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ASYMPTOTIC BEHAVIOUR OF A RAPIDLY ROTATING FLUID WITH RANDOM
STATIONARY SURFACE STRESS

ANNE-LAURE DALIBARD*

Abstract. The goal of this paper is to describe in mathematical terms the effect on the ocean circulation of a random
stationary wind stress at the surface of the ocean. In order to avoid singular behaviour, non-resonance hypotheses are
introduced, which ensure that the time frequencies of the wind-stress are different from that of the Earth rotation. We
prove a convergence result for a three-dimensional Navier-Stokes-Coriolis system in a bounded domain, in the asymptotic
of fast rotation and vanishing vertical viscosity, and we exhibit some random and stationary boundary layer profiles. At
last, an average equation is derived for the limit system in the case of the non-resonant torus.
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1. Introduction. The goal of this paper is to study mathematically a problem arising in ocean
dynamics, namely the behaviour of ocean currents under stimulation by the wind. Following the books
by Pedlosky [, R1] and Gill [}, the velocity of the fluid in the ocean, denoted by u, is described by the
incompressible Navier-Stokes equations in three dimensions, in rotating coordinates, with Coriolis force

p(Ou+u - Vu+2Qe Au) — ApApu — A, 0%°u =Vp, t>0, (v,y,2) € U(t) C R?,
divu = 0.

In the above equation, A, and A, are respectively the horizontal and vertical turbulent viscosities, p is
the pressure inside the fluid, p is the homogeneous and constant density, and e is the rotation vector
of the Earth (2 > 0 and e is a unitary vector, parallel to the pole axis, oriented from South to North).
U(t) is an open set in R3, depending on the time variable ¢: indeed, the interface between the ocean and
the atmosphere may be moving, and is described in general by a free surface z = h(t).

In order to focus on the influence of the wind, let us now make a series of crude modeling hypotheses
on the boundary conditions: first, we assume that the lateral boundaries of the ocean are flat, and that
the velocity u satisfies periodic boundary conditions in the horizontal variable. We also neglect the
fluctuations of the free surface, namely, we assume that h(t) = aD, with a, D positive constants. This
approximation, although highly unrealistic, is justified by the fact that the behaviour of the fluid around
the surface is in general very turbulent. Hence, as emphasized in [E], only a modelization is tractable
and meaningful. Let us also mention that the justification of this rigid lid approximation starting from
a free surface is mainly open from a mathematical point of view: we refer to [ﬂ] for the derivation of
Navier-type wall laws for the Laplace equation, under general assumptions on the interface, and to [B]
for some elements of justification in the case of the great lake equations. At last, we assume that the
bottom of the ocean is flat; the case of a nonflat bottom has already been investigated by several authors,
and we refer to [ﬁ, E, IE] for more details regarding that point.

As a consequence, we assume that U(t) = [0,a1H) X [0,a2H) x [0,aD), where H > 0 is the typical
horizontal lengthscale, and u satisfies the following boundary conditions

u is periodic in the horizontal variable with period [0,a;H) x [0, a2 H),
u)z—0 = 0 (no slip condition at the bottom of the ocean),
OzUp|z—ap = Aoo  (influence of the wind),

u3|.—qp = 0 (no flux condition at the surface).

Let us now reduce the problem by scaling arguments. First, we neglect the effect of the horizontal
component of the rotation vector e, which is classical in a geophysical framework (see ]) Furthermore,
we assume that the motion occurs at midlatitudes (far from the equator), and on a “small” geographical
zone, meaning H < Ry, where Ry is the earth radius. In this setting, it is legitimate to use the so-called
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f-plane approzimation (see [ﬂ]), and to neglect the fluctuations of the quantity es - e with respect to the
latitude. In rescaled variables, the equation becomes

1
Ou” +usY - VuSY + ez Aut — vp Aput? — v,02uS + < ng ) =0, (1.1)
e ? z
where
U Ap LA, D
€= ———, Up 1= ——, UV, = ———, 7= —,
omy " T pul’ D2 T H

and U is the typical horizontal relative velocity of the fluid. We are interested in the limit
v, <1, ex1l, v,~1

Such a scaling of parameters seems convenient for instance for the mesoscale eddies that have been
observed in western Atlantic (see [R0]). One has indeed

U~5cm-s ', H~100km, D~4kmandQ~ 10741
which leads to € ~ 5 x 1072, Possible values for the turbulent viscosities given in [R(] are
Ap ~10°kg-m™t-s7tand A, ~1kg-m~!.s7!

so that v, ~ 1073, v, ~ 1. In the rest of the article, we denote by v the small parameter v,, and we
assume that v, = 1. Additionally, we do not take into account the shallow water effect, and thus we take
v =1, even though this is not consistent with the values of H and D given above. Indeed, the thin layer
effect, which corresponds to v < 1, is expected to substantially complicate the analysis, but without
modifying the definition of boundary layers. Thus, in order to focus on the influence of a random forcing,
we study the classical rotating fluids equation (see for instance [[I]), that is

1
ousY +us" - Vu? + €3 Au — Apu®Y — vd2us’ + Vp = 0. (1.2)

Moreover, the amplitude of the wind stress at the surface of the ocean may be very large; thus we set

L A()S()D
§i= =,

where Sy is the amplitude of the wind velocity, and we study the limit 5 — oco. Equation (E) is thus
supplemented with the boundary conditions

87” —
u\z:O -
&,V _ £
azuh|z:a - ﬁO’ ’ (13)
e,v o
Usloq 0.

Additionally, u" is assumed to be T2-periodic in the horizontal variable xj,, where T? := R2/[0,a1) x
[0,az). In the rest of the paper, we set T := T? x (0,a). The assumptions on the wind-stress o will be
made clear later on.

1.1. General results on rotating fluids. Let us now explain heuristically what is the expected
form of u®" at the limit. Assume for instance that v = ¢ and that the family u** behaves in L?([0, T]x Y)
like some function u®(t,t/e, ), with u® € L>°([0,T] x [0,00) x T) sufficiently smooth. Then it is natural
to expect that u® satisfies

9-u’ +e3 Aul =0,
divu® = 0, (1.4)
ug|z:0 = ug\z:a = 0.



In fact, the above equation can be derived rigorously from (B) if the dependence of the function u°
with respect to the fast time variable 7 is known a priori; the goal of the two-scale convergence theory,
formalized by Grégoire Allaire in [f]] after an idea of Gabriel N’Guetseng (see [[[§)), is precisely to justify
such derivations in the context of periodic functions. However, in this paper, we do not need to resort
to such techniques; our aim is merely to build an approximate solution thanks to formal computations.

In view of ), we introduce the vector space

H:= {u € L3(7)3, divu =0, U3|=0 = U3|z—q = O} .

We denote by P the orthogonal projection on H in L?(T)3, and we set L := P(e3A-). Notice that P differs
from the Leray projector in general, because of the no-flux conditions at the bottom and the surface of
the fluid. Tt is known (see for instance [[]) that there exists a hilbertian basis (Nk)kezs\qoy of H such
that for all &,

K
P(e3 A Ni) = i\p Ny, with A\ = | k§|
where k' = (2rky /a1, 2mka/az, wks/a). The vector Ny is given by
. cos(kbz)ny (k)
Ni(zp, z) = e*non | cos(kh2)na (k)
sin(k5z)ns (k)
where
k ks + KA
nl() \/W|k|(z2+ lk)
k k] + koA i
n2() \/W|k|( Zl+ 2]9) lfkh#()?
A
k
nalk) = i ]
and

else.

Let £(7) : H — H be the semi-group associated with equation ([.4), i.e. £() = exp(—7L) for 7 > 0.
We infer from equation (@) that u®(¢,7) € H almost everywhere, and that there exists a function u?
such that

u = L(T)ul = Ze_w‘” (Ng,u) Ni.
k

Consequently the main effect of the Coriolis operator L is to create waves, propagating at frequencies
of order e~!. The goal is now to identify the function v, which in general depends on the slow time
variable ¢. This is achieved thanks to filtering methods, which were introduced by S. Schochet in ,
and further developed by E. Grenier in ] in the context of rotating fluids. Precisely, setting

t
u7” =exp <—L> u®v
€

it is proved in | I @] in the case of Dirichlet boundary conditions at z = 0 and z = a that 47" converges
strongly in L2 ([0,00) x T) towards a function uY. Moreover, the function u) satisfies a nonlinear
equation of the type

druy, + Qu,uy) — Apu, =S, (1.5)



where the quadratic term Q(uOL_, u?) corresponds to the filtering of oscillations in the non-linear term

u®?-Vu®¥, and the source term S to the filtering of oscillations in lower order terms in u*. The quadratic
term @ is defined as follows (see [{f], Proposition 6.1 and [[[7)): for wy,ws € HNHY(Y), Q(w1,w2) is the
weak limit as € — 0 of the quantity

leXp (EL> P (exp <—EL> wy - V exp <—EL) w2>
2 € € €

+ 1exp (£L> P (exp <—£L> wy - V exp (—EL) w1> .
2 € € €

Q (w1, wo) Z Z (N, w1) (Np, wa) g 1,m Nim, (1.6)
mezZ3 (k,1)EX,

Hence

where the resonant set Ky, is defined for m € Z3 \ {0}, by

kp +1ln =
fom = {(kvl) € ZG’ )\}; i)}\l[ :KL}“ and E"I] € {_17 1}27 771k3 + 77213 - m3}

and the coeflicient oy, by

(N, (Ni - V)Ni) + (N, (N1 - V)Ny)) .

N | =

AL lm =

In order that the equation on u} is defined unambiguously, the value of the source term S has to be
specified. In the present case, we have

S = —\/gsB(U%) — vB5r(0),

where Sp : H — H is a linear continuous non-negative operator (see [E, E, E]) recalled in formula (3.1(])
below, and St (o) depends on the time oscillations in the wind-stress o. Thus, in the next paragraph, we
precise the assumptions on the wind-stress ¢°, and we define the source term St. In the above formula
and throughout the article, the subscripts B and T refer to top and bottom, respectively.

1.2. Definition of the limit equation. Let us first introduce the hypotheses on the dependance of
the wind velocity o¢ with respect to the time variable. Since the Coriolis operator generates oscillations
at frequencies of order ¢!, it seems natural to consider functions ¢° which depend on the fast time
variable t/e. The case where this dependance is periodic, or almost periodic, has been investigated by N.
Masmoudi in [@] in the non-resonant case, that is, when the frequencies of the wind-stress are different
from +1. The results of [l were then extended by the author and Laure Saint-Raymond in [§]. In
fact, it is proved in [E] that when the wind-stress oscillates with the same frequency as the rotation of
the Earth (i.e. +1), the typical size of the boundary layers is much larger than the one of the classical
Ekman layers. Moreover, a resonant forcing may overall destabilize the whole fluid for large times. Here,
we wish to avoid these singular behaviours, and thus to consider a more general non-resonant setting.

Let (E, A, mo) be a probability space, and let (6;),cr be a measure preserving group transformation
acting on E. We assume that the function ¢° can be written

t
o (t,xp) =0 (t,—,xh;w>, t>0, z, € T?, we E,
€

and that the function o is stationary, i.e.
o(t, 7+ s,xp;w) = o(t, 7, xph; 0sw)

almost everywhere.



The periodic setting can be embedded in the stationary (ergodic) setting in the following way (see
[[9)): take E = R/Z =~ [0, 1), and let mg be the Lebesgue measure on E. Define the group transformation

(97)76R by
Ors=s+7 modZ V(r,s)eRxE.

Then it is easily checked that 6, preserves the measure mg for all 7 € R. Thus the periodic setting
is a particular case of the stationary setting; the almost periodic setting can also be embedded in the
stationary setting, but the construction is more involved, and we refer the interested reader to .

The interest of the stationary setting, in addition to its generalization of the almost periodic one,
lies in the introduction of some randomness in equation () Hence, we also expect to recover a random
function in the limit €, — 0. In fact, we will prove rigorously a strong convergence result of this kind;
additionally, we will characterize the average behaviour of u®" in the limit. Thus, one of the secondary
goals of this paper is to derive some averaging techniques adapted to highly rotating fluids, which may
be of interest in the framework of a mathematical theory of weak turbulence.

Since the function o is not an almost periodic function, we now introduce a notion of approximate
spectral decomposition of o. For a > 0, define the operator F, by

1 )
Fao : AER— — / exp(—alt|)e” o (1) dr, (1.7)
2T R
and define the family of functions (04)a>0 by the formula
Gu(7) = / exp(—al A Fao(A) dA. (1.8)
R

It is proved in Appendix A (see Lemma A.1) that the family (04)a>0 converges towards o, as a — 0,
in L°°([0,T1] x [0,Ts] x E, L*(T?)) for all Ty, T» > 0. In order to simplify the presentation, we assume
from now on that o only has a finite number of horizontal Fourier modes. This is not crucial in
the convergence proof, but the non-resonance conditions on o are somewhat simpler to formulate in this
case. We refer to Remark E for more general assumptions.

From now on, we assume that for all « > 0, T > 0, the function F,o belongs to L>*([0,T] x E x
T2, L' N L>°(R,)), and that the following non-resonance hypotheses hold:

(H1) For all T > 0,

VT >0, SU.]Z()) ||.7:a0'||Loo([07T]XEXT27L1(R>\)) < +o0.
a>

(H2) There exist neighbourhoods Vi of +1, independent of o > 0, such that

VI >0, lim - sup [ Fao(A)| Lo o, r)xmxr2) = 0-
a—=U X eViuve

We refer to Remark [L.d below for some details about the meaning of hypotheses (H1)-(H2) for
almost periodic functions. The interested reader may also consult [IJ] for a treatment a resonance
phenomena for functions with a continuous spectrum; notice however that the context in @] is somewhat
different, since it deals with functions whose Fourier transform is well-defined.

Let us now explain how random oscillations are filtered:

PROPOSITION 1.1. Let ¢ € L®(R,, L*(E)) be stationary, and let X\ € R. Then the family

I :
¢(’,\:w€E'—>§/ (1, w)eAdr, 0>0
0

converges, almost surely and in L*(E), towards a function denoted by Ex[¢] € L*(E) as § — oo. More-
over, Ex[P] satisfies the identity
E[e](6:w) = Exlg](w)e™

almost surely in w, for all T € R.



Additionally, if o satisfies (H1)-(H2), then
Exlo] =0 (1.9)

for X\ in a neighbourhood of +1.

Proposition is proved in Appendix B, except property ), which will be proved in the course
of the proof page P6.
With the above definition of £, the source term St is defined by

3

L (=D
Vama R

keZ3

Sr(o)(t) = (Arkp, +i(kp) ") - E-x, [6(t, -, kn)] Ni,

where
o(t, 7, kn;w) :/ o(t, s w)e”*n T day,.
'JT2

Notice that St (o) is a random function in general, and is well-defined in L{° ([0, 00) x E, L?(T)) thanks
to (H1)-(H2) provided o € L>([0,T] x [0,00) x T? x E) for all T > 0.

e We now state an existence result for the limit system, based on the analysis in [@] To that end,
we introduce the anisotropic Sobolev spaces H s’ by

H* = {ue L*(T), Ya € N%, |ay| < s, |az| < &', V"2 u e L*(Y)} .

Then the following result holds:
ProproSITION 1.2. Let v,e,3 > 0 be arbitrary.
Let ug € HNH®', and let o € L2.([0,00)¢, L>([0, 00), x T? x E)).

Assume that the hypotheses (H1)-(H2) hold.
Then St(o) € L2.([0,00), L°(E, H®')), and consequently, the equation

Orw + Q(w, w) — Apw + \/gSB(w) +vBSr(o) =0,

’U}|t:0 = Up

(1.10)

has a unique solution w € L>(E,C([0,00), HNH"')) such that Vyu belongs to L>°(E, L? ([0, 00), H"1)).

REMARK 1.1. (i) Notice that the function w is random in general because of the source term St.
(ii) In /ﬂ/, Proposition is proved for St = 0 (see Proposition 6.5 p. 145). As stressed by the authors,
the result is non trivial since the system ([L.10)) is similar to a three-dimensional Navier-Stokes equation,
with a vanishing vertical viscosity. The proof relies on two arguments: first, a careful analysis of the
structure of the quadratic term Q shows that the limit equation is in fact close to a two-dimensional one.
Second, the divergence-free property enables one to recover estimates on the vertical derivatives on the
third component of the velocity field, and thus to bypass the difficulties caused by the lack of smoothing
in the vertical direction.

In fact, the proof of Proposition @ can easily be adapted from the one of Proposition 6.5 in /ﬂ/,
and is therefore left to the reader. The method remains exactly the same, the only difference being the
presence of the source term St in the energy estimates. This does mot rise any particular difficulty,
thanks to the assumptions on o.

1.3. Convergence result.

THEOREM 1.3. Assume that v = O(g), and that /evf = O(1).

Let o0 € W1>°(]0,00), x [0,00)¢, L=(T? x E)) such that (H1)-(H2) are satisfied.
Let u* € L®(E,C([0,00), L*) N L2, ([0,00), HY)) be a weak solution of (.F), supplemented with the
conditions (L) and the initial data uTt’io =wug € Hx H%. Let w be the solution of ([L.10). Then for

all T > 0,

t
u®Y — exp (——L) w— 0
€



in L*([0,T] x E, H-%) N L>([0,T], L*(E x T)).

In the case of the nonresonant torus (see ([.1J) below), it is likely that the hypothesis v = O(e)
can be relaxed. Indeed, in this case, the equation on w decouples between a nonlinear equation on the
vertical average of w on the one hand, and a linear equation on the vertical modes of w on the other (see
paragraph @ below, together with Section E) Moreover, it can be proved that the purely horizontal
modes of w decay exponentially in time at a rate exp(—ty/v/¢), and the rate of decay does not depend
on the particular horizontal mode considered. Thus, in this particular case, the regime v > ¢ may be
investigated, using arguments similar to those developed in [f.

REMARK 1.2. In fact, the above Theorem remains true even when the number of horizontal Fourier
modes of o is infinite. In this case, it can be checked that the non-resonance assumptions (H1)-(H2)
have to be replaced by the following: there exists s > 4 such that

(HY’) Foralla>0,T >0, Fao € L=([0,T] x E, L*(Ry, H*(T?))), and

VT >0, SU% [[Fao|lLe(0,7]x B,L1 (R, H=(T2))) < +00.
a>

(H2’) There exist neighbourhoods Vi of +1, independent of a > 0, such that

VT > 0, lin% sup |‘fa0-()\)||Loo([07T]XE_’HS(]Q)) =0.
a=Y X eV uve

The H* regularity assumption stems from the regularity required in the stopping Lemma A.2 in the
Appendiz.
Furthermore, the reqularity assumptions on the function o become

0 € Li5([0,00)s, L®([0,00), x B, H**(T?)),  0r0 € H'(T?, L([0,00); x [0,00); x E)).

REMARK 1.3. Let us now explain the meaning of hypotheses (H1)-(H2) for almost periodic func-
tions. Let ky, € 72, and let ¢ € L>([0,00) x T?) such that

¢(7—7 .Ih) = eik;z'.xh Z (b,u.eil“-a
peM

where M is a countable set. The fact that ¢ as only one horizontal Fourier mode is not crucial, but
merely helps focusing on the time spectrum. Then it can be checked easily that for all a > 0,

1 2
Fod(\,wp) = m—etFnon p————s -
( ) 27 #g/[ a2+ (u—N)?
In particular, there exists a constant C' > 0 such that
2a
Fad| Lo <C —————d\
7ot < 3 | =
<C Z |l -
pneM
Thus hypothesis (H1) is satisfied provided 3, s |ppu| < oc.
On the other hand, assume that
n:=dM,{-1,1}) > 0, (1.11)

i.e. that there are no frequencies in a neighbourhood of £1. Then if A € (-1 —n/2,-1+n/2)U (1 —
n/2,1+n/2), we have

A=ul =2 Vuen,
and consequently, setting VF := (£1 — /2,41 +n/2), we have,

a
sup ||—7:oz¢()‘)”Loo('ﬂ~2) <C-.
AEV-UV+ n



Thus hypothesis ([L11]) entails (H2). Additionally, hypothesis ([.11)) cannot be easily relazed, as shows
the following construction: consider the sequence u,, := 1—1/n, and choose a sequence of positive numbers
On such that

For t € R, set

Then for all « > 0, for all k >0
2a 2¢
Fatlu) =3 60205 206

1 _1)2
P Rl N
In particular,
lim Fad(pur) = 400

for all k, and thus condition (H2) is not satisfied.

1.4. Average behaviour at the limit. We have already stressed that the solution w of equation
(I.10) is, in general, a random function. Thus one may wonder whether the average behaviour of w at
the limit can be characterized. In general, the nonlinearity of equation ([L.10)) prevents us from deriving
an equation, or a system of equations, on the expectation of w, which we denote by E[w]. However, when
the torus is non resonant, equation () decouples, and in this case we are able to exhibit a system of
equations satisfied by E[w].

Let us first recall a few definitions:

DEFINITION 1.4 (Non-resonant torus). The torus T3 := T? x [—a, a) is said to be non-resonant if
the following property holds: for all (k,n) € Z3\ {0} x Z*\ {0},

(3n € {113, mA + m2An—k — n3An = 0) = ksnz(nz — k3) = 0. (1.12)

We refer to [ for a discussion of hypothesis ([.19) and its consequences. Let us mention that ([L.19)
holds for almost all values of (a1, a2,a) € (0,00)3. When the torus is non-resonant, the structure of the
quadratic form @ defined by (E) is particularly simple, and the system ([l.1(]) can be decoupled into
a two-dimensional Navier-Stokes equation on the vertical average of w, and a linear equation on the
z-dependent part (see [@]) The advantage of this decomposition in our case is that the vertical average
of Sr(o) is deterministic, at least when the group transformation (6,),>0 acting on E is ergodic (see
BA).

DEeFINITION 1.5 (Ergodic transformation group). Let (6;)-cr be a group of invariant transforma-
tions acting on the probability space (E, A,mq). The group is said to be ergodic if for all A € A,

0rACA V1 eR)=mo(A) =0 or mo(A) =1.

We now state the result on the average behaviour at the limit:

PROPOSITION 1.6. Assume that the transformation group (6:)rcr is ergodic.
Let ug € HNH, and let o € L>([0,00)s, x[0,00), x E x T?) such that the hypotheses of Theorem [1.4
are satisfied. Let w € L=(E,C([0,00), KN H%') N L% ([0,00), H'0)) be the unique solution of equation
(1d).

Let w = (wp,0) € C([0,00), L?(T?)) N L?

2 ([0,00), H(T?)) be the solution of the 2D-Navier-Stokes
equation

1 v
Oywy, + wy, - Vywy, — Apwy, + —\/jﬁ)h + vGE [ST(U)]h = Vup,
a\/§ €

divpwy, = 0,

1 a
W |i—o(Th) = 5/ uo,n(Th, 2) dz.
0



Then the following properties hold:
1. Ase,v — 0 as in Theorem E, we have

ut’ —=w in L*([0,T] x T x E).

e,v

In particular, the weak limit of u®¥ is a deterministic function.

2. Assume additionally that the torus T2 is non resonant. Then
E[w] = @ + w,

where w solves a linear deterministic equation

B4 + 20, ®) — Apid + \/gsg(w) —0,
Wit=0 = U — Wjt=0-

1.5. Strategy of proof of Theorem E The proof relies on the construction of an approximate
solution, obtained as the sum of some interior terms - the largest of which is exp(—T'L/e)w(t) - and some
boundary layer terms which restore the horizontal boundary conditions violated by the interior terms.
We refer to the works by N. Masmoudi [[Ld, [7, N. Masmoudi and E. Grenier [[LT], N. Masmoudi and
F. Rousset [@], and F. Rousset [@] for an extensive study of boundary layers in rotating fluids, or in
incompressible fluids with vanishing vertical viscosity for [@] We emphasize that in fine, all terms will
be small in L? norm, except exp(—TL/e)w(t).

Following [] (Chapter 7), let us assume that as &, — 0,

E,V ~ ,,int BL
+u,

u ~ U
1., 1 : (1.13)
&,V int BL int,0
Yo Zpitt o ZpBlog pint0)
p Ep Ep p

where
int t int l
u (t,xh,Z):U ta_v'rhvz y D (t,xh,Z):P ta_axayvz )
€ €
t — t
uBL(tvxhvz):uT <ta_7xh7a Z) +up (tv_vxhai) )
€ n € n
BL t a—z t z
p (taxhaz):pT tu_uxhn +pB tu_uxha_ .
€ n € n
Above, 7 is a small parameter that will be chosen later on. The function up(¢, 7,2, () is assumed to
vanish as ( — oo (same for pr,pp,up).

We then plug the Ansatz () into equation ([1.2), and identify the different powers of €. In general,
there is a coupling between v and «Bl: indeed, we have seen that it is natural to expect that

U(t, ) = exp(—7L)w(t),

at first order, and thus «™* does not match the horizontal boundary conditions in general. As a conse-
quence, the value of u'™* at the boundary has to be taken into account when constructing the boundary
layer term uPY. On the other hand, because of the divergence-free constraint, the third component of
uPL does not vanish at the boundary, which means that a small amount of fluid may enter or leave the
interior of the domain. This phenomenon is called Ekman suction, and gives rise to a source term
(called the Ekman pumping term) in the equation satisfied by u"*. This leads to some sort of “loop”
construction, in which the boundary layer and interior terms are constructed one after the other.

The first step of this construction lies in the definition of boundary layer terms. In the periodic case,
this is well-understood (see [[i, [L4, H]); thus the main contribution of this article in this regard lies in the
definition of boundary layers in the random stationary case. Hence, Section E is entirely devoted to that
topic. Section E is concerned with the definition of first and second order interior terms; in particular, we
derive in paragraph @ the limit equation for the system (D) In Section E, we prove the convergence
result, after defining some additional corrector terms. At last, we prove Proposition @ in Section E



2. Construction of random boundary layer terms. The goal of this section is to construct
approximate solutions of equation (@), which satisfy the horizontal boundary condition at z = a, and
which are localized in the vicinity of the surface. Such a construction has already been achieved in the
case when the function o is quasi-periodic with respect to the fast time variable (see [@] in the non-
resonant case, and @] in the resonant case). Thus our goal is to extend this construction to a random
forcing. The main result of this section is the following:

LEMMA 2.1. Assume that 8/ev = O(1). Let o € W1>°([0,00); x [0, 00),, L= (T? x E)) be such that
(H1)-(H2) are satisfied. Then for all § > 0, there exists a function u?L"s € L*™([0,00)¢ x T x E) which
satisfies the system

1 0
(’%u?hé + —e3 A u?L"s - uBfu?L"s - AhugL"s =0 (14 =) ()*o| ,
€ € L ([0,00) x E,L2(T))
5
azug,l};\z:a = ﬁU,

. BL§ __
divuy™" =0

)

and such that

—1/4

BL,§ BL,§
sup [lup " [|oo < 00, sup(ev) [|ug ||L°°([0,oo)><E,L2(’I‘)) < +o0.
§>0 §>0

BL,S

T|z=0
The above Lemma entails in particular that for all § > 0, u?L"s is an approximate solution of ),

which satisfies the appropriate horizontal boundary condition at z = a. The Lemma is proved in the two

next paragraphs: we first explain how u:},%L’é is defined, and then we derive the L? and L™ estimates.

Moreover, u is exponentially small.

2.1. Construction of the boundary term at the surface. As explained in the Introduction,
the idea is to consider an Ansatz of the form

t a—=z
u?’L’J(ta Th, Z,W) =ur <ta —yLh, —,UJ) )
€ n
where 7 is a small parameter (whose size has to be determined) and
Clim ur(t, 7, 2h,(w) =0 VYV iE,7,2h,w.
—00

Hence we expect 4B to be of order n||o||o in L. Moreover, the divergence-free condition entails that
the third component of ur is given by

wrs(() = —n /< divyur(C)dC:

thus ur 3 = O(Bn?||o||wr.). At last, in order to be consistent with ([[.13), we assume that the pressure
inside the boundary layer is given by

1 a—z
p(t,(Eh,Z,(,d) ~ —pr

z~a € n

where pr = O(81||0||s ). Then the pressure term in the third component of ([[.3) is of order 3|0~ /¢,
whereas the lowest order term in the left-hand side is of order 724||o ||y 1. /. Thus, since 7 is small, we
infer

Ocpr =0,

and since pp vanishes at infinity, we have pr = 0: at first order, the pressure does not vary in the
boundary layer. Thus, we now focus on the horizontal component of up, which is a solution of

0- <“T’1) - 2oz <“T71) + <‘“T>2> =0, (2.1)
ur,2 i ur,2 ur1

aCuT,h\C:O = _nﬁa(Taxava)v (22)

UT h|¢=400 = 0.

10



We now choose 7 so that all the terms in (EI) are of the same order, that is,
1N =+/Ve.

Moreover, since o is a stationary function of time, it seems natural to look for stationary solutions of

(R.1)), and thus for fundamental solutions @1, 2 of (R.1]) in the following sense: ¢; (i = 1,2) is a solution
of (R.1)) in the sense of distributions and satisfies (R.3), and

dcp1ic=0 = do(T) ((1)) v Ocpare=0 = do(t) ((1))

where dp denotes the Dirac mass at 7 = 0. If we can construct ¢, and ¢y satisfying the above conditions,
then a good candidate for ur is

ur.p(t, 7, 2h, G w) = —/veB Z / oi(t, 7 — s, xn;w)p;(s,C)ds.
je{1,23 70

Hence we now define 1, ¢2. Since the fundamental solution of the heat equation is known, let us make
the following change of unknow function (see [[L7]):

HE = o |ein (Pr1EWi2) | g
J wj2 F 151

Then, setting eli = (1, F4), e%t := (&4, 1), we infer that HJi = Geji, where G satisfies
0,G—0;G=0, 7>0,(>0,
G¢=o(T) = do(7), (2.4)
G\C:—i—oo == 0

The boundary condition at ¢ = 0 should be understood as follows: for all ¢ € Cy(R), for all 7 > 0

hm[%mww—@G@xwﬂzwv»

¢—0*
It can be checked (see Chapter 4, section 1 in [[L]) that

¢

G(r1,¢) = T

<2

exp <——> for >0, ¢ >0,
4t

is a solution of (.4), which leads to

Ocepj(1,¢) == [ THI (1,¢) + " H; (7,¢)]

N~ N —

G(r, Q) [e el +ee;].

Unfortunately, when we integrate this formula with respect to ¢ in order to obtain an explicit expression
for wr p, the convolution kernel thus obtained is

1 CQ —iT T —
@;(1,¢) = s P <_E> [e™ el +e™Ter ],

and is not integrable near 7 = 400. Hence, in the spirit of [@], we consider an approximate corrector in
the boundary layer: for § > 0, we set

S S
G'(s(T,C)—\/ETB/2 exp | — - ot ).

11



Then the corresponding corrector is given by

ug’,h(thvxh7C7 ) = —BVev Z / ¢)exp(—ds)o(t, T — s, zp;w) ds (2.5)

je{1, 2}

2
— e p < fls) (o +iob)(t, 7 — s, xp, w)e OFids.

The approximate corrector u‘sT satisfies the exact boundary conditions at ( = 0, and equation @) up
to an error term of order &

5 5 s\t s
8—,—UT)h — a?UT)h + (UT,h) + 5“T,h = 0

The third component of uJ is then given by

uT 3(Q) = =V / dlvhuTh,

which yields

& VEB / ( ) . —ds+tis
up s 7, 0w) = (divpo Firotpo) (-, 7 — s, -, w)e ds,
7.3( Cw \/E E ho T irotyo)( )

where ¢ is defined by ¢'(¢) = exp (—%), o(+00) = 0.
In horizontal Fourier variables, we have

uf 3 (t, 7,2, (W) = ——=—— \/Eamz Z i mh/ ( ) E(t,1 = 8, kn,w)e 0 ds (2.6)
kn €22

where

Now, set

It can be readily checked that

787

(00 + L0, — An = 102+ 8) udy (L, n, 225 w)

ev’

1 (0 — Ap +0)ud, (t, L, zn, “*Z;w)
at BL, 5 BL,§ 62uBL,5 . AhU?L’g T.h

/\uT —vo;urp

There remains to evaluate ug. in L> and L.

2.2. Continuity estimates. This paragraph is devoted to the proof of the following Proposition:
PROPOSITION 2.2. Assume that o € L®(E x [0,00) x T?,Cy(R,)), and that o satisfies (H1)-(H2).
Then for all T > 0, there exists a constant Cp > 0, such that for all 6,v,e,5 > 0,

5 5 5 =
||“Tv dcur, CaCU’T"LN([O,T]XRTX'JIQX[O,OO)(><E) < COrvevp, (2.7)
5 5 s

||z, Ocur, CaCuT"LOO([O,T]X]RTXE,Lz([O,oo)C><'JI‘2)) < Crvevp. (2:8)

REMARK 2.1. With the assumptions of Theorem , the same bounds also hold for all the derivatives
of ur,s with respect to the macroscopic time variable t and the horizontal space variable xy,.
Proof. We focus on the horizontal component of u‘;T; the vertical one is treated with similar arguments.

Recall that u‘sTyh is given by (R.9); in order to simplify we set o := o £ io™.

12



First, we write

u%,h('a Ty C? )

[eS) 2
/ 1 exp (—j—) o (7 —s,-)el70E)s (s (2.9)
s

/ 7 exp ( ) (0F —oF) (7 — s, Vel 70EDs g (2.10)

The term () can easily be evaluated thanks to Lemma A.1 in the Appendix; notice that since the
convergence given in Lemma A.1 is not uniform with respect to 7 € [0, 00), we cannot derive an estimate
in L*°([0,00),) at this stage. Hence we keep the variable 7 for the time being; there exists a constant
C > 0 such that for all 7 > 0, R > 0,

00 2
/0 % exp <—E — 55) (Ui — aojf) (.7 —s, .7w)eﬂ:is ds

R 2
1 ¢
< Cllo — oal| e — R — ) d 2.11
> ||0 0||L ([0,TIXxEx[r—R, ]xﬂP)/O \/EGXP( 1s s) s ( )

© 1 2
+ Clloll e exp (—— — 68)
L ([0,T] xR, xT?x E) R \/—

Lo ([0,T]x E,L>(T?))

< g”ff — Oul| Lo ((0,T) x Ex [r=R,r]xT2)

exp(—0R)
+ Clloll oo (o, 17 xR, xT2x E) 5

Choosing R = §2, we deduce that

*1 < ¢ ) £+ +i
—exp|—>— —0s (0’ —UQ)(~,T—S,~,w)e ' ds
‘ /0 Vs 4s L= ([0,T]x E,L>°(T2))

C exp (—l)
Sg”” Ua”Loo(OT]xEx[ ]xﬁr2)+c%'

As for the term (R.9), recalling the definition of o,, we have

o) 2
/0 % exp <—% — 5s> Foo (7 — s, w)et ds (2.12)
o 1 —alA| <2 iX(T—s) Eis
= —e exp [ =2 — s | Faot(-, N, -, w)e e~ d\ ds. (2.13)
0 R S 4s

We first evaluate

/Ooiexp ¢ o (OHOED)s g
0o Vs 4s .

We split the integral into two parts, one going from s = 0 to s = 1, and the other from s =1 to s = 0.

It is obvious that for all { > 0,6 > 0, A € R,
1 2 1 2
1 C\ (i) / 1 ¢ 1
— - ¢ Sds| < — -] ds < —. 2.14
/(J\/EGXP( 45)6 1=y SO s ) =2 (2.14)
¢ ;
/ —=exp (_4_) —(6H(OED)s g

Integrating by parts the second integral, we obtain
¢?
ToT ()\il P (_Z)
1

1 > ¢ N sritn)s

13



We are now ready to derive the L estimate; the function

1 i N
— - —
X 5 e

is bounded on R. Hence, gathering () and (), we deduce that there exists a constant C' such that
forall ( > 0,6 >0,A€R,

/miexp ¢ o (GHOED)s g
0o Vs 4s

Inserting this inequality in ()7 we obtain

oo 2
’ /0 % exp (—i—s - 68) Foao®(-,7 =5, w)eT® ds

1
<0 cuﬂl ______]
= / MTERTPEY] |

<C

k]
o,

SO[”ml

Loo(T2)

]_an.:‘:(.’ )\a ,W)H
L>=(T?)

N 1
sup ||U+7a||L°°(E><T2,L1(R)) +/ | Fao (s A, '7w)||Loo(11‘2) d>“|

+O/ H‘Faa('v)‘a'aw”‘[,oo('ﬂ-z) d\
R\Vx

<C

sup || Fao||Le(mxT2, 1 (R)) + SUP HfaU()\)HLoo(W) ln(é)] .
o AeVy

Above, we have used the following facts: there exists a constant ¢; > 0 such that
P+iAFD|>2AFl >0 VAER\Vy,
and there exists another constant cg > 0 such that
1 +1+4co 1
/ 7 < ———d\ < C'n(J).
Vi |6+Z()‘$1)| +l—ca 52+ (1+)\)2

We deduce that for all a > 0, for all 6 > 0, 7 > 0,

|| (7)] ‘LOO([O,T] XT2x[0,00)C X )

gc%561+?£%j4

1
+ CVevpB | <llo = oallLe(o,mx[r—s-1 r]xExT2) +  sup  [[Fac (N[ In(0)
0 AeV,L UV

Taking the infimum with respect to a of the right-hand side, with ¢ > 0 fixed, we deduce that

o
22%HuTﬁHwamﬂwxmﬂnﬁxT2xmowch>S(jvgyﬁ'

We now turn to the derivation of the L? estimate, which is similar to the above computations. The
main difference lies in the fact that we need to integrate by parts () yet another time, which yields

/miexp (_C_2> o~ (BHIOED)s g

1 Vs 4s

271 ex —C—Q N 1—gex —g
s+inE1) P\TL) T2 (A £ 1))2 2 | P\
I S S S A G WG NUTO W
SGTIOETR ), ¢<f) T s,

14



(w8 (o
2 ) P\ 7

8 2

)

where
o(z) =

Consequently, remembering (), we have
/Oo 1 exp G\ _sriprn)s ds
0o Vs 4s

1 1 2 2

< | == > ) ds4—0 - _5
<[ 7o (%) S+| v (-5)

1 ¢?
2|6 +i(A £ 1)| 4

1
%

1—

1

+i(x

e (-
TP |2 <i)’

Plugging this estimate into (R.13) and using (H1)-(H2), we infer that for all ¢ > 0, for all s > 0
) (1 =5, w)et® ds

Loo(T2)

oo
— €eX
P70,

N
2
<C [/ — exp < ) ds]
2
+C'exp (_I) 1+ sup ||f U( )||Lao([o,T]xE,Lw(1r2))) ln(é)
AEVL
<2 2 1
11— -] {1 o0 > 5
+C‘ 5 eXp< 4) 4—/\seupi [Fao (M Lo (o, 77% B, L (12))) 5
C =1 ¢ d 1 .
+ o o\ )| ds +As€upi [Fao M Lo (jo,17x B, (12))) 5|
Fltecz d\ c
< —.
2=

Here, we have used the inequality
dX /
Floey 02+ (A1)

7 <
/V; [0 +i( A+ 1)]2 —
There only remains to prove that each term of the right-hand side has a finite L? norm. First, thanks to

Jensen’s inequality, we have
[ o)) e [ f ()
32/0 ds/o % dzr < co.
Similarly,
(<ol L)
(3 4) =

LU



We also have to evaluate the L? norm of the integral in ); we have

L1 Sm(5e) o] s

x? ?
< / [ ep(———u) du] dx
r= s 0 \/_
/i
2
< ig/ / — exp <—I——u) du dx
02 2u
2
< ig/ exp (—x——u> du dx
02 0 2
< ¢
p— 5%'

Gathering all the terms, we obtain, for all a,d > 0, for all 7 > 0,

2
Hui}ﬁ(r) I Lo ([0,T]x E,L2([0,00) ¢, Lo (T2)))

llo = 0allLoe (0,7 x [r—6-1,7]x B, Lo (T2))

<Cp? 3
< Cpev 33
1
+ CB%v w + sup |Faot (V)] (l +ln(5)> .
02 AEV 4

Taking the infimum of the above inequality with respect to o, we infer the L? estimate on u‘;T_’ n- The

estimates on u5T)3, (?gu‘;T, and C@gu‘;T are derived in a similar fashion. O
REMARK 2.2. Stationary boundary layer terms relative to Dirichlet boundary conditions can also be
defined: consider for instance the boundary condition

t
upjz=o0(t, Tn) = cB,n | L, RECEYE

The construction is the same as for Neumann boundary conditions, and is in fact more simple because we
need not integrate with respect to the variable (. Thus, with the same notations as above, the boundary
layer term at the bottom s given by

’U’JB,h(ta Ty Th, Ca Z / G5 7156; +e +ZS ] CB J(t T = Sv'rvy;w) dS,
JE{l 2}

and

ve R B )
’UJJB,3(t77—7xh7<,W> = 1kn Th / \/_ ( > CEJL(')T_Svkh;W)e 5s:|:15d5.
Z2 :t

khE

2.3. Previous results in the quasi-periodic case. For the reader’s convenience, we have gath-
ered here previous results appearing in ﬂa, @], in which the authors compute the boundary layer term at
the bottom of the fluid. We recall that it can be expected that the solution in the interior of the domain
behaves like some function exp(—tL/e)w(t), with w € L>(E,C(]0,00),H)). In general, the horizontal
component of such a function does not vanish at z = 0, and thus a boundary layer has to be added in
order to restore the Dirichlet boundary condition. Consequently, we seek for a boundary layer term U%L

which is an approximate solution of equation (D) and which satisfies

UBpamo(t, ) = Z epp(t, k)ethonemAnt/e, (2.16)
kEZ3 k£0
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for the boundary layer term at the first order, the coefficient ég 5 (t, k) will be given by the formula

¢pn(t, k) = — (Ng, w(t)) <Z;EZ§) '

However, we will also use this construction for the lower order boundary layer terms, and thus we keep
an arbitrary value for ég (¢, k) for the time being.
As before, we assume that

t
U%L(ta Ths Z) = UuB (tv - L) .

vah; \/a

The decomposition () leads us to search for a corrector up satisfying

Up h = E UB,h k>

kez3
where each term up p, 1 is an approximate solution of (|L.2), and

uB hkic=0(t; T, xn) = ¢ n(t, k)e =T etkh e,

The periodicity in time of the boundary condition prompts us to choose up p 1 as a periodic function of
7, with frequency A;. Also, it is classical to seek up j 1 as an exponentially decaying function of (; the
rate of decay is then dictated by the equation. The precise expression of up p, j; is the following (see ):
o First case: kp # 0.

In this case, up, 1 is an exact solution of (.1]), and is equal to

up ot 7,2,y ¢) = 3w (tw)e MK a0 (2.17)
+

where

144
77;1IE Vv1F Akﬁ’
1 (6}371(157 k) + iéB72(t, k)) éB,l(ta k) + iéB,?(tu k) < 1 >

£/4. i
wi (hw) = 2 \¢pa(t, k) Ficp(t k) 2 Fi

The vertical part of the boundary layer is then given by
1 - .y
upar(t 7oy Q) = Var ) ik wi (t; w)e A Hikian ¢ (2.18)
+ Mk

e Second case: kp = 0.
In this case, the construction of the resonant boundary layers in [ﬂ] proves that there are indeed boundary
layers, but which are of order v/vt, and not v/ev in general. Thus the size of the boundary layer depends
(slowly) on time.

First, notice that if kj, = 0, then —\; = sgn(ks) = £1. As in the first case, we decompose ég 1 (t, k)
onto the basis (1, +1) :

[y

éB,h(t, k) == Z (éB,l(ta k) + Z'63,2(157 k)) (:il) )

+

[\

As a consequence, we have

> epn(t,0,ks)e” T = ay (t)e”” C) +a_(t)e (_11>

ks €Z*
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where

ar(t)= Y. (épa(t,0,ks) Ficpa(t,0,ks)),
kg,sgn(kg):il
V() = Z (eB(t,0,k3) £icp2(t,0,k3)) .

ks,sgn(ks)==%1

The terms y1e®™ (1, Fi) give rise to a classical boundary layer term, namely
Z%(t)ei”*"iC < 1.) . with gt =1+4.
Fi
+
For the terms ay e (1, i), we rather use the following Ansatz (see [{])

PPt wy, 2) = 4 (\/%) Zi: o (t)eTi= (i) . (2.19)

In order that uBL-res

must be such that

is an approximate solution of (the linear part of) equation (), the function %

X
X —ux) =0,
1/}‘X:0 = 17 1/)|X:-i-oo =0.

which yields

o= L [ ()

With this definition, uB*®(¢) vanishes outside a layer of size v/vt localized near the bottom of the fluid.

Hence uBs is an approximate solution of the linear part of equation ([L.g), and UEI;ZCS is exponentially
small.
Now, set

2 : iT—nT 1
’U,B(t,T, iUhaC) = § UB,h,k (t7T7 xhaC) + ’Yi(t)ei e (:F,L> .
kez?, +
kh;éo

The complete boundary layer term at the bottom uB" is given by

t ,
U%L(tVT}hZ) = Uup (ta_axhu ) +UBL)reb(t,fEh72).
3

z
\VEV

We now give some estimates on the boundary layer terms constructed in this paragraph:
LEMMA 2.3. Let up be defined by (R17)-[R.18) and u**®* by (R.19). Then the following estimates

18



hold, for allt >0

Nl=

2 ||

||UB,h(t)a CaCuB,h(t)||Loo([oyoo)T,L2(1r2X[o,oo)C)) <C Z |éB,h(ta k)| M“‘?BF )
keZd,
k0
[ws,n(t), CaCuB7h(t)||Loo([o7oo)T><']1‘2><[07oo)<) <C Z an(t k),
kez?,
kh;éo
1
2
— . k[
ub,3(t), CaCUB,B(t)||Loo([o,oo),L2(1r2X[o,oo))) <Cvev Z |¢B,n(t, k)|2m|k3|2 )
keZ®, h
k0
lup3(t), COcun3(t)ll oo ((0,00)xT2x[0,00)) < CVEV > 1Kl [ésn(t k),
kez®,
k0

and

H’U,BL’Tes(t), ZazuBL,res(t)HLz(T) < C(yt)l/4 Z |éB(t707k3)|7
ks€Z*

||’U,BL’T65(t), ZazuBL,res(t)HLoo(T) < C Z |éB(t,0,k3)| .
ks€Z*

The proof of the above Lemma is left to the reader. Notice that according to the definition of 172[,
we have

k
c%g\nﬂ <1 VkeZ’

COROLLARY 2.4. Assume that there exists N > 0 such that

épn(tk) =0 if|k| >N, Vt>o0.

Then the boundary layer term uBL is an approzimate solution of the linear part of equation (E) Pre-

cisely, there exists a constant Cy, depending only on N, such that

1
BL BL 2, BL BL
atuB +EUB —V@ZUB _AhuB

Lo ([0,T],L2(Y))
1/2
< Onv* sup <Z (|eB,h(t,k)|2+|ataB,h(t,k)|2)>
t€(0,T] kezs

Proof. By construction, u%L is an approximate solution of the linear part of equation (@), with an

error term equal to

t

t _F A + g\ Eit
a’“’@)”(m)ga’f‘“ (B,

where 0; is the derivation operator with respect to the macroscopic time variable. Thanks to the as-
sumption on the coeflicients ¢p 5, we have

L

(@ — An)us] (t,

2

1/2
t
oiup (t, - Th, \/LE_V) dmg(w) dz dzp, dt] < Cn [(5V)1/4 + /4 10ce 1l
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whereas the term Ajup is bounded in L>(E, L*([0,T], H=*°)) by Cx(ev)'/*||cp.n||. At last, the error
term due to uBT® satisfies

o (\%) zij dra (t)etit

S CNV1/4HatcB7h||.
Leo(E,L3(Y))

3. The solution in the interior at main order. This section is devoted to the construction
of the first order interior terms in expansion () At this stage, we merely know how to construct
boundary layer terms which deal with the horizontal part of the boundary conditions (@), moreover,
following the analysis in paragraph [L.1], we expect u¥(t) to behave like exp(—tL/e)w(t) in the interior.
Thus the idea is to define a function

u™(t) ;= exp (—3L> w(t) + o™ <t, f) + ou™® <t, f) ,
e e e

where v and du™ are corrector terms, such that u™ is an approximate solution of (@) We also

require that

it +u?L’5 +uBL
satisfies the boundary conditions ([.J) at main order.
Let us now explain the role of the correctors v and du'™: it can be checked in the formulas of the
previous section that the third components of the boundary layer terms do not vanish at the boundary:
indeed, one has

BL,S BL _
ubl = OBevloll), .o = O(/a]wl).
The role of the corrector v'™ is precisely to lift these boundary conditions and to restore the zero-
flux conditions at the bottom and at the surface. Consequently, the term v'™* has fast oscillations (at
frequencies of order e71), and in general, v'™! is not an approximate solution of (@) Filtering out the
oscillations in the term

avint 1 .
+ Zea A ,Umt
ot g3

yields the source terms Sp and St in the equation satisfied by w (see equation (EI)) The remaining
oscillating terms in the expression above are then taken care of through the addition of the corrector
5uint.

The organization of this section is as follows: first, we deal with the corrector v, by giving a precise
definition and explaining how oscillations are filtered. Then we derive the equation on the function w;
in general, this equation depends on the small parameter §, introduced when constructing the boundary
layer terms at the surface. Thus in the third paragraph, we identify the limit as § — 0 of the function
w, which yields the envelope equation. Eventually, the fourth and last paragraph is concerned with the
definition of the corrector du'™.

3.1. Lifting the vertical boundary conditions. In the rest of this section, we set

1
c3(t, 7, 7n) = ——=up3/c=o(t, T, Tn)
, \/a ,31¢

7./ +
_ _ Z Z ik}, 'iwk otkh T p—iART
b
kez®, £ (e
kn#£0

where

) =~ ity (0 Z s 0)
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and nki was defined in the previous section. In order to shorten the notation, we set

¢pa(t,7,kn) 1:/ CB,3(t7$h)e_““;f””hdxh
T2

ik - wE .
= —ajas E E h k zkk‘r'

kseZ =+

The function w will be defined in the next section.
Similarly, we set

1
ers(t, T, xp;w) = _@uéTBIC:O(t’ T, Th;w)

1 e .
=3 Z/ [div,o F irotyo] (t, 7 — 5, zp;w)e 25F ds.
0

We also set érs(t, 7, kp;w) = fW cr3(t, :Eh;w)e_ik;f”d:vh, so that

éra(t, T, ky) = Z/ — s,kh)efasiisds.

With the above definitions, the function cp 3 is quasi-periodic with respect to the fast time variable
7, whereas cr 3 is random and stationary with respect to the fast time variable 7.
e Defintion of v, We now define a function v'"* which is divergence free and such that

t
’U%]T; 0(f,$h) = VEVCB3 (tu g7xh) s

; (3.1)
Ug‘lz:a(t,.%'h) = evfers (t, g,xh) .
Of course, conditions (@) do not determine v™™ unequivocally. A possible choice is
1
it (t, T, 1) = - levBers (t,7,an) z + Vevep s (t,7,2n) (a — 2)] (3.2)
1
il (t, T, x) = EVhAgl [Veveps (t,7,xn) — evfers (t,7,an)) - (3.3)

In fact, since cp 3 is an almost periodic function, a more convenient choice can be made, which is the
so-called “non-resonant” choice in . In this case, the equation on du'™ is slightly more simple, since
there is no source term due to cp 3. However, we have chosen here not to distinguish between stationary
and almost periodic boundary conditions, and thus to work with the expressions (@), (@)

e Filtering the oscillations. We give here the statement and proof of a Lemma which will be
useful in the construction of du™* and w.

LEMMA 3.1. Let T > 0 be arbitrary.

Let v € L>=([0,T] x [0,00),, L*(T? x E)) such that d;v € L*>([0,T] x [0,00),, L*(T? x E)) and

dive = 0, (3.4)
’US\z:O(thv {Eh) =V EVCB,3(taTa Ih)v (35)
v3|z:a(t77-7 {Eh) = BSVCT,B(thv .Ih)- (36)
Then as 8 — oo, the family
/ L(—7)P[0;v + ez Av] dr
converges almost everywhere and in L>([0,T], L*(T? x [0,a] x E)), and its limit does not depend on the

choice of the function v. Preczsely,

] ks g1
lim Sy =: S[cp3,c E_ \/EVC k 1)*Bever s(kn)| N. 3.7
Jm Sy = [cB.3,cT 3] s I;Z; R[22 B,3(kn) — (=1)" Bever z(kn)] Ni (3.7)
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REMARK 3.1. In the above Lemma, the operator £, which was originally defined for random sta-
tionary functions, has been extended to almost periodic functions: if

T) = Z a#e“”

pneM

with 3, |a,| < oo, then

Exle] = lim 9/ ATe(T) dT = 1oy,
Proof. Let v*,v? be two solutions of (B.4)-(B-4), and let V = v! — v2. Notice that V € L>([0,T] x
[0,00); L2(E, H)), and 8,V € L>=([0,T] x [0,00),; L*(E x T)). We write

O (L(=nv(r).

L=TIB[0,V +es AV] = L(=7) [0,V + LV] = =

Consequently,

9
! / L) [0V + P (es A V)] dr = Xm0 = Vim0
0Jo 0
The right-hand side of the above equality vanishes in L>°([0,T] x E, L?(T)) as § — oo. Hence the limit
is independent of the choice of v.

In order to complete the proof of the lemma, it is thus sufficient to show that the limit exists for the
choice (@)-(E), and to compute the limit in this case. First, we recall that for any function F' € L*(Y),
we have

PF= Y (N F)Np.
kEZ3,k#£0
It can be readily checked that if k, = 0, then <Nk, 8Tvint> = 0. Thus for all k = (k, k3) € Z3 such that
kp, # 0, we compute

7./

<Nk,3rvi“t> = E/ cos(kbz)np (k) - |]ikT2 (evBOrérs(- kn) — Vevdrips(- kn)) dz
0

a
+ é /amsin(k§Z) (Vevdreps(- kn)(a — z) + evforérs (-, kn)z) dz
0

—1 R .
= na(k) =7 [VErdrep a(,kn) — (~1)Fevoréra(, k)]
3

+ Lig=o0 (k) - |k |2

(El/ﬁaTéTﬁ(-, kh) — \/8_1/(9-,—63)3(-, kh)) .

Notice that if ks = 0, then

(k) - kj = 0;
consequently, we have
in i Liszolkyl . k .
(Nk, 0,0™) = W |3k’|kg [Vevdrep a(- ki) — (—1) v 80 ér3(t, 7, ks w)] -
In a similar way,
mey _ L[ / i(ky,) " . R
(Ni,e3 ANv™) = - cos(kyz)np (k) - A (evBérs(- kn) — Veveps(- kn)) dz
0
— k)" . ,
= 1p,=onn(k) - 2 (evBers(- kn) — Veveps(-, kn))
h
lp,=0 1 . .
- k) — LER)).
Jaaras K] (Vevéps(-, kn) — evBers(-, kn))
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We deduce from the above calculations that

L(—7)P(9, 0™ + ez A v'™) (3.8)

i 1k3;£0|kh| A k ¢
= — Z T \/5_1/6 CB 3~ (_1) 38V66TCT’3 (t7 ™ kh’ w)Nk
o . | |

+ \/m Z 1p,— O|k’| (Vevep,s(t, 7, knyw) — evBeérs(t, 7, kn;w)) Ni.
kezs

We decompose the sum in the right-hand side into two sums, one bearing on kj, such that |ky| > A,
denoted by S 4, and the other on |ky| < A, denoted by Sz 4, for some A > 0 arbitrary. Using the fact
that By/ev = O(1), we have

181, 4(t, 7122

1 k . .
< Cev Z Z ksj;J/ bl e [0rep5 — (—1)*By/Evdrer 3] (¢, 7, knw) Ny

|kn|>Aks€Z 12

2

1 . R
+ Cev Z m (ﬂ\/EVCT_Vg(t, T, knyw) — éps(t, T, kh;w)) Nk, 0
|kn|>A

< Cev Z (|6-,—éB73(t, T, kh;w)|2 + |6TéT,3(t, T, kh; w)|2)
|kh,‘>A

+OEV Z (|éB,3(ta T, khaw)|2 + |6T,3(ta T, kh7w)|2) .
|kn|>A

L2

Since cp, er, 0rcp, Orcr belong to L2(T?, L°°([0, 00) x [0,T] x E)), we deduce that the sum S; 4 vanishes
in L°°([0,T] x [0,00), L?(T? x [0,a] x E)) as A — oo. Thus we work with A sufficiently large, but fixed,
so that S 4 is arbitrarily small in L? norm, and we focus on S2.4.

For k € Z? fixed, we have, according to Proposition EI,

1 19 . 1 /?
5/ eM’“T(?TéT,g(t,T, kp;w)dr = _Mké/ e”‘”ch(t 7, kp;w) dr
0 0

1 .
o ) — 00}
— —i)\kg_)\k [éT,B(tu kh)] (w)

— 00

in L>°([0, )¢, L2(E)). The calculation for cp 3 is identical.
Using Lebesgue’s Theorem, we deduce that as § — oo

k R .
/ So.a(t,T)dr — Z Z | /}ég s \/E_I/CB)3(t, kp) — (—l)kSEUﬁCTﬁ(t,kh)} Ng, (3.9)

aaq
vaamaz > \<Akgez

and the convergence holds in L>°([0,T], L*(T x E)). Moreover, we have

LAk 1
Z |k/|4 |g Ak CT3(t kh)] < C Z 1+ |k |2 ”g >\k[cT3( )]HL2('J1‘2
kez3 k3 €Z*

< Cller 31170 (0,00)x[0,00) x B, L2(T2))-

A similar estimate holds for c¢p 3. Thus the right-hand side of (B.d) converges in L?(Y x E) as A — oo.
Eventually, we infer (B.7). O

e Computation of the source terms. For the sake of completeness, we now derive an expression
of S[cp,3, er 3] in terms of w and 0. We begin with £_,,[¢p,3]. Remembering the definition of ég 3(t, kp,),
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we have
A ikl - wlt(t
£ n [ema(t, k) = —anay 3 a0k (1)
+

Easy calculations lead to

. ai1a 1+, 1+£4
E_x, [eBa(t, kn)] = ; 21/9;1750 (Ni,w(t)) || Z \/—]C 2

Thus, we define the Ekman pumping term at the bottom of the fluid by

Sp(w) == Z (Ng, w) Ay Nk, (3.10)

kez3

where

Ak 3 1+ X L)
C2V2alk 2 VIF '

There remains to compute the coefficients £_y, (ér,3(t, k)); since the boundary condition ¢y 3 de-
pends on the small parameter §, the corresponding Ekman pumping term will depend on § as well.
The limit as § vanishes of the corresponding source term will be computed in the next paragraph. By
definition of £, we have, for all kj, € Z?, for all X € R,

Exlers(t,kn)] (W) =5 Y lim = / / — 5, kp;w)e 05 TIATES (g dr

where

6% (kn) = (ikj, £ (kj,)*") - 6(kn).

Thanks to Lebesgue’s dominated convergence Theorem and Proposition m, we infer, for all 6 > 0,

_Z/ (C/‘A t kh)] ( Sw)eftss:tis ds
= _Z/ gA £ (¢ kh)]( Je—dsEis—ixs g

—1
:_zi: =(t, k)] (w Y ST ED

Exlers(t kn)l (w)

[\)

N[ —

Thus we define the Fkman pumping term at the top of the fluid by

1 1) |kp,| Ex, [6F (n)]
Silo) = im > Z WP —s+iCw ) (3:11)

kez3

Going back to Lemma @, we deduce that

5[6373, CT73] = \/E_I/SB(U}) + EVﬁS%(U).
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3.2. The envelope equation. Now that the term v is defined, there remains to construct w and
Su™ such that u'™ is an approximate solution of equation ([.g). We recall that du™, v'** are strongly
oscillating terms, small in H! norm. Consequently, setting @™ (¢,7) = L(7)w(t), we have

. . . 1 . . .
8tu1nt 4 ulnt . Vulnt + —es A umt _ Ahulnt _ Vagumt
e

é) {&w +Q <£,w,w> — Ahw} + Vp'nt

[£(r)0r (€ (~7)8u™(t,7)] . + 5 (t, é) ,
where

Q(r,w,w) = L(—7)P [V(L(T)w & L(T)w)] .
and ¥ is defined by

S(t,7) = é ([%vim(tﬁ) + ez A vint(t,T)} . (3.12)

Thus it is natural to choose w and du'™ such that for all ¢, 7,
1 .
Ow + Q(1,w,w) — Apw + L (—7)PE (¢, 7) + EBT (L (—=7)6u™(¢t, )] = 0. (3.13)

The quantity £(—7)PX(t,7) has already been computed in Lemma B.] (see (B.§)). Since w does not
depend on 7, the first idea is to average the above equation on a time interval [0, 6], and to pass to the
limit as § — oo in order to derive an equation for w. Assuming that the term du'™ is bounded uniformly
in 7, we have

0
lim 187 (£ (—=7) ou™(t,7)] dr = 0.

9~>0008

On the other hand, we have already proved in Lemma @ that

.1
e

M | =

/OE (—7)PX(t,7) dr =
0

Sles,s, cr,3)

Splw] + vBS3 (o) in L.([0,00):, LAY x E)).

QNN

Moreover, we have

Qryw,w) =Y CANTAEIMITIN w) (N, w) (N, (Ni - V) Ni) Ni,
k,l,m€eZ3

and it is proved in [E] that if w is sufficiently smooth,

0
5 | et = Qu.w)

in the distributional sense, where Q is defined by (E) Hence, for all § > 0, we define w® as the unique
solution in L>(E,C([0,00),H N H%)) N L>*(E, L3 ([0,00), H'?)) of the equation

loc

o’ + Qw’, w’) — Apw’ + \/gSB(wé) +vB5%(0) =0,

w|6t:0 =ug € HNH".

(3.14)
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We refer to Proposition 6.5 p. 145 in [E] and to the comments following Proposition B in the Introduction
of this paper for existence and uniqueness results about equation (B.14). Notice that if o € L>=([0,T) x
[0,00), x E,L?*(T?)) only has a finite number of horizontal modes, then S$.(¢) € L>([0,T] x E, H%').
Moreover, the fact that ®(Ag) > 0 in the definition of Sp implies that the Ekman pumping due to the
Dirichlet condition at z = 0 induces a damping term in the envelope equation.

e The idea is then to pass to the limit in S.(c) as § — 0 when o satisfies (H1)-(H2), using ([L.9).
Let us admit for the time being that the last property of Proposition holds, i.e.

I >0, YA€ [-1—n-1+nU[l—n1+7], Ex(o)=0. (3.15)

Property (B.17) entails that the sum in the right-hand side of (B.11) bears only on the triplets (ky, k2, k3)
such that

which entails

|ks| < C(n)]knl.

Consequently, since o only has a finite number of horizontal modes, we deduce that the sum in the
definition of S%.(o) is finite. Hence S3.(c) converges as § — 0 in L>=([0,00) x E; L*(T? x [0,a))) towards

aia —1)ks
Sp(o) == —y/ 1a2 > (“:;j' (Nekpy +i(kj)L) - E-x, [6(kn)] Ny (3.16)

keZ?,
k0

The same property holds when ¢ has an infinite number of horizontal Fourier modes, provided o is
sufficiently smooth with respect to the horizontal variable z;, and satisfies (H1)-(H2).

Thus for all Ty > 0, the source term S2.(o) remains bounded in L*>((0,Ty) x E, H%!) as § — 0;
whence w° is bounded, uniformly in &, in L>=(E, C([0, To], H N H%') N L2([0, Tp), H°)). Moreover, let w
be the unique solution in L (E,C([0,00), H N H%)) N L>(E, L% ([0,00), H?)) of

loc

dw + Q(w,w) — Apw + \/gSB(w) + Vo) =0, (3.17)

w‘t:o = UgQ-

A standard energy estimate leads to the following error bound, for all T > 0,

|[w —ws|| Lo jo,71x E,2) + [|Va(w — ws)|| Lo (2,220, 71x 1))
< CvB||St(0) — S5(0)|| L= (B 2(0,11x ). (3.18)

Thus, when constructing the approximate solution in the next section, we will use the function w?,
but we will keep in mind that w® converges towards w as & vanishes.

e Let us now turn to the proof of property (B.15) (which is the same as ([.9)). Using (H2), we
choose 19 > 0 such that

[_1_770,_1+770]CV_, [1_77071—"_770]CV+
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For A € R arbitrary, and for § > 0, we have

1 o — AT
= [ o(r,w)e dr
0Jo

L ([0,T)xT2x E)

1

)
- / (0 — 00+ 04)(T, w)e_i)‘T dr
0 Jo

L ([0,T]xT2x E)

< |lo = oallLe=((0,0)x0,7]x ExT?)

1 o o
4= / / e—a|u|+zu‘r—z>\‘r]:aa(u) du dr
0 0 R

L ([0,T]xT2 x E)

<o = aallLe=((0,0)x[0,7]x ExT?)
i(p=A)0 _
/ e—alul¥faa(u) dy
R

<o = gallLe=((0,0)x[0,7]x ExT?)

Lo (T?2)

+ ( sup |fa0(#)|Lm([o,T]xExT2)> (Vi [+ [V=])
peV_uvy

n / e—alul
R\(V_UVS)

Let us now evaluate the last integral when A is close to +1, say for instance

ei(/‘_)‘)‘g — 1
W’ ||'7:0¢0(M)HL00([0,T]XEX1~2) dp dr.

"o

A—1 < —.

ST

Then if 4 € R\ (V_ UV4), we have |u — 1] > 19, and thus
"o

— A > =

= Al = 3

In particular,

etn=N0 _ 7 2 C
: < < —.
i — N ‘ I\ [

Hence, for all 8 > 0, for A such that |\ £ 1| < /2, the following inequality holds for all & > 0

1/9 — AT
— | o(r,w)e dr
0 Jo

C
< llo = aallze=(o.01x[o,1)x BxT2) + 5 sup [Fao ()l oo (0, 77% ExT2,11.(Ry )

L>([0,T)xT2,L?(E))

+  sup | Fao ()l Lo o, m1xmxrey (Vi + V1)
peV_uvy

In the above inequality, we first take 6 large enough, so that the left-hand side is close to ||a(A)]|, and
C'sup,, || Faoll/0 is small. Then we let « go to zero, with 6 fixed; we deduce that

Exlo] =0 VA such that d()\, £1) < "—20

3.3. Definition of §u®*. Once w (or w’) and v™ are defined, there only remains to obtain an
equation on du™. As stated before, u'™® is chosen so that equality () holds for all 7 > 0. According
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to the above computations, this amounts to taking du'™ such that

0

3 [L(—7)0u™(7)] = eQ(w,w) — eQ(T,w,w) + S[cp 3, cr,3] — eL(—T)PE(L, T),

L(—7)ou™ (1) = E/OT [Q(w,w) — Q(s,w,w)] ds

Slep,s, crs) — eL(—s)PX(t, s)] ds

+
b‘

Su™ (1) = eL(7) /OT [Q(w, w) — Q(s, w,w)] ds (3.19)

Equivalently, du'™ satifies the equation

9-6u™ + Lou™ = eL(7) [Q(w,w) — eQ(1,w,w)] + L(7)S[cp 3, cr,3] — ePE(t, 7).
We now derive a bound on the coefficients of du™*:
LEMMA 3.2. Let T >0, N >0, and let w € L>®(E,C([0,T],H)) such that

(Ni,w(t)) =0 Vk, k| > N, ¥t € [0,T].

Let X be given by (B19), and su™ by (B19). Then for all k € Z3, for all n > 0, there exists a
constant Cy j, such that for all T >0, for all e,v,3 > 0 such that v = O(e) and \/evf = O(1)

(N, 6u™(t, 7)) HLOO([QT]VLQ(E)) < (e +Vev)(Cp i + 7).

REMARK 3.2. The above Lemma is stated with a function w having only a finite number of Fourier
modes, which is not the case for the solution of ( in general. However, when constructing the
approzimate solution in the next section, we will consider reqularizations of the solution w of the envelope
equation (), so that this issue is in fact unimportant.

Proof. We begin with the derivation of a bound for the term

/0 [Q(w,w) - Q(s,w, w)] ds
= — Z Qpm k (Nm,w> <Nl,w> </T ei()\k)q)\m)sds) Ny..
0

k,l,m
AN HFAm# Ak

Notice that the set (I,m) € Z> x Z3 such that (N,,,w) (N;,w) # 0 is finite, and included in By x By.
Moreover, if (I,m) € By x By and A\ + A\, # Ak, then there exists a constant an > 0 such that

Nt 4+ A — Ak > o

As a consequence, we have

(3 [ [t 00) = Qsvwlo).wle)] as)

1
S R
QN k

||w||%°°((O,T)><'J1‘2><[0,a]><E)'

In a similar way, we now derive a bound on the second term in ) According to Lemma B.1|, we
have, for all k € Z3,

1 /T (Ng, L(—s)PX(t, s)) ds — E (Nk,Sleps, ers])
0 €

pn
as T — oo, in L>°([0,T], L*(E)). Let 7, > 0 such that if 7 > 7, , then

l /OT (Ni, L(—s)PX(t,s)) ds — é <Nk,5’[6373,cT,3]> <n.

T Lo([0,T],L2(E))
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Now, for 7 < 7, 1, we have

1_

I

™

Le=([0,T],L*(E))

< T,k

1.
<Nk, ES[CB,?”CT,B]>

Lo=([0,T],L*(E))

Tn,k
+ R / N, B 80 e f0.17.220y) 95
< Cyi

Gathering all the estimates, we infer the inequality announced in Lemma @ d

4. Proof of convergence. This section is devoted to the proof of the convergence result in Theorem
E. In the previous sections, we have already defined boundary layer terms and interior terms at the
main order. Unfortunately, the sum of those first order terms is not a sufficiently good approximation of
u®¥. Hence the first step of the proof is to define additional correctors, and thus to build an adequate
approximate solution. We then derive some technical estimates on the various terms of the approximate
solution, and eventually we prove the convergence thanks to an energy estimate.

4.1. Building an approximate solution. The approximate solution is obtained as the sum of
some interior terms and some boundary layer terms; although we have to construct several correctors
in order to obtain a good approximation of the function u®¥, we emphasize that all terms vanish in L2
norm, except the solution w® of the approximated envelope equation () In this paragraph, we build
the correctors step by step, using the general constructions of the previous sections. At each step, we
will give some bounds on the corresponding term; these bounds will be proved in the next paragraph.

o First step. The interior term at the main order.

We have seen that the interior term at main order is given as the solution of the envelope equation
(B.14), and that when the parameter § vanishes, the envelope equation becomes (B.17). However, we
are not able to construct the boundary layer terms at the top for 6 = 0, and thus we must keep the
approximated solution of the envelope equation, namely w®. Moreover, when constructing the corrector
terms uBY, §u™, vt we will need some high regularity estimates in space and time on w?, which are in
general not available for w® or w. Thus we introduce a regularization of w’ with respect to the time
variable, and we truncate the large frequencies in w?°.

Let x € D(R) be a cut-off function such that
x(t)=0 Vte[0,00), x(t)=0 Vte (—o0,—1],

x(t) >0 VteR, /le.
R

For n € N*, set x,, := n~1x(-/n), and define, for n, N > 0,
wi)N =Py [w5 *¢ Xn} = (]P)Nwé) *t Xns
where Py stands for the projection onto the vector space generated by Ny for |k| < N. The convolution

in time is well-defined thanks to the assumptions on the support of x. We have clearly

li O —wd e =0
N

1. 8 - 4 oo B - 0
n,]\lfIEoo igg [|[w wn,NHL (E,L2([0,T],H'.0))
Moreover, the following result holds, and will be proved in the next paragraph:
LEMMA 4.1. The function wth is an approzimate solution of (B.14), with an error term T;;LN which
vanishes in L*([0,T], H=%°) as n, N — oo, uniformly in §.
Hence we work with wi)N instead of w from now on; for all k, s > 0, there exists a constant Cy, n(k, s)
such that

WS, |l oo (2 wko0 (0,77, 1 (7)) < Crov (K, 8).
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In the sequel, we denote by C), ny all constants depending on n and N (and possibly T, ug and o), but
not on J.

e Second step. The boundary layer terms at the first order.

The boundary layer terms at main order, uBBL and U?L, are defined in Section E, where the function
w is replaced by wfl ~- Thus uBY depends in fact on the parameters n, N and §, and u2* depends on é.
Using the results of 7Proposition @ and the previous step, the following estimates can be proved:

LEMMA 4.2. We recall that v = O(e) and (/ev = O(1). Setting
uBL(t,xp, 2) == uBE(t, xn, 2) + uBL(t, zp, 2)

t a—z
> + uBLyTes(ta Th, Z) + ur <t7 —3Th, —>
g

t
=u t,—,xp,
B( € h \EV

z
N
we have

HuBL, 20,uPt, (z — a)d.u < Cy,n, (4.1)

BL
||Loo([o,:r] xT2x[0,a] x E)

[ P Conv'4,

HZ(?ZUBL, (z —a)d,u < C’nﬁNl/l/‘l.

BLHLoo([o,T]xE,L2(T))

Moreover, uP” is an approzimate solution of the linear part of equation (E), with an error term

bounded in L>=([0,T] x E, L*(Y)) by

5
C, N+ C—.
NV + \/g

The above Lemma follows immediately from Lemma , Proposition @, Lemma E and Corollary
o Third step. The interior corrector terms v'™ and Su'™.

We now define the correctors v and du™® as in (B.2)-(B.d) and (B.19)) respectively, taking w = wl N
in (B.19). Notice that the boundary conditions cp 3 and cr 3 are of order one in L. More precisely,

using the fact that wi)N has a finite number of Fourier modes on the one hand, and (H1)-(H2) on the
other, we deduce that

||Uim||Loo([0,T]><[0,oo)><11‘2><[0,a]) <C (’/5V||wz,N||L°°([07T]1H3) + V&‘ﬁ) < Cn,N\/ VE;

moreover, according to Lemma B.J,

<n+Cyre.

. t
vn >0, Vk € Z*, 3C, 1 > 0, H<Nk,6u‘“t (t, —)>
< L>=([0,T),L2(E))

Thus we set, for K > 0 arbitrary,

5ui}§t = Prdu'™ = Z <Nk,(5uim> Nip..
k|<K

According to the above convergence result, for all K € N, we have
: t
6u1nt t, -z
Moreover, there exists a constant C), y k such that
: t
5u1nt t, -
e (1)

In the rest of the paper, we set

Wt (1) ==L <3> wh n (1) + 0™ (t, é) + du’ (t, é) ; (4.2)

€

—0 ase,v—0.
Loo([0,T7,L2(E,W->(T)))

< Ch,nN,K-
Los([0,T]x E,Wtee (1))
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the following lemma holds:
LEMMA 4.3. Let T’(r;L,N be the remainder term in the equation on wf%N (see Lemma [[.1). Then the
function u™ satisfies

_ 1 _ _ _ . . t
atuznt + geS A uznt + ulnt . vuznt _ Ahuznt _ Vaiuint 4 vp — E <g) n N 4 wrem 4 wgem 4 wgem,

where wi™ = o(1) in L*([0,T] x E x T? x [0,a]), ws™ = o(1) in L*([0,T] x E, H- 1Y), and

v, N, lim - sup [Jwg™ || ez, 220, 71x 12 x[0,0)) = 0-
K—oo e,v By

Moreover,
uﬁio =ug+o(1) in L®(E, L*(xT)),
and there exists a constant C,, Nk such that

lu™l = o 71w () < ok (4:3)

In the above Lemma and in the rest of the paper, the o(1) means that for all n, N, K, the corre-
sponding expression vanishes as ¢, v — 0, uniformly in J.

e Fourth step. The boundary layer term at the second order.

At this stage, we have exhibited a function u™ (resp. uBl) which is an approximate solution of
the evolution equation (IE) (resp. of its linear part); moreover, the boundary layer term uPl and the
corrector v'™ have been built so that the boundary conditions are satisfied at the leading order. Precisely,
we have

UE\I;:O( )+ Ulhn|tz o(t) = ”;ﬂtz—o(t t/e) + 5Uifr<lth|z—o(t t/e) +ur hl¢=fe (t t/e),

0. (uEEa(0) + ulfia(1)) = Bo(t.1/2) + —=Ocun e (11/2) + 0. u‘,?,iii:@,

_(t,t/e),
o (t:t/e).

ugz—o(t) + usli—o(t) = ur3jc=—s

)
U= (1) + Uugloa(t) = up

BL,res

» UB3)c=—t and ul,” are exponentially small, thus satisfy the

The terms UT|(=— aCquh\C:\/‘Z—u

assumptions of Lemma A.2 in the Appendix; they will be taken care of at the very last step. But in
general, setting ¢p p := v};itz:O—HSui;{‘fh‘z:O, the quantity e ~1¢p 5 does not vanish. Thus, we define another
boundary layer term in order to restore the Dirichlet boundary condition at z = 0. We now have to
make precise which parts are almost periodic or random stationary in ég (¢, 7). We have

% \/EV _
vm 0= Uit = 6 — VA ers) + TVhAhl(CBB)'

The first term in the right-hand side is clearly random and stationary, whereas the second one is almost
periodic. Concerning the term §ull', the situation is not so clear. Using (B.19)), we write

Suft(t,m) = > e MTbg(t, T) Ny,
k| <K

where
Obi(t,7) =€ <Nk7/ (Q( Wy, Ny W w), nN) — Q(vai,vai,N)) d5>
+ <Nk, /T Slcp 3, cr.3] — eL(—35)PY(t, s)> .
0
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According to Lemma @,

Oby (t, E)
3

sup = o(1),
t€[0,T] L2(E)
and
0 t
sup —5bk <t, —> S Cn,N-
t€[0,T ot €/ L= (m)

Thus we forget the fact that dbx depends on the microscopic time variable 7, and we merely treat dul

as an almost periodic function. Hence we use the construction of section E (see in particular Remark
@ for the random stationary part), and we denote by §uP” the boundary layer term thus obtained. By
definition,

5u§ﬁ;20 = —CgB,h,
and
Opoult + 263 A SuBY —v925uBY = o(1) in L*°([0,T] x E x T).
Using the same kind of estimates as in Lemma @7 we deduce that

[[oui™ ||L2([0,T] XEXY) o(()'/*).

o Fifth step. The “stopping” corrector.
Let us now examine the remaining boundary conditions.
> Horizontal component at z = 0: this term is the simplest of all. We have

op.n(t) == (u}ft(t) +up(t) + (5u],§’L(t))‘Z:a = uTth:\/%(t, t/e),

and thus, using the same arguments as in Proposition @, we prove that there exists a constant
C such that

a
o4Ol < Cex (- )

C a
0Ol < S exp (- =)
Since e ¥ exp (—a//zv) = o(1) for all k € N*, §p 5, satisfies the conditions of Lemma A.2 in the
Appendix.
> Vertical component at z = 0: we compute

0p,3(t) = (ug"(t) + ug"™ (t) + oug ™ (1)), _o = ursic=—s (1, t/2) + dugpz_ ().

v

It is easily proved that ug 5/, /z5(t, t/€) satisfies the hypotheses of Lemma A.2, provided o is
sufficiently smooth. Concerning Ju5", we have, according to the assumptions on o,

||5U3BIE:0HLOO([O,T]7L2(E7H3(T2)) < 0(\/EV) + OnﬁNﬁK(VE)3/25 < O(E),
”at(su:?\gzoHL°°([O,T],L2(E,H3(T2))) = o(1).

Thus dp 3 satisfies the conditions of Lemma A.2.
> Horizontal component at z = a:

Or.p(t) =0, (uih“t(t) + uEL(t) + (5u];;:’L(t))‘Z:a — %U (t, é)

1 res
- EB<UB7h‘<:¢% (tt/€) + Do 22 (8) + D2 6up:_ (b).
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For all s > 0, we have

1 2
< Cn iy T T = )
} Lo ([0,T]x E,H*(T2)) — N VT P ( 4VT> ol©)

, 1 a?
0,0, uBL T (¢ H <CnN—75 - = .
|or0-urizzzo Lm(oix sy~ OV oA P\ T ) = o)

(Remember that v = O(g).) Thus all terms of the right-hand side are exponentially small as €
vanishes, and 7, satisfies the conditions of Lemma A.2.
> Vertical component at z = a: let

ora(t) := (uf"(t) + us™(t) + 5“3BL(LL))\Z:Q

= upaic=—z (t.t/e) + 5u3B|IZ:% (t).

ev

BL,res
azuh\z:a

Once again, dp,3 is exponentially small in all H® norms, and thus matches the conditions of
Lemma A.2.
We thus define u5*°P, given by Lemma A.2, so that

stop stop
Upmg = —0Bhs  Ozuy” = =01

stop  _ stop  _
u3‘z:0 - 53,37 u3|z:a - 5T,37

and such that uS*°P is an approximate solution of the linear part of equation (@), with an error term
which is o(1) in L?. Notice that the corrector ust°P itself is o(e) in L2.

We now define
uPP = 0t o BL 4 5y Bl 4 gstop (4.4)
= oM 4y, (4.5)
By construction, the remainder u™™ is o(1) in L°°([0,T], L*(E x T) and u?"P satisfies conditions ([L.3).

The goal of the next paragraph is to prove that u®PP is an approximate solution of (B), which allows
us to conclude in paragraph @ that u®" — u®PP vanishes thanks to an energy estimate.

4.2. Estimates on the approximate solution. We start by proving the lemmas stated in the
previous paragraph.

e Proof of Lemma [f.] (Estimates on wzﬁN).

Remembering (B.14), it is easily checked that wi) N satisfies

8twth + ]P’N(Q(w‘;,w‘;)) * Xn — AhwaN + \/gSB(waN) + Vﬂ]P)NS%(O' * Xn) = 0.

Thus w, y is an approximate solution of (B.14), with an error term 79, 5 equal to

ro N = Qwl y,w) n) — PnQw’, w’) x xn + vB(S3(0) — PN ST (0 * Xn))
=[P- Pn)Q(w?, wé)} * Xn + [Q(PNIUJ,PNW&) - Q(w°, wé)} * Xn (4.6)
+ [Qwl y, wd n) — QPNw’ , Pyw®)  xu] + vBPN S0 — 0 * xn] + vB(P — Pn)SS(0).

In order to evaluate ri ~» We need continuity estimates on the quadratic term Q. We recall that Q is
bilinear continuous from

L>([0,T), H*Y) x L?([0,T], H"°) into L?([0,T], H~ ).

(see Proposition 6.6 in [] for a proof of this non trivial fact). Moreover, for a,b € H' N'H, it can be
proved, using the methods of [, that there exists a constant C' > 0 such that

=~ 1/2 1/2 1/2 1/2
1Q(a, b)[| -0 < Clall i lall 120 1Bl 357 11Bl b2

1/2 1/2 1/2 1/2
+C|0sal L2 |IB M2 1B1 2, + C\0sb] o2 [lal Y2 lall b2,
< C(||lallgro]lbl| go.r + [lal| go.1 ||b]| g1.0) - (4.7)
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It is easily deduced from the above inequality that the two terms in line (@) converge towards zero; on
the other hand, the regularity of o entails that S$[0 — o * x,,] vahishes in L? as n — oo, uniformly in 4,
together with (P — Px)SJ(0). We thus focus on the last term in the expression of sz,Nv which we write

N(t)w N() = QBnw’ Pyuw’) * xn

Quwp,
= [ Qa0 Pt )t =) du = [ QB (), Py (@)t = ) d
R
/Q — Pyw? (u), Pyw® (w))xn (t — u) du,
and thus, using inequality (.7) together with the L°([0, 7], H*') bound on w®, we infer

HQ le ) le(t))_Q(wévwé)*Xn(t)HHfl,o

< C'/ ||wn N (1) = Pywd( u)HH[L1 ||PNW6(U)||H1,0 Xn(t —u) du
+ C'/ ||wn N (1) = Pywd( u)HHLO ||]P>]\7u15(u)||HD,1 Xn(t — u) du.
Eventually, we get

HQ waN t) sz(t)) - Q(w5 wé) *Xﬂ t ||Loo(E L2([0,T],H~1.0))

+ C sup Hw — ThWw ||Loo

< C sup ||w — ThW HL°°(E L2( |h|<L

[hl<%

—n

[0.7],H1.0)) ([0,T]x B, HO) -

where Tpw : (t,2) — w(t + h,z). The right-hand side of the above inequality vanishes as n — oo,
uniformly in 6.
Thus 9 y vanishes as n, N — oo in L*([0,T] x E, H~"?), uniformly in 6. O

Hence we have proved that wfl’ N is an approximate solution of () We now tackle the bounds

on uint

e Proof of Lemma [.3 (Estimates on u™ ). First of all, the estimate ({.d) is easily deduced from the
previous bounds on wfh N0 and dui™t. Thus the main point is to check that the assertions on w!®™
i=1,2,3, hold true.

We begin with the term w§™™, which is due to the truncation of the large frequencies in du

precisely, we have

mt

1 : : t
wi™ (t) = E(]P) — Pk) [0-6u™ + Léu™"] (t, g) .
Remembering the definition of Ju'™ (see (B.19)), we infer

1w5™ (| Loo (8,12 (j0,7]x T2 x[0,a])

< H(P - ]P)K) [Q(wz,Na wz,N)] HL“’(E,L?([O,T]XT))

+ H (P - ]P)K) [Q(Sa wi,Na wz,N)] HLOO([O#)O)S x E,L2([0,T]xT))

+ - ||(]P —Px) [Sle,s, cr]] HLOO(E,L2([O,T]><T))

+ 1P = P )X oo j0,00) x B, 22(j0,7] x 1)) -

If v = O(e), and /vef = O(1), all terms vanish as K — oo uniformly in &,v,d. Thus the condition on
wi™ is satisfied.

On the other hand, we have defined v'™ and dui™ so that u'™ is an approximate solution of equation
(.2, with an error term which we now evaluate in L?([0,T] x Y x E) + L*([0,T] x E, H~%°). Apart
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from the one mentioned above, which is due to the truncation of the large spatial frequencies in du'™®,

the error term is equal to
i (é) () + [0 — A — v02) (Bullt +o'™)] (t, é)
int int int t int int t t 6
+ [u - V] (Sulgt + ™) t,g + | (dulR" + ™) t,g V| L . wy, (1)
Let wi™(¢) := —Apv™* (¢,¢/¢) . Then wi™ is bounded in L2([0,T] x E, H~1°) by

Vev|lessllLe(0,11x[0,00), x B, 51 (T2)) + €VBler 3] Lo (0,77 % [0,00), x 2,11 (12)) = 0(1).

Keeping aside L (t/e) 7% y(t), the remaining error terms are bounded in L2([0, 7] x T? x [0,a] x E) by

Hatauilr(ltHLoo([o,T]tx[0,§]T,L2(EXT))
+ 11000 | o< 0,009+ L2([0,71x T2 x [0,0] x )
+ ||5uil?t||L°°([0,T]tx[O,%]T,Lz(EHz))
4 ||| poo || GulR + UintHLoo([o,T]tx[OEL,L2(E-,H1))

+ ™ o .22 0,710 04K + 0™ | Lo, o0 (0.1, [0,2] x1))
=o(1).

Above, we have used the fact that wfl’ ~» and whence pint, 5uil‘}t, are smooth with respect to the time
variable ¢. [

o At this stage, we know that »'™ is an approximate solution of (@), and that 4™ is an approximate
solution of the linear part of (E), such that additionally u™™ = o(1). There remains to prove that the
function u®PP = ™ + 4™ is an approximate solution of equation (B) The core of the proof lies in
the following Lemma:

LEMMA 4.4 (Non linear estimate on the remainder term). For all n, N, as e,v — 0 with v = O(g)
and Bv/ev = O(1), we have

int int
sup Huzn . Vurem 4 urem . V’U,”L 4 urem . VuremHLz([O " 0.

—
2
550 ,T1xT?x[0,a] X E)

Proof. First, we have

||(urem V) uim||L2([0,T]><T2><[07a]XE)

< Hurcm||L2([0,T]><']1‘2><[0,a]><E) ||uthLoo([o,T]xE,W1m)
< Convic (0P8 pe + 160 g2 + [u*°P|2) .

The right-hand side vanishes thanks to the estimates of the previous paragraph.
The other terms are slightly more complicated. We write

ulnt SV e N/ T — ¢ APP | Y7y rem

= uPP . TutoP 4 PPV (4Pl 4+ guPl)
The first term in the right-hand side is bounded in L?([0,7] x E x T) by
[[u™P || oo [|u**°P| L2 (0,71 x B, 1) < Cn,N,KE-
We thus focus on the second term, which we further split into

upPP -V, (Pt 4 5uPh) + ugPPo, (uPt 4 suP) .
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We have
app BL BL
Huh Vi (uP + du )HL?([O,T]xExT)
< Ul Loe 0,77 x Ex ) [UPY + 0uPY || L2 (0.1 x B, 110

< Conxvtt

We split the other term as follows

w77 (uP + 5urt)

/0 3P0, (up + 6uPl)|”

| o
0

a/2
a/2
[ e s )
a/2
|
/2

app 2
/ us P ozur|” .
a

2 J—
HL2(T) ~ J
+/

T2
+/

T2
+\/

T2
For z > a/2,t > 0, we have

0- (us +0uPY) ()] < Cow {(Ew’l exp (‘ %) * uiteXp <‘ﬁ>}

and thus
T a app BL 9
’ug 0, (uB + du )‘
0 T2 Ja/2
<Cu, N {(Ey)l exp (—%) + exp <—\/C%>] .
Similarly,

T a/2 9
app
/// |ugPP 0, ur|
o Jr2Jo

< Cn N3 exp <—%> < Cpn(ev) texp (——\j;%) )

We now evaluate the two remaining terms. The idea is the following: since u5""
we have

vanishes at the boundary,
ui??(z) = Cz  for z = o(1),
and u5*P(z) # C(z —a) for z —a=o0(1),

and 20,up, (2 — a)d,ur are evaluated in ([.1]). Moreover, we can split u*PP into

uPP(t) = [E (é) Wl (t) + Sul (t, é)] + [vi‘“ (t, é) + uBL(t)}
+ [6uPH () + uoP ()] .

By definition of v'™* and u**°P, the vertical components of each of the three terms in brackets vanish at
z =0 and z = a; additionally, the first term is bounded in L>([0,T] x E, W) by a constant C,, y k,

while the (vertical components of the) second and third ones are respectively of order

Cn.n (\/E_I/ + (EV)3/4) and  o((ev)**) + o(e)
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in L>°([0,T] x E, H"?). Once again, the formulation u*°P = o(¢) must be understood as

Vn, N, K, lim supe !||u"P| = 0.
£v=0 550

As a consequence, we have

a/2
/ / W5 ()0 (up + 6uPY) ()]
T2 JO
2
< (e (L) win) @vaus (D] oot o0y,
3 Les
2
+ 2 L (t, ﬁ) + Bl (8) + Subh (1) + uz“’"(t)} [20: (up +8u") (O] -
L2

Using Hardy’s inequality together with the divergence-free property, we infer that

/m /Oa/2 3PP (1)0. (up + 6uP") ()]

2

t . t
< C’nyNyKul/2 0, L <—> wz N+ 5u‘}§t <t, —>
€ ’ €/ || e
T ‘ 2
+ ChN.K ’ 9, vt (t, g) +ust(t) + dugt(t) + u?"p(t)}
L L2
t . £\ |2
S Cn,N,KV1/2 ’E (—) ’wi N(t) + 5’&}? (t, —)
g ’ e W10

2
+ Ch, N, K

. t
o (18] + B0 + 3ufH0 + ()

H1.0
< o(1).

The term

/ / 2P (£)D, ur ()
T2 Ja/2

is treated in a similar way. Gathering all the terms, we deduce the convergence result stated in Lemma

k4 o

In the rest of this section, following the notations introduced in Lemma @, we denote by wi®™ any
term which satisfies

Vn,N, K, ;12%?;;1%’”1”1 2 (0, 71x ExT2x[0,a]) = 05 (4.8)

rem

by ws*™ any term which satisfies

V?’I,,N, K, hm sup||wgcm||L2([O,T]><E,H*1v0) - 07 (49)
e—05>0

and by w5®™ any term which satisfies

vn, N, lim  sup w5 || Loo (j0,00) x B, L2([0,7] x T2 x [0,a]) = O (4.10)

87”) k)

According to Lemmas .9, .3 and [£4, u*PP satisfies an equation of the type

. . 1 . . .
OpuP + uP - VuP 4+ —ey AutPP — AyutP — vt
5

t
=Vp+L|(=)rd y4w™ +wh™ 4+ we™ 4 O (—) , (411
p (6> N 1 2 3 \/E Lo ( )
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We recall that the remainder 7“2, ~» which was defined by ([L.), satisfies

: 4
s I sy =0

Equation ([.11)) is supplemented with the boundary conditions ([L.J) and the initial condition
u‘at‘fo = wo + dwg + Swg,
where dw} and w3 are such that
lim  sup [|dwg]| =0
pm_sup 16wl Lo (&.L2(x)) = 0,
and Vn,N, lim sup ||5w(2)||Loo(E r2(r)) = 0.
e,v—0 550 ’
In order to avoid too heavy notation, we will simply write
w2y = wo + o(1).

4.3. Energy estimate. We now evaluate the difference between u*" and u®PP thanks to an energy
estimate. The function u®¥ — u®PP is a solution of

1 . . .
O (U™ — u™P) + —eg A (u®Y — u®PP) — Ap (u®” — u®PP) — uﬁg(ug”’ — u®PP)
€

t 0
v / rem rem rem |2 ) O
P W2 ws <E) N <\/§>L2

_ (UE,V . V)(UE,U _ uapp) _ [(UE,U _ uapp) . v] uapp

Taking the scalar product of the above equation by u®" — u?PP and using the Cauchy-Schwarz
inequality, we deduce that for all ¢ > 0, for almost every w € E,

. 1 .
L ) = (1) B+ () = 01, ) o
< / (™" (t,w) = u™P(t,w)) - V) uP(t, w)] - (u=(t, w) — u™P(t, w))|
T2 x[0,a]
rem 2 rem 2 rem 2
+ [ wi™ @ w) L2y + 1wWe™ @ w10 + [[ws™ (¢ W)l 22(x)

52
+ Ol (t,w) — wPP(t, w)]|7e.

+Cr (O yro +CZ

In the above inequality, we have dropped the term v[|d,(u®” — u*PP)||Z, in the left-hand side. We now
evaluate the term

Lo e =) vy @ = ).
T2x [0,a]

First, let us write
u*PP = [u™ + w4 [uP + 5Pl .

The function 4™ + 4P is bounded in L*([0, 7] x E, W1°°(T) by a constant C,, n; similarly, Vj, (uBl+
SuPl) is bounded in L*°([0,T] x E x T). As a consequence, we have

/ ‘(ua,u _ uapp) v [uint 4 ustop} . (ua,u _ uapp)‘
T2 x[0,a]

+ / [(uy” — upPP) - Vi [uPP + 6uPr] - (u” — u®PP))|
T2 x[0,a]

< Cunillu™ — uapp||2L2([T2><[0,a])'
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There remains to derive a bound for the term
/ ‘(ugy —u5PP)0, [UBL + 5uBL} (U — uapp)| :
T2 x[0,a]

the calculations are quite similar to those of Lemma Q We first split the integral on [0, a] into two
integrals, one bearing on [0,a/2] and the other on [a/2,a]. The term uB¥ (resp. uBY + §uPl) is expo-
nentially small on [0, a/2] (resp. on [a/2,a]), and thus we neglect it in the final estimate. Moreover, we

have for instance
a/2
/ ‘(ugy —u5")0, [u%L + 5uBL] (us — uapp)|
0 T2

1 .
;(Ué’y —uz"?)

<

1202 [up” + 0uPH] || o llu™” = u™P|| 2
L2
< C)0. (" — ™)l acr lu™ = wP|

< Cllu” = uP [ gro [|u™” — P 2y -

Eventually, we infer that

/ |(u§” —u5")0, [uBL + 5uBL] (usr — uapp)|
T2 x[0,a]
< O fJu™" = w2 ppy + Cllu” = uPP o [[u™ = PP 2y

Gathering all the above estimates and integrating on F, we deduce that

a e,V
ot [|u
< Offu™ — ™7,

2 2
= U2y 0™ = P2 o)

(ExT)

Cs?

5 L

2
+ HT",NHL%E,H*LU)

2 2 2
+ ”wl{CInHL?(EX"r) + ||wécm||L2(E,Hfl,0) + ||w:r’>cm||L2(E><"r) :

Using Gronwall’s Lemma, we infer that for all ¢ € [0, T,

[[(us" = uapp)(t)”i%ExT) + /Ot [ — Uapp”iz(E,Hl,O) (4.12)
<C [Hw]{emHi?([O,T]xExT) + ||w§em||i2([0,T]><E,H*1’0) + ||w§em||i2([0,T]><E><T)
+C |:HT§1;NHi2([O,T]><E,H1’0) + 5_;] :
e We are now ready to prove Theorem . Let us write

)= (£) i) = e ] @)+ ) - £ (4] wl o)
¢

where
> the term u®” — uPP satisfies the energy estimate (f.12);

> the term w*P(t) — L (L) wd 5 (t) is equal to u™™ + 0™ 4 fulRt, and thus vanishes as €, — 0 in

L*([0,T], L*>(E, H'?)), uniformly in § > 0, and for all n, N, K;
> the term w® , — w® vanishes as n, N — oo uniformly in d, ¢, according to the first step in

paragraph {.1;
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> the term w® — w vanishes as § — 0, uniformly in €, v, according to (B.19).

Let n > 0 be arbitrary. We first take ng, Ny large enough so that for all § > 0, e,v,3 > 0,
5
||Tng,No||%°°([O,T]><E,H*1’0) <,

IIwZ,N - w[sH%w([O,T]xE,L?)v ||wa,N - w(;”%m(E,L?([O,T],HlvO)) /2

Thanks to (j.10)), we now choose K > 0 large enough so that for all e, v, 3,9,

2
||w§em||L2([o,T] xExYT) <1

Remembering properties (@)—(@), we deduce that there exists €g,9 > 0 such that for all J, for all
€ <ep,v <y with v < Ce and B/ev < C,

2
0™ 220,71 Ex1) <

2
lws™ | 220,17 x 110y <705

o)~ (L) ut, 0]

<n.

L ([0,T],L?(E,H*:0))

At this stage, we have, for all § > 0, for all ¢, v, 5 such that 0 < e < g and v = O(e), \/vef = O(1),

2

t t 2
usv(t) — L <—> w(t) —|—/ usv(s) = L (f) w(s) ds
£ r2ExT)  Jo 5 L2(E,H1.0)
Cs?
< Cn+ Cllw® = wllf e o.11,22(2x1y) + Cllw’ = |72 0 1% 2,510y + -

We now let 6 — 0 in the right-hand side, and we obtain

2 t
“
L2(ExT?x[0,a]) 70

for e, v small enough. The convergence result is thus proved.

t 2

)£ (L) wit

S

usv(s) = L (—) w(s)‘

€

s < Cn
€

L2(E,H.0)

5. Mean behaviour at the limit. This section is devoted to the proof of Proposition @ Let us
recall what the issue is: in general, the source term St(o) in ([L.10)) is a random function, and thus so is
w. Hence, our goal is to derive an equation, or a system of equations, on E[w]. We emphasize that such
a derivation is not always possible, because of the nonlinear term Q(w,w). However, we shall prove that
the vertical average of wy,, denoted by wy, is always a deterministic function. Moreover, if the torus is
nonresonant (see ([L.19)), then w — @ solves a linear equation, and thus in this particular case we can
derive an equation for E[w — @].

Our first result is the following:

LEMMA 5.1. Assume that the group transformation (0;),cr is ergodic. Let ug € HN H', and let w

be the solution of ([L10). Set
_ 1 /a
wh = — Wk, .
@ Jo

Then wy, is the unique solution in C([0,00), L?(T?))NL?

2 ([0,00), H'(T?)) of the two-dimensional Navier-
Stokes equation

_ _ _ _ 1 v o_ B
Oy, + Wy, - Vawh — Apwy, + a—\/ﬁ\/;wh +vpE[Sr(o)], =0, (5.1)
Wh|t=0 = %fo wo,h-

In particular, wy, is a deterministic function.

40



Proof. Let us recall that if
= o(k)Ni €H,
kezZ?
then
1 [ ) "
Pa(@)i= [ én= 30 om0 7k 0).
aJo kn €72

Thus we have to project equation ([L.1(]) onto the horizontal modes, which correspond to k3 = 0. It is
easily checked that

Py, (Sp(w)) = Sp,n(wp) = %@wh,

and we recall (see and Proposition 6.2 in [E]) that there exists a function p € L?(T?) such that for
allwe H'N'H

Pr(Q(w, w)) = (wp, - Vi)wn + Vap.
Thus we only have to prove that
Pu(S1(0)) = E[Sr.n(0)],

almost surely in E. We use the following fact, of which we postpone the proof: if A € R, then

[ E[og] itA=0,
E[&x[o]] = { 0 else. (5-2)
Moreover, if A = 0, then
Exlo] =E[o] almost surely. (5.3)

Note also that A, = 0 if and only if k3 = 0. Remembering (B.16), we deduce from (f.2) and (f.3) that

7 1 - ik
]E - _ k/ 1 . ]E ~ k ’Lkh-zh, .2
Sl =~ 3 a0 Blsthe (%)

1 1 %! ik}
- _ kl i . ~ k Zkh-wh '2
/—aala2 Z |k;1|2( h) 50[0( h)]e <—lki)

kp€z?
= Ph [ST (0’)]

Thus the lemma is proved, pending the derivation of (@) and (@) Concerning (), the invariance
of the probability measure mg with respect to . entails that

19
E [Ex][0]] = E[o] Jim. 7 /0 e~ dr,

and (.9) follows easily. Equality (5.3) is a consequence of Birkhoff’s ergodic theorem (see [24]). O
The first point in Proposition follows easily from the above Lemma (together with Theorem E),
by simply noticing that the sequence

t St N
exp (—;L) () = 7 (Nt N

weakly converges in L2([0,T] x T x E) towards

> Nk, w(t)) N = w(t) = (wn(t),0).

kez3,
)\kzo
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REMARK 5.1. Notice that

roty Py [Sr(0)] = — ala“Q bE [rotpo] .

Hence we recover the result of /E] the vorticity ¢ := rotpwy, s a solution of

ey ) [rotpo] .
a

00+ Vi — Ao+ —= [ L6 = v

From now on, we assume that the torus is nonresonant (see ([.19)). Consequently, with @ = (wp,, 0),
we have

Q(w — w,w —w) = 0.
Moreover, using (5.9)-(5.3), it is easily checked that
E [ST)3 (U)] =0.

Setting u = w — w, we deduce that u solves a linear equation, namely

Ou + 2Q(u, w) — Apu + \/gSB(u) +vBSr(o) — vBE[ST(0)] = 0.
Since w is deterministic, we have

E [Q(u,ﬁ})] = Q(E[u]v ’lD).

Hence we can further decompose v into w + u, where w is deterministic and does not depend on o, and u
is random with zero average. The precise result is stated in the following lemma, from which Proposition
@ follows immediately:

LEMMA 5.2. Assume that the hypotheses of Proposition hold. Then

wW=w+Ww+u

where:
e the function w is deterministic and satisfies (b.1));
o the function W is deterministic and satisfies

B4 + 20w, ©) — Ani + \/gsB(w) —0,
Wi=0 = Uo — W|¢=0}

e the function 4 is random, with zero average, and satisfies

Oyt + 2Q(w, @) — Apti + \/gsg(ﬁ) +vBSr(0) — vBE[ST(0)] = 0,
ﬂ/\t:O =0.

Appendix A: convergence of the family o,.
LEMMA A.1 Let T > 0. Assume that o € L*=°([0,T] x E,C(R)) N L*>®([0,T] x R, x E). Then for all
T >0,

0o —0—0 in L®((0,T) x (0,T7") x E) as a — 0.

Proof. By definition of o, we have

1

oa(t, T, w) = 7 Jo Rexp(—a|)\| — als))erT o (t, 5, w) ds dA
X
1 200
= %/Rexp(—amea(t,s,w) ds
1

1
== /Rexp(—ah' + as|)ma(t, T+ as,w) ds.
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Consequently,

1
o(t,7,w) —oa(t, T,w) = ;/

R

1
exp(—alT + o<s|)1_|_—S2 [o(t, 7,w) —o(t, T + as,w)| ds

1 1
—i—;o(t,T,w) /R [1 — exp(—a|T + as|)] o2 ds

The convergence result of Lemma A.1 follows easily. O

Appendix B: proof of Proposition E Let A € R be arbitrary, and let ¢ € L*(E).
Consider the probability space

d
Ey:=Ex|[0,2n), Py:=Pa X
27

where p is the standard Lebesgue measure on [0, 27r]. Let us define the following group of transformations,
acting on (Ey, Py)

TMNw, ) := (6w, — A\ mod27), 7€ R,
Then it is easily checked that 7 is measure-preserving for all 7 € R. And if T > 0, we have, for all
v € [0,27],

T . . T . .
/ ®(0,w)e N dr = e_“"/ O(0,w)e'? 7 dr
0 0

T
= eﬂ'“"/ U (Tf(w,w)) dr,
0
where the function ¥ € L?(E)) is defined by
T (w, ) := B(w)e'.

Hence, according to Birkhoff’s ergodic theorem (see [P4]), there exists a function ¥* € L2(E)),

invariant by the group of transformations (’Z;)‘)T cg> Such that

1 [T . )
= / B(0,w)e™ T dr — e TMNw, ),
T Jo

P, - almost surely in Fy and in L? (E\). Moreover, the function
(w, @) = e TN w, )
clearly does not depend on ¢ by construction. Hence, we set
(W) = e UMW, ) V(w,p) € B,

and we have proved that

I :

—/ B(0,w)e” T dr — dMNw)

T Jo
almost surely in w and in L?(E).

Now, since ¥* is invariant by the group (TT)‘)
surely in w,

A
reR and ®* does not depend on ¢, we have, almost

PNOrw) = e TN bw, @)
= e PAPAN (9, w, o — AT mod2)
= e EAPN (TA(w, )
— e—i(ga—)\r)\IJA (w, 90)
— A TPN W),

This completes the proof of Proposition EI
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Appendix C: the stopping Lemma.
LEMMA A.2 (Stopping condition) Let Ty > 0, and let 65,51 € L°°([0, To], H3(T?)) be two families
such that

/(5T,3 —0p,3)dz, =0

and such that as e — 0, for A=T, B,

1
Zl0allze=qo,my, . r2)) = 0, Ml0all o= o,71, 3 (v2)) — O and [[0e0a] Lo= jo,77, 2 (v2)) — 0.

Then there exists a family u**P € L>°([0,T], L*(Y)) with V -w = 0 such that

stop

=673 and 8zuh‘zza =drn

sto sto
U P = 535 v

|z=0 — U’B\z:a

and such that as ¢ — 0,

— 0.

1 1
_HusprLOO([O,T],L?) N 0, Hatustop + _Lustop _ Vazzustop _ Ahusmp
c € Lo([0,T],L2)

For a proof of the above Lemma, see [E]
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