jet at the end of the computational domain (c).
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Figure 4. Instantaneous contours of mixture fraction for the DNS1O case: (a) in the central plane and (b) in the
transverse section located at x/D1 = 10. f varies from 0 (blue) to 1 (red) following the color scale shown in the
figure.

3.2 Species B seeded in the annular jet

In this case species B is seeded in the annular jet and the remainder of the flow (inner jet and
co-flow) contains species A. An inlet mixture fraction profile ensuring f = 1 in the annular
stream and f = 0 elsewhere is prescribed.

To illustrate mixing qualitatively, the instantaneous planar flow along the central plane
is shown in figure 4(a). In the near-field region until x/D1 = 5, the disturbances are weak,
in such a way that nonlinear interactions are insignificant. Thus, species exchange between
annular and central jets and between the annular jet and the co-flow are mainly dominated by
molecular diffusion in this region. Note that the extension of this region is important because
a white-noise perturbation with a weak amplitude is used to allow the development of the
‘natural’ instabilities and this implies that the initial evolution of the shear layers is very
smooth [1]. After x/D1 = 5, a turbulent mixing activity appears because of coherent vortices.
Finally, at the end of the computational domain (x/D1 > 10), turbulent small scales allow
an intense turbulent mixing as shown by figure 4(b). Figure 5 shows the mixture fraction
f = 0.5 isosurface. It is a good indicator of mixing efficiency in turbulent mixing conditions.

1 2
D /Uφω

Figure 5. Cut view of f = 0.5 mixture-fraction isosurface colored by the tangential vorticity ωφ following the color
scale shown in the figure, for DNS1O.
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Figure 6. Illustration of passive scalar ejections (shown by green contours on a zoom) by the counter-rotating
longitudinal vortices (shown by an isosurface of Q = 0.7(U2/D1)2 and colored in red or blue according to the
longitudinal-vorticity sign as used in figure 2).

Characterization of the multi-scale geometry of the iso-species surfaces is a crucial step for
understanding and modeling turbulent mixing linked to turbulent combustion processes. The
f = 0.5 isosurface is highly convoluted after the instabilities amplification, with evidence
of a large-scale structure. Thus, the inner and outer Kelvin–Helmholtz vortices allow for
an engulfment of the two fluid streams placed on each side of the inner and outer shear
layers, respectively. This phenomenon initiates the turbulent mixing. In figure 5 the isosurface
is colored by the azimuthal vorticity field, ωφ defined in the cylindrical coordinate system
(x, r, φ), to distinguish the inner and the outer mixing layers (as used previously by da Silva
et al. [1] to study coherent vortices). One can distinguish two notable shapes of the isosurface:
before x/D1 ≈ 7, the two parts of the isosurface (for the outer and the inner mixing layers) are
wholly distinct, whereas for x/D1 > 7 they are strongly merged, showing inter-penetration
between species A and B. This merging between both mixing layers is a consequence of the
action of streamwise vortices. Indeed, these counter-rotating vortices allow us to eject species
B into the ambient fluid as shown by figure 6. An exhaustive observation of an animation (see
Animation 1) showing the f = 0.5 isosurface and planar visualization in y–z plane reveals
that the intermittent specificity of the turbulent process combines a radial periodic pulsation
of the ring structures with intermittent mushroom-type structures characterizing the ejection
phenomenon due to the longitudinal counter-rotating vortices. Moreover, large amounts of
unmixed species B persist as spots even far downstream where stirring conditions are strong
and the diffusion interface is enlarged (figure 4). An appropriate frequency forcing of 3D
longitudinal structures as well as of vortical rings at the inlet boundary could decrease the
amount of pure species [24].

Figure 7 shows the evolution of the mean mixture fraction in the downstream direction
(a) and at several sections of the jet (b). For x/D1 < 5, one can observe on the axial devel-
opment of the mixing fraction in both the inner and the outer jets that 〈 f 〉 remains equal to 0
and 1, respectively. The radial mean mixture fraction profiles at various downstream sections
indicate clearly for x/D1 < 5 a variation of 〈 f 〉 at the interface between the two species A and
B. This variation is due to the molecular diffusion which mixes A and B in the radial direction.
Downstream of x/D1 = 5, there is an important invasion of species B into the central jet.
This invasion allowed by the momentum transfer already discussed above implies that the
fluid issued from the central jet is confined (see the DNS1I case). Moreover, species B of
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(a) (b)

Figure 7. Mean mixture fraction. (a) Downstream evolution in both central (continuous line) and annular jets (dashed
line). (b) Radial evolution at several downstream locations.

the annular jet diffuses appreciably in the co-flow at these downstream locations. Figure 7(a)
shows that the entrainment of species into the shear layers improves the mixing activity beyond
x/D1 = 5. The mean mixture fraction, respectively, decreases in the annular jet and increases
in the central jet, to reach an asymptotic value around 〈 f 〉 = 0.5. The increase of the mixture
fraction in the inner jet is more important than the decrease of the mixture fraction in the
outer jet. Hence, there is a larger amount of species B invading the inner jet than species A
invading the outer jet. The mixture fraction rms is displayed in figure 8. It confirms that the
turbulent mixing becomes significant downstream of x/D1 ≈ 5. This is due to longitudinal
coherent vortices which allow us to eject species B and bring three dimensionality to the jet.
Note that the peak of the inner jet is the location where species B invades the center and there
is an important turbulent mixing activity in this region. But upstream of x/D1 ≈ 5, the radial
profiles at various axial positions (figure 8(b)) indicate two distinct peaks located in the inner
and outer shear layers, respectively. The two peaks are the signatures of the large structures
which initiate the turbulent mixing. In the near field, the mixture-fraction frequency computed
in the inner and outer shear layers are equal (figure 9) because of the ‘locking’ phenomenon
already discussed. For x/D1 > 8, figure 7(b) shows that the mean mixture fraction is maxi-
mum in the jet center. Close to the exit, large amounts of species B invade the central jet and
the inner and outer mixing layers merge in order to create a single-mixing zone similar to a
single jet. When looking at the mixture-fraction rms profiles (figure 8(b)), it is only the outer

(a) (b)

Figure 8. Rms of the mixture fraction. (a) Downstream evolution in both central (continuous line) and annular jets
(dashed line). (b) Radial evolution at several downstream locations.
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Figure 9. Frequency spectra of the mixture fraction signal for DNS1O in the near field of the jet at the inner and
outer shear layers. Uc2 is the velocity averaged across the outer shear layer and θ02 the outer momentum thickness.
Energy is normalized by its maximum value.

peak which persists in this region. It is a consequence of the outer-jet dominance, as far as
mixing properties are concerned.

Now, in order to characterize the development of the mixing process, it is of interest to
study the variations of the probability density functions at various axial and radial positions
[25]. This information is useful in the development of models to describe mixing, especially
for combustion issues. The mixture fraction PDF at three streamwise locations covering the
transition stages are displayed in the three following figures. Figure 10 shows the PDF in
both the inner and outer jets at the upstream position x/D1 = 2. It is obvious from the shape
of the profiles that the mixing behavior is solely due to molecular diffusion, since stirring and
turbulent mixing are not at hand in the early flow development (x/D1 < 5). This is essential
to interpret simulations presented below with regard to the effect of various inlet conditions
on the mixing activity of the whole field. In figure 11, the mixture-fraction PDF are shown
at x/D1 = 5, preceding the self-similar state. They reveal the existence of a broad range
where the probability of finding a given value of the mixing fraction is not weak for each

(a) (b)

Figure 10. Variation of the mixture fraction PDF across the inner (a) and outer (b) mixing layer at x/D1 = 2.
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(a) (b)

Figure 11. Variation of the mixture fraction PDF across the inner (a) and outer (b) mixing layer at x/D1 = 5.

radial position r . This is due to the periodicity of the turbulent mixing process that is linked
to the frequency at which Kelvin–Helmholtz coherent vortices appear within the two shear
regions. Thus at this downstream location, the mixing between species A and B is then not
quite homogeneously distributed inside the large-scale structures, prior to turbulent transition.
Furthermore, a marching feature is discernible for both the inner and the outer jets. PDFs are
called marching if the most probable value of f varies across the layer and equals the free
stream value of each side of the layer. They are called non-marching if the most probable
value of f is notably independent of the location within the layer. In the middle of the mixing
layers (i.e. the points r/D1 = 0.47 for the inner mixing layer and r/D1 = 1 for the outer
mixing layer), the most probable value is f ≈ 0.5. The A–B mixing therefore occurs in
equal proportion at these two radial locations. Furthermore, the trace of unmixed species B
is clearly detectable in figure 11(b) for r/D1 = 0.75 with the high plausible value f ≈ 1.
Figure 12 illustrates the mixture-fraction PDF at x/D1 = 10. At this downstream location the
inner and outer mixing layers have merged into a single-mixing layer, with the domination
of the outer mixing layer. A further examination reveals a non-marching PDF for the mixing
layer, as the most probable value of f is quasi-independent of the radial positions, and is not
the mean value of f . Moreover, pure unmixed species B is also perceptible at this streamwise

Figure 12. Variation of the mixture fraction PDF across the mixing layer at x/D1 = 10.

10



(a) (b)

Figure 13. (a) Instantaneous mixture fraction dissipation field in the central plane. (b) Time-frequency spectrum of
the mixture fraction at x/D1 ≈ 10.

location for r/D1 = 0, 0.46 and 0.92. These facts show that the turbulent mixing activity is
important and that the mixing is not again homogeneous in this region where the turbulent
flow has reached a fully developed state.

Figure 13(a) shows the instantaneous scalar dissipation field, whose analysis is of great
importance for scalar subgrid modeling in large-eddy simulations of reacting flows. The
intense scalar dissipation regions have a sheet-like structure and are located at the boundaries
of the large coherent vortices as seen in turbulent shear flows by Buch and Dahm [26]. This
confirms the very intermittent nature of the passive scalar as previously observed by Métais
and Lesieur [27] in isotropic turbulence. Métais and Lesieur [27] showed that the scalar activity
is indeed concentrated on braids between the coherent vortices in agreement with the present
observations. Lesieur and Rogallo [28] and Métais and Lesieur [27] furthermore observed that
this scalar intermittency is associated with an anomalous spectral slope following a k−1 law
(k wavenumber) for the scalar variance. Lesieur and Rogallo [28] propose that the spectral
behavior is a result of the shearing by large-scale velocity gradients. Let us assume that the
large scales are associated with a given wavenumber ki . Assuming that the scalar variance flux
ε f is independent of k and using the Oboukhov-type theory, Lesieur and Rogallo [28] write

ε f ∼ k E f (k, t)/τ (ki ). (3)

In equation (3), E f (k, t) is the scalar variance spectrum and τ (ki ) is the turnover time of ki .
Thus, from equation (3), they find

E f (k, t) ∼ ε f τ (ki )k
−1. (4)

Lesieur and Rogallo [28] observe a k−1 range in the spectral neighborhood of ki for k > ki in
very good correspondence with the theoretical prediction given by equation (4). This behavior
is confirmed by figure 13(b) which shows the time frequency spectrum for the mixture fraction:
it exhibits a slope close to f −1. Note that Villermaux and Rehab [5] also found a k−1 shape
on the spectra of scalar fluctuations of coaxial jets which they explained by the persistence of
the large-scale straining motion. These points however require further analysis which will be
the object of a further study.
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Figure 14. Instantaneous contours of mixture fraction for the DNS1I case in the central plane. f varies from 0
(blue) to 1 (red) following the color scale shown on the figure.

4. Influence of the upstream conditions on the mixing process

4.1 Species B seeded in the central jet

We study now the alteration on the mixing process if species B is seeded in the low-speed
central jet and the remainder of the flow (annular jet and co-flow) contains species A. The
coaxial jet keeps the dynamical parameters of DNS1O. This mixing configuration is called
DNS1I. We prescribe an inlet mixture-fraction profile which ensures a value of f = 1 in the
central jet and f = 0 elsewhere.

Figure 14 gives a global picture of the mixing for DNS1I. First, there is an important
initial region dominated by molecular diffusion. The appearance of Kelvin–Helmholtz vortices
induces the beginning of turbulent mixing. Note that in this configuration, only the inner
vortices participate in the mixing. Indeed, the outer vortices are only surrounded by species A
( f = 0). This stage is followed by the emergence of the streamwise vortices which eject species
in mushroom-type structures. This point appears clearly in the animation (see Animation 2) of
the y–z planes. However, the comparison between figures 4(a) and 14 shows a confinement of
species B in the jet center for DNS1I. Figure 15 shows the f = 0.5 isosurface of the mixture
fraction. It reveals the important difference of the mixing process between DNS1I and DNS1O
beyond x/D1 = 6. Indeed, while the isosurface is highly convoluted after the amplification
of instabilities in this case, the volumetric aspect of the mixing region is much smaller, due to
an important confinement. The animation reveals that at the end of the computational domain
the scalar passes by packets. This is a consequence of the domination of the outer vortices
which do not contribute to the mixing, because they do not transport species B and hinder the
radial development of the inner turbulent structures.

The qualitative observations based on visualizations are also supported by DNS1I statistics.
Indeed, figures 16(a) and (b) show the downstream evolution of the mean mixture fraction
in the central and the annular jets, as well as its radial evolution at several locations. In the
central jet, it keeps a constant value ( f = 1) before x/D1 = 6 and undergoes an important
decrease after, while in the annular jet it has a small value in all the computational domain
(figure 16(a)). The radial mean mixture fraction profiles at various downstream locations

12



Figure 15. f = 0.5 isosurface of mixture fraction for DNS1I.

(figure 16(b)) indicates obviously that the maximum variation of f occurs inside the inlet
curve for 0 < r/D1 < 1. This interval corresponds to the edge of the inner jet, and one can
observe that a very small amount of species B reaches the annular jet. The mixing cannot take
advantage of the important turbulent activity localized in the annular jet because species B
does not invade the annular jet (figure 3(b)). Thus, at the end of the computational domain, the
mixture rms peak remains localized in the central jet and its intensity (figure 17(b)) is smaller
than that of the DNS1O localized in the annular jet (figure 8(b)).

Similarly to the previous case (species B seeded in the annular jet), we examine now PDFs
of f at the same downstream locations. Considering that the kinematic inlet conditions are
unchanged, it is not useful to plot the PDFs for x/D1 < 5. Figure 18(a) shows the PDFs at
x/D1 = 5 prior to the establishment of self-similarity. As in the previous case, in the middle
of the inner shear layer (r/D1 = 0.44), the probability of finding a given value of f in the
range situated between 0.2 and 0.7 is practically the same. The mixing of species A and B is
then inhomogenously scattered in the inner vortices. At r/D1 = 0.25, the maximum is close
to f = 1, and species A has not invaded the jet center, since the Kelvin–Helmholtz vortices
are not sufficiently developed to reach a self-similar state. One can also observe the absence of
species B beyond r/D1 = 0.75. This result indicates that species B initially seeded in the inner

(a) (b)

Figure 16. Mean mixture fraction. (a) Downstream evolution in both central (continuous line) and annular jet
(dashed line). (b) Radial evolution at several downstream locations.

13



(a) (b)

Figure 17. Rms of the mixture fraction. (a) Downstream evolution in both central (continuous line) and annular jets
(dashed line). (b) Radial evolution at several downstream locations.

jet (in the case of DNS1I) remains confined between the edge of the inner–outer jets and the
centerline. At x/D1 = 10 (figure 18(b)), the PDFs show an important probability of finding
a mixture-fraction value in the range 0.2–0.4 for radial positions near the jet center (until
r/D1 = 0.5). Additionally, it is interesting to note that the probability of finding f > 0.7 or
unmixed species B ( f = 1) for all the radial positions is zero. Thus, all the amount of species
B initially released in the inner jet is totally mixed with species A, especially just beyond the
turbulent transition.

4.2 Velocity ratio and recirculation bubble

When the velocity ratio ru increases, the entrainment by the outer annular jet and the de-
pletion of the inner fluid is more and more pronounced. If ru exceeds a critical value ruc,
the inner potential core breaks down and a back-flow region establishes associated with a
negative streamwise velocity around the jet center. The recirculation bubble has been stud-
ied experimentally and numerically in previous works [2, 23]. The recirculation bubble is
a region where there is a significant production of streamwise vortices. We investigate in
this section the influence of the recirculation bubble on the mixing process. The simulation

(a) (b)

Figure 18. The variation of the mixture fraction PDFs across the mixing layer at x/D1 = 5 (a) and x/D1 = 10 (b).
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Figure 19. Positive Q isosurfaces (Q = 0.5(U2/D1)2) colored by the tangential vorticity ωφ following the color
scale shown in the figure, for DNS2O. Isosurface of zero velocity in cyan shows the recirculation bubble.

DNS2O is performed with the same parameters as DNS1O except for the velocity ratio
ru = 17 (with these initial conditions, ruc ≈ 13 [2]). With this upstream condition DNS2O
has a recirculation bubble in the jet center localized between x/D1 ≈ 1.5 and x/D1 ≈ 3.5
(figure 19).

Figure 20 shows instantaneous mixture-fraction isolines in the central plane. The first conse-
quences of the recirculation bubble on the mixing are obviously observable. Species B invades
the jet center in the early flow development, e.g. x/D1 ≈ 1.5, whereas in DNS1O case, the jet
center is devoid of species B until x/D1 ≈ 6. This upshot is due to the back flow issued from
the annular jet, which is responsible for the migration of species B in the central jet at this
downstream location. Figure 21 shows the f = 0.5 isosurface, which is highly convoluted by
the large-scale vortices, as shown in the preceding cases. The two isosurfaces (corresponding
to the inner and the outer mixing layers, respectively) are wholly decorrelated in the near
field of the jet, but the inner isosurface section begins to decrease at x/D1 ≈ 3. This is due

f

Figure 20. Instantaneous isolines of mixture fraction for the DNS2O case in the central plane. f varies from 0
(blue) to 1 (red) following the color scale shown on the figure.
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Figure 21. Cut view of f = 0.5 mixture-fraction isosurface colored by the tangential vorticity ωφ following the
color scale shown on the figure, for DNS2O.

to a ‘pinching’ phenomenon which increases for high values of the velocity ratio. The inner
isosurface shape is more conical. It is implied by the strong momentum transfer existing for
very high velocity ratio coaxial jets [1].

The presence of species B within the jet center at x/D1 ≈ 1.5 is also confirmed by the
statistics of f . Indeed, the profile of 〈 f 〉 on the jet axis (figure 22(a)) indicates obviously
that 〈 f 〉 varies between 0 and 0.15 for 1.4 < x/D1 < 5. Furthermore, the radial profile of
〈 f 〉 at x/D1 = 2 (figure 22(b)), shows that 〈 f 〉 = 0.1 at the jet center. Another effect of
the recirculation bubble is the spreading of species B until r/D1 ≈ 2.8 at x/D1 = 10 (fig-
ure 22(b)) instead of r/D1 ≈ 2.2 in DNS1O. This interesting result is undoubtedly due to
the recirculation bubble. Indeed, as demonstrated previously [2], the tip of the recircula-
tion bubble is a region with a significant production of intense streamwise vortices. The
precocious development of inner streamwise vortices induces an earlier development of the
outer streamwise vortices and consequently enhances the turbulent mixing activity. In fact,
the mixture fraction fluctuations 〈 f ′2〉1/2 (linked to turbulent mixing) begins to grow ear-
lier at x/D1 ≈ 4.5 in the DNS2O case, instead of x/D1 ≈ 6 for the DNS1O case without

(a) (b)

Figure 22. Mean mixture fraction. (a) Downstream evolution in both central (continuous line) and annular jet
(dashed line). (b) Radial evolution at several downstream locations.
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(a) (b)

Figure 23. Rms of the mixture fraction. (a) Downstream evolution in both central (continuous line) and annular jet
(dashed line). (b) Radial evolution at several downstream locations.

recirculation bubble (see figure 23(a)). Therefore, the turbulent mixing behavior in the an-
nular jet is activated at x/D1 ≈ 5, instead of x/D1 ≈ 6 in the DNS1O case. This is why
the mixing is considerably improved, especially in the vicinity of the end of the computa-
tional domain. Consequently, one can underline that the presence of the recirculation bub-
ble contributes to the decrease of amounts of unmixed species B issued from the annular
jet.

Figure 24(a) shows the PDFs at x/D1 = 2. Species B is much earlier mixed into the center
of the jet (peak of f = 0.1 for r/D1 = 0). However, the mixing activity is exclusively due to
the molecular diffusion in the neighborhood of the recirculation bubble which is laminar for
this case [2]. At x/D1 = 5 (figure 24(b)), a marching mode of PDFs is obvious for r/D1 >

0.25. The peak of f = 0.2 at the radial positions r/D1 = 0 is located inside the bubble,
which explains the persistence of a mixing activity mainly due to the molecular diffusion
for r/D1 < 0.25. Figure 24(c) shows PDFs at x/D1 = 10. A marching behavior is recurrent
at this location, with a reasonably fine homogenization of the mixing which can be much
better compared with the case without recirculation bubble (DNS1O). Hence, the benefit of
the recirculation bubble is considerable, from the point of view of mixture homogenization.
However, at the centerline axis r/D1 = 0, the probability of finding an amount of pure species
B is again high.

(a) (c)(b)

Figure 24. Variation of the mixture fraction PDFs across the mixing layer at x/D1 = 2 (a), x/D1 = 5 (b) and
x/D1 = 10 (c).
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Figure 25. Positive Q isosurfaces (Q = 0.5(U2/D1)2) colored by the streamwise vorticity ωx following the color
scale shown in the figure, for DNS3O.

4.3 Initial momentum thicknesses

In this section, we look at the influence of the momentum thicknesses on the flow dynamics
and mixing. Parameters correspond to run DNS3O. The same inlet parameters as for DNS1O
are used, except for the initial values of the inner and outer momentum thicknesses: R1/θ01 =
R1/θ02 = 12.5 in DNS1O, against 25 in DNS3O. Before dealing with the mixing behavior in
this case, it is of interest to illustrate the structure of the turbulent flow in DNS3O.

We display isosurfaces of positive Q in figure 25. It exhibits the fine structure of the
shear layers, with some evidence of distinct large rollers and smaller scale vortices. The
scenario of the flow transition is obviously similar to that of DNS1O. Indeed, both the Kelvin–
Helmholtz vortices of the inner and outer jets are apparent, with the indication of the ‘locking’
phenomenon. The streamwise vortices emerge between two consecutive Kelvin–Helmholtz
vortices, followed by an abrupt increase in the level of small scale turbulence. Although
DNS1O and DNS3O involve somewhat similar features, significant differences are visible,
such as the earlier development of streamwise vortices at x/D1 = 4, and the breakdown
to significantly small scales for x/D1 > 7. Moreover, figure 26 shows the enhancement of

Figure 26. Downstream evolution of 〈ω′
x

2〉(x, r ) at the inner and outer shear layers for DNS1O and DNS3O.
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(a)

f

(b)

Figure 27. Instantaneous contours of mixture fraction for the DNS3O case: (a) in the central plane and (b) in the
transverse section located at x/D1 = 10. f varies from 0 (blue) to 1 (red) following the color scale shown in the
figure.

〈ω′
x

2〉(x, r ) in the inner and the outer shear layers: the longitudinal stretching is thus more
intense for DNS3O than DNS1O. It is in agreement with the fact that three dimensionality
is observed earlier in the jet development. It was shown in a previous work [2] that the
longitudinal stretching is the dominant phenomenon leading to turbulent transition.

To illustrate basic mixing features, figures 27 and 28 show visualizations of snapshots
of the mixture fraction. The first mixing stage controlled by molecular diffusion is shorter
than in the DNS1O case. The earlier development of Kelvin–Helmholtz vortices activates
the engulfment of large amounts of fluid species into the shear layers. Mixing layers (inner
and outer) merge around x/D1 ≈ 6 (instead of x/D1 ≈ 8 in the DNS1O case) allowing the
species B invasion in the jet center earlier. At the end of the domain, the mixture fraction
seems much better distributed. Figure 29 shows the mean mixture fraction in the DNS 3O
case. The diffusion of the laminar layer is for x/D1 < 4 in this case. Species B is mixed into
the axis centerline much quicker at the downstream locations (x/D1 > 4). Additionally, a
large amount of species B invades the co-flow up to a radial position r/D1 ≈ 2.6, instead of
r/D1 ≈ 2.2 for the DNS1O case. This spectacular spreading of the mixture is mainly due to
the streamwise vortices which enhance entrainment and mixing. The discrepancy in mixture-
fraction rms between DNS3O (figure 30) and DNS1O, is essentially due to the transitional

1 2
D  /Uφω

Figure 28. Cut view of f = 0.5 mixture-fraction isosurface colored by the tangential vorticity ωφ following the
color scale shown on the figure, for DNS3O.
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(a) (b)

Figure 29. Mean mixture fraction. (a) Downstream evolution in both central (continuous line) and annular jets
(dashed line). (b) Radial evolution at several downstream locations.

region, where large coherent vortices are different. Figure 31(a) shows PDFs of the inner
mixing layer at x/D1 = 2. A mixing behavior similar to that observed in the DNS1O case is
obvious. However, discrepancies can be observed in the outer mixing layer (figure 31(b)). The
early development of the large-scale vortices, due to the small values of θ01 and θ02, allows
mixing more quickly. At x/D1 = 5, the PDFs (figures 32(a) and 32(b)) are relatively non-
marching showing an important mixing activity. Moreover, figure 32(a) shows the presence
of pure species A near the jet centerline for r/D1 = 0 and r/D1 = 0.14. Nevertheless, a
marching-type PDF is obtained at x/D1 = 10 showing homogeneous mixing. The probability
of finding pure species B ( f = 1) is much smaller at this downstream location, in contrast the
DNS1O case.

4.4 Ratio of outer to inner diameters

In this section the ratio of the outer to the inner diameters is changed, in order to analyze its
effect on the flow and the mixing process. The inner diameter is increased until a value of
1.3D1 while the outer diameter is fixed to its initial value 2D1. In this case, the inner and the

(a) (b)

Figure 30. Rms of the mixture fraction. (a) Downstream evolution in both central (continuous line) and annular jets
(dashed line). (b) Radial evolution at several downstream locations.
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(a) (b)

Figure 31. The variation of the mixture fraction PDFs across the inner mixing layer (a) and the outer mixing layer
(b) at x/D1 = 2.

outer momentum thicknesses are the same as those of the DNS3O. Figure 34 shows the first
picture of the flow dynamics for DNS4O. We recover the same scenario as for DNS3O, which
leads to a jet breakdown into fully developed turbulence: the laminar diffusion layer, followed
by the formation of Kelvin–Helmholtz and streamwise vortices and catastrophic breakdown
into small scales.

There are however differences in the statistics between DNS3O and DNS4O. Figure 35
shows 〈ω′

x
2〉 in the inner and outer shear layers for the two cases. The evolution is the same in

the outer shear layer, but in the inner layer the growth is quicker in the DNS4O case. This is
due to the proximity between the two layers in this configuration. Thus, instabilities are easily
transmitted from the outer to the inner layer, which allows an earlier transition. Figure 36 gives
a first picture of the mixing scenario, which can be explained as above: molecular diffusion
at the onset of the jet development and domination of the turbulent mixing far downstream.
Moreover, unmixed species B is obviously much less present for x/D1 > 6, in contrast to the
DNS3O case (figure 27). This is certainly due to the intensification of streamwise vortices in
the inner jet. Figure 37(b) shows the mean mixture fraction profiles at several downstream
positions. Like DNS3O, the diffusion of the laminar layer is limited to x/D1 < 4. Species

(a) (b)

Figure 32. Variation of the mixture fraction PDFs across the inner mixing layer (a) and the outer mixing layer (b) at
x/D1 = 5.
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Figure 33. The variation of the mixture fraction PDFs across the mixing layer at x/D1 = 10.

2
D  /U1 ωx

Figure 34. Positive Q isosurfaces (Q = 0.5(U2/D1)2) colored by the streamwise vorticity ωx following the color
scale shown in the figure, for DNS4O.

Figure 35. Downstream evolution of 〈ω′
x

2〉(x, r ) at the inner and outer shear layers for DNS4O and DNS3O.
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(a)

f

(b)

Figure 36. Instantaneous contours of mixture fraction for the DNS4O case: (a) in the central plane and (b) in the
transverse section located at x/D1 = 10. f varies from 0 (blue) to 1 (red) following the color scale shown on the
figure.

B is mixed into the axis centerline quicker than in the DNS30 case (figure 37(a)). This is
certainly due to the increasing intensity of streamwise vortices in the inner jet. Figure 38
shows the rms mixture fraction. The turbulent mixing activity in the outer jet starts quicker
than in the DNS3O case. Nevertheless, it begins later in the central jet than in the DNS3O
case, as the inner mixing layer is more distant. We believe also that the difference in rms
mixture fraction statistics is due to the difference in their transitional states. At x/D1 = 5, a
non-marching-type PDF is obvious (figure 39(a)). It indicates a mixing activity that is more
intense than that of the DNS3O case at this downstream location. Here, PDFs are calculated
only in the inner mixing layer, since the outer mixing layer development is not very much
influenced by this reduction in the diameter ratio. At x/D1 = 10, the same behavior (marching
type) of the PDFs as in DNS3O is obtained (figure 39(b)). We can also note that species B are
completely mixed at this downstream location, since the probability of finding f > 0.9 is zero.

4.5 Global comparison between the different cases

In this section we examine the global mixedness quantitatively for all the cases. Global mixed-
ness can be considered as a measure of the mixing, easy to compute with respect to the mixing
efficiency which is determined from the behavior of interfaces stirred by the fluid. This quantity

(a) (b)

Figure 37. Mean mixture fraction. (a) Downstream evolution in both central (continuous line) and annular jets
(dashed line). (b) Radial evolution at several downstream locations.
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(a) (b)

Figure 38. Rms of the mixture fraction. (a) Downstream evolution in both central (continuous line) and annular jet
(dashed line). (b) Radial evolution at several downstream locations.

Z (x), introduced by Cetegen and Mohamad [29], is defined as the second moment of the mix-
ture fraction:

Z (x) = 4

S

∫
S
〈 f (x, r )〉(1 − 〈 f (x, r )〉)rdrdφ. (5)

In equation (5), S is the radial section where the integration is performed and φ is the angle in
cylindrical coordinates (x, r, φ). In the integration the radius of S is equal to 3D1 to include all
the region where 〈 f 〉 
= 0 at the exterior of the computational domain in all the studied cases.
Z (x) ranges from 0 for completely unmixed fluids (only f = 0 or f = 1 in the section) to 1
for complete mixing. Note that this definition is appropriate when the complete mixing is for a
bi-molecular mixing. For example, it is a good indicator if each species is needed with the same
proportion by the chemical reaction to be considered. Figure 40 shows the evolution of Z (x)
for the different cases examined in the present study. It is clear that the cases DNS2O, DNS3O
and DNS4O lead to a finer mixing. The benefit in mixing for DNS3O and DNS4O is due to
their early transition states and hence the early development of the turbulent mixing activity. In
DNS3O, the fast transition state is due to the values of the momentum thicknesses, which allow
the appearance of the streamwise vortices earlier. For the case with the recirculation bubble

(a) (b)

Figure 39. Variation of the mixture fraction PDFs across the mixing layer at x/D1 = 5 (a) and x/D1 = 10 (b).
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Figure 40. Mixedness of the different cases.

(DNS2O), the evolution of Z (x) is the same as for DNS1O for x/D1 < 6. For x/D1 > 6, Z (x)
increases more rapidly because the bubble presence enhances the intensity of the streamwise
vortices. Run DNS1I is very unfavorable, since the seeding of the inner jet by species B
prevents the outer shear layer to participate in the mixing behavior.

5. Conclusions

In the present study, the mixing behavior in free round coaxial jets has been investigated by
means of direct numerical simulations (DNS). Five computations have been performed to
assess the effect of upstream conditions upon the turbulent vortices and structures, and hence
on the passive scalar mixing processes. The mixing between two species A and B seeded in
the coaxial jets is tracked through the spatial and temporal evolution of the mixture fraction
field. The spatially developing approach has permitted to take into account the stages of the
mixing process until adequate stirring conditions are obtained. Of particular importance is the
appearance of a fully developed turbulent state, as far as dynamic quantities are concerned.
The results presented here highlight the fact that the turbulent-mixing process in coaxial jets
is affected by the upstream conditions, which modify the transitional state. The peak values
of the mixture fraction rms 〈 f ′2〉1/2 are not the same in the far field for runs DNS1O and
DNS3O. Furthermore, the PDF distributions of f at far downstream locations indicate notable
differences. We think these differences are due to different vortical behaviors, especially the
intense production of the streamwise vortices, as obtained in runs DNS2O and DNS4O.
We have also shown that, although, a self-similar state is achieved, the mean gradients of
the upstream velocity profile affects the mixing behavior even at far locations. Comparison
between DNS1O and DNS1I has highlighted that the fluid issued from the central jet remains
confined, whereas the annular fluid invades the center jet in a straightforward manner. A great
contrast between the width of the jet and the spreading of the mixture has been observed
in the case of DNS1I, since only the inner shear layer contributes to the mixing process.
Computing the global mixedness (which can be regarded as mixing efficiency) has shown the
disadvantage of this configuration. Hence it may be recommended for combustion application
to avoid seeding in the coaxial jet, as in DNS1I. Spots of pure species at the exit of the
computational domain, shown to be due to the annular jet, are observed in runs DNS1O,
DNS2O, DNS3O. Modifications of the inner jet diameter can lead to the decrease of amounts
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of pure species in the annular fluid far downstream, as it is shown in run DNS4O. Of course,
increasing the central jet diameter allows us to bring closer the shear layers, which induces
a much quicker appearance of the inner streamwise vortices and thus improves the turbulent
mixing activity, as it is quantitatively shown by the global mixedness.
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[27] Métais, O. and Lesieur, M., 1992, Spectral large-eddy simulations of isotropic and stably-stratified turbulence.
Journal of Fluid Mechanics, 239, 157–194.

[28] Lesieur, M. and Rogallo, R., 1989, Large-eddy simulation of passive scalar diffusion in isotropic turbulence.
Physics Fluids A, 1(9), 718–722.

[29] Cetegen, B.M. and Mohamad, N., 1993, Experiments on liquid mixing and reaction in a vortex. Journal of
Fluid Mechanics, 249, 391–414.

27




