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Transition from deep to shallow water layer:
formation of vortex dipoles
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In this paper we study the transition from a deep to a shallow water layer and the formation of quasi-two-dime
vortex dynamics. Vortices are experimentally generated by a circular horizontal turbulent pulsed jet. The dimensional
gives two relevant dimensionless parameters: the jet Reynolds numberReand a numberC which characterizes the vertic
confinement. They are respectively defined byRe= √

Q/ν andC = (
√

Q/H2)tinj (H is the water depth,ν is the kinematical
viscosity, Q the injected momentum flux and tinj the injection duration). Experimental results show a strong influence of C 
the flow: when C < 1, the evolution is a typical three-dimensional turbulence decay, while when C > 2 we observe the 
formation of large vortex dipoles. However these dipoles are not strictly two-dimensional because of the presence of a
circulation in the front of the dipole. Results are independent of the jet Reynolds number in the range 1000 < Re < 180 
addition, a comparison between experimental shallow water dipoles and theoretical model is exposed.
 

Keywords:Vortex dipole; Quasi-two-dimensional turbulence; Shallow water; Experiment

1. Introduction

An experimental characterization of the transition from a deep to a shallow water layer is presented in this pa
shallow water layer we mean a layer bounded by a no-slip bottom and a free surface in which the vortex structures siz
compared to water depth [1,2].This definition has to be distinguished from theshallow-water model where water depths a
much smaller than the surface wave horizontal length scales. Here, we consider the flow velocities sufficiently small
surface excitation. Our experiments aim at understanding the influence of the vertical confinement in a test case: t
dynamics produced by an impulsive jet in anhorizontal water layer. We especially focus on the transition between the de
water and the shallow water turbulence behavior.

Many water flows in coastal zones, lakes or rivers are constrained by the vertical confinement of their environm
exposed by Jirka [3], observations have revealed the presence of large scale vortices in geophysical shallow flow
the proximity of these shallow water flows with human activities and their contributions in geophysical processes (sedimen
transport and mixing processes), it is of great importance to improve our knowledge of the role of vertical confinement
shallow water flows, rip currents represent a particular application of the present work. These strong off-shore directed curr
are induced indirectly by breaking waves [4]. In most cases, theirformation is episodic and their vertical expansion is limit
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not fully understood because the three-dimensional flow structure is inconsistent with the classical description used b
engineers, obtained on the basis of a depth-integrated flow model [5].

Surprisingly, few researchers have worked on the turbulence behavior in homogeneous shallow water. Most of the
have been carried out experimentally on plane continuous jets [6] and plane wakes [7]. In their experiments on
continuous plane jets Dracos et al. [6] have shown the quasi-two-dimensionality ofthe flow in the far field (beyond ten time
the depth), with the periodic formation of large counter-rotating structures and an energy spectra with a−3 wave-number
dependence. Turbulent plane wakes in shallow water have been studied by Chen and Jirka [7]. In these experiment
the flow is controlled the Reynolds numberReH = UH/ν and the parameterS = cf D/H (cf is the bottom friction coefficien
defined by the shear velocityu∗ = √

cf /2Ua , whereUa is the depth-averaged ambient velocity,D the body width and H the
depth). Hence,S describes the confinement applied on the turbulent wake. WhenReH > 1500, Chen and Jirka have shown t
flow stability is uniquely dependent onS.

Experiments on mixing layers in shallow water have also shown a particular behavior due to the shallowness [1
energy spectra identify the simultaneous presence of several turbulence scales in the flow: a Q2D turbulence w
horizontal vortices and small-scale motions on the solid bottom. For the shallower experiments, the large vortices are
and the flow is uniquely controlled by the turbulent boundary layer. The development of a grid turbulence in a shallo
layer has been recently studied by Uijttewaal et al. [9]. Large Q2D vortices appear in the grid wake and are prog
destroyed by small-scale turbulence production on the solid bottom.

A condition for the flows quasi-two-dimensionality in a thin fluid layer has been proposed by Dolzhanskii et al. [10]. Q2
flows are controlled by two dimensionless parameters, namely the traditional Reynolds numberReν = UL/ν and the Reynolds
number in terms of external frictionReλ = U/λL (whereU andL are respectively the characteristic velocity and length sc
of the flow andλ is the ‘external friction’ term defined byλ = 2ν/H2 for a thin fluid layer of thicknessH ). In the case
Reλ � Reν , Dolzhanskii has shown that there is no dependence inReν . Moreover, the condition of quasi-two-dimensional
itself is equivalent to the above inequality,Reλ � Reν .

The influence of similar dimensionless parameters has been evaluated in a specific case by Satijn et al. [11]. By n
simulation, they study the evolution of an axisymmetric circular vortex in a domain bounded by a no-slip bottom an
surface. The dimensionless parameters are defined from the typical vorticity. They are the external Reynolds numberReλ = ω/λ

(whereω is the typical vertical vorticity andλ = π2ν/4H2 is the external friction parameter withH the height of the layer an
ν the kinematical viscosity) and the structure Reynolds numberRe= L2ω/ν (L represents the typical horizontal length sc
in the flow). Since the typical vorticity can be evaluated as the ratio of typical velocity divided by the typical length scale
vortex, these dimensionless numbers are similar to those presented by Dolzhanskii [10]. By varyingReandReλ, Satijn et al.
obtained a regime diagram from which we can note that the quasi-two-dimensionality of the monopolar vortex is increased fo
smallReandReλ. It reveals as expected that the vertical confinement increases the two-dimensionality of the flow.

Emergence of Q2D vortices have been observed in various situations. Many laboratory experiments performed o
in rotating fluids, stratified fluids and magneto-hydrodynamic flows have revealed this Q2D vortex dynamics.

Experiments in rotating fluids have shown the emergence of two-dimensional vortices [12]. In particular, Velasco Fue
van Heijst [13] have experimentally studied the propagation of dipolar vortices on a topographicβ-plane. Measurements hav
shown the nonlinearity of the vorticity-stream function relationship. Moreover, the fluid rotation modifies the bottom bo
layer (appearance of the Ekman layer) and the dipole trajectory which is deflected towards the anticyclonic direction [

The effect of fluid stratification has been studied in numerous laboratory experiments. In particular, exper
investigations performed by Flòr and van Heijst [15] and Voropayev et al. [16] have detailed the formation of qua
dimensional (Q2D) laminar dipolar structures from an initially three-dimensional (3D) turbulent patch. The injection o
volume of fluid in stratified water at rest creates a localized three-dimensional turbulent flow region. The turbulen
generated by the impulsion is quickly constrained by the density stratification. It collapses in large horizontal vortical str
typically “pan-cake” dipoles. Most of these dipoles present a good agreement with the 2D theoretical model of La
Chaplygin [17,18] (circular shape, positions of the vorticity extrema). However, by contrast with the model hypothe
relationship between the vorticity and the stream function is nonlinear in most cases. Voropayev et al. [16] studied th
structure in terms of injected momentum. They gave a substantial attention to the entrainment of ambient fluid into the e
dipole, for which they developed a theoretical model. The basic assumption of this model, identical to the Lamb and C
model, is that the motion inside the vortex dipole is similar to the steady invisible flow induced by two vortices, wh
outside flow is the potential flow around a cylinder. A good agreement between the model and the experimental results
obtained.

Q2D vortex dipoles have been also observed in the experiments carried out by Nguyen Duc and Sommeria [19]. T
two-dimensionality of the flow has been obtained by applying an uniform magnetic field on a thin layer of mercury. The
were found to have the same global characteristics as their counterparts observed in stratified fluids: circular shape, st
characterized by a functionω = f (ψ) (whereω is the vorticity andψ is the stream function) such as its derivativef ′ is constant
2



or has a singular maximum at the vortex core, and also possible interactions between symmetric dipoles by exchange of their

he soap-
of a thin

nsional
d in these

,8,9,11].
aims at
focus our
shallow

ensional.
us
lowing
p water?
n vortex

ow.

se of the
he jet
jection
e injected

d

e

arried
the

nable

e
Section 3

ow water
vortices.
An extreme confinement can lead to the formation of two-dimensional vortices. This was nicely demonstrated by t

film experiments of Couder and Basdevant [20]. They have observed the formation of dipolar structures in the wake
cylinder that was towed through the film.

Thus, experiments in stratified [15,16] or rotating fluids [12,13] and soap films [20] have revealed the quasi-two-dime
behavior of the turbulence, characterized by the emergence of large coherent vortices. The dipoles frequently observe
flows have been widely studied and compared with theoretical 2D model.

Shallow flows can also develop a Q2D dynamics, characterized by emergence of large coherent vortices, [1,6
However, any experimental characterization of the transition from deep to shallow flows is lacking. Our study
understanding the role of vertical confinement in a test case: the vortex dynamics produced by an impulsive jet. We
attention on the free evolution of an initially 3D turbulence generated by an impulsive turbulent jet in a homogeneous
water layer. Existing research on shallow jets has been performed on plane jets [6], so the initial geometry is two-dim
By contrast, in our experiments a fluidimpulsion through a cylindrical nozzle initially generates a fully 3D homogeneo
turbulent patch, so a transition from 3D to Q2D flow can be studied. In particular, we would like to answer the fol
questions: can we identify a specific “shallow water behavior”? Where is the transition between the shallow and dee
Can an impulsive turbulent jet in a shallow water layer develop into Q2D dynamics? Are there any analogies betwee
dynamics in shallow water and in stratified or rotating fluids?

In order to answer these questions, the first step is to determine the dimensionless parameters which control the fl

2. Dimensional analysis

We use a small injector nozzle, and study the jet at distance large in comparison with the nozzle diameter. Becau
turbulent jets self-similarity [21], the jet diameterd is not a pertinent parameter, the expansion rate is constant and t
development depends only on the distance to the “virtual origin” of the jet. This virtual origin is located inside the in
nozzle, at the convergence point of the jet boundaries. For a turbulent pulsed jet, the two pertinent parameters are th
momentum fluxQ [16] and the injection durationtinj . Thus, four independent parameters describe our experiments:

– ν, the kinematic viscosity [m2 s−1],
– Q, the injected momentum flux given byQ = (US)2/S = U2S [m4 s−2],
– H , the water depth [m],
– tinj , the injection duration [s],

whereU is the injection speed andS the nozzle section.
From these parameters, two dimensionless numbers can be defined. First, the jet Reynolds numberRe, based on the injecte

momentum flux, is given by:

Re=
√

Q

ν
. (1)

We have called the second dimensionless numberC the confinement number, defined by:

C =
√

Q

H2
tinj. (2)

C characterizes directly the vertical confinement applied on the pulsed jet: the greaterC is (which corresponds to larg
injected volume or small depth), the stronger the confinement applied is.

The time (observation time from the injection)t is also a preponderant parameter. Every quantitative measurement is c
out for dimensionless timest∗ = t/tinj betweent∗ = 6 andt∗ = 7.5, which are small compared to the time necessary to
total viscous dissipation of motions. Such timest∗ are large enough to ensure that the jet is sufficiently developped to e
the flow structuration, and small enough to avoid the tank boundaries influence.

In order to understand the influence ofC andRe on the vortex dynamics, qualitative and quantitative investigations hav
been carried out with the experimental setup described in Section 2. The parametrical study results are presented in
for the qualitative observations and in Section 4 for the quantitative measurements. Main features of dipoles in shall
layer are described in Section 5. Finally, a discussion of the results and conclusions are proposed in Section 6.
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Fig. 1. Sketch of the experimental setup.

3. Experimental setup

Experiments have been performed in a glass tank(Ht = 1 m, Lt = 0.6 m, lt = 0.5 m), see Fig. 1. We inject horizontall
a small amount of fluid through a cylindrical nozzle in water at rest. During our experiments, four parameters are m
the depth, the nozzle diameter, the injection speed and the injection duration. The depthH varies from 1 to 20 cm, the nozzl
diameterd from 1 to 1.7 mm, the injection speed from 0.5 to 2.5 m/s and the injected duration from 1.8 to 14 s. Depending
the injection speed and duration, the injected volume varies from 1 to 15 ml. The injected fluid is taken directly from th
tank to have the same properties. The injection duration is controlled by an electric gate. The injection speed is cont
varying the hydrostatic pressure and measured by Particle Image Velocimetry. It is held constant during the injection d

3.1. Flow visualizations

Two visualization techniques have been used in our experiments to obtain qualitative information on the flow.
Firstly, in order to follow the global flow evolution, fluoresceine is used to track the injected fluid, using a lase

illumination (argon laser). Secondly, the streamlines are visualized by particles streaks: nylon particles (size 50 µm, densi
1100 kg m−3) are added to the whole fluid (injected fluid and fluid contained in the tank).

3.2. Quantitative measurements

Quantitative measurements have been performed by Particle Image Velocimetry(PIV). PIV is a nonintrusive velocity
measurement technique which provides instantaneous velocity fields. It consists in analyzing the displacements of partic
added to the flow.

The PIV system used for the present study is developed by TSI. The light sheet illumination is provided by a Spectra
argon laser (S-P 2550 2016-05), with a wave length of 600 nm (green light). It emits a continuous circular light beam
typical power of 4 W. This circular beam is carried by an optical fiber and converted into a light sheet with a thickness o
at the optical fiber exit. A CCD camera (TSI 630044-A 4-30 10 Hz RS-170) with a 640× 480 resolution is used. The came
captures frames with a 33 Hz frequency. Due to the moderate velocities, we have to take at least a 10-frame sequence to o
sufficient particles displacements. In the particular case of high velocity measurements in the near nozzle jet, a laserpulse
been used (T.S.I 620010 Beammodulator). It is composed of rotating mirrors synchronized with the camera to have
higher measurement frequencies than the camera frame rate.

The step following the frame grabbing is the correlation process. A two-frame cross correlation algorithm has been use
consists in a comparison between the particle distributions of two successive frames. The two frames are divided into
of interrogation areas. In our measurements, the size of these interrogations areas has been chosen between 16× 16 and 48× 48
pixels with an overlap between 25 and 50%. The software Insight from TSI is used to analyze the raw data and ex
velocity field.

The seeding of the flow is of great importance for the quality of PIV measurements. The particles need to ac
follow the local flow. It means that the particles should have a density very close to that of the fluid and a small size
perturbations. The seeding density (particle concentration) is governed by the need to have roughly 10 particles per inte
4
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with a size about 50 µm and a density of 1100 kg m. Salt has been added to the water to match the particle density.
The global uncertainties on PIV velocity measurements are about 5%.

4. Qualitative observations

The first step of our work was to identify, by qualitative observations, the influence of the dimensionless paramete
flow evolution.

4.1. Confinement number influence

In order to depict the fundamental difference between dynamics evolutions in shallow and deep water, two repre
cases are compared:C = 3 for the shallow water case, andC = 0.18 for the deep water case. In Fig. 2, two sequences of pic
represent the compared time evolutions of the turbulent patch from the injection. The nozzle and the laser sheet are
horizontally at half depth. The left column shows the evolution in shallow water(C = 3) and the right column in deep wate
(C = 0.18). Both sequences have been taken from the same observation area(60× 46 cm2) and at the same instants(t = 0.2 s,
5 s, 10 s, 20 s and 30 s). Since the injection duration is the same in both casestinj = 3 s, the dimensionless timet∗ = t/tinj takes
the following values: 0.07, 1.7, 3.33, 6.67 and 10.

At the initial time (just after injection)t∗ = 0.07, the flow is similar for both cases: a compact and intense turbulent
(jet Reynolds numberRe= 1300). Fromt∗ = 1.7, a strong difference between both dynamics appears.

– For C = 0.18, the turbulence remains 3D. Typical size of the vortex structures increases slowly. The vortic
progressively stretched with a nearly isotropic motion. Their intensities decrease with time until they finally decay
viscous dissipation.

– ForC = 3, the behavior is different. The turbulent patch is not stretched, it remains compact. Att∗ = 1.7, the vortices size
stays moderate, but the flow remains compact, there is no vortex stretching. Att∗ = 3.33, the smaller vortices disappe
whereas a dipolar vortex structure merge at the front of the flow. Aftert∗ = 3.33, the small scale turbulence still decay w
time, whereas the dipole size progressively increases. Finally, the dipoles typical lengthscale is at least ten times gre
than the depth. The fluid layer can then be considered shallow, according to our definition based on the vortex
size.

Fig. 3 shows streaks of particles added to the flow for the casesC = 3.3 andC = 0.2. The Reynolds number is the sam
for both cases:Re= 1450. Pictures have been taken att∗ = 13.3 with an exposure time 2 s. We note a strong differe
in the dynamics. ForC = 0.2 (deep water), motion is very weak and disorganized in small scale structures. ForC = 3.3
(shallow water), the main flow is a nearly symmetric dipole with two counter-rotative vortices. The vortex cores are n
defined but the global laminar structure is easily identified. One can note that dipoles generated in shallow water are n
symmetric. Their trajectories are variable: symmetric dipoles move straight forward while asymmetric dipoles mov
circles. A detailed presentation of a quasi-symmetric dipole is exposed in section.

All these qualitative observations have shown that the shallow water dynamics is very different from the deep wa
dynamics. In shallow water the vortex dynamics has a Q2D behavior, with mainly horizontal motion and formation o
coherent vortex structures.

4.2. Reynolds number influence

We have shown a strong qualitative influence of the confinement numberC. In order to complete the parametrical study,
have varied the second independent dimensionless number: the Reynolds numberRebased on the injected momentum flux.

We have described a range fromRe= 1000 toRe= 1800. In this range, we have not identified any obvious qualita
influence ofRe: large structures appear whenC is large, regardless of the Reynolds number.

5. Quantitative results

Quantitative measurements have been performed to confirm the influence ofC on the vortex dynamics.
We define Cartesian coordinatesx, y (horizontal directions) andz vertical direction. Associated velocity components

respectivelyu,v andw, andEx , Ey andEz are respectively the kinetic energies associated tou,v, andw. Every measuremen
5



Fig. 2. Compared evolution of a turbulent pulsed jet(Re= 1300)in horizontal section, left column corresponds toC = 3 (shallow water) and
right column toC = 0.18 (deep water).
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Fig. 3. Particles streaks forC = 0.2 (upper picture) andC = 3.3 (lower picture),Re= 1450, (horizontal section, exposure time 2 s).

has been done att∗ = t/tinj = 6 after the injection. On one hand at this time, the difference between the dynamics in s
and deep water is well developed and can be easily quantified. On the other hand, whatever the experimental conditio
flow remains far from the tank boundaries and can be considered in an infinite domain in the horizontal directions. Fot∗ > 6,
the dynamics keep the same behavior. As shown in Fig. 2, in deep water, the flow is progressively damped until the tot
dissipation. In shallow water, the pulsed jet develop in a dipolar structure which size increases during time. These Q2
have a travelling motion untilthey reach the tank boundaries.

In the quantitative results presented in Figs. 4 and 5, each point is an average between two measurements. The v
correspond to the global measurement uncertainties (deviations to the average value and PIV technique uncertainti
measurement has been carried out at the followingC values: 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5 and 7. However, for vi
commodity, a slight shift has been added to theC values for the casesRe= 1500 andRe= 1800, respectively 0.05 and 0.1.

5.1. Comparison of kinetic energies

Vertical velocity fields are given by PIV measurement on a vertical(x, z) section of the flow along the jet axis(y = lt /2).
From these velocity fields, we compute two kinetic energiesEx andEz, respectively defined as the integrals ofu2 andw2 over
the plane(x, z) and multiplied by the width of the tank in they directionlt .

Ex = 1

2
lt

∫
S

ρu2 dS, Ez = 1

2
lt

∫
S

ρw2 dS,

whereS is the studied area in the plane(x, z) and dS the surface element of the PIV meshgrid.
7
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Fig. 4. Evolution ofEz/Ex vs C for Re= 1000,1500 and 1800 (att∗ = t/tinj = 6).

Fig. 5. Evolution of the dimensionless horizontal divergence∇∗
H

U vsC for Re= 1000,1500 and 1800 (att∗ = 6).

The ratioEz/Ex is then plotted as a function ofC in Fig. 4 for three different Reynolds numbers. We first observe that,
to the initial jet orientation,Ez/Ex is less than 1 for everyC. We note a global decrease of the ratioEz/Ex whenC increases
WhenC is close to 0,Ez/Ex is greater than 0.5, vertical motion remains intense. For 0< C < 2, Ez/Ex decreases rapidly t
less than 0.2. FromC = 2, the decrease stops progressively, and beyondC = 3, Ez/Ex remains inferior to 0.1.
8
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Since the flow is incompressible, the divergence of the velocity field is nil. The vertical gradient of velocity v
component∂w/∂z can then be computed from the “horizontal” divergence∇H U :

∂w

∂z
= −∇H U = −∂u

∂x
− ∂v

∂y
.

The horizontal components of the velocityu andv are extracted from PIV measurements in the horizontal(x, y) plane,
at half depthz = H/2. The intensity of∂w/∂z is representative of the perturbation of the flow quasi-two-dimensionalit
order to quantify this perturbation for differentC andRe, the average of|∂w/∂z| is computed on the whole velocity field an
multiplied byH/Uinj (Uinj is the injection speed) to present a dimensionless result, calledV ∗

H
U :

∇∗
H U =

∑ |∂w/∂z|
npts

H

Uinj
, (3)

wherenpts is the number of points of the PIV meshgrid. The evolution of∇∗
H

U versusC for three different Reynolds numbe
is presented in Fig. 5.

As shown in the previous measurements, the results are strongly dependent ofC whereasRehas no influence:V ∗
H

U globally
decreases whenC increases. UntilC = 2,∇∗

H U decreases rapidly during the transition from a deep to a shallow water
BeyondC = 2, the decrease rate is lower and∇∗

H
U reaches progressively a nearly constant value corresponding to the sh

water behavior.

5.3. Conclusion

An important influence of theC parameter on the dynamics is highlighted from Figs. 4 and 5: a strong damping of v
motions appears whenC increases. The Reynolds number has no influence in the studied range (1000< Re< 1800). Three
regimes of the flow can be distinguished. WhenC < 1, the water layer is deep, motion is isotropic. BetweenC = 1 andC = 2,
a transition zone occurs where the confinement progressively constrains the flow, but the vertical motion remains si
For C > 2 a particular behavior appears where the flow is mainly Q2D. Coherent horizontal vortex dipoles, which s
large compared to depth, are observed. The fluid layer can then be considered shallow. However, vertical perturbation
in the flow(Ez,∇H U �= 0) in the range we have studied(2 < C < 8). The structure of these vertical motions is detailed in
following section.

6. Dipole characteristics

As we have shown in previous sections, dipoles can be generated from horizontal pulsed jets in a shallow water
present here the main features of a dipole generated withC = 3 andRe= 1300, which is representative of all other dipo
observed during our experiments.

Velocity field is presented in Fig. 6. The longest vector represents a 1.9 cm/s velocity. The observed area is 0.46× 0.35 m2.
The measurements are done att∗ = t/tinj = 7.5. We can note the weak asymmetry of the structure. The front of the dipo
characterized by a sharp decay of the horizontal velocities, as seen previously in Fig. 3. It is confirmed by the vertical s
the flow shown in Fig. 7. In the main part of the dipole, particles streaks are long and quasi-horizontal. In this zone, th
laminar and quasi-two-dimensional, withvery weak vertical motions. Observationsshow the stability ofthe boundary layer on
the bottom, in the main part of the dipole. This is confirmed by the boundary layer Reynolds number calculation. The
between the diffusion and advection time of the boundary layer (thicknessδ) leads to:

δ2

ν
≈ a

U
. (4)

Herea is the dipole horizontal length scale. The boundary layer thickness can be written:

δ ≈
√

νa

U
. (5)

With the typical valuesU = 0.01 m/s anda = 0.2 m, the boundary layer Reynolds number is then:

Reδ = Uδ

ν
=

√
Ua

ν
≈ 45. (6)
9
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Fig. 6. Horizontal velocity field forC = 3 and Re= 1300 att∗ = 7.5, the longest vector intensity is 1.9 cm/s.

Fig. 7. Dipole in axial vertical section ((x, z) plane), forC = 3 (shallow water) andRe= 1300 att∗ = 7.5. Observation area is 25 cm long a
2 cm high.

Fig. 8. Frontal circulation streaks in axial vertical section ((x, z) plane), forC = 3 (shallow water),Re= 1300 att∗ = 7.5. Observation area i
12.2 cm long and 2 cm high.

The value is far from the critical valueReδ = 350 from which the boundary layer becomes unstable [22]. At the dipole f
horizontal velocity components decrease in the streamwise direction while vertical motions increase. Particles strea
a vertical circulation in the dipole front, probably caused by the shear induced by the no-slip condition on the glass
A more detailed picture is presented in Fig. 8. This vertical circulation takes place all over the depth. It is the main res
of the presence of the vertical motion measured in the dipole (Figs. 4, 5).

Theoretical model of purely 2D steady dipole assumes a linearrelationship between the vorticity and the stream funct
inside the dipole [17,18]. Outside the dipole, which has a circular shape of radiusa, the flow is irrotational and similar to
potential flow around a circular cylinder. Experiments on dipoles in stratified [15] or electromagnetically driven flows [1
10
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cases, the relationship derivativef is constant or has a singular maximum at the vortex core. In our experiments in sh
water, the dipoles are characterized by a specific feature: the presence of a vertical circulation in the dipole front. This circulati
disturbs the flow two-dimensionality and it is of great interest to known if theω/ψ relationship of dipole in shallow water i
linear. For latter comparison, it is useful to mention general characteristics of the 2D dipole model. First the maximum
(in the dipole framework) is given byUm = 2.49U0 whereU0 is the translation speed. In the laboratory frame, this spee
thenU∗

m = Um + U0 = 3.49U0. Furthermore, the extremal vorticity in the dipole is equal toωmax = |ωmin| = 2.9kU0 (k2 is
the proportionality coefficient betweenω andψ : ω = k2ψ) and the distance between the points of minimum and maxim
vorticity is dv = 0.96a.

By numerical differentiation of the velocity field according to

ω = ∂v

∂x
− ∂u

∂y
(7)

one obtains the value of the vorticityω in each grid point. Next, the stream functionψ is calculated by numerically solving th
following Poisson-type equation:

ω = −∇2ψ. (8)

The stream-function is only defined for purely 2D flows. The dipoles observed in the present experiments are char
by significant vertical motion. However, we can assume a scale-separation: a main horizontal flow at large length sca
greatly exceeds the flow depth and a secondary vertical motion in the frontal circulation, with a length scale close to th
The main flow is a 2D dipole, which omega-psi relationship can be computed. In order to compare with the steady dipol
vorticity and stream function are computed from the horizontal velocity field in a frame of reference moving with the
For a dipole translating with velocity(Ux,Uy) this requires the following transformation:ψ ′ = ψ − Uxy + Uyx, while the
vorticity remains unchanged. In the following,ψ ′ will be simply calledψ . The translation speed is determined by compa
the positions of the vortex centers on two frames, separated with the delay timeδt = 3.33 s. Uncertainties obtained with th

method are inferior to 8%. The translation velocity is equal toU0 =
√

U2
x + U2

y = 0.57± 0.045 cm s−1 and the maximum

velocity reached between the vortex centers isU∗
m = 1.9 ± 0.152 cm s−1. ThusU∗

m = 3.33U0, which is slightly inferior to
the theoretical model prediction. Typical results of vorticity calculation and stream function with translation correct
shown in Figs. 9 and 10. These figures clearly reveal the asymmetric structure of the dipole in shallow water. The sha
circular, the dipole is elongated in the translation direction. Due to this shape and the asymmetry of the dipole, it is
to determine the dipole radius. However, one can estimate from the streamlines a “transverse” radiusatv = 9.2cm± 0.46.
From the vorticity contour plots, the distance between the extremal vorticity is measured atdv = 12.2 cm± 0.61. One obtain
dv/atv = 1.32±0.132, which is greater than the model valuedv/a = 0.96. This means that the vortices are more separated
in the theoretical model or in the stratified fluid experiments. This difference in linking indicates apparently a more pron
entrainment of ambient fluid. The frontal circulation has probably a preponderant role in this greater entrainment.

The ω/ψ relationship is presented in Fig. 11. The points clustered in the horizontal band withω = 0 all lie outside the
dipolar vortex, and represent the exterior potential flow. The two branches withω > 0 andω < 0 each represent one half of th
dipole. Although some scatter is observed, the points collapse quite well into a single curve. Experimental results are c
with a linear relationshipω = −k2ψ (k2 = 0.41) and a sinh-relationship(ω = −0.26sinh 1.41ψ). Better agreement is foun
with the sinh-relationship, approached in the present experiments by the cubic polynomialω = aψ − bψ3 (a = −0.31 and
b = −0.11). In their statistical-mechanics approach of characterizing steady-state structures in 2D flows, based on sea
the most probable state, Joyce et Montgomery [23] found evidence for the validity of this sinh-relationship for such
structures. Experiments on dipoles in stratified fluids [15], MHD [19] or in soap films [20] have revealed the same relat
Theoretical study carried out by Pasmanter [24] has proposed a relationship of the form:

ω = −c
ψ

d2 − ψ2
. (9)

With c = −1.4 and d= −1.95 this relationship is not distinguishable from the sinh relationship in the studied interval.
despite of the presence of a vertical circulation in the front of the dipoles observed in shallow water layer and a no
asymmetric shape, theω/ψ relationship is close to those observed in their counterparts. In the linearmodel, the intensities
of vorticity extrema are given by:ωmax= |ωmin| = 2.9kU0. In our experiments, the vorticity extrema are not symmetric.
positive extremum isωmax = 0.45s−1 and the negative one isωmin = −0.3s−1. If we use the coefficientk2 = 0.41 found to
be the best one for a linear approximation of theω/ψ relationship, the theoretical vorticity should beωmax = 0.67s−1. The
“smoother” vorticity observed in the experiments confirms the greater entrainment of ambient fluid which occurs the d
shallow water. The frontal circulation has probably an important role in this entrainment increase.
11
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Fig. 9. Vorticity distribution (s−1) in the horizontal(x, y) plane at
z = H/2 for C = 3 and Re= 1300 att∗ = 7.5.

Fig. 10. Stream function distribution (cm2 s−1) in the horizontal
(x, y) plane atz = H/2 for C = 3 andRe= 1300 att∗ = 7.5.

Fig. 11. Vorticity-stream function relationship forC = 3 andRe= 1300 att∗ = 7.5, compared toω = −0.41ψ for the linear case (gray) and t
ω = −0.26sinh(1.41ψ) for the nonlinear case (black).

6.1. Conditions of quasi-two-dimensionality

As exposed in the introduction, the quasi-two-dimensionality condition for shallow fluid layers(Reλ � Reν) proposed by
Dolzhanskii for shear flows [10] is equivalent toH2/2L2 � 1 (whereH is the depth andL the horizontal length scale).
12



we consider the typical valuesH = 2 cm and L= 20 cm for a dipole observed during our experiments, this ratioH2/2L2
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is 5e–3. The quasi-two-dimensionalitycondition in a shallow fluid layer is fulfilled by the dipoles generated withC > 2. During
the dipoles evolution, the horizontal length scaleL increases by viscous diffusion and fluid entrainment while the deptH

remains constant, so that the theoretical two-dimensionality should increase over time. However, our observations have sh
the persistence of a frontal vertical circulation.

In their numerical simulations on monopolar vortices in a shallow water carried out by Satijn et al. [11], the quasi-two
dimensionality of the flow is studied depending on two dimensionless parameters:ReandReλ. They are based on the typic
vorticity ω: Reλ = ω/λ (whereλ = π2ν/4H2 is the external friction parameter withH the height of the layer andν the
kinematical viscosity) and the structure Reynolds numberRe= L2ω/ν (L represents the typical horizontal length scale in
flow). If we consider the typical vorticity of the dipole in a shallow water layer asω = U/2L, whereU is the characteristic
velocity (typical value 0.01 m/s), the parameters proposed by Satijn take the following values:Re≈ 1000 andReλ ≈ 4. In
the regime diagram presented by Satijn etal., these values correspond to a Q2D flow. However, due to the different v
structures (monopole and dipole), the direct comparison between our experiments and the numerical simulation shoul
with caution.

These quasi-two-dimensionality conditionsfor a thin fluid layer are theoretically fulfilled by shallow water dipoles. Howeve
observations and measurements have shown significant 3D motions in a vertical circulation which takes place all along
dipole front. The shear generated upon the bottom is responsible for such motions, but is not strong enough to destabilize t
boundary layer, in the main part of the flow.

7. Conclusions

This paper outlines an experimental studyof vortex dynamics in a shallow water layer. Our aim was to identify a transition
from fully 3D behavior (deep fluid layer) to Q2D behavior (shallow water layer). This transition has been studied by im
a progressive vertical confinement on an axisymmetric horizontal turbulent impulsive jet. The jet evolution has been
depending on two dimensionless parameters: the Reynolds numberReand the confinement numberC. They are defined by:

Re=
√

Q

ν
, C =

√
Q

H2
tinj,

whereν is the kinematic viscosity,Q the injected momentum flux,H the water depth andtinj the injection duration.
Every measurement has been performed from dimensionless times betweent∗ = t/tinj = 6 and t∗ = 7.5, which are

small compared to the time necessary to the total viscous dissipation of motions. Qualitative and quantitative expe
investigations have shown the preponderant influence ofC on the jet development whereas the Reynolds number ha
influence betweenRe= 1000 andRe= 1800. WhenC < 1, the jet spreading is free. The generated turbulence remains
3D and is not constrained by the boundaries. WhenC increases (1< C < 2), the geometric and kinematic conditions impos
by the bounding surfaces start to influence the development of the pulsed jet in a distinct way. FromC = 2, a particular
behavior systematically appears. It is characterized by a damping of the vertical motion and formation of large horizontal vor
structures, mainly dipoles. A detailed study of the dipoles characteristics has shown the main features: a quasi-two-dimens
laminar main flow, a vertical circulation in the dipole front and the nonlinearity of theω/ψ relationship.

However, although the dipole dynamics are close to Q2D flows, vertical motion occurs systematically in our experim
consists in a vertical circulation in the front of the dipole induced by the no-slip condition on the bottom. In order to av
slip condition, we have performed experiments with a heavier fluid layer on the tank bottom. Our qualitative observatio
revealed the quasi-two-dimensional structure of the flow, without any vertical circulation at the dipole front [25]. In geop
dipole vortices, observed for instance in the head of rip currents [4], the presence of a vertical circulation which intera
strongly with the bottom and leads to an increase of fluid entrainment will have a preponderant role in sediment trans
mixing processes.

Further experimental investigations at larger scale have been carried out to generate turbulent vortex dipoles in
water layer. They will be the subject of a future paper.

This work was supported by the Délégation Generale pour l’Armement.
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