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Abstract

A graph is a path graph if it is the intersection graph of a family of subpaths
of a tree. In 1970, Renz asked for a characterization of path graphs by forbidden
induced subgraphs. Here we answer this question by listing all graphs that are not
path graphs and are minimal with this property.

1 Introduction

A hole is a chordless cycle of length at least four. A graph is chordal (or triangulated)
if it contains no holes as an induced subgraph. Gavril [E] proved that a graph is chordal
if and only if it is the intersection graph of a family of subtrees of a tree.

An interval graph is the intersection graph of a family of intervals; equivalently, it is
the intersection graph of a family of subpaths of a path. An asteroidal triple in a graph
G is a set of three non adjacent vertices such that for any two of them, there exists a path
between them in G that does not intersect the neighborhood of the third. Lekkerkerker
and Boland [[j] proved that a graph is an interval graph if and only if it is chordal and
contains no asteroidal triple. They derive from this result the list of minimal forbidden
subgraphs for interval graphs.

Another interesting class is the class of path graphs. A graph is a path graph if
it is the intersection graph of a family of subpaths of a tree. Clearly, the class of path
graphs is included in the class of chordal graphs and contains the class of interval graphs.
Several characterizations of path graphs have been given [, fl, [ but no characterization
by forbidden subgraphs is known, whereas such results exists for intersection graphs of
subpaths of a paths (interval graphs [[]) and subtrees of a tree (chordal graphs [{]).

In 1970, Renz [ gave two examples of graphs that are chordal and not path graphs
and are minimal with this property. He also asked for a complete list of such graphs.
In this paper we answer this question and obtain a characterizaton of path graphs by
forbidden induced subgraphs.

2 Special simplicial vertices in chordal graphs

A vertex is simplicial if its neighborhood is a clique.
Let G be a chordal graph, and let Q(G) be the set of all maximal cliques of G.



Given two vertices u,v in a graph G, a u,v-separator is a set S of vertices of G
such that u and v lie in two different components of G \ S and S is minimal with this
property. A set is a separator if it is a w,v-separator for some u,v in G. Let S(G)
be the set of separators of G. Given a simplicial vertex v, let Q, = N(v) U {v} and
Sy = QyNN(V\ Q). Since v is simplicial, @, € Q (remark that .S, is not necessarily
in S).

A cligue tree T of G is a tree whose vertices are in Q and such that for each vertex v
of G, the set of cliques that contain v induces a subtree of 7. A graph is chordal if and
only if it has a clique tree representation.

For a clique tree T', the label of an edge QQ’ of T is Sgg = Q@ N Q’. For all edges
QQ’, we have Sgq € S. The number of times an element S of S appears as a label of
an edge is constant for every clique-tree.

Given X C Q, let G(X) be the subgraph of G induced by all the vertices that appears
in members of X. If T' is a clique tree of G, then T'[X] is the subtree of 7" of minimum
size whose vertices contains X. Note that if |X| = 2, then T[X] is a path. For every
vertex a, set T =TH{Q € Qla € Q}].

Given a subtree T” of a clique-tree T of G. Let Q(T") be the set of vertices of 77 and
S(T’) be the set of separators of G(Q(T")).

The following lemma is clear.

Lemma 1 A vertex is simplicial if and only if it does not belong to any separator.

Dirac [fJ] proved that a chordal graph that is not a clique contains two non adjacent
simplicial vertices. We need to generalize this theorem to the following. Let us say that
a simplicial vertex v is special if S, is (inclusionwise) maximal in S.

Theorem 1 In a chordal graph that is not a clique, there exist two non adjacent special
sitmplicial vertices.

Proof. We prove the lemma by induction on |Q|. By the hypothesis, G is not a clique,
so |Q| > 2.

Case 1: S has only one mazximal element S. Let Q, Q" be two maximal cliques such
that QNQ' = S. Let v € Q\ Q' and v' € Q’'\ Q. The set S is the only maximal separator
and it does not contain v or v’. So v and v" do not belong to any element of S, and they
are simplicial by Lemma [l and S, = S,y = S.

Case 2: S has two distinct maximal elements S,S’. Let T be a clique tree of G. Let
Q1,Q2,Q, Q5 € Q be such that S = 54,q,, 5’ = Sgq,, and Q2,Q1,Q}, Q) appear in
this order along the path T[{Q2, @1, Q},Q5}] (maybe Q1 = Q).

Let Y be the subtree of T'\ @1 that contains @2, and let Z be the tree that consists

of Y plus the vertex @1 and the edge Q1Q2. The subtree Z does not contain @5, so
G(Q(Z)) has strictly fewer maximal cliques than G. By the induction hypothesis, there
exist two non adjacent simplicial vertices v,w of G(Q(Z)) such that S, S,, are maximal
elements of S(Z). At most one of v, w is in @ since they are not adjacent. Suppose v is
not in Q1. We claim that v is a simplicial vertex of G and that .S, is a maximal element



of §. Vertex v does not belong to any element of S(Z). If it belongs to an element of
S\ S(Z), then it also belongs to S € S(Z), a contradiction. So v does not belong to any
element of S and it is a simplicial vertex of G by Lemma [l. The set S, is a maximal
element of S(Z). If it is not a maximal element of S, then it is included in S € §(2), a
contradiction. So v is a special simplicial vertex of G.

Likewise, let Y’ be the subtree of T'\ Q] that contains Q%, and let Z’ be the tree that
consists of Y’ plus the vertex @} and the edge Q}Q%. Just like with v, we can find a
simplicial vertex v’ of G(Q(Z")) not in @} that is a simplicial vertex of G with S,/ being
a maximal element of S.

Vertices v,v" are not adjacent as there are separated by Q. O

Algorithms LexBFS [B] and MCS [[L0] are linear time algorithms that were developed
to find a simplicial vertex in a chordal graph. But the simplicial vertex that is found
by these algorithms is not necessarily special. For example, on the graph with vertices
a,b,c,d,e, f,g,h and edges ab, be, cd, de, ef, fg, gh, bd, be, gd, ge, both algorithms LexBFS
and MCS will always end on one of simplicial vertices a, h, which are not special.

The proof of Theorem [l| can be turned into a polynomial time algorithm to find a
special simplicial vertex in a chordal graph. We do not know how to find such a vertex
in linear time.

3 Forbidden induced subgraphs

Figures [, B, B, [l and [} give a list of minimal forbidden subgraphs for path graphs. Let
P be the class of graphs that do not contain any F; (0 < i < 16) as an induced subgraph.
In the next sections, will prove that graphs in P are exactly path graphs.

Each graph in Figure [] is obtained by adding a universal vertex to some minimal
forbidden subgraph for interval graphs. Graphs Fig(n),>s are also forbidden in interval
graphs. Graphs Fg and Fy((8) are from Renz [f], Figures 1 and 5].

The following lemma is clear.

Lemma 2 In a path graph the neighborhood of every vertex is an interval graph.

Lekkerkerker and Boland [{] proved that a graph is an interval graph if and only if it
is chordal and contains no asteroidal triple. So we can deduce the following corollaries.

Corollary 1 In a path graph the neighborhood of every verter contains no asteroidal
triple.

Corollary 2 Fi,..., F5 are not path graphs.

One could have hoped (as we did initially) that a chordal graph in which the neigh-
borhood of every vertex contains no asteroidal triple is a path graph; but this is not
true, as observed already by Renz [[f] and shown by graphs Fg, ..., Fig. (Renz’s graphs
is our Fg and Fo(8).)



It is a routine matter (and we omit the details) to check that each F; (0 < i < 16) is
not a path graph and that for every vertex = of F; the graph F; \ x is a path graph. So
we have:

Theorem 2 Fy,..., Fig are minimally not path graphs.

4 Co-special simplicial vertices

A clique path tree T of G is a clique tree of G such that, for each vertex v of GG, the
subtree induced by the set of cliques that contain v is a path. Clearly, a graph is a path
graph if and only if it has a clique path tree.

A simplicial vertex v is co-special if S, is a minimal element of S and G \ S, has
exactly two components (note that in that case S, appears on exactly one label of any
path tree of G).

Lemma 3 Let G be a minimally not path graph. Then either G is one of Fi1,...Fi5 or
every simplicial vertex of G is co-special.

Proof. Suppose on the contrary that G is minimally not path graph, different from
Fyq, ... F15, and there is a simplicial vertex v of G that is not co-special. All simplicial
vertices of Fy, ... Fjg are co-special, so G is not any of these graphs; moreover it does not
contain any of them strictly (for otherwise G would not be minimally not path graph).
So G is in P.

Let Ty be a clique path tree of G\ v. Let Q) € Q(G \ v) be such that S, C Q.. If
Q. = Sy, then we can add v to @) to obtain a clique path tree of G, a contradiction. So
Q) #S,and S, € S.

Let 7" be the maximal subtree of Ty that contains @/, and such that no label of the
edges of Tj is included in S,. Remark that 7" plus vertex @, and edge @, Q, is a clique
tree of G(Q(T") U{Q,}) (but not necessarily a clique path tree), and in that tree only
one label is included in S,. Vertex v is not co-special, so in Ty there is an edge whose
label is included in S, and so T" has strictly fewer vertices than Ty. So G(Q(T")U{Qy.})
is a path graph. Let T be a clique path tree of this graph.

We claim that @, is a leaf of T'. If not, then there are at least two labels of T' that
are included in S,, which contradicts the definition of 7" (the number of times a label
appears in a clique tree is constant).

Let T1,...,T; be the subtrees of Tp \ 7" (¢ > 1). For 1 < i < ¢, let Q;Q) be the
edge between T; and 7" with Q; € T; and Q; € T". Note that Q1,...,Q, are pairwise
disjoint; on the other hand, @, @}, ..., Q) are not necessarily pairwise disjoint). Let
S; =QiNQ; and v; € Q;\ Q,. Let H = (V3, E) be the intersection graph of Sy, ..., .Sy,
that is, Vi = {Sl,. .. ,Sg} and Ey = {SZS] ‘ S; N Sj #* @} For 1 < i </, let
Ri:{SES(T,) | SiﬂS#(Dand SZ\S#Q} LetX:{Si | RZ#@}

Claim 1 H contains no odd cycle.



Proof. Suppose on the contrary that there is an odd cycle Si-- - --S,-S1 in ‘H, with length
p=2r+1(r>1). Let I[; = S;NS;y1, with S,11 = S1. Suppose that for some j # k we
have I; N I}, # (); then there is a common vertex in the cliques Q;,Q;+1, Qx, Qr+1, and
the number of different cliques among these is at least three, which contradicts the fact
that T is a clique path tree as these three cliques do not lie on a common path of Tj.
For 1 <j <p, let s; € I;. By the preceeding remark, the s;’s are pairwise distinct. By
the definition of 7", we have S; C S, for each 1 < j < p, so the s;’s are all in @, and Q),.
Let v € Q) \ Qu. Let us consider the subgraph induced by v,v',v1,...,vp,S1,..., Sp.
Each of the non-adjacent vertices v and v’ is adjacent to all of the clique formed by the
s;’s. Each vertex v; is adjacent to s;_1 and s; (with sy = s,) and not to any other s;
or to v. Vertex v’ can have at most two neighbors among the v;’s. If v’ has no neighbor
among them, then v,v’,v1,...,vp, S1,..., sy induce Fiq(4r +4),>1. If v/ has exactly one
neighbor among the v;’s, then v,v’,v1,...,vp, 81, ..., S, induce Fia(4r + 4),>1. If v has
two consecutive neighbors vj,v;y1, then v,v',vj,vj41,5j-1,j, 5j41 induce Fp. If v has
two non-consecutive neighbors v;, vy, then we can assume that 1 < j <j+1 <k <p
and k—jis odd, k —j = 2s+1 with s > 1, and then v,v',vj,..., vk, j, ..., sk_1 induce
F14(4s + 5)s>1, in all cases we obtain a contradiction. O

Claim 2 H contains no odd path between two vertices in X.

Proof. Suppose on the contrary that there is an odd path S;-----S, (with p = 2k, k > 1)
in ‘H between two vertices S1, S, of X, and assume that p is minimum with this property.
By the minimality, all interior vertices S; (1 < j < p) are not in X. For 1 < j < p, let
sj be a vertex in S; N .S;41. As in the preceding claim, the s;’s are pairwise distinct and
lie in @, and Q). Let P be the subpath T({Q7,@5}). If p # 2, then Sy is not in X, so
Q5 = Q); then S is not in X, so Q) = @), and so on. So, the two extremities of P are

1=Q3==Q, yand Q@ =Q) =+ = @Q,. Since 51,5, are in X, the sets R1, R,
are non empty. We distinguish between several cases.

Case 1: there exists R € R1 and R, € R, that are labels of edges not in P. We can
assume that Ry is the label of an edge KoLg of T, with Ly € P, Ky ¢ P. Let so € S1NRy
and vg € K\ Lg. Vertex sg belongs to @, and @, by the definition of 7" and is distinct
from s1,...,sp—1 because T” is a clique path tree. Vertex v is not adjacent to any of
S1,...,8p—1 because T" is a clique path tree and vy ¢ Lg. Similarly, we can assume
that R, is the label of an edge K,t1Ly11 of 77, with L,y € P. Let s, € S, N R, and
vpt1 € Kpi1 \ @)1q- Vertex s, belongs to @, and @), and is distinct from sp,...,s,1.
Vertex vp41 is not adjacent to any of si,...,s,—1. Since T” is a clique path tree, @, lies
between Q] and Lo and between L, and @, along P. So Q', Lyy1,Qy, Lo, Q,, lie in
this order on P (these cliques are not necessarily all distinct). We distinguish between
two cases.

Case 1.1: Ky and Kpy1 are equal. Then Ly = Ly4 = Q) and we can assume that
v = Up+1. By the definition of T”, there exists y € Ry \ S,. Vertex y is distinct from
50, 5p as it is not in S,. Vertex y is adjacent to vp,sg, ..., s, and to no vertex among
U, U1, .., Up. SO V,Y,V0,...,Vp,S0,...,5p induce Fip(4k + 4)i>1, a contradiction.



Case 1.2: Ko and Kpy1 are different. Then vy and v,11 are distinct. We can choose
vertices x1,...,2, (r > 1) not in S, and on the labels of T'[{ Ky, Kp+1}] such that they
form a chordless path vo-z1-...-z,-vp41. These vertices are distinct from and adjacent
to sg,...,sp and not to v,v1,...,v,. If r =1, then v,vg,...,vp4+1, So,-.-.,5p, 1 induce
Fia(4k +5)g>1. If r = 2, then v, vy, ..., Vp41, S0, .., Sp, 1, T2 induce Fi5(4k + 6)k>1. If
r > 3, then v, vy, Vp41, S0, Sp, 21, - - - , & induce Fio(r + 5),>3. A contradiction.

Case 2: there exists R € Ry and R, € R, that are labels of edges in P. We can
assume that Ry is the label of an edge KoLg of T, with Ly € P, Ky € P, S; C Ly,
S1 € Ko. Let sp € S1\R1 and vy € Ko \ Lo. Vertex sy belongs to Q, and Q) by
the definition of 77 and is distinct from s; because it is not in Kj. Similarly, we can
assume that R, is the label of an edge Kpy1Lpq1 of 77, with L,y € P. K,y € P,
Sp C Lpy1, Sp € Kpyr. Let s, € Sp\Ry and vpq1 € Kpy1 \ Q). Vertex s, belongs
to @, and Q) and is distinct from sp,s; because it is not in Kp4q. Since 77 is a
clique path tree, @Q; lies between Q7 and Lo and between L1 and @), along P. So
Q1 Kpy1, L1, @, Lo, Ko, @), lie in this order on P. We can choose vertices x1, ..., 2,
(r > 1) not in S, and on the labels of T"[{ K¢, K,+1}] such that they form a chordless path
Vo-1-. . .~Tr-Vpy1. These vertices are distinct from and adjacent to sg,...,s,. If r =1,
then v, vg, vp+1, S0, 51, Sp, ©1 induce Fy. If r = 2, then v, vg, vp41, So, 51, Sp, T1, T2 induce
F3. If r > 3, then v, v, vpt1, 1, .., Ty, S0, Sp induce Fio(r 4+ 5),>3. A contradiction.

Case 3: there is R1 € Ry that is the label of and edge in P and R, € R, that is the
label of an edge not in P (or the symetric case). We can assume that R is the label
of an edge KoL of T', with Ly € P, Ky € P, S C Ly, S1 € K. Since T" is a clique
path tree, @, lies between @} and Lg along P. So Q1, @, Lo, Ko, @, lie in this order on
P. Let sp € S1\R; and vy € Ky \ Lg. Vertex sg belongs to @, and Q') by the definition
of T" and is distinct from si,...,s,—1 because it is not in Ky. Vertex vy is adjacent to
51,...,5p—1. Vertex vg is not in Ly, so not in S, so not in any S;. So vy is not adjacent
to v,v1,...,v,. We can assume that R, is the label of an edge Kjy1Lyt1 of T, with
Lpt1 € P. Let s, € S,NRy and vpr1 € Kpy1\ Q). Vertex s, belongs to Q, and @), and
is distinct from s, ..., s,—1. Vertex v,y is not adjacent to any of sq,...,s,—1. If vertex
50 sees Up41, then R, € Ry and we can apply case 1. So we can assume that v,41 is not
adjacent to sp. Since 7" is a clique path tree, @, lies between L, and @Q;, along P. We
can choose vertices x1,...,z, (r > 1) not in S, and on the labels of T"[{ Ky, K},+1}] such
that they form a chordless path vg-x1-...-z-vp41. These vertices are distinct from and
adjacent to s, ..., s, and not to v,vy,...,v,. If r =1, then v,vg,...,vp41, S0,...,5p, T1
induce F13(4k +5)g>1. If r > 2, then v, v, vpt1, 21, ..., Ty, S0, Sp induce F5(r+5)p>2. A
contradiction.

O

By the preceding claims, H is a bipartite graph (A, B, F3) such that X C A.

We claim that all the subtrees T; can be linked to T' to get a clique path tree of
G. For each S; € A, we add an edge Q,Q; between T and T;. This creates no illegal
branching because A is a stable set of H and @, is a leaf of T. For each S; € B, let
Q7 € Q(T) be such that Q7 N'S; # ( and the length of T[{Q,,Q/}] is maximal. For



each S; € B, we have R; = () so S; C Q and we can add an edge Q/Q; between T and
T;. This creates no illegal branching because B is a stable set of H and by the definition
of Q. Thus we obtain a clique path tree of G, a contradiction. a

5 Characterization of path graphs

In this section we prove the main theorem, that is, the class of path graphs is exactly
P. We could not find a characterization similar to the one found by Lekkerkerker and
Boland [f] for interval graphs (“an interval graph is a chordal graph with no asteroidal
triple”). We know that in a path graph, the neighborhood of every vertex contains no
asteroidal triple but the converse is not true. So we prove directly that a graph that
does not contain any of the excluded subgraphs is a path graph.

Lemma 4 In a graph in P, the neighborhood of every vertex does not contain an aster-
oidal triple.

Proof. 1t suffice to check that when a universal vertex is added to a minimal forbidden
induced subgraph for interval graphs ([fj]), then one obtains a graph that contains one
of Fy,..., Fs, Fig. The easy details are left to the reader. O

Given three non adjacent vertices a, b, ¢, we say that a is the middle of b, ¢ if every
path between b and ¢ contains a vertex from N(a). If a,b,c is not an asteroidal triple,
then at least one of them is the middle of the others.

Let us say that a vertex x is complete to a set S of vertices if x is adjacent to every
vertex in S.

Lemma 5 In a chordal graph G with clique tree T, a verter a is the middle of b, c if
and only if for all cliques Qp and Q. such that b € Qp and ¢ € Q., there is an edge of
the path T{Qp, Q.}] such that a is complete to its label.

Proof. Suppose that a is the middle of b,c. Let Qp and Q. be cliaues such that b € Qy
and ¢ € Q., and suppose there is no edge of T[{Qp, Q.}] such that a is complete to its
label. For each edge on T[{Qp,Q.}], one can select a vertex that is not adjacent to a.
Then the set of selected vertices forms a path from b to ¢ that uses no vertex from N (a),
a contradiction.

Suppose now that for all cliques @ and Q. such that b € @y and ¢ € @, there is
an edge of the path T[{Qs, Q.}] such that a is complete to its label. Suppose that there
exists a path xg-----x,, with b = 9 and ¢ = z, and none of the z;’s is in N(a). We
can assume that this path is chordless. Then, for 1 <17 <7, let (); be a maximal clique
containing x;_1,x;. Then @1, ..., Q, appear in this order along a subpath of 7. On each
THQi, Qit1}] (1 <i<r—1), vertex a is not adjacent to x;, so a is not complete to any
label of T[{Q1,...,Q:}], but @; contains b and @, contains ¢, a contradiction. 0

Now we are ready to prove the main theorem. Part of the proof has be done in the
previous section. Lemma [] deals with the case where there exists a simplicial vertex that



is the middle of two other vertices; now we have to look at the case where all simplicial
vertices are not the middle of any pair of vertices.

Theorem 3 A chordal graph is a path graph if and only if it does not contain any of
Fo, ..., Fig as an induced subgraph.

Proof. By Theorem P, a path graph is in . Suppose now that there exists a minimally
not path graph G in P. Graph G is chordal. By Theorem [[], there is a special simplicial
vertex ¢ of G. By Lemma [J, ¢ is co-special. Let Q = Qq and Sg = 5, € S. Let Ty be a
clique path tree of G(Q\ Q). Let Q" € Q\ @ be such that Sg C Q'. We add the edge
QQ' to Ty to obtain a clique tree T} of G.

For each clique L € Q\ {Q,Q’}, let L' be the neighbor of L along Ty[{L,Q’}]. Let
Sr = LNL'. Let S, be the set of labels of edges incident to L in Ty. Let L be the clique
such that L, L/, L, L' appear in this order along Ty[{L,Q'}], no label of Ty[{L',Q'}] is
included in Sp,, and S7 C St.

Let £ be the set of cliques L of Q\ {Q,Q’} such that no element of Sy, \ Sy, contains
S7.
- For each clique L € £, we define a subtree T}, of T}, where T}, is the biggest subtree
of Tj) that contains Q" and for which no label is included in S7,.. Note that T'isinT 7, and
L is not in T7,. Subtree T}, contains @ as g is special and co-special, and so Sq € Si.

Claim 1 For each clique L € L we have L' € Ty,.

Proof. Suppose on the contrary that L’ ¢ Ty,. Then L # L. When we remove the edges
LI and LL from T}, there remain three connected subtrees. Let T) be the subtree
containing L, Th be the subtree containing L/, L, and T3 be the subtree containing
fl, @', Q. Let Ty be the tree formed by 17,73 plus the edge LT'. Then Ty is a clique
tree of G(Q(Ty)). The set Q(T}) contains strictly fewer maximal cliques than Q, so let
T5 be a clique path tree of G(Q(Ty)).

We claim that there is an edge of T5 that is incident to L and that has S7 as a label.
On the clique tree Ty, the label St is on the edge Lf/, so it is also a label of T5. So
there is an edge with label SIZ’ incident to L such that S; C S’Z C L. Suppose that
St C S,f' Then there is an edge of T} or T3 with label S/f' No label of T can be SIZ by
the definition of £. All the labels of T3 that are included in L are also included in S7,
so no label of T3 can be S,f' So S; = SIZ'

Let LL" be an edge of Ts incident to L with label St (maybe ' = f/). We can

remove this edge from T5 and replace it by the subtree T and edges LL/, TL". Thus we
obtain a clique path tree of G, a contradiction. a

Let £* be the subset of £ such that 17, is a strict subtree of T\ L. Let A be the set
of vertices a of @ such that @’ is a vertex of 7§ that is not a leaf. Then A is not empty,
for otherwise T} would be a clique path tree of G. For each a € A, the leaves of T are
in £ and we claim that at least one of them is in £*. Let a € A and let L1, Ly be the
leaves of Ti§. For i = 1,2, let l; € L; \ St,. The three vertices ¢, 1, > are adjacent to a so



they do not form an asteroidal triple by Lemma [}, so one of them is the middle of the
others. Vertex ¢ cannot be the middle of [1,ls, for otherwise by Lemma fj there would
be an edge of Th[{L1, Lo}] with a label included in Sg, contradicting that ¢ is co-special.
So one of ly,1y is the middle of the others (maybe both). By symmetry we can assume
that [; is the middle of ¢,l5. So there is an edge of T}[{Q, L2}] with a label included in
Sp,. So Tr, is a strict subtree of T} \ Ly and so Ly € L*. So £* is not empty.

We choose L € L£* such that the subtree 77, is maximal. Let S be the label of the
edge of Ty[{L,Q'}] that is incident to Q'. Vertex ¢ is special and co-special, so there
exists sg in S\ S¢r, and we have sg ¢ Sr.. We add the edge LL to T}, to obtain a clique
tree T} of G(Q(Tr,) U{L}). The subtree T} is a strict subtree of T}, so we can consider
a clique path tree T of G(Q(T})). We claim that L is a leaf of T'. If not, then there are
at least two labels of T that are included in S, which contradicts the definition of T7,.

We define U, V, W as follows :

U={UecQ\Q(T}) | UL is an edge of Ty}

V={VeQ\9y)|3IV'eQ(Ty),st. VV'is an edge of Ty and Sy N Sy = 0}
W={WeQ\Q(Ty) | IW'e Q(TL), s.t. WW'is an edge of Ty and Syw NSy # 0}

For each U € UUVUW, let Ty be the connected component of 7 \ 77 that contains
U.

We claim that the Sy’s, with V' € VU W, are pairwise disjoint. For if they are not
disjoint, then there is a vertex in Sy N Sy with V.V’ in V UW. But then Sy, Sy are
included in S, so this vertex is on three labels of Ty that are not on a path, contradicting
that Tp is a clique path tree.

Let Uy ={U el | 3 W € W such that U NW # 0}.

Claim 2 There exists U € Uy, such that Sy \ Q" # 0-
Proof. We define Uy,>1,Vp>¢ as follows. Let Vo = W and for p > 1:
U, ={UeU\ U U---UlUy_1) | IV €V),_1 such that UNV # 0}

Vo ={VeVv\(WViU---UV,_1)| 3U €U, such that VNU # 0}

Let k be the smallest & > 1 such that there exists U € Uy with Sy \ Q" # (0. Let
k = oo if it does not exists.

Suppose by contradiction that £ > 1. For all 1 <p <k —1 and all U € U,,, we have
Sy € Q' and we define U” € Q(T') such that U” N Sy # 0 and the length of T'[{L,U"}]
is maximal.

Suppose that there exists U, € Up, 1 < p < k — 1, such that Sy, € Uy, and let p be
minimal with this property. Let Vg,...,V,—1,U1,...,U, be such that V; € V;, U; € U;,
VieiNU; # 0, and U;NV; # 0. Let u; € U; \ Su,, let v; € V;\ Sy;. Let z1,...,z, be such
that x1 € VoNUy, 22 € U1 NVA, ..., 2 € V1 NUp, with r = 2p — 1. By the definition
of V, none of z3,...,2, is in Q. Let o € Vo N Q (maybe xg = x1). As 29 € Sy, vertex



xg is also is L. None of Us,...,U, can contain xg by the definition of ¢/;. Let Z be a
clique of Tp, such that Z’ € T, Sy, € Z', Sy, N Z # 0 and Sy, \ Z # 0 (such a Z
exists because of U)). Let z € Z\ Z'. Vertex Q" is on T[{L,Z'}] as Sy, € Q'. We
choose vertices yi,...,ys on the labels of T{[Z, Q] such that none of them is in Sy, and
zZ-Y1-+ - - -Ys-q is a chordless path.

If Z € Ty°, then let b € Sy, \ Z. As q is special and co-special, we have Sg ¢ Sz, so
let c € S\ Sz. Then 2,1, q form an asteroidal triple, with paths z-y;-- - - -ys-¢ and I-b-c-q,
and they lie in the neighborhood of x¢, a contradiction. So Z ¢ T;°. Let z,41 € ZNU,.
If 41 € @, then z,[,q form an asteroidal triple, with paths z-y;-----ys-¢ and l-z¢-q,
and they lie in the neighborhood of z,41, a contradiction; so z,41 ¢ Q. The Sy,’s are
all included in Q" and so in Sy, too. They are pairwise disjoint, for otherwise T} is not
a clique path tree. Let [ € L\ Sr. Vertex [ is not in any of the Sy,’s, and [ is adjacent
to g, ..., 2,41 but none of u1,...,up,vo, ..., Vp—1,Y1,---,Ys, 2, q-

Suppose that one of x1,xg is in Vo N U; N Q. Then we can assume that zg = x1. Let
Ly, Ly € L be the leaves of Ty with Uy € To[{L1,Q'}] and Vy € Ty[{L2,Q'}]. Every
edge of T}, is not included in St and so is not included in Sy,. So Ty, contains Ty,. If
Ly € L£*, then Ty, = Ty, by the maximality of 77,. But then L} is not in 77,, which
contradicts Claim . So Ly ¢ L* and Ly € L*. Every edge of T7, is not included in Sy,
and so is not included in Sy; and also not in Sr,. So T, contains Ty,. Vertex x,11 ¢ Sy,
SO Typy1 & Sp,, 80 SL ¢_ St,, s0 T, contains L, which contradicts the maximality of T7T..

So xg # x1, xo € U, 1 ¢ Q.

If s =1, then ui,...,up,vo,...,Vp—1,Z0,--.,ZTr+1,Y1,q, 2, induce Fr4(4p+5)p>1. If
s = 2, then wuy,...,Up, V0, ..., Vp—1,0, -, Tr4+1,Y1,Y2,¢, 2,1 induce Fi5(4p + 6)p>1. If
s > 3, then xo, 2r41,91,---.,Ys, ¢, 2, | induce Fio(s + 5)s>3. A contradiction.

Therefore we have Sy C U” for every U e U,,, 1 <p <k — 1.

Suppose that k is infinite. Then, the U;’s are pairwise disjoint, for otherwise Tj is
not a clique path tree as Sy, C Q’'. For each V € U >0 Vp, we add the edge VL between
Ty and T. For each U € |J,5, Up, we add the edge "UU" between Ty and T. For each
UelU\(Uy>1Up), we add the edge UL between Ty and T'. For each V- € V\ (U1 Vp),
we define V" € Q(T) such that V" N Sy # 0 and the length of T[{L,V"}] is medimal
By the definition of V, we have Sy N Q = 0, so V" # Q, so V" is a vertex of T, on
To[L, V] so it contains all Sy as Sy C S. Then we can add the edge VV” between Ty
and T to obtain a clique path tree of GG, a contradiction.

So k is finite and > 2.

As before, let Vy,...,Vi_1,Uq,...,Ur be such that V; € V;, U; € U;, Viei NU; # 0,
and U; NV; # 0. Let u; € U; \ Sy,, let v; € V; \ Sy;. Let x1,...,2, be such that
1€ VonU, 0 €e U1 NV, ..., 2 € Vi_1NU, with r = 2k — 1. None of x5, ...,z is in
Q. Let xg € Vo N Q.

Suppose that one of x1,z¢ is in V, N U; N Q. Then we can assume that xg = z1.
Let L1, Ly € L be the leaves of T with Uy € Ty[{L1,Q'}] and Vj € Th[{L2,Q"}]. As
before, we have Ly € L£*. Every edge of T7, is not included in S7, so it is also not in Sy,
and not in St,. So Tf, contains T7,. We have k > 2, so U; exists and there is a vertex
x9 € Uy N'Vy. Vertex xg is not in Sy, so it is not in S,,, so St Q Sr,, so 11, contains
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L, which contradicts the maximality of Ty,. So zg # x1, zo ¢ Uy, x1 ¢ Q.

Let sy, € Sy, \ Q. Vertex sy, is not adjacent to any of ¢, sg, v, ..,vx—1 because
sy, ¢ @', and by the minimality of k, vertex sy, is not adjacent to uy,...,ug—;. Then
ULy .oy Uy VO, - v s Vk—1, L0, - - -, Tr, SUL» SQ, ¢ induce Fig(4k 4+ 3)k>2. A contradiction. O

Let U € U; be such that Sy \ Q" # 0. Let sy € Sy \ Q. Vertex sy is not adjacent
to sg. Let u e U\ Sy. Let W € W be such that UNW # (. Let w € W\ Syy.

Claim 3 SW = SL.

Proof.  Suppose Sy # Sr. Then Sy C Sr. By the definition of W, there exists
a€WNE and soa € L.

Suppose Sy C Sy. Then a is in U. Let Ly,Ly € L be the leaves of T|§ with
U € Tol{L1,Q'}] and W € Ty[{L2,Q’}]. Every edge of Ty is not included in Sy, so it
is also not in Sr,,. By the definition of £, the set Sy, is not included in Sr,. So T}, is
strictly greater than T7. So Ly ¢ L*, so Ly € L*. Every edge of T, is not included in
St, so it is also not in Sy and not in Sy,. The same goes for Sy, by the hypothesis. So
T, is strictly greater than 77, which contradicts the definition of L. So Sy ¢ Sy. Let
b be a vertex of Sy \ Sy.

Vertex sy is in Sy \ @', so Sy € Sw. Every labels of the edges of T}, is not included
in S, so it is also not in Sy. So we can choose vertices z1,...,x, on the labels of
T}[{U,Q}] such that none of the z;’s is in Sy, z1 € U, 2, € Q and xj-----z, is a
chordless path.

Then w-b-s4-q is a path from w to ¢ that avoids N(u); and u-z1-...-z,-q is a path
from u to q that avoids N(w). So ¢,u,w form an asteroidal triple. By Lemma [, we
have QNUNV =0. Soa ¢ U.

Let ¢ € UNW (by the definition of ;). Vertex ¢ is not in ). Let » = 1. Then
x1 is different from sy and sqg, and q,u,w,a,c, 5@, sy, x1 induce Fg. Let r = 2. If x;
is adjacent to sg, then q,u,w,a,c,sq,sy,r1 induce Fy; and if 1 is not adjacent to
5@, then q,u,w,a,c,sg,r1,r2 induce Fy. If r > 3, then q,u,w,a,c,x1,...,z, induce
Fio(r +5)r>3. In all cases we obtain a contradiction. O

Claim 4 W e L.*

Proof. Suppose that W ¢ L*. Let a € W N Q, we have a € L. Let Ly, Ly € L be the
leaves of T§, with L € Ty[{L1,Q'}] and W € Ty[{L2,Q'}]. Let K € To[{La, W} N L be
such that the length of To[{ K, W}] is minimal. If W € L, then Ty = Ty, and W € L*,
a contradiction. So W ¢ L, so W # K. The edges of T}, are not included in Sy, so they
are also not in Sy and not in Si. So Tk contains Tr,. If K € L£*, then Tx = T, by the
maximality of 77, which contradicts Claim [[; so K ¢ L*. So Tk = T\ K and the labels
of Tj) \ K are not included in Sk, so Sy € Sk. Let X be the edge of To[{W, K'}] such
that X’ contains Sy and X does not (maybe X' = W, X = K). The set Sx contains a
but not all of S%. So no element of Sx+ \ Sx contains Sx/. So X’ € £, a contradiction
to the definition of K. O
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By claim [|, we have W € L£*. Then Ty = T}, is also maximal and what we have
proved for L can be done for W. By Claim [} we know that there exists X ¢ 77, such
that X is an edge of Tp with Sx NSy # 0 and Sx \ Q" # 0. Let z € X \ W. Let
sx € Sx \ Q. Vertex sy is not in Sy, for otherwise it would also be in S7, and in
Q'. Vertex sq is not in Sz, so not in Sy. So sg, sx are not adjacent. We distinguish
between two cases.

Case 1: UNX = 0. Let a e UNW, s0 a ¢ X. Suppose a ¢ Q. If there exists
b€ XNQ then b is also in L and q,u,x,sq, sy, sx,a,b induces Fg, a contradiction.
So there is no vertex is X N Q. Let ¢ € WNQ, we have ¢ € L and ¢ ¢ X. Let
d € XN Sw, we have d ¢ Q. If ¢ is adjacent to U, then ¢, u,z,sq, su, sx, ¢, d induces
Fg, if ¢ misses u, then q,u,z, sQ, su, Sx, a, ¢,d induce Fy, a contradiction. So a € ). Let
e€c XNSw. If e ¢ Q then ¢q,u,z,s9,su,sx,a,e induce Fg, a contradiction, so e € Q.
Let f € Sw\ Sq (as ¢ is special and co-special); maybe f is in U or X, but not in both.
Then q,u,z, sy, sx,a,e, f induce Fy or Fio(8), according to whether f is adjacent to
none or exactly one of u, x, a contradiction.

Case 2: UNX # 0. Suppose UNXNQ #0. Let ze UNXNQ. Let Ly, Ly € L be
the leaves of T§. Let i € {1,2} be such that L, € £*. The edges of Ty, are not included
in Sz, = Sw, thus also not in Sy,. So T}, contains 17, so 17, = 17, by maximality of T7F..
But this contradicts Claim f[. So UNX NQ = 0.

Let a € UNX. Vertex a is not in Q. Let b € WNQ. If b ¢ X UU, then
q,u,%,5Q, SU, Sx, a, b induce Fg, a contradiction. If b € X, then b ¢ U. Let ¢ € Sy \ Sx.
If c € U\Q, then q,u, z, sq, su, sx, b, cinduce Fs. If c € Q\U, then q,u, z, sq, su, Sx, a, ¢
induce Fg. If c € U NQ, then q,u,x,sq,sv,sx,a,b,c induce Fg. If ¢ ¢ U U Q, then
¢, u,T,5Q,sU,a,b,c induce F19(8). A contradiction. If b € U, then b ¢ X. Let d €
Sp\Sy. If d € X\ Q, then q,u,z,sq,su,sx,b,d induce Fs. If d € @\ X, then
q,u,T,5Q,SU,5x,a,d induce Fg. If d € UNQ, then q,u,z,sq,sv,sx,a,b,d induce Fx.
Ifd ¢ UUQ, then ¢,u,z, 59, su,a,b,d induce Fip(8). A contradiction.

This ends the proof of Theorem f. a

6 Recognition algorithm

Gavril [fl] and Schiffer [[] gave polynomial time algorithms to recognize path graphs.
The characterization that we give in this paper suggests a new recognition algorithm,
which takes any graph G as input and either builds a clique path tree for G or finds one
of Fy,..., Fig. We have not analyzed the exact complexity of such a method but it will
give a new polynomial algorithm to recognize path graphs.

There are linear time recognition algorithms for interval graphs [[l] and triangulated

graphs [§] but surprisingly not for path graphs. One can hope that the work presented
here will be helpful in the search for a linear time recognition algorithm for path graphs.
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Fo(n)n>a

Figure 1: Forbidden subgraphs with no simplicial vertices

e A b

Figure 2: Forbidden subgraphs with a universal vertex

Figure 3: Forbidden subgraphs with no universal vertex and exactly three simplicial
vertices
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Fi1(4k)g>2 Fio(4k)p>2 Fi3(4k +1)g>2  Fia(4k 4+ 1)g>2  Fis(4k 4 2)p>0

Fy

Fg

Figure 4: Forbidden subgraphs with at least one simplicial vertex that is not co-special.
(bold edges form a clique)

VAN

A

Fig (4]{7 + 3)]4:22

Figure 5: Forbidden subgraphs with > 4 simplicial vertices that are all co-special. (bold
edges form a clique)
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