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Abstract

We consider the minimization of the number of non-zero coefficients (the £y “norm”) of the rep-
resentation of a data set in terms of a dictionary under a fidelity constraint. (Both the dictionary
and the norm defining the constraint are arbitrary.) This (nonconvex) optimization problem naturally
leads to the sparsest representations, compared with other functionals instead of the £y “norm”.

Our goal is to measure the sets of data yielding a K-sparse solution—i.e. involving K non-zero
components. Data are assumed uniformly distributed on a domain defined by any norm—to be chosen
by the user. A precise description of these sets of data is given and relevant bounds on the Lebesgue
measure of these sets are derived. They naturally lead to bound the probability of getting a K-sparse
solution. We also express the expectation of the number of non-zero components. We further specify
these results in the case of the Euclidean norm, the dictionary being arbitrary.

1 Introduction
1.1 The problem under consideration

Our goal is to represent observed data d € RY in a economical way using a dictionary (¢;);e; on RY,

where [ is a finite set of indexes and
span{wi:iel}:]RN. (1)

We study the sparsest representation where the (unknown) coefficients (\;);es are estimated by solving

the constraint optimization problem (Pg) given below:

minimizey, ), fo((Ai)ier),

(Pa) - )

under the constraint : Z)\iz/}i —d

el




with
Co((N)ier) S #{i e T2\ #0},

where # stands for cardinality, ||.|| is an arbitrary norm and 7 > 0 is a fixed parameter. Let us emphasize
that for any d € RY, the constraint in (P4) is nonempty thanks to (fll) and that the minimum is reached
since £y takes its values in the finite set {0,1,...,#I}.

Given the data d, the norm ||.||, the parameter 7 and the dictionary, the solution of (P,) is the sparsest
possible, since the objective function ¢y in (E) minimizes the number of all non-zero coefficients in the set

(M\i)ier without penalizing them.

The function ¢; is sometimes abusively called the fp-norm. It can equivalently be written as

0 if t=0
Setn) where o0 ={ § i 150 3)
il
The function ¢ is discontinuous at zero and C* beyond the origin, and has a long history. It was used in
the context of Markov random fields by Geman and Geman 1984, cf. [E] and Besag 1986 ] as a prior in

MAP energies to restore labeled images (i.e. each \; belonging to a finite set of values):

EN) = "Z)\iwi—dui-f—ﬁzw()\i—)\j)a (4)

i€l inj

where the last term in (E) counts the number of all pairs of dissimilar neighbors ¢ and j, and 8 > 0 is
a parameter. This label-designed form is known as the Potts prior model, or as the multi-level logistic
model [E, EI] Guided by the Minimum description length principle of Rissanen, Y. Leclerc proposed
in 1989 in [E] the same prior to restore piecewise constant, real-valued images. The hard-thresholding
method to restore noisy wavelet coefficients, proposed by Donoho and Johnstone in 1992, see @], amounts
to minimize for each coefficient \; a function of the form ||\; — g:||3 + B¢(\;) where the noisy coefficients
read g; = (¢, d), Vi € I where (¢;)ic; is a wavelet basis. Very recently, the energy ([]) was successfully
used to reconstruct 3D tomographic images by using stochastic continuation by Robini and Magnin [@]
Let us notice that even though the problem (P,) in (f]) and the minimization of € in () are closely related,
there is no rigorous equivalence in general.

The context of digital image compression is of a particular interest, since it is typically the problem we
are modeling in the paper. In compression, one considers different classes of images. Those digital images
live in RN and are obtained by sampling an analogue image. Their distribution in R” is one of the main
unknown in image processing and, in practice, we only know some realizations of this distribution (i.e.
some images). Given this (unknown) distribution, the goal of image compression is to build a coder (that

encodes elements of RY) which assigns a small code to images. Typically, we want for every image d € RY
P (length(code(d)) = K)

to be as large as possible for K small, and small for K large. We also want the decoder to satisfy

decode(code(d)) ~ d.



The link with the problem (P4), in (), is that the current image compression standards (JPEG,
JPEG2000) encode quantized versions of the coordinates of the image in a given basis. Moreover, most of
the gain is made by choosing a basis such that the number of non-zero coordinates (after the quantization
process) is small ([f, BJ])). That is, we want to solve (Py) for each ); belonging to a finite set of values
and for a basis (¢;);cr. This link between image compression and (Py) might seem restrictive when we
only consider a basis. It makes much more sense when we consider a redundant system of vectors (¢;);c;.
The use of redundant dictionaries has known a strong development in the past years, see [, E?I, , E]
for the most famous examples. In the context of dictionaries, we know that the length of the code for
encoding ()\;);er is in general proportional to £o((A;)ier). The problem (P;) therefore reads : minimize
the codelength of the image while constraining a given level of accuracy of the coder. This is exactly the
goal in image compression.

Finding an exact solution to (Pg) in large dimension (which is necessary in order to apply (Pg) to image
compression) still remains a challenge. In fact, the methods described in [E, E, E] can be seen as heuristics
approximating (Py). The links between the performances of those heuristics and the performances of (Py)

is not completely clear. It is also a goal of the paper to provide a mean for comparing those algorithms.

1.2 Our contribution

In this paper, we estimate the ability of the model (P4) to provide a sparse representation of data which

follows a given distribution law. The distribution law is uniform in the 6-level set of a norm fy :
L5, (0) ={weRY, fy(w) < 6}.
In order to do this we
e Give a precise (and non redundant) geometrical description of the sets
I7(K)={d e RN val(Py) < K},
and
D7 (K) = {d € RN val(Py) = K} (5)

where val(Py) denotes £o((A;)icr) for a solution (A;)ier of (Pg) and for K =0,..., N, 7 > 0. This is
done in Theorem and equation @)

Remark 1 It is easy to see that {wi 2 A £ 0 for (Ai)ier solving (’Pd)} forms a set of linearly inde-
pendent vectors. Therefore for all d € R we will find a solution with at most N nonzero coefficients,
even if the size of the dictionary is huge, #I > N. So in this work we consider solutions with

sparsity K < N.

e Once these sets are precisely described, we are able to bound (both from above and from below),

their measure (more precisely the measure of their intersection with L£y,(6)). The difference between



the upper and the lower bound is negligible when compared to (g)NﬁK, when 7 is mall enough.
Moreover, these bounds show that the measures of Z7 (K)NLy, (6) and D7 (K)NLy, (0) asymptotically
behave like

e (7).

as 3 goes to 0.
The constants Ck are defined in (@) They are made of the sum of constants Cy over all possible
vector subspaces V' of dimension K, spanned by elements of the dictionary (¢;);c;. The constants

Cy are built in Proposition ﬂ and Corollary EI They have the form
Cy =L " (Pyr (L)1) )L (V N Ly, (1)),

where Py,1 is the orthogonal projection onto the orthogonal complement of V', ||.|| is the norm

defining the data fidelity term in (P4) and I () denotes the Lebesgue measure of a set living in R¥.

e Once this is achieved, we easily obtain lower and upper bounds for P (val(Pg) < K), P (val(Py) = K)
when d is uniformly distributed in L, () (see Section [). They have the same characteristics as the
bounds described above (modulo the disappearance of V). In order to obtain sparse representations
of the data, we should therefore tune the model (the norm ||.|| and the dictionary (¥;);cr) in order

to obtain larger constants Cx.

This result clearly shows that the model (Pg) benefits from several ingredient (which might not be

present in other models promoting sparsity):

— the sum defining C' is for all the possible vector subspaces of dimension K spanned by elements

of the dictionary (¢;)ier.
— the term L (V' N Ly, (1)) in in the constants Cy represents the measure of the whole set V N
L5, (1).

T

e Finally we estimate E (val(P;)) and show that its asymptotic (when 7 goes to 0) is governed by
the constant Cn_; (see Theorem E) Increasing this constant therefore seems to be particularly

important when building a model (Pg) (i.e. choosing ||| and (¥;)icr)-

These results are illustrated in the context of particular choice for ||.| and for f4 in Section .

1.3 Relation to other evaluations of performance

Evaluating the performance of an optimization problem like (P;) for the purpose of realizing nonlinear approximation

is a very active firld of research. For a good survey of the problem we refer to [E]
In that field of research a variant of (P4), named “best K-term approximation”, is under study. It
consists in looking for the best possible approximation of a datum d € RY using an expansion in (;)er

with K non-zero coordinates. The performance of the model is estimated using the quantity

oxc(d) = inf [ld- 5],



where Y denotes the union of all the vector spaces of dimension K spanned by elements of (1;);cr, for

K =0,...,N. Expressed with our notations, the typical object under consideration is'
N
C
A(C) = | DF= (K),
K=1

for C >0 and @ > 0 and D7 (K) defined by (f]). That is the data d obeying
C
ox(d) < — ,forall K=1,...,N.
Ka
The typical results obtained there take the form
A%(Chr) C K, € A%(Cy), (6)

for Cy > Cq > 0 and the level set
Ky = {d e B, |ld], <1},

for a norm ||.||,, characterizing the regularity of d (again, the theory is in infinite dimensional vector spaces).
This permits to estimate the number of coordinates which are needed to represent a datum d, if we know its
regularity. Typically, the link between « and 7 says how good is the basis (or more generally a dictionary)
at representing the data class.

The clear advantage of these results over ours is that they apply even if one only has a vague knowledge
of the data distribution. For instance, any data distribution whose support is included in X, does enjoy
the decay % The inclusions in () need indeed to be true for the worse elements of KC,y (even if they are
rare). The counterpart of this advantage is that the constants C7 and Co might be pessimistic.

Finally, as far as we know, the analysis proposed in Nonlinear approximation does not permit (today)
to clearly assess the differences between (Pg) and its heuristics (in particular Basis Pursuit Denoising
(Bl and Orthogonal Matching Pursuit [1§]). This is a clear advantage of the method for assessing model
performances proposed in this paper. Indeed, similar analysis have already been conducted in [@, E, ]
in the context of the compression scheme described in [@], Basis Pursuit Denoising and total variation
regularization. (However, concerning the papers on Basis Pursuit Denoising and the total variation regu-
larization, the results are stated for another asymptotic and the analysis partly needs to be rewritten in

the proper context.)

1.4 Notations

For any function f: RY — R, and any 6 € R, the 6-level set of f is denoted by
Ls(0) = {w e RY, f(w) < 6}. (7)

For any vector subspace V of R, we denote Py the orthogonal projection onto V and by V+ the orthogonal

complement of V' in RY. To specify the dimension of V, we write dim(V). The Euclidean norm of an

Tn Nonlinear approximation authors usually consider infinite dimensional spaces.



u € RY is systematically denoted by ||u||2. The notation ||u|| is devoted to a general norm on R¥. For
any integer K > 0, the Lebesgue measure on R¥ is systematically denoted by L* (), whereas Ik stands
for the K x K identity matrix. We write IP(.) for probability and E (.) for expectation.

As usually, we write o(t) for a function satisfying lim;_,o @ =0.

For any d € RY, we denote val(P,;) the value of the minimum in (Pyg)—i.e. £o((\i)ier) for (\;)ier

solving (Pg).

2 Measuring bounded cylinder-like subsets of RV
2.1 Preliminary results

Below we give several statements that will be used many times in the rest of the work.

Lemma 1 For any vector subspace V.C RY and any norm ||.|| on RN, define the application
h:V+ — R
def . u
u — h(u) = inf {t >0: ? € Py (£||||(1))} (8)

Then the following holds:

(i) For any T > 0, we have
Ln(r) = Py (Ly (1)) - 9)

(ii) The application h in (§) is a norm on V*+.
(iii) For any norm fg on RN let §; > 0, 63 > 0 and A be some constants satisfying

weRY = fa(w) <diflwlz and |wlz < 2wl (10)

A Y56, (11)
The constants 8,, 83 and A > 0 are independent of V and we have

fa(u) Ah(u), Yu eV, (12)

lulle < d2h(uw), Yu e V=, (13)

IN

Remark 2 The constants in (@) come from the fact that all norms on a finite-dimensional space are

equivalent. In practice we will choose the smallest constants satisfying these inequalities.

Proof. The case V' = {0} is trivial (we obtain h = ||.||) and we further assume that dim(V') > 1.

Assertion (i). The set Py (L), (1)) is convex since ||.|| is a norm and Py . is linear. Moreover, the origin
0 belongs to its interior. Indeed, there is € > 0 such that if w € RY satisfies ||w|]2 < €, then [Jw| < 1.

Consequently 0 € Int(L),(¢)) C L) (1). Using that [|.||2 is rotationally invariant and that Py. is a



contraction, we deduce that 0 € Int(Py. (L), (€))) € Pyo(Ly(1)). Then the application h : V+ — R
in (§) is the usual Minkowski functional of Py . (£y.(1)), as defined and commented in 3, p.131]. Since
Pyo (L£),(1)) is closed, we have

Py (£(1) = {u € Vi h(u) < 1},
Using that the Minkowski functional is positively homogeneous—i.e.
h(tu) = Th(u), V7 >0,

lead to (f).

Assertion (ii). For h to be a norm, we have to show that the latter property holds for any A € R (i.e.

that h is symmetric with respect to the origin). It is true since, for any A € R
h(Au) = inf {t >0: A u€ Py (‘CH I t)

;
= inf{t>0:ueP. <E|||| §>}
)

= [Ninf{t>0:ue Py. (L () } (writing ¢ for ¢/|A])
= Al h(w),
where we use the facts that Py,. is linear and that ||.|| is a norm. It is well known that the Minkowski

functional is non negative, finite, and satisfies?> h(u +v) < h(u) + h(v) for any u,v € V4.
Finally, since £,(0) = Py1 (£)(0)) = {0},

Consequently, h defines a norm on V.

Assertion (#i). Let us first remark that
L (1) © Ly, (52) © L, (5102) = L, (D),
where 01 and dy are defined in the proposition. Using that ||.||2 is rotationally invariant, we have

La(1) = Pyo (£y4(1))  C Pys (£y,(%2)) = Ly, (92) N V*
C ﬁfd((slég) NVt = ‘Cf.i( )N VL.

We will prove (1) and ([LJ) jointly. To this end let us consider a norm g on RY and § > 0 such that

Py (EH-H(l)) C Ly(d)N v+ (14)

2For completeness, we give the details:
h(u+v) = inf{t>0:(u+v)e Py (L)1)}
< inf{t >0:ue Py,1 (LH”(t)) } +inf{t >0:ve€Pyy (LH”(t)) } = h(u) + h(v).



Using that each norm can be expressed as a Minkowski functional, for any u € V1 we can write down the

following:
glu) = inf{t>0:g(7) <1}
nf(t > 0: g(Ju) < o)
= Sinf{t>0:9(-) <4} (write ¢ for %)

t
— Sinf{t>0: % € L,(0)}

IN

6inf{t >0: % € Py (£||||(1)}) (15)
< 0 h(u),

where the inequality in ([L) comes from ([14)).
If we identify g with f; and § with A, we obtain ([[2). Similarly, identifying g with ||.||2 and & with s
yields ([). This concludes the proof. O

The next proposition addresses sets of RY bounded with the aid of f.
Proposition 1 For any vector subspace V of RY, any norm ||.| on RN and any 7 > 0, define
VT =V + Py (L (7). (16)
Then the following hold:
(i) V7 is closed and measurable;

(ii) Let fq be any norm on RN, h: VL — R the norm defined in Lemma ﬂ, K =dim(V) and oy be any

constant such that

fa(u) <6, h(u), Yue V™ (17)
If 0>6,7, then
CrN KO -6, 1) <" (VTN Ly, (0) <OV (0 +45,7)F, (18)
where
C=L"" (Pyo (£)(1)) L (VN Ly, (1) € (0,+00). (19)

Remark 3 Using Lemma [l, the condition in (I]) holds for any &y > & with & € [0,A], where A is
given in (@) Let us emphasize that oy may depend on V' (which explains the letter “V” in index). The
proposition clearly holds if we take 6y = A—the constant of Lemmaﬂ, assertion (iii), which is independent
of the choice of V.

Observe that C' is a positive, finite constant that depends only on V', ||.|| and f4.



Remark 4 An important consequence of this proposition is that asymptotically

I (VTN Ly, (0) = CON (g)NﬁK +6No ((g)NK) if g ~0.

Proof. The sets V and Pyy1 (£ (7)) are closed. Moreover, V and Py (L)(7)) are orthogonal. Therefore
V7 is closed. As a consequence V7 is a Borel set and is Lebesgue measurable.

Since the restriction of f4 to V+ is a norm on V4, there exists §y such that (see Remark E)

fa(u) <o, h(u), Yue v, (20)

where h is given in (f]) in Lemma [|. By () in Lemma [l, such a dy exists in [0,A]. To simplify the

- b

notations, in the rest of the proof we will write § for §,, .

For any u € V+ and v € V, using () we have
fa(v) = 0h(u) < fa(v) = fa(u) < fa(u+v) < fa(v) + fa(u) < fa(v) + 6h(u)
In particular, for h(u) < 7, we get
fa(v) =67 < fa(u+v) < fa(v) + 67. (21)

As required in assertion (ii), we have § — 67 > 0. If in addition v € V is such that fq(v) < 6 — é7, then
fa(u +v) < 6. Noticing that

Ly,(0) = {u+tv:(uv) e (VExV), folutv) <0},
this implies that
Bo ™ {utv: (u0) € (VX V), h(u) <7, falv) <O—67F C VTN L (0).

Using that f4(u 4 v) < 0 (see the set we wish to measure in ([[g)), then the left-hand side of (1) shows
that f4(v) < 0+ 67, hence

B, ¥ {u+v:(uv) € (VX V), h(u) <7, fa(v) <O0+07} 2 VTN Ly (0).
Consider the pair of applications
wo: Ln(1)x (VNLy(1) — RY
(u,v) — TUu+(0—9dT)v
and
¢1: Lp() x (VNLp(1) — RY
(u,v) — TUu+ O+ 1)V

Clearly, ¢; is a Lipschitz homeomorphism satisfying ¢; (Eh(l) x (VN Efd(l))) = B; for i € {0, 1}.

Moreover, we have

TIn_ 0 TIN_ 0
Dgpg=| N°K IK] and Dcpl[ v (9+5T)IK}



Then L' (B;) can be computed using (see [ for details)
L' (B;) = / / [pi]dvdu,
ueln(1) Jvevney, (1)

where [p;] is the Jacobian of ¢;, for i = 0 or ¢ = 1. In particular,

[¢o] = det (D@O) = 7N=K g —§7)K,

[1] = det (D(pl) = TN*K(Q + 57_)1(-

It follows that
L' (By) = CTV 50 —6r)% and L' (By) =CrN 5 (0+6m)K

Cc = / du/ dv
Ln(1) VL, (1)

= L7 (Pyo (L)1) (VN Ly, (1))

where the constant

Clearly C is positive and finite. Using the inclusion By C V™ N Ly, (0) C By shows that

CrN=HK(@ —or)K <L (VTN Ly, (0)) < CTNK(0 + 67)F.

The proof is complete. O
2.2 Sets built from a dictionary
With every J C I, we associate the vector subspace 7 defined below:
75 < span (7)) (22)
along with the convention span(f)) = {0}. Given an arbitrary 7 > 0, we introduce the subset of RY
77 YT+ P (L)1) (23)
where we recall that 73" is the orthogonal complement of 7; in RY and |.|| is any norm on RY. These

notations are constantly used in what follows.

The next assertion is a direct consequence of Proposition 1. The proposition is illustrated on Figure .

Corollary 1 For any J C I (including J =0), any norm ||.|| and any 7 > 0 the following hold:

(i) T is closed and measurable;

(ii) Let f; be any norm on RN and K def dim(7;). Then there ewists §; € [0, A] (where A is given in

Lemma [§(iii)) such that for 0 > 6,7 we have

CyrN RO -0, < LT N Ly, (0) < oV R0 +6,7)F,

10

(24)



8‘Cfd (9)

\K/ Pry (L (7)
7

Figure 1: Example in dimension 2. Let the dictionary read {1, 2,%3,1%4}. On the drawing, the sets
PT{L_} (L) (1)), for i = 2,3,4, are shifted by an element of 7;;. The dotted sets represent translations of

Ly (7). The set-valued function Z7 (), as presented in (BY) and Proposition [, gives rise to the following

situations: Z7 (0) = Ly (1) =7, I7 ﬁU Ty UTh and I7 (2) = R? =T ,, =T, 5y = ... The
symbol 0 is used to denote the boundarles of the sets.
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where

Cy=L"" (Prp (L(1) ) L (T N Ly, (1)) € (0, +00). (25)

Proof. The corollary is a direct consequence of Proposition . Notice that we now write ¢ for the constant
07, in Lemma El

O

It can be useful to remind that A is defined in Lemma [l and only depends on ||.|| and fg.
A more friendly expression for 77 is provided by the lemma below. Again, the lemma is illustrated on

Figure .
Lemma 2 For any J C I (including J = 0), any norm ||.|| and 7 > 0 let T] be defined by ©3). Then
77 =75+ EH-H(T)'

Proof. The case J = 0 is trivial because of the convention span()) = {0}. Consider next that J is

nonempty. Let w € 77, then w admits a unique decomposition as
w=v+u where vE€T; and u€ Tj.

If |ul| < 7 then clearly w € 75 + L) (7). Consider next that |jul| > 7. From the definition of 77, there
exists w, € L |(T) such that PTJL (wy) = u. Noticing that v — w, = PTJL (wy) — w, € Ty and that

v+ u—w, € 7Ty, we can see that

w = (V+u—wy)+wy

€ T + Ly (7).
Conversely, let w € Ty + L (7). Then
w=vy+v where v; €7; and ve Ly (7).
Furthermore, v has a unique decomposition of the form
v=1vy+u where vo € 7; and ue’T]l

In particular,

u=Pry(v) € Pry (Ly(7)

Combining this with the fact that vy + vy € 7 shows that w = (v1 +v2) + v € 7. O

12



-
-
Pie
-
2 -
." [y
______ = =
3 et T et e -
.....
......
........
.....
......
- - -
......
......
.........
---------
____________
......
_________
__________
---------- 1
__________
..........
___________
.....
saf et T et L.
P LA L
- -
I PEL et 4
A LJaertT L
P - ="
=
- -
-
-”
2
T oy NI,
{1,2} {3,4}

W = 7’{172} n 7?{374} w’]}:374}

Figure 2: Example of an intersection in dimension 3. T{TLQ} is in between to planes, parallel to 7¢; ).
Same remark for 775 ,,. The set T} 5, NT7 ,, is of the form W + Py. Ly (1), where g is a norm and for
W = 7'{172} n 7’{3_’4}. We also have dim(T{lyg} n 7'{374}) < dzm('f{lg}) = dlm(lz'{374})

3 The intersection of two cylinder-like subsets is small
This section is devoted to prove quite an intuitive result on the estimate of the intersection of two sets 77 .
It uses all notations introduced in §@ and is illustrated on Figure E
Proposition 2 Let J; C I and Jo C I be such that T;, # Ty, and dim(7;,) = dim(7y,) K. LetT>0
and 8 > 0. Then the set given below

77, NT5, 0 Ly, (0) (26)

is closed and measurable. Moreover, there is a constant &y, € [0,3A] (where A is given in Lemmal[l(iii))

such that for 6 > 6y, 5,7 we have
LN (ITJ: n sz N ‘Cfd (9)) < QJ1,J27-N7k(9 + 6J1J2T)k7 k = dim (TJ1 N 7}2)7

where the constant Qy, ;, reads

Qs EL (W N Ly, (280) L (WN Ly, (D) for WE T, 0Ty, (27)

Notice that Qr, 7, depends only on (v;)jecs, and (v¥;);jes,, and the norms ||.|| and fq. A tighter bound
can be found in the proof of the proposition (see equation (@)) The bound is expressed in terms of a

norm g constructed there.
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Remark 5 Since k =dim W < K — 1, we have the following asymptotical result:
N—k k
N T T < N I I
L (T]l N TJQ N ‘Cfd (9)) = QJ1,J2 0 (9) (1 + 6.]1,.]2 9)
N (T N—k T N—k
00" (7)o ()
N-K
= 6o <(g) ) as

Proof. The subset in (§) is closed and measurable, as being a finite intersection of closed measurable sets.

!
o

I N

Let
h12TJJ1‘—>R and hQZTJJZ_—)R

be the norms exhibited in Lemma —See equation ()—Such that for any 7 > 0,
Ehl (T) = PTI1L (‘6”” (T)) and £h2(7—> = PTI2L (‘CHH(T)) .
Reminding that by definition
W = T]l N I]za

De Morgan’s law shows that
wt 1 1
= ’Z':]l + IZ}Q *

Below we express the latter sum as a direct sum of subspaces:

Wh=(TnTh) e (THnTy) (28)

D (T]1 ﬂ']ffz‘)

Notice that we have
T} = (140 TH) o (TH0 1)),
(29)
Tjo = (T 0 T3) © (T N T,

as well as
T, =W (Th ﬁT]J;)a
T, =Wa (7}1 mTJQ).
;From (R§), any u € W has a unique decomposition as

Uy € Tﬁ ﬂ?}t
U= Uy + us + u3 where Uy € Tﬁ N7y, (31)
ug € Ty, m,Z?]JZ_

Using these notations, we introduce the following function:

g: W+t — R

u —  g(u) =sup {hi(u1 +us), hao(ur +usz)}. (32)

In the next lines we show that ¢ is a norm on W=:
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e hy and hg being norms, g(Au) = |\|g(u), for all A € R;
o if g(u) = 0 then u; 4+ us = uy + uz = 0; noticing that uy Lus and that uy Lug yields u = 0;

e for u € Wt and v € W+ (both decomposed according to (B1)),

glu+v) = sup {hl(ul + ug + v + v2), ha(uy +ug + v + ’1}3)}
< sup {h1(u1 + u2) + hi(vi + v2), ha(ur + uz) + ho(v1 +vs) }
< sup {hl(ul + ’LLQ),hQ(’U,l + ’LL3)} + sup {hl(’l)l + ’UQ), hQ(’Ul + 1)3)}

9(u) + g(v).

Furthermore, g can be extended to a norm § on RY such that Yu € W+, we have g(u) = g(u) and
Ly(r) = Pyr (L5(1)), VT >0. (33)
Let us then define

wr W+PWL (55(7‘))

= {w +u: (u,w) € (Whx W), g(u) < 7‘}. (34)
We are going to show that (77, N7} ) C WT. In order to do so, we consider an arbitrary
veT; NTy,. (35)
It admits a unique decomposition of the form
UV =W+ uy + ug + us,

where w € W, and w1, uz and us are decomposed according to (@) The latter, combined with (@) and

(Bd) shows that

ul—i—uQETJJl‘ and w4 ug € 7y,
’LL1+’LL3€T]J2‘ and w4 ug € 7Ty,.
The inclusions given above, combined with (@), show that
hi(ur +u2) <7 and  ho(u; +ug) <7

By the definition of g in (BI))-(BZ), the inequalities given above imply that g(u) < 7. Combining this with
the definition of W7 in (@) entails that v € W7. Consequently,

(T7.077) cw and (T,0T50£40) < (W7 NL.,0).

It follows that
L' (77, NT7, N Ly, (0)) <L (W™ N Ly (0)).
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Applying now the right-hand side of ) in Proposition EI with W7 in place of V7 and taking dy, s, such
that
fa(u) < 0ppg(u), Yue W, (36)

leads to

L' (W7 N Ly, (0) < Qhpy™ (0 + d107)",
where it is easy to see that
Qhy =L (P (Lg() )L (W N Ly, (1) = L7 (Ly(1) L (W N Ly, (1)) (37)

In order to obtain (R7), we are going to show that £,(1) C (L£y.2(202) N W), Using Lemma il (i), if

u € W is decomposed according to (BI)), we obtain

lullo = (latll3 + usll3 + lusll3)® < 11200 + o + us]lz
< lug 4 uzll2 + [Jur + usll2
< doh(ug + ug) + daha(ur + us)
< 2629(u).

So Lg(1) C (£).1,(262) N W) and Q5. < Qi1 for Qy,, as given in the proposition.
At last, we need to build a uniform bound on 4y, , giving rise to (Bd). Using Lemma [l (ii), if u € W+

is decomposed according to @), we obtain
fa(u) = fa(ur +ug +uz) < fa(2ur +uz +uz) + fa(u1)

fa(ur +wu2) + fa(ur +us) + fa(ur)
< Ahy(ur 4 u2) + Ahg(ur + ug) + 61[Juslf2. (38)

IN

Using ([L3), ||u1|2 satisfies the following two inequalities

A

luille < Jlur +uzll2 < dohi(ur + u2),

luille < Jlur 4+ usll2 < d2ho(ur + usg).

Adding these inequalities, we obtain

vo| |

O flur]lz < (hl(ul +ug) 4 ha(ur + Ua))

Using (), we finally conclude that, for u € W+

3A
fa(u) < - (h1(ur + uz) + ha(ur + ug))
< 34 g(u).
The proof is complete. O
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4 Sets of data yielding K-sparse solutions or sparser

For any given K € {0,..., N} and 7 > 0, we introduce the subset Z7 (K) as it follows:

def

I (K) = {deRY : val(Py) < K}. (39)

All data belonging to Z7 (K) generate a solution of (Pgq)—see ()—which involves at most K non-zero
components.
Let us define
G € {JcI:dim(Ty) <K}, (40)
and remind that 77 = span ((¢;);es) according to (22).

The next proposition states a strong and slightly surprising result.

Proposition 3 For any K € {0,..., N}, any norm ||.|| and any 7 > 0, we have
77 (K) = U T+ Ly (7).
JeGk

Some sets Z7 (K), as defined in (@) and explained in the last proposition, are illustrated on Figure .
Proof. The case K = 0 is trivial (Go = {0}) and we assume in the following that K > 1.
Let d € Z™ (K). This means there is ()\;);e;—a solution of (Pz)—that satisfies £o((A\;)icr) < K. Hence

dZZ)\iwi-i—’w with ’LUGAC”,”(T)
ieJ

and J={iel:\ #0} with #J<K.

Consequently dim(7;) < #J < K, which implies that d € Ujeq, 77 + L) (7).
Conversely, let d € Ujea, Ty + L), (7), then d = v 4+ w where v € Ujeq, 7y and w € L (7). Then:

e 3 J C I such that v € 77 and the latter satisfies dim(7;) < K;;

e there are real numbers (\;);c; involving at most dim(7;) non-zero components (hence £o((A;)ics) <

dim(7;) < K) such that v =}, ; \it;.
e w e Ly (1) means that [lw[| < 7.

It follows that d =), ; Nty +w €17 (K). O

Given J C I, remind that 7y = span ((¢;);e.s)—see (BF). Since (1);)icr is a general family of vectors,
there may be numerous subsets J,, n = 1,2,..., such that 7;, = 7; and J, # Jp. A non-redundant
listing of all possible subspaces 7; when J runs over all subsets of I can be obtained with the help of the

notations below.
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For any K =0,..., N, define J(K) by the following three properties:
(@)  JK)c{JcCI:dim(T;)=K};
(b) Jl,JQEj(K) and J17él]2 - Ih?éT]Q;

(c) J(K) is maximal:
if Jy I yields dim(7;,)= K then 3J € J(K) such that 7; =7,

Notice that in particular, J(0) = {0} and #J(N) = 1. One can observe that Gk, as defined in ({{),

satisfies «
Gk > |J I(k)
k=0
and
{T;: JeGr}={T;: Je Jk)for ke {0,...,K}}. (42)

Using these notations, we can give a more convenient formulation of Proposition B

Theorem 1 For any K € {0,..., N}, any norm ||.|| and any 7 > 0, we have
K= | 77,
JET(K)

where we remind that for any J C I and 7 > 0, T} is defined by @), and J(K) is defined by (@)

As a consequence, I7 (K) is closed and measurable.

Proof. The case J = (and K = 0) is trivial because of the convention span(f)) = {0} and J(0) = {0}.
Let us first prove that Z7 (K) = ¢, 77 - Using Proposition B,

7" (K):( U TJ> +Lym = U (T +Lp(n).

JeEGK JeEGK
The last equality above is a trivial observation. Using Lemma E, this summarizes us
(k)= |J 77.
JeGk

Using (i), we deduce that
{77 :J e Gr}={T] : J € T(k) for k € {0,...,K}},

and therefore,
K
k= U 77
k=0 JeJ (k)
Moreover, for any k < K and J € J(k), we can find J; € J(K) such that 7; C 7,. Using Lemma [}, we
find that 77 C 77 . Consequently,

mK)= |J 77
JeT(K)
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This completes the proof of the first statement.

By Proposition m, Z7 (K) is a finite union of closed measurable sets, hence it is closed and measurable

as well. 0

For any K =0,..., N, define the constants ok and C as it follows:

1) = 1) 4
K a0, (43)
6[{ déf Z CJ) (44)
JeJ(K)

where 6 € [0,A] and C; are the constants exhibited in Corollary [l assertion (ii). Clearly,
0<dx <A (45)
In particular,
Co=L"(£))(1)) and Cn = L' (Ly,(1)). (46)
With J(K), let us associate the family of subsets :

def

HK, k) < {(Jl, Jo) € J(K)? such that dim(7y, NT},) = k} (47)

where K =1,2,...,Nand k=0,1,..., K — 1.

9

Notice that H (K, k) may be empty for some k. Consider (Ji, J2) € J(K)? such that

TJl +TJ2 = (Th OTJQ)@(T]I QTJQL)@(TJz mThJ—) C RN
dim(Zy, +75,)= k + (K—-k) + (K—-k < N
and k > 2K — N. We see that
H(K,k)#0 = k>2K—N.
Conversely,
k< ki < max{0, 2K - N} =  H(K, k) =0. (48)

Notice that H(N,k) =@, forallk =0,..., N—1 and that forany K = 1,..., N—1, wehave 0 < kx < K—1.
For K € {1,...,N —1} and k € {kk,..., K — 1} let us define

N def
= 0 1) 49
K,k max { ) (Jl,JzI?Ea;l{(K,k) J1,J2 }7 ( )
oY ef
QKak « Z QJLJZ (50)

(J1,J2)EH(K k)
where @, s, and 85,5, € [0,3A] are as in Proposition fl. It is clear that if H(K,k) = 0 then we find

Qx.r =0 and 5'Kk = 0. It follows that for any K =1,...,N —1 and any k = kg,..., K — 1

)

0 < O s < 3A. (51)
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Last, define

do JiEK =0
Ax € max {AK1,5K, max S/Kk} JIFO<K <N (52)
ke <k<K-1 1%
maX{AN,1,5N} ,ifK:N
Using (B3) and (B1),
0< Ak < 3A. (53)

All these constants, introduced between (@) and (@), depend only on the family (;);cr, the norms
.|l and f4, K and k. Their upper bounds using A only depend on |.| and f4. They are involved in the

theorem below which provides a critical result in this work.

Theorem 2 Let K € {0,...,N}, the norms ||.|| and fq, and (¢¥;)icr, be any. Let 7 > 0 and 0 > TAk
where Ag is defined in (53). The Lebesgque measure in RN of the set I (K) defined by ([39) satisfies

CrmV KO —b5xm)E —0N eo(K,7,0) < LY (IT(K)N Ly, (0) < CrmV K0+ 67K, (54)
where
0 ifK=0 or K=N
K—1
eo(K,1,0) = = T N—k & T koo, (55)
k;}(QKyk(e) (1+5K,k9) if0< K <N

for Cx, kx, Qx ., Or and S’Kk defined by ({4), (), ), (E3) and @) respectively. Moreover, (),
(b1)) and (B3) provide bounds on dx, S'Kk and Ay, respectively, which depend only on ||.| and fq, via A

(see Lemma[] (iii)).
Remark 6 We posit the assumptions of Theorem E Then asymptotically

I (I7 (K) N Ly, (0)) = Cx 0V (g)N_K +0N o ((g)N_K> as g — 0.

Proof. Using Theorem , it is straightforward that

T K)NnL0) = U (7 neuo) (56)
JeJ(K)
and that
L' (@ )LL) =L'( U (77 n£,0)). (57)
JeJ(K)

When K =0 or K = N, we have #J(K) = 1. Then, (j4) is a straightforward consequence of (§7) and
Proposition | (the latter can be applied thanks to the assumption 0 > 7Ag and (5J)).

The rest of the proof is to find relevant bounds for the right-hand side of (@) under the assumption
that 0 < K < N.
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Upper bound. By the definition of a measure, and then using Corollary , it is found that

L'(I7(K)NLy,(0) < > LY(T7NLy(0))

JeT(K)
< TN_K Z C.](9+5JT)K
JeT(K)
< VRO +TE D O

JET(K)
= 6}( TNiK(e + SKT)K

where the constants dx and Cg are defined in ({3) and ([4), respectively.

Lower bound. First we represent the right-hand side of (5f) as a union of disjoint subsets. Since J(K) is

finite, let us enumerate its elements as
J(K)={J,...,Ju} where M = #(j(K))
To simplify the expressions that follow, for any J we denote

Bj :’Tfﬁﬁfd(@).

Then u
U (7ncu®) =B
JET(K) i=1
Consider the following decomposition:
M
UBs = (BJI) U (BJZ \ (B, mBJZ)) U...U (BJM \ (UMT(By, mBJM)))
i=1

- (B,h) U 6 BJi\(U(B,]ijJi))

1=2 J1=

Since the last row is a union of disjoint sets, we have
UBJZ =L" (B,,) +ZL (B, \ (UiZh(Bs, N By))).
=2

Noticing that (U;;ll (Bj, N B.]i)) C By, entails that

L' (B, \ (U2} (B;, N By,))) =L (By,) —L" (UZ} (B;,NBy)), Vi=2,...,M.

Hence
M M M i—1
L' (JBs) =Y L'(Bs) - > L UBJJQBJZ
i=1 i=1 =2 j=1

Using successively (p9), assertion (ii) of Corollary [i], (), (4) and 6 > 7Ax shows that

M
Z L' (By) = Z L' (77 N Ly, (0))
i=1 JeJ(K)
> ) N - 6,m)"
JeT(K)
> GKTNfK(H—gKT)K,
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where the constants dx and Cx are given in (£3) and (f4), respectively.
Using the original notation (@), each term, for ¢ = 2,..., M, in the last sum in (@) satisfies

i—1 i—1 i—1
L' (| JBs,NBL)) <> L (B, NBy) =Y L' (Ls,(0)NT] NTJ). (62)
Jj=1 j=1 =1

Let us remind that dim(7;,) = K for every i = 1,..., M and that by the definition of 7 (K)—see (Jtl])—we
have 75, # 715, if i # j. Propositionﬁ can hence be applied to each term of the last sum:

L (L, (0)NT7NTF) < Q™ ha(0+5, , )

where k; ; = dim (’Z}j N TL-)-
Then (f2) leads to
i—1 i—1
L' (| JBsy,nB)) <Y Quu a0+, , 7).
j=1 j=1
By rearranging the last sum in (f() and taking into account ([4§), we obtain
M i—1 K—1
L (UBy,nBy)) < > Quear™ (0 + 0k i), (63)
i=2 j=1 k=Fkx

where S’Kk and Q. are given in (d) and (5(), respectively.
Combining (57) along with the original notations (59) and then (p0)), (61) and (B3) yields

M
I (Z7 (K) N Ly, (0)) = JLN(_UBJJ
> 6KTN7K(9—(§KT)K_EO(K;Tae)a

where £¢(.) is as in the proposition. This finishes the proof. a

Remark 7 In the proof of this theorem we could notice (see (pU), (63) and (5g)) that

S LI nLLe) - Y Y L (L.0)nTNTL)

JeJ(K) k=kx (J1,J2)EH(K,k)
< LY(ZT(K)NLy,0) (64)
< > LT N L)
JeJ(K)

These are the main approzimations of L.’ (IT (K)NLy, (9)) in the proof of the theorem. The precision of
the bounds given in the theorem could be more accurate by improving the above inequalities. The loss of

accuracy has however the same order of magnitude as the precision in the calculus of LY (Tf NLyg, (9))

The constants Ag, dx and S’Kk depend on (v;);e; and K. Using the uniform bound A exhibited in

Lemma [ (ii) in place of ok and 5’K & leads to a more general but less precise result.
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Corollary 2 Let K € {0,...,N}, the norms |.| and fq, and (¢;)icr, be any. Let 7 > 0 and § > 37A

where A is derived in Lemma [] (ii) and depends only on fy and |.||. The set I (K) defined by (59)
satisfies
CrrV R0 - AN =0V ef(K,7,0) <L (T7 (K)N Ly, (0)) < Crr" "0+ A7)", (65)
where
0 Jif K=0o0or K=N
K-1
o (K,7,0) = O T Nk ~T g ;
kzk QK,k(e) (1+3A0) Lif0< K <N.
=RK

Moreover, for K=1,....N -1 and k = kg,..., K — 1, we have

Qrr < #J(K)(#IT(K) = DN — k)a(k)(262)V 65 (66)
where
!
#J(K) < %’ (67)

a(n) is the volume of unit ball for the euclidean norm in R™ (see equation () for details), 8o is defined
in Lemma [] (see equation ([[0))) and &5 is such that

lwllz < 0 fa(w) . Vw € RY.

Proof. Equation (5) is obtained by inserting in (54) in Theorem [ the uniform bounds on Ok, S’Kk and

Ak given in (B5), (1) and (53), respectively.
The upper bound for Qg . is obtained as follows. Using @) and (@), we obtain

Qr k= > L (T, 0 T) ' 0 Ly, (262)) L (T, N T, 0 L, (1))
(J1,J2)EH(K k)

Moreover,

L7 (75, N T) "t 0Ly, (202)) = a(N — k)(202)7F,
L (75, N T N Ly, (1) S L (T3, N T 0 Ly, (0) = alk)(8)",

and we obviously have

#H(K, k) < #J (K)#J (K) = 1).

T

The above corollary shows that the “quality” of the asymptotic as 7 — 0 depends on ||.||, fq and on
the dictionary through the terms Qg x. The latter terms are bounded from above using (66) and (67) and
they are clearly overestimated. Even though the bound we provide are very pessimistic, they depend only

on ||.||, fa and #I and can be computed.

Remark 8 Let us emphasize that “uniform” bounds in the spirit of Corollary E can be derived from
Proposition , and Theorems E, and E We leave this task to interested readers that need to compute

easily the relevant bounds.
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5 Sets of data yielding K-sparse solutions

For any K € {0,...,N} and 7 > 0, we denote

D7 (K)

{deRY :val(Py) = K} . (68)
;From the definition of Z7 (K) in (BY), it is straightforward that
DT(K)=1" (K)\TIT" (K —-1), VKec{0,...,N}, (69)
where we extend the definition of Z7 (K') with
7 (-1)=0.
Being the difference of two measurable closed sets, D7 (K) is clearly measurable. Noticing also that

I (K —1) c T7 (K) (70)

we get
L' (D7 (K) 1 £4,(0)) = L' (T7 (K) 1 £4,(0)) = L' (T (K = 1)1 £4, (). (71)

Combining these observations with Theorem P] yields an important statement which is given below.

Theorem 3 Let K € {0,...,N}, the norms ||.|| and fq, and (;)icr, be any. Let 6 > 0 and 0 >
Tmax(Ag,Akg_1) where Ay is defined in @), for k € {K —1,K}. The Lebesgue measure in RN of the
set DT (K) defined in ([6§) satisfies

Cr ™50 — o)X —0Ne((K,7,0) < L' (D" (K)N Ly, (0)) (72)
< 6}( TNiK(e‘i‘SKT)K +9N51(Ka 7-59)5 (73)
with
. m\N-(E-D) o K-l
56(K7T79) = EO(K;T;9)+CK—1 (E) (1+6K—15) )
_ N—(K-1) R K—1
61(K,7‘,9) = E(KK*I,T,@)*CK,l (g) (175[(,1%) s

where Cy, for k € {K —1,K} are defined by @), along with the extension C_1 = 0, whereas €q is as in
Theorem E with the extension eo(—1,7,0) = 0.

Proof. By (1)), we have

L (D7 (K) N1 L1, (6))

IN

Upper bound(LN (I7 (K) N Ly, (9))) — Lower bound(ILN (I7 (K - 1)Nn Ly, (9)))

I (D" (K)N Ls,(0)) > Lower bound (]LN (I (K)N Ly, (9))) — Upper bound (]LN (I7 (K — 1) Ly, (9)))

where the relevant upper and lower bounds were derived in Theorem J. Since I (I7 (K = 1)N Ly, (0)) is
negligible compared to L' (Z7 (K) N Ly,(0)), the bounds corresponding to this term are introduced in the

error functions e( (K, 7,0) and €1 (K, 7, 0). O
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Remark 9 Let us emphasize that Remark is valid if we write D (K) in place of I7 (K). This gives
the asymptotic of the LY (DT (K)NLy, (9)) as 7 goes to 0. This observation may seem surprising. It only
means that as far as 3 decreases, the chance to get a solution with sparsity strictly smaller than K is very

small when compared to the chance of getting a sparsity K.

Remark 10 In Section , we adapted Theorem@ to get Corollary E In the latter, the gap between the
lower and upper bounds only depends on ||.||, fa and Qx x—1 the latter depending on the dictionary in a

controllable way. A similar adaptation of Theorem B s easy.

6 Statistical meaning of the results

In this section we give a statistical interpretation of our main results, namely Theorem E and Theorem E

Proposition 4 Let f; and |.|| be any two norms and (¢;)icr be a dictionary in RY. For any K €
{0,...,N}, let 7 > 0 and 0 be such that 0 > TAk where Ay is defined in @) Consider a random

variable d with uniform distribution on Ly,(0). Then

Cx () (- D) - 2T ey < 1)

¥ (L7, (1)) \@ 0 LY (L5,(1)) B
O () )

Y (ﬁfd(l)) 0 0
where eg(K, 1,0) is given in Theorem @, equation (@) Moreover we have the following asymptotical result:
Cxk T\N-K T\N-K T
P (val <K)=——"— (= - — = 0.
(val(Pa) < K) = 5z, ) (3) +°<(9) > w9

Proof. Consider the set Z7 (K) defined by @) We have
LY (T (K) N £4,(6)
¥ (‘Cf.i (9)) ’
since d is uniformly distributed on Ly, (#). The inequality result follow from Theorem E, equation (@) and
uses the observation that L (Ly,(0)) = 0V L' (L, (1)).

P(val(Pq) < K)=P(deZI™ (K)NLs(8) =

The asymptotical result is a direct consequence of Remark H 0

Remark 11 Notice that, as already noticed in (@), Cy=L" (Efd(l)) and the asymptotic in Proposition
reads for K = N

— 0.

P(val(Pg) < N)=1+40(1) as g
In fact a better estimate is easy to obtain in this particular case. We know indeed that for all d € RV,

any solution of Py involves an independent system of elements of (;)icr- (A sparser decomposition would

otherwise exist.) Therefore we know that for all d € RN, val(Py) < N. This yields

P (val(Pg) < N) =1. (74)
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Theorem 4 Let f; and ||.|| be any two norms and (1;)icr be a dictionary in RN . For any K € {0,...,N},
let 7 > 0 and 0 be such that 0 > T max(Ak, Ax_1) where Ay is defined in ) Consider a random variable
d with uniform distribution on Ly,(0). Then we have

M(g)]\fﬂr{ (1—5Kg)K757(K,T,9) < P(val(Pg) = K)

Crx T N-K 2 T K N
= D(L,0) (9) (H(sKe) +e (K, 70)
with
_ eo(K,7,0)
e (K, 7,0) = U0
L (‘Cfd(l))
and
e (K,7,0) = eu(K,7,0)

LY (Ls, (1)
for €, and &1 as defined in Theorem B and for 6k and Cr defined in (@’) and @), respectively.

In particular, we have

P(Val(Pd)K)%(g)N_K+O<(g)N_K> 5y gHO. (75)

Proof. Consider the set D7 (K) defined in (B§). We have

LY (D7 (K) 1 £4,(6)

L (Lr,(0)
since d is uniformly distributed on L¢,(#). The inequality result follows from Theorem E, equation (@),
and L' (Ly,(0)) =L (Ly,(1))6N. O

P(val(Pg) =K)=P(de D" (K)NLys(0) =

Remark 12 ;From ([5) and ([{4), we see that

T

P(val(Pg)=N)=1+0(1) as I 0.

For any other K € {0,...,N — 1}, P(val(Py) = K) goes to 0, as 7 — 0. Moreover, we know how
rapidly they go to 0. In particular, we know that P (val(Py) = K — 1) becomes negligible when compared to

P (val(Pg) = K), as 5 — 0.
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Notice that even though d is a random variable on a subset of RY, the value of our function val(Py) is
an integer larger than zero. We can also compute the expectation of val(Py):

E(val(Py)) = Y K P(val(Pg) = K)

=

K (P (val(Pq) < K) — P (val(Pa) < K — 1))

MziMz

N-—1
P (val(Pa) < K) — Y (K + 1)P (val(Py) < K)
K=0

=
Il

0
N-1

= P(val(Py) < N) ZIP’ val(Py) < K)
K=0

N-1
P (val(Py) < K)
K=0

[
2

where we used ([0) and (74).
This yields the following Theorem.

Theorem 5 Let fq and ||.|| be any two norms and (i)icr be a dictionary in RY. Let 7 > 0 and 0 be
such that 6 > T maxo<x<n Ax where Ak is defined in @) Consider a random variable d with uniform

distribution on Ly,(0). Then

N ZLN o (7) (eieg)”

IN

E (val(Pg))

IN

N—1 —
C N—K . K K.7.0
NS G ()T (15D _ Solfir0)
K=0 I (‘Cfd(l)) 0 0 B (‘Cfd(l))
where eo(K, T, 0) is given in Theorem @, equation (@) Moreover we have the following asymptotical result:

E(val(Py)) = N — —SN-1_T +o(f) as = 0.

IV (Ls,(1)) 6 6 6
7 Illustration: Euclidean norms for ||.|| and f;
Consider the situation when both ||.|| and f4 are the Euclidean norm on R¥:
lll=fa=|.llz2 where |ul2 =+ {u,u), with (u,v) Zu ;. (76)

Noticing that the Euclidean norm is rotation invariant, for any vector subspace V' C R we have
PvL (,6””2(7')) = VL N ‘6””2(7—) = {’LL S VL : ||u||2 S T}. (77)
The equivalent norm h and the constant A derived in Lemma [| are simply

h(u) lull2,  Vu eV,

A = 1.
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The constant dy in assertion (ii) of Proposition , defined by (@), reads 0y = 1. Then the inequality

condition on ¢ and 7 is simplified to 6 > 7.

The constant C' in (E) in the same proposition depends on K (the dimension of the subspace V) and

reads (see [fl, p.60] for details)

C =a(K)a(N - K) ¥ ¢(K),

where for any integer n > 0 we have

a(n):m for F(n)/o e Tz .

Here T is the usual Gamma function. Using that I'(n + 1

C(K) =

K(N - K)M (8551 (%)

(From the preceding, the constants d; and C'y in Corollary [I| read
éb; = 1, VJCI,

C; = C(K),

where the expression of C(K) is given in ([9).
The norm g arising in (BJ) in Proposition f reads

g(u) sup{jual2 + [luzll2, [lu1ll2 + [lusll2}

[utll2 + sup{|[uallz, [lusl2}

where u = u; + uz + u3 is decomposed according to (EI) Then

faw) = |lullz = lurll2 + lluzll2 + llusllz < d7g(u), Yue W if 6,5, =2

The constants ds,,7, and @y, s, in Proposition E read

(511,.12 = 2

QJ1J2 = C(k)’

where C(k) is defined according to ([/9).
For any k = 1,..., N, the constants §; and C}, in (@)—@) read

o = 1,
T = (k) #T().

Clearly, #J(K) depends on the dictionary (¢;);er.
The constants S’K . and Q k, introduced in (@) and (@), respectively, are

5lf(k = 25

)
=
I

Clk) #H(K, k).
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Here again, #H(K, k) depends on the choice of dictionary and in any case, #H(K,k) = 0 for k < ko
(where kg is defined in (ig)). The constant in (53) is Ax = 2 and the inequality (5J) is satisfied.

The main inequality in Theorem E now reads

CR)#{T(K)} TN K0 — 1)K —¢o(K,T,0)

IN

L' (I7 (K)N Ly, (0))
CK)#{T(K)} V5 (0 + )",

IN

where C(K) is defined by ([9) and the error term eo(K, 7, 6) is

K-1

D Clk) #{H(K, k)} 7V 7F(0 + 27)".

k=ko

eo(K,T,0) =

In order to provide the statistical interpretation in section [}, we notice that L (L5,(1)) = a(N) for

a(.) as given in ([§), and hence
N/2

L' (Lf,(1)) = m

8 Conclusion and perspectives

In this paper, we derive lower and upper bounds for different quantities concerning the model (Py).
Typically, the difference between the upper and the lower bound has an order of magnitude (%)N —KA+l
while the quantities which are estimated are propositional to (g)N —K_ The difference between the upper

and lower bounds is made of

o The terms #+4§,7 which come from the inclusions By € V"NLy,(8) C By, in the proof Proposition .
This approximation is of the order (%)N —K+1 Tt may be possible to reach a larger order of magnitude
(e.g. ()N ~572) under the assumption that fq is regular away from 0 (e.g. twice differentiable).

This would permit to improve Proposition EI and the theorems that use its conclusions.

e A term of the form —0Neo(K,7,0) could be added to the upper bound in (54). This term is not
present because of the approximation made in () Such a term “—0Neo (K, 7,0)” could be obtained
by computing the size of the intersection of more than two cylinder-like sets in Proposition E (doing
so we would also avoid the approximation in (@)) and by improving this proposition by bounding
L' (77 NT], N Ly,(0)) from below. This is probably a straightforward adaptation of the current
proof of Proposition E

This improvement is possible but not necessary in this paper since (again) this approximation yields

N-K+1

an error whose order of magnitude is (%) . We can anyway not get a better order of magnitude

unless the approximation mentioned in the previous item is not improved (i.e. more regularity is

assumed for fg).

Besides those aspects, several future developments can be envisaged:
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An important improvement would be to assume a more specialized form for the data distribution.
One first step would be a distribution of the shape o e~ f¢(*) which is continuous. In our opinion,
one possible goal is to deal with a data distribution defined by a kernel. This is indeed one of the

standard technique used in machine learning theory to approximate data distributions.

Another way of improvement is to adapt those results to the context of infinite dimensional spaces.

This adaptation might not be trivial since (for instance) there is no Lebesgue measure in those spaces.

We are also preparing a paper where a similar analysis is performed for the Basis Pursuit Denoising
(i.e. I! regularization) with the same asymptotic. It will clearly show what is in common and what

are the differences between ¢y and I' regularization.

Performing a similar analysis for the Orthogonal Matching Pursuit would, of course, be a interesting

and complementary result.

In a forthcoming work, we develop the theory in the context of orthogonal bases instead of general
dictionaries (frames). This simplification of the hypotheses simplifies a lot the formulas of the current

paper and illustrate it.
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