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Abstract. The asymptotic behaviour of a family of gradient algorithms (including the meth-
ods of steepest descent and minimum residues) for the optimisation of bounded quadratic op-
erators in R? and Hilbert spaces is analyzed. The results obtained generalize those of Akaike
(1959) in several directions. First, all algorithms in the family are shown to have the same
asymptotic behaviour (convergence to a two-point attractor), which implies in particular that
they have similar asymptotic convergence rates. Second, the analysis also covers the Hilbert
space case. A detailed analysis of the stability property of the attractor is provided.

1. Introduction

The paper generalizes the results presented in [E] to other optimisation algo-
rithms of the gradient type. We introduce a class of algorithms, called P-gradient
algorithms, that differ by the choice of the length of the step made in the gradient
direction. The class includes in particular the usual steepest-descent algorithm
and the method of minimal residues of Krasnosel’skii and Krein [E,E] We show
that for a quadratic function, the worst asymptotic rate of convergence is the
same for the whole class of algorithms considered. It is also true that, expressed
in the right framework, all the algorithms in the class behave in a very similar
fashion!. This analysis complements that presented in [ﬂ], [B,@] and Chapter
7 of [@] which concerns steepest descent. Moreover, the analysis in [@] directly
applies to all algorithms in the class considered, revealing the asymptotic be-
haviour for bounded quadratic operators not only in R% but also in Hilbert
spaces. The worst case behaviour exhibited is fundamental “bottom-line” in the
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1 Not all algorithms using the gradient direction belong to that class, which in particular

es not include the spectral-gradient algorithm, see [{], proposed by Barzilai and Borwein in
H. This method, which has been found in particular examples to allow significant improvement
over standard steepest descent, see ﬂ], thus requires a separate treatment. The same is true for
steepest descent with relaxatjon or the combination of steepest descent and Barzilai-Borwein
methods, as considered in [[L9].
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study of optimisation whose understanding is critical for building more complex
and faster algorithms.

The basic idea is renormalisation, as used throughout . The main result
in the finite dimension case is that for any algorithm in the class, in the renor-
malised space one observes convergence to a two-point attractor which lies in
the space spanned by the eigenvectors corresponding to the smallest and largest
eigenvalues of the matrix A of the quadratic operator. The proof for bounded
quadratic operators in Hilbert space stems from the proof for R? but is consid-
erably more technical. In both cases, as in ], the method consists of converting
the problem to one containing a special type of operator on measures on the spec-
trum of the operator. The additional technicalities arise from the fact that in the
Hilbert space case the measure, which is associated with the spectral measure
of the operator, may be continuous. Another important result concerns bounds
on convergence rates, named after Kantorovich, see [ﬁ] For all algorithms in the
family considered, the actual asymptotic rate of convergence, although satisfying
Kantorovich bounds, depends on the starting point and is difficult to predict.
This complex behaviour has consequences for the stability of the attractor, which
are discussed following the main results.

The family of gradient algorithms we consider, called P-gradient algorithms,
is introduced in Section E Renormalisation is presented there, which, together
with the monotonic sequences of Section @, forms the core of the analysis to
be conducted. The main results are presented in Section B, first for the case
H = R?, then for the Hilbert space case. They rely on the convergence property
of successive transformations of a probability measure, which is presented in
Section E Again, the two cases H = R? and ‘H a Hilbert space are distinguished,
the exposition being much simpler in the former case. The stability of attractors
is discussed in Section E, only in the more general case of a Hilbert space, the case
H = R? not allowing for a significant simplification of the presentation. Finally,
Sectionﬂ shows the asymptotic equivalence between several rates of convergence
of gradient algorithms. All proofs and some important lemmas are collected in
an appendix.

2. A family of gradient algorithms
2.1. P-gradient algorithms

Let A be a real bounded self-adjoint (symmetric) operator in a real Hilbert space
H with inner product (x,y) and norm given by ||z|| = (z,z)'/2?. Assume that A
is positive, bounded below, and denote its spectral boundaries by m and M:
m = inf (Az,z), M = sup (Az,z),
[le]=1 llz|l=1
with 0 < m < M < oo. The function to be minimized corresponds to the
quadratic form

f(&) = 5(A2,2) ~ (2,3) 1)
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It is minimum at 2* = A~1y, its directional derivative at z in the direction u is
Vuf(z) = (Ar =y, u).

The direction of steepest descent at x is —g, with g = g(z) the gradient at z,
namely ¢ = Az — y. The minimum of f in this direction is obtained for the
optimum step-length

(9:9)

(Ag,9)”

which corresponds to the usual steepest-descent algorithm. One iteration of the
steepest descent algorithm is thus

N (gkvgk)
Tk+1 = Tk (Agk,gk) ) (2)

with gr = Az — y and xp some initial element in H. We define more generally
the following class of algorithms.

Definition 1. Let P(:) be a real function defined on [m, M|, infinitely differen-
tiable, with Laurent series

o0

P(z) = chzk, cr € R for all k|

— 00

such that 0 < Y. cpa® < oo for a € [m, M]. The k-th iteration of a P-gradient
algorithm is defined by

Thi1 = Th — YhOk (3)

where the step-length i, minimizes (P(A)gk+1,gk+1) with respect to vy, with
gr+1 = 9(@k41) = g(xK — Y9k)-

Direct calculation gives

~ (P(A)Agk, gr)
Y = P Age.g8) (4)

Note that AP(A) = P(A)A and that the denominator and numerator of vy, are
linear in P(A). Also, 7y is scale-invariant in P(A) and ~, € [1/M,1/m)].

Taking P(A) = A~! gives the steepest-descent algorithm. Choosing P(A) =
I, the identity operator, is equivalent to choosing the step-length that mini-
mizes the norm of the gradient gry1 at the next point. We then obtain the
method of minimal residues introduced in [@] for the solution of linear equa-
tions. For any fixed a € (0,1), choosing 7 that minimizes af(xp — vgx)+
(1 —a)(g(xr — vgr), g(xr — vgx)) with respect to v also gives an algorithm in the
family. More generally, we show below how to construct P-gradient algorithms,
with P(-) a polynomial in A, using evaluations of f(-) and g(-) only.
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2.2. Practical construction when P is a polynomial

We consider the case where P(A) = A? for some integer ¢ > —1. (As men-
tioned, the cases ¢ = —1 and ¢ = 0 respectively correspond to the methods of
steepest-descent and minimal residues.) The extension to P(-) polynomial in A
is straightforward (including also linear combinations with A1), using ().
The minimisation of (P(A)gr1, grt1), or the calculation of vy in (), requires
the calculations of terms of the form (A"g,g), withn =qorn=q¢+ 1,9+ 2.
As shown below, they are easily obtained from evaluations of g(-) at different
points. Notice that this construction implies that one iteration of the algorithm
will require several evaluations of g(-). The construction proposed below is not
necessarily the most economical one, and evaluations of f(-) and g(-) at different
points could be combined to provide more efficient evaluations of terms (A"g, g).
Our objective here is simply to show that the family of algorithms considered in
the paper is not of purely theoretical interest, and that other algorithms than
the steepest-descent and minimal residues could also be considered in practice.
Let (A™g,g) be the term to be evaluated, n > 1, with g = g(x) the gradient
at the current point z. Define z(°) = z and
with § a fixed positive number (for instance, 3 can be taken equal to the value
of 7y at previous iteration of the algorithm). We obtain

9 = g(a') = (I - BA)'g.
Define P; = (9,9®) = (g, (I — 3A)%g). In matrix notation, P,, = Q,,G,,, where
Pn = (P07P17 s aPn)T ) Gn = ((gvg)v (Agvg)v ceey (Angag))-r

and the entries of the (n+ 1) x (n + 1) matrix Q,, are the binomial coefficients,

1
1L —p

Qn = 1 _25 ﬁQ
1

-36 332 —°

The value of (A"g, g) is then directly obtained from G, = Q,,'P,,. The entries
of P,,, defined by P; = (g, ¢?), are also obtained more economically from

Py = (g9, gD, Pyj1 = (gU™,99).

Therefore, the evaluation of v, = (P(A)Agk, gr)/(P(A)A%gy, gr), with P(:) a
polynomial of degree g, requires [¢/2] 4+ 2 gradient evaluations (including the
one at (0 = x3,).
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2.3. Renormalisation
We can rewrite the iteration (f) as

(Th1 —27) = (T — ") — WG »
with gr = g(z) = A(zr — 2*), so that

Grt1 = gk — T Agk =%—M
- (P(A)A%gy, gr)

Define the renormalised variable
Bg(z)

@) = A Ag(e) g@) )

with B = [P(A)A]'/2, the positive square-root of P(A)A, so that (z(z), z(z)) =
1. Also define z, = z(zy),

py = (Alz,21), j €L, (6)
so that p& =1 for any k and v, = pf/uf = 1/pk. We obtain
241 = ng+1 — (I - ’YkA)ng
T (P(DAgki1,954)% (T = wA) By, (I —7:A)Bgy)'/?
(I —yA)zp B (I =y A)z

(1 = yA)zr, (I = mA)zi) /2 (L= 2ypf +7u5)t/?
that is,
_ (I A/p)a
hHl = T e 12
(n3/(p1)? = 1)
This gives the updating formula for the moments

(7)

= 2u% Sk ph o/ ()
p/(py)? =1

In the special case where H = R? we can assume that A is already diag-
onalised, with eigenvalues 0 < Ay < Ay < -+ < Ag. We can then consider
[2]2, with [zx]; the i-th component of zx, as a mass on the eigenvalue \;, with

M?H = (A 211, 2141) =

(8)

Zle[zk]f = uf = 1. Define the discrete probability measure vy, supported on
(A1, .-, Aa) by vk(Xi) = [z]7, so that its j-th moment is p¥, j € Z. We can
then interpret ([f]) as a transformation vy — vg41. The asymptotic behaviour of
the sequence (z;) generated by (f]) was studied in [fl], see also [{] and Chapter
7 of [B] The main result is that, assuming 0 < A\; < A2 < -+ < A\g_1 < Ag,
the sequence (zx) converges to a two-dimensional plane, spanned by the eigen-
vectors ej, eq associated with A\; and \g. The attraction property is stated more
precisely in Section E, also in the Hilbert space case. It is already important
to notice that although the results in the references above were obtained for
the steepest-descent algorithm, the renormalisation (ﬂ), which depends on the
chosen P(-), makes them applicable to any algorithm in the family considered.
Also, using the renormalisation just defined we easily obtain (non asymptotic)
results on the monotonicity of the algorithm along its trajectory.
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2.4. Monotonicity of a rate of convergence

Consider the function (P(A)gx+1, gk+1) that v minimizes, and compute the rate
of convergence rj of the algorithm at iteration k, defined by

(P(A>gk+1,9k+1)
(P(A)gr,gx)

Other rates of convergence will be considered in Section E where they will
be shown to be asymptotically equivalent to 7. Direct calculation gives ry =
1—1/Ly, with

(9)

Tk =

Li = pipt,
where the moments ¥ are defined by (). Also, from (F), Ly, satisfies

i
Lk+1 — Lk = ﬁ det Mk

k
with
Dy = pis — (pf)?
and
pEy g gy
My = | pg pipb | - (10)
T

The moment matrix My, is positive semi-definite so that det My > 0, and thus
Lyi+1 > Lg, that is, both L and the rate r; are non-decreasing along the tra-
jectory followed by the algorithm. When H = R? (d = 2), det M = 0 and
7 is constant. When d > 2 or H is a Hilbert space, the rate is monotonically
increasing for a typical xg, indeed, for almost all zy = z(z¢) with respect to the
uniform measure on the unit sphere when H = R?. Notice that if the rate is
constant over two iterations (det M, = 0), then the measure vy, is supported on
two points only, and the iteration (ﬂ) for the masses shows that this situation
will continue: the rate will thus remain constant for all subsequent iterations.

Note that Ly and Dy, are bounded (since v, has a bounded support), respec-
tively by L* and D*, with L* = (M + m)?/(4mM) and D* = (M —m)? /4, see
Lemmaﬁl in Appendix A3. Therefore, since Ly is non-decreasing it converges to
some limit, and

(Liyr = L) D (L — Li)(D*)?

k p—
Ky m

det My, = -0, k—oo. (11)

In addition to L and 7 another quantity also turns out to be non-decreasing
along the trajectory. Consider

(P(A)Agri1, grs1) _ (P(A)AGk11, 9x11) (2 =D
PA) A — a0)s @irr —20) | RPA)Agege) 12 W (’;)
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Direct calculation using (ﬂ) gives

Dyy1 — Dy, = DL]% det N

with

po 1y ps

Ni = | pf u5 15

p5 uf
Again, Ny, is positive semi-definite and det Ny > 0 so that Dy is also non-
decreasing. It converges to some limit and det N converges to zero for the same
reasons as above.

Substitution of P(A) for a particular algorithm shows which quantities are
monotonic. For the steepest-descent algorithm, P(A) = A=Y (A lgk,gx) =
2[f (zx) — f(z*)], and thus the ratios r, = [f(ag+1) — f(@®)]/[f(zx) — f(z*)] and
Dy = (9k+1, 9k+1)/ (k41 — k), (xg+1 — 1)) are monotonically non-decreasing.
For the method of minimal residues, P(A) = I, and the ratios rp = (gx+1, gr+1)/
(9k, gr) and Dy = (Agr+1, gr+1)/(A(xg+1 — 2k), (Tg4+1 — k) are monotonically
non-decreasing.

The monotonicity and boundedness of Ly and Dy makes them suitable for
studying the asymptotic behaviour of the algorithm. This is developed in the
next section.

3. Asymptotic behaviour of gradient algorithms

Consider the case H = R?, and assume that the minimal and maximal eigenval-
ues of A, \y = m, \q = M, are simple. The attraction property can be stated as
follows. Choose 29 = z(p), the renormalised variable defined by (f]) at the initial
point zp, such that (zg,e1) > 0, (20,eq4) > 0, with e; and e4 the eigenvectors
associated with A\; and A4 respectively. Then

zor — v/Per+ /1 —peq, zop+1 — /1 —per —+/peq when k — oo,

where p is some number in (0, 1), see Section E concerning the range of possible
values for p. This property, stated in a more general framework in Theorem
below, has important consequences for the asymptotic rate of convergence of
the algorithm, see Section E The proof of the attraction property relies on the
convergence of successive transformations of the probability measures vy defined
by [2]7. The approaches used in [m,ﬂ] to study this convergence do not apply
when H is infinite dimensional, and we shall present a more general proof in
Section @ It differs somewhat from the one in Chapter 7 of [@], in particular in
the choice of the monotonic sequence, (Ly) instead of (Dy).

The attraction theorem in R? can be stated as follows. We can assume that
A is diagonalised, and the probability measure vy is then discrete and puts
mass [2;]7 at the eigenvalue \;. Notice that the updating rule (f]) is identical for
[21]: and [zx]; associated with A; = A;, and the corresponding masses can thus
be summed. We can therefore assume that all eigenvalues are different when
studying the evolution of vy, see Theorem .
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Theorem 1. Let A be a dxd symmetric matriz, positive definite, with minimum
and mazrimum etgenvalues m and M such that 0 < m < M < oo and apply a
P-gradient algorithm, see Definition E, for the minimisation of f(x) given by
{), initialized at o, with zy = 2(x), see (). Assume that

Ei120#0 and Egzg #0, (13)

where F1 and Egq are the orthogonal projectors on the eigenspaces respectively
associated with \y = m and Ay = M. Then the asymptotic behaviour of the
renormalised gradient z, = z(xy) is such that

Zok = \/Pugk + /1 = D2k, 2apt1 = /1 —DUspt1 — /D V2k+1,

with ||uyp| = ||vnl] = 1 Vn, [|Au, — mu,|| — 0, ||Av, — Mo,|| — 0 as n — oo,
and p, some number in (0,1), depending on zg.

The proof is omitted since we prove later a more general property valid for
‘H a Hilbert space. A more precise result is obtained when the eigenvalues \;
and A4 are simple: the vector zg4 converges to the two-dimensional plane defined
by the eigenvectors e; and ey associated with Ay and Aq4.

Corollary 1 Let A be a positive-definite symmetric matriz with ordered eigen-
values
O<m=X M << - <1< \g=M

and let e1, eq be the eigenvectors associated with A1 and Ag respectively. Apply
a P-gradient algorithm, see Definition E, for the minimisation of f(x) given by
@), initialized at xo such that 2y ey # 0 and zJ eq # 0, with zo = z(x0), see
Then the algorithm attracts to the plane II spanned by e1 and eq in the following
sense:

w'zy — 0, k— oo

for any nonzero vector w € IT*+. Moreover, the sequence (zx) converges to a
two-point cycle.

This corollary is a straightforward consequence of Theorem : when A1 and Ay
are simple, with associated eigenvectors e; and eq4, u, and v, then respectively
tend to e; and eq. The result easily generalizes to the case when ([LJ) is not
satisfied. The algorithm then attracts to a two-dimensional plane defined by the
eigenvectors e; and e; associated with the smallest and largest eigenvalues such
that zJ e; # 0 and zJ e; # 0.

We state now the attraction theorem in the more general case where H is a
Hilbert space. The proof is given in Appendix Al.

Theorem 2. Let A be a bounded real symmetric operator in a Hilbert space 'H,
positive, with bounds m and M, such that 0 < m < M < oo and apply a P-
gradient algorithm, see Definition E, for the minimisation of f(x) given by (E),
initialized at xo, with zo = z(xo), see (E) Assume that zg is such that for any
6, 0<e< (M—m)/2,

(Em+€ZO,Zo) >0 and (E]M—eZO,ZO) <1, (14)



Asymptotic behaviour of a family of gradient algorithms in R? and Hilbert spaces 9

with (E\) the spectral family of projections associated with A. The asymptotic
behaviour of the renormalised gradient z, = z(xy) is such that

Zok = \/PUuak + /1 — DUk, Zart1 = /1 — DUskt1 — /D V2kt1 5 (15)
with ||uyp| = ||val] = 1 Vn, [|Au, — muy|| — 0, ||Av, — Mo,|| — 0 as n — oo,

and p, some number in (0,1), depending on zo.

4. A property of successive transformations of a probability measure

The two properties established in this section form the cornerstones of the proofs
of the theorems of previous section. We consider first the case of a discrete
measure with finite support, which in terms of convergence of a P-gradient
algorithm corresponds to the case H = R?. The proof is given in Appendix A2.

Theorem 3. Let vy be a discrete probability measure on {1, ..., \q} with
O<m=A <A< <A1 <Ag=M<o0.

Let [2x)? denote the mass placed at \; by vy, that is, vg(\;) = [2x)?. Consider
the transformation T : vy — vg41 defined by

[Zht1)i = (1 = Xi/pd)[za]s
T Gy — 1)1

(16)

with the moments u¥ defined by (ﬂ) Then, when k — oo,

([z211)* = P, ([z2k+1]1)* = 1=p and ([22k]a)* = 1=p, ([e2k1]1)* = p (17)

for some p depending on vy, 0 < p < 1. Furthermore,

1 11 L
L Pt P

27 p—1\4 (p+1)?
with p = M/m and L = limy_ o pfpk .

Note that the limiting value L depends on 1, so that the value of p that
characterizes the attractor is difficult to predict. The range of possible values for
p is discussed in Section E

We consider now the case of an arbitrary measure on an interval, which raises
some additional difficulties compared to previous case. In terms of convergence
of a P-gradient algorithm, it corresponds to the case where H is a Hilbert space:
for Fy the spectral family associated with the operator A, we define the measure
v by v (d\) = d(Exzg, 2), m < A < M.
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Theorem 4. Let vy be a probability measure on the family B of Borel sets of
(0, 00), with support [m, M], so that

m = ess inf(vp) = sup(a / vp{z, xz <a} =0),
M = ess sup(vg) = inf(a / vo{z, z > a} =0).

Assume that 0 < m < M < oco. Consider the transformation T : vy — Vg1
defined by

A\ — k\2
) = [ B (19)
A Di
for any A € B, where pf = [Avg(d\) and Dy, = pb — (uf)?, with p§ =
J A2 v(dX). Then, as k — oo,

vor(Z) = p, vak1(Z) = 1—p (19)
for all T = [m,x), m < x < M, for some p depending on vy, 0 < p < 1.

The proof of Theorem { is given in Appendix A3.

5. Stability of attractors

The range of possible values for p in the attraction Theorem m (H = RY) is
considered in Theorem 3 of [fl]] (see also Lemma 3.5 of [I4]). Let s(\) and A*
be defined by (E) This theorem states that when A* is not discarded at any
iteration, that is, when p¥ # \* for any k, then p € [1/2 — s(\*),1/2 + s(\*)]
(note that this assumption cannot be checked). In this section we extend this
result in two directions: (i) we will assume that H is a Hilbert space, (ii) we
study the stability of the attractor defined by p in Theorem E We shall use the
following definition of stability, see ] p. 444, [LL1], p. 7.

Definition 2. A fixed point v* for a mapping T(-) on a metric space with dis-
tance d(-,-) will be called stable if Ve > 0, Ja > 0 such that for any vy for which
d(vo,v*) < a, d(T™(vp),v*) < € for all n > 0. A fized point v* is unstable if it
is not stable.

We shall use the distance d(v,v’) given by the Lévy-Prokhorov metric, see
R0 p. 349. In our case (measures supported on [m, M]), d(v,v') becomes the
Lévy distance between the distribution functions F, F’ associated with v, v/,
which we denote

LIF,FY=inf{e: F'(x —€) —e < F(x) < F'(z +¢€) + ¢, Va}.
In the case where one of the two measures is the discrete measure V; concentrated
on m, M, with v (m) = p, v, (M) =1 — p, we get
d(v, V;) = L(F, F;)

=inf{e: F(x) <p+eforz <M —e€ and p—e < F(z) for m+e <z},

with F the distribution function associated with v;. We then have proved the
following, see Appendix A4.
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Theorem 5. Consider the situation of Theorem , with vy any probability mea-
sure supported on some closed subset SSa of [m, M] and

ess inf(vg) = m, ess sup(vy) = M.

(i) The measure vy, is a fived point for the mapping T2,

(ZZ) COnSid€7 1h€ set Iu deﬁned by
Iu— 0 —78(>\) U _+S(>\) 1
’ f! 2 Y )

VIM =22+ A=-m)?
5(M —m) P A= min sV (20)

Any fized point v, with p in I,, corresponds to an unstable fized point for T2,
(iii) Any point in the interval

where

s(A) =

1 1
I, = (5 — s(\"), 3 + s()\*)) (21)
corresponds to a stable v, for the mapping T2,

Remark 1. The convergence d(vk,v,) — 0 is equivalent to weak convergence

Ve —— 1/; in the usual sense. If zj is associated with the spectral measure vy
and z; with v, then, in the Hilbert space this is equivalent to (zx — 2,,y) — 0
for any y € H, whereas strong convergence would require ||z — 2,| — 0. For
R?, the two types of convergence are equivalent, and thus Corollary implies
strong convergence. However, for H a Hilbert space the equivalence is false, and
indeed strong convergence generally does not hold. The stability property (iii) is
thus a weak statement when H is a Hilbert space. The Ly metric in H induces
the Hellinger metric on the space of spectral measures, which defines the same
topology as the distance in variation, see [@], p- 364. Strong convergence in ‘H
is thus related to distance in variation in the space of spectral measures and is
clearly difficult to obtain — except in the special situation where vg has positive
mass at {m} and {M} and presents a spectral gap: vg[(m,m + €)] = 0 and
vo[(M — €, M)] = 0 for some € > 0.

We have vgyo(d\) = H(vg, Nvg(d)), with H (v, \) given by (R9) in Ap-
pendix A4. One may then notice that when vy is a discrete probability measure,
the condition H(v,,)) > 1 used in the proof of the instability part of the the-
orem, see Appendix A4, corresponds to a condition on the eigenvalues of the
Jacobian of the transformation T2, see [[15].

Note that the stability interval Zy always contains the interval

11 1 1
S -4 ——) ~ (0.14645, 0.85355).
(2 2v/2" 2 2x/§> ( :

Numerical simulations for H = R3, with A having eigenvalues m < A < M, show
that for any initial density of o in R? associated with a density of zy reasonably
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4.5

351

251

0 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig. 1. Empirical density of attractors (full line) and ¢(p), see (@)7 ford=3(m=1,x=4,
M = 10)

spread on the unit sphere, the density of the values of p corresponding to stable
attractors v, can be approximated by

Clog H(v,;,\) ifpeZs

¢(p) = Clog[min{1, H(v;,\)}] = { 0 otherwise (22)

where C' is a normalisation constant and H(v;,\) is given by (B0). Figure [
shows the empirical density of attractors (full line) together with ¢(p) (dashed
line) in the case m = 1, A = 4, M = 10. The support of this density coincides
with the stability interval Z; given by (@) When d > 3, the density of attractors
depends on the initial density of z.

6. Rates of convergence

We first state a property showing that different definitions of rates of convergence
are asymptotically equivalent, see Appendix A5 for the proof.

Theorem 6. Let W be a bounded positive self-adjoint operator in H, with bounds
¢ and C such that 0 < ¢ < C' < oo. Assume that W commutes with A (when
H =R W is a d x d positive-definite matriz with minimum and mazimum
eigenvalues respectively ¢ and C). Define

(W Gkt15 Gk+1)

Re(W) = Wk, gr)
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if gl # 0 and Ry(W) = 1 otherwise. Apply a P-gradient algorithm (), ini-
tialized at xq, with vy, given by (E), for the minimisation of f(x) given by (E),
with minimum value at x*. Then the limat

n—1 1/n
R(W,zp,2*) = lim H R (W)
k=0

exists for all xo,x* in H and R(W,xg,2*) = R(xo,2*) does not depend on W.
In particular,

n—1 1/n
R(W,z¢,2*) = lim <H rk>
with ry defined by (@)
From the results of Section [}, we have

__ pd-p)(p—1)
[p+p(1 = p)I[(1 —p) + ppl
for any W, where p defines the attractor, see (B), and p = M/m is the condition

number of the operator. The function r(p) is symmetric with respect to 1/2 and
monotonously increasing from 0 to 1/2, see Figure E The worst asymptotic rate

is thus obtained at p = 1/2:
2
p—1
Rmax - <m> . (23)

R(W,zo,2") = r(p)

Note that Vk, rpy < Rpax since 7 is not decreasing, see Section @ For a
typical z¢ (such that the convergence is not finite, that is, such that r(p) # 0),
the stability analysis of Section E shows that only values of p in Z¢ given by (@)
may correspond to stable attractors. The range of possible values of R(p) is thus
[Runin, Rmax], where Rpayx, given by (@), is obtained for p = 1/2 and

(p—1)°

* iny Rmax] as a function of 1/p, the upper curve
corresponding to Rmax and the lower to Ry ;,. The maximum size of the range
is 3 —2v/2 ~ 0.1716, obtained at p = 1 4+ 2v/2 + 2v/2 + V2 ~ 7.5239. These
results confirm the experimental observation that the rate of convergence of the
gradient algorithm is generally close to its worst value Ry ax, see [@] The same
property is true for any P-gradient algorithm.

Figure E presents the range [R}

Remark 2. A similar analysis for Dy, defined by ), which is also not decreasing,
shows that D, — D(p) = p(1 — p)(M — m)? as k — oo, with D, < D* =
D(1/2) = (M —m)?/4 for all k. Also, for any typical ¢ such that p € Z, given
by (B1)), we have D(p) > D(1/2 + 1/[2v/2]) = (M —m)?/8.
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Fig. 2. r(p) as a function of p, for p = 2 (bottom curve), 4, 8 and 16 (top)

Another quantity of interest is given by
Ay = log(Rmax/ Rmin)/[10g( Rimax) 10g(Rmin)] -

Indeed, for N large enough, (Wgn,gn)/(Wgo,g0) ~ r(p)~, the number N of
iterations required for obtaining a ratio (Wygn,gn)/(Wgo,g0) = € (e < 1) is
approximately log(e)/log[r(p)] and Ay |log(e)| thus indicates the length of the
interval of possible values for N due to the range of possible values for p. Direct
calculation gives Ay |1og(Rmax)| < 1/2 for any p and

An =p/8—1/4+0(1/p), 1/10g(Rmax) = —p/4+ O(1/p)

for large p. Therefore, the number of iterations required by a P-gradient algo-
rithm to achieve a given precision € << 1 varies at most by a factor 2 depending
on the (typical) starting point xg, factors of variation close to 2 being possible
only when p is large.

The average value of R(W,xg,x*) for zg = z(x¢) uniformly distributed on
the unit sphere is the same for any P-gradient algorithm, more generally, the
distribution of R(W, xq,z*) associated with a particular distribution of zy does
not depend on the particular P-gradient algorithm considered. Moreover, numer-
ical simulations show that the average value of R(I,zg,z*) is the same for the
steepest-descent (P(A) = A™!) and minimum residues (P(A) = I) algorithms
for o uniformly distributed on the sphere ||xg—2*|| = 1. The small deviations in
average performance between different P-gradient algorithms can only be related
to the fact that a fixed distribution for xg corresponds to different distributions
for z(xzo).
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Fig. 3. Range [R* . , Rmax] of possible values of the asymptotic rate r(p) as a function of 1/p

min’

Remark 3. 1t is known that the introduction of a relaxation coefficient v, with
0 < v < 1, in the steepest-descent algorithm totally changes its behaviour,
see, e.g., Chapter 7 of [@], the algorithm @) then becomes zp11 = zp —
(9%, 9%)/(Agk, gr)]gr- For H = R? and a fixed A, depending on the value
of v, the renormalized process either converges to periodic orbits (the same for
almost all starting points) or exhibits a chaotic behaviour, with the classical
period-doubling phenomenon in the case d = 2. In higher dimensions, repeated
numerical trials show that the process typically no longer converges to the 2-
dimensional plane spanned by (e1, eq). A detailed analysis for d = 2 and experi-
mental results for d > 2 also show that relaxation (with +y close to 1) considerably
improves the rate of convergence. Similar results hold more generally for all P-
gradient algorithms, with the iteration (f]) transformed into @41 = x5 — YYkgk.
with 7 the (fixed) relaxation coefficient and v, given by (J). Steepest descent
with random relaxation coefficient v € (0,2) is considered in [Ld], avoiding the
two point attraction and significantly improving the behavior of ordinary steep-
est descent.

Appendix

A1. Proof of Theorem E The proof relies on Theorem @ (Theorem E when
H = R?), which concerns successive transformations applied to a probability
measure.

Since A is self-adjoint, its spectrum SS4 is a closed subset of the interval
[m, M] of the real line and m, M € SSy4. Let E) be the spectral family associated
with A, and define the spectral measure vy by vk (d\) = d(Exzg, zi), m < A < M.
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n]y vE(dA) = 1, vy, is a probability measure on the Borel sets of

(0, 00), with vg([m, M]) = 1 Vk. This representation gives

Since (2, 2x) = [

w1 = (Azg, zi) = /)\Vk(d/\), po = (A%zy, 21) = /)\2 vi(dA)

where integration is over [m, M| unless otherwise specified. Therefore, for any
Borel set A the transformation () gives in terms of vy

S @] v
SN2 v (dN) = [f N w(dN)]?

Vg+1 (A)

The conditions ([14) on zo are equivalent to ess inf(r) = m and ess sup(vp) = M,
see Theorem [, and the updating rule for v can be written as ([L§). Theorem [
then implies ([LY), which can be written as: Ve > 0, ¢ < = (M —m)/2,

(Bmgezok, 20k) = P, (Enm—czok, 22k) — P,
(Emezokt1, 22k+1) — L =D, (Ep—c2opt1, 226+1) — 1 —p,
as k — oo, where p depends on zy, 0 < p < 1. Define po, = (Ep+822k, 22k )
port1 = 1 — (Enyp2ars1, 22k41), and the angles ¢, ¢, by cosp = /p, sinp =

V1 —p, cospn = \/Dn, sin oy, = /1 — py, Vn. Also define sa, = Epqg2or/ cOS gk,

Sokt+1 = Em+p2ok+1/ sinwokt1, tag = (22— Em1p22k)/ Sin pag, tagt1 = —(2ok+1—
E+pz2k+1)/ cos pagt1. This gives p, — p as n — o0, ||sn|| = ||tn] = 1 ¥n, and
Zok = COS Yoy, Sok + SiN Yor tok, Zok+1 = SIN Yog41 S2k+1 — COS Popy1 bok41. Also,

As,, — msy||? = A —m)2d(Exsn, sn),
[

which, for n = 2k and any €, 0 < € < (3, gives

m+3 X —m)2
(| Asar — msar||> = / A=m)” d(Exzok, 22k)

m D2k

m-+te 2 m+03 2
A—m A—m
= / 7( ) d(Exzak, 22k +/ ( ) d(Exz2k, 22k)

m D2k m-+te D2k

€2 62 m+e
< — 4+ — [p% —/ d(Eszk,sz)} .

D2k P2k m

Since par — p and fnTJrE d(Exzok, z2k) — p as k — 00, ||Asar — msag|| — 0 as
k — oo. Similarly, ||Asagt+1 — msagt1|| — 0 as k — oo and ||At, — Mt,| — 0 as
n — oo. Consider now

Up = €08y, Sp +SINVy ty, vy = —sinty, sy, + cosy by, -

Straightforward calculations show that 9, = @, — ¢ gives ([L) with |lu,| =
[lvn]l = 1 Vn. Also

|Aw, — muy|| < |cosd,|||Asy, — msy| + |sindy|(M —m),
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and, since ||As, —ms,| — 0, ¥, — 0 as n — oo, ||Au, — muy| — 0 as n — oo.
Similarly, ||Av, — Muv,|| — 0 as n — cc. |

A2. Proof of Theorem B We first prove that the mass of vy tends to concen-
trate on two eigenvalues only. When vy is non degenerate, L; > 1 from Jensen
inequality, and thus, since (L) is non-decreasing, see Section @, Ly >1L; > 1.
Now, from Lagrange identity (3°a7)(>_07) = >, (aibj — azbi)? + (3 aib;)?

Ly = (Z Ai[zk]z?) (Z[zklf/)\i>

. 2 d 2
= Z[Zk]?[zk]? <\/\//)\\_—Z - g) + (2[%]?)
= Z[zk]f[zk]? (/\i)\i;;j)Q +1.

Let ix and ji denote the indices that achieve max;; [zk]f[zk]? We have

i — )
Li <[] [2]5, Y % +1
i<j t
and thus

Li—1
[2k]7, [2k]5, > 6 = -

Moreover, [z;]7, + [2k]5, < 1 gives
§<[m]f, <1-6 and 0 <[z]F <1-9.
Consider the matrix My, given by (E) Its determinant can be written as

det M, = Z [Zk]f[zk]?[zk]? (N = N2 — )2\ — )2

L Aidj AL
i<j<l
(i = 22O = Xy,)?
i#ik PO TR

66
257\3 Z [2k);

where
ox = min [A; — Al
i,J

Since det My, — 0 as k — 0o, see ([L1)), we get Didtin i [2k]? — 0 as k — oo. The
mass thus tends to concentrate on A;, , \j, .
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Next we prove that ix and ji eventually become fixed. From the result above,
Ve >0, Jk, such that >°,,; [26)2 < €, k > ke.

Consider the updating equation ([L§). We have for any 4, (u§ — ;)% < (M —
m)?. Also, Dy = p& — (u¥)? > Dy, see Section P.4 This gives for i # i, jr and
k> k.

(M —m)?

Dy '

Taking €; = 6Do/(M — m)? we obtain [zp4+1]? < d for i # ig,jr and k > ke, .
Since [Zk+1]12k+1 > § and [Zk+1]?k+l >0, 1 & {ik, jry implies ¢ & {irt1,Jrt+1},
k > k., and thus {ig,jr} = {i*,j*} for k > ke,.

We show now that {i*, j*} = {1, d}. Assume that i* < j* < d (which implies
[2]% — 0, k — 00). We need to show that (\g — u¥)? > (A\j« — pf)? for k large
enough. We have

T N A D Y S 7 N S RPN b W PN AT ED PR PN TP WA N PP P
i;éi*,j* 1?51*7]*

Take €3 = min{e, d0x/Aq}. For k > k., we have

[2k41]7 <€

u’f < Ajs [zk]?*—i—)\j* [zk]]2 g2 < A= 04X (1=0)+Agea < Ajr —00x+Agea < Aj»
and thus (\g — p¥)? > (\j« — u¥)2. From ([L§), this gives for k > k,

(Lot} - Qupdl, G sl (Ll )

2 2
([Zk+1]j*) - ([Zk]j*)
[2k41]a [2k]a
We arrived at a contradiction since [z;]5 — 0 and [2;]3. is bounded from below
by 0. Therefore j* = d. Similarly, i* = 1.

Finally, let L denote limy_, o, L, see Section E There are only two discrete
measures with nonzero masses on A\; and Ay and such that pypu_1 = L,

V(1){>\1 Ad } and y(2>{ A1 /\d}
pl—p I—-pp

1 p+1 J1 pL

2 p—1\4 (p+1)2

and thus

with

and p = M/m. Direct calculation shows that v = v gives vp11 = ) hence
the convergence of v, to the cyclic attractor v() — v — p(1) — ... [

A3. The proof of Theorem E is more technical than that of Theorem E and relies
on a series of lemmas stated below.
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Lemma 1. Let v be any probability distribution on [m,M], 0 <m < M < o0
with moments p; = [ Nv(d\), i € Z (uo =1). Then,

ja — i3 < D" = (M —m)*/4 (24)
pupoy < L' = (M +m)*/(4mM). (25)

Proof. The proof relies on standard results in experimental design theory, see,
e.g., [E,@] Consider the two linear regression models 7y (6,A) = 6y + 01\ and
n2(0,\) = 0o/ X+ 61V, with 6,6, the model parameters and A the design
variable, A € [m, M]. D-optimum design (approximate theory) aims at deter-
mining a probability measure on [m, M| that maximizes the determinant of the
information matrix associated with a particular model, here respectively

L(v) = <“0 “1) and L(v) = <“—1 “0) .

M1 2 Ho H1

The function log det I(v) is concave on the set of probability measures on [m, M],
and its maximum is unique. The Kiefer-Wolfowitz General Equivalence Theorem
[E] gives a characterization of the measure v* that maximizes det I (v) = g — 3
and det Io(v) = pipu—1 — 1. In this case it corresponds to the two point measure,
supported at m and M, with both masses equal to 1/2. Direct calculation gives
( ,@) One may notice that (@) corresponds to the Kantorovich inequality, see
[ and [iF], p. 151. (A full development of this connection is presented in [I7].)

|

Lemma 2. Let v be any probability distribution on [m,M], 0 <m < M < co.
Assume that there exists an interval T C [m,M], |Z| < a and v(T) > 1 — ¢,
€ €[0,1]. Then, Var(v) < a?/4 + 2eM?>.

Proof. Define pi; = f[m,M] Av(dN), pr = [ Av(dX). Then py = u1+uﬁm7M]\I Av(dA).
Therefore, pr < p1 < puz + eM. We get

Var(v) = /()\ C )2 p(dN) < /()\ C )2 u(dN) + (M — m)2e
7
= [ 2 @)+ 1 = (D) + (M = e,
7
Lemma ﬂimplies fI()\ —pz)?v(d)) < a?/4 and (1 — pr)? < €2M? gives
Var(v) < a?/4+ M? + M?e < a?/4 + 2eM? .
| ]

Lemma 3. Let v be any probability distribution on [m, M], 0 < m < M < co.
Assume that Var(v) < e. Then, there exist an interval T such that |I| < €'/*
and v(Z) > 1— 44/

Proof. Take T = [y —€'/*/2, u1 +€/4/2], p1 = [ Av(d)), and apply the Cheby-
shev inequality. []



20 Luc Pronzato et al.

Lemma 4. Let v be any distribution on [m,M], 0 < m < M < oo. Define
= [ Nv(d\) and

H—1 Ho H1
M= | po ppe
H1 o K2 B3

Assume that L = p_1pu1 > 1 (which, by Jensen’s inequality, holds when v is not
degenerate at a single point) and det Ml < e. Then, there exist two intervals I,
and Zo such that

. M —m)et/t
() Wl < M—_)l)/ =12, v(T)) + v(Tz) > 1 - 4VeMP?,
3(L—1)m?
(i) maxlo — ooa| > G =2, (26)
A(L — 1)3MBm'0
(it1) Jor € < &« = G = 1P 4 ML —m)PP
2(L-1
and max |z —y|>my/2(L—-1).
r€Z1,yc€l>
Proof.
(i) Consider the measure v/ defined by v'(A) = 1/,u 1 f 1/ Yw( d)\ for any
Borel set A C [m, M], and denote its moments by u} = —1) [ A =
ti—1/p—1. Note that for any Borel set A
1 1
v(A) < V(A < v(A).
T VA SV ) £ ()
We have
(Mo
M’ = | py gy ps | =M/p
1o 3

and thus det M’ = det M/u? |. Also define D’ = uly, — (p4)?, a = VD', b =
(i — 1)/ VD', ¢ = aphy + by = [(15)? — pips]/ VD' (ote that a > 0,b <0
and ¢ < 0) and n = F(¢) = a(? +b§f ¢, with ¢ having the distribution v/. Direct
calculation gives E'{n} = [n(¢)v'(d¢) = 0 and Var'(n) = E'{n*} — (E'{n})* =
det M’, so that detM < e nnphes Var'(n) < € = €/p?,. From Lemma [,
the interval Z = [—(€/)/*/2,(€')'/4/2] is such that Pr{n € I} > 1 — 4/¢.
Also, from the mean-value theorem, there exist \; < Ay such that A\; € [m, M]
and aA? + b\; —c = 0, i = 1,2. Direct calculation gives F(u}) = F(u_1) =
a(py)? + by —c = —(D')3/?, and thus

m<)\1<1/,u,1<)\2§M.
Take B = (M —m)(¢)1/*/[2(D")?/?], we get
F(A+8) < —()*/2,F(\ - B) > (€)'/*)2,
Fa+08) > ()42 F(\y — ) < —(€)/4)2,
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and v(Z;) + v(Zz) > 1 — 4/eM3/? when Z; = [\ — B, \i + B3], i = 1,2, with
IZi| = 28 = (M —m)e/*u /(L — 1)¥/% < (M —m)e/*/[m®* /(L — 1)3/2).

(ii) Define y1 = p) — A1, y2 = A2 — pf, so that maxzer, | — p—1| > y1 and
maxgez, | — pi—1| > y2. We have F(A) = a(A — A1)(A — A2) and thus y1y2 =
—F(p))/a= D" Also, l[ya—uy1| < y1+y2 < M —m, so that D' > y;(y; + M —m),
i = 1,2, and thus

1+i—1]> D' (1—L),i:1,2.
(L —m)? M—m '~ QI —m)p
Lemma [ gives D' < (M — m)?/4, so that
yi > 3D /[A(M —m)] > 3(L — 1)m?/[4(M —m)], i =1,2.
(iii) Define v = 1/(Zy), part (i) implies v/(Z;) > 1—4+v/¢ —~, and from Lemma

(M —m)>Ve
4(D/)3 +

D' < 2(4Ve + ) M?

which gives

S D (M= m)?
v > € | =5
20?2 8(D")3 M2

and thus v > D’/(4M?) > (L — 1)m?/[4M?] for € < e. < [4(D")®]/[(M —m)? +
32(D')3M2)2, see (7).

Define now A = maxgez, yez, | — y|. Lemma B gives D’ < A? /448 M?,
which implies A% > 4D’ — 32M?/€'. Since € < ¢, implies Ve' < D'/(16M?), we
get A% > 2(L — 1)m?. ]

vl

Proof of Theorem . The proof follows the same lines as that of Theorem E
and is divided into four parts. In (i), we construct sequences of intervals £j, =
[mg, mi + 8] and Ry = [Myp — 0, Mj] in which the measure v, will tend to
concentrate. In (ii) we prove that Ry N Ry41 # 0 and in (iii) that the sequence
Mj; is non-decreasing. Finally, the limiting behaviour of vy, is derived in (iv).

( We have seen in Section @ that det M — 0 as k — oo, with My, gwen by
). Therefore, given €, 3K, such that Vk > K., det My, < e. Deﬁne Ly = ,u1u71
and note that Li > 1 because no vy is degenerate at a single point. Using
Lemma , for € small enough, for any k > K. there exist two intervals ZF, T,
with width at most
( M — m) 1/4
m9/4(Ly — 1)3/2

and such that vy (ZF) + v (Z5) > 1 — 4/eM>/?, v (TF) > m?(Ly, — 1)/(4M?),
v (Z8) > m?(Ly —1)/(4M?). Also, maX,ezr yerr [€—y[ = my/2(Ly — 1). With-
out any loss of generality, assume that ZF is the interval on the left. Define

§=0(e) =
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L(x) =[x,z + 6], R(x) = [z — §, 1],
Xy = Argmax{vi[L(x)], L(z) NI} # 0},
Xk = Argmax{u[R(2)], R(@) NT4 # 0}

and my = min XF, My = max X, L, = L(my,), R, = R(My); that is, My, is the
right endpoint of an interval Ry, intersecting Z%, with maximum measure, and
similarly for my and L. Note that vy (Lr) 4+ ve(Ry) > 1 — 4/eM3/2, vy (L)) >
m?(Lx —1)/(4M?) and v (Ry) > m?(Ly, — 1)/(4M?). The situation is the same
for the two sequences of intervals (L) and (Ry), and we concentrate on (Ry)
in the rest of the proof.

ii) We show now that Ry N Ry+1 # 0. Again for € small enough u¥ ¢ R, and
+ g gh piy
)\—u’f >Mk—5—u’f on Ry so that

A — uk)? R
Vk+l(Rk) :/ wyk(d/\) Z Vk( k)(Mk 757/11116)2
R, Dk Dy,
m2 Lk -1
> P D) (05— by

with D* the maximum possible value of Dy, D* = (M —m)?/4, see Lemma [,
By construction, max,cz2 |z — pk| < My, + 6 — ¥, and thus, from Lemma [§,

3m?(Ly — 1) S 3m?(Lo — 1)

M. — k
RO > Ty S A —m)

~C. (28)

Choosing € such that § < C/4 gives M}, — 6 — u¥ > C/2 and thus

9m6(L0 — 1)3

m2(Lk — 1) 0_2
16M2(M —m)4 -

4M2D* 4

Y

Vi1 (Re) > v =
Choosing now ¢ such that 4/eM3/2 < v} we obtain Ry N Ryp1 # 0 for any
k> K..

(iii) We prove now that the sequence (M}) is not decreasing starting at some
K, for € small enough. Take k > K. and assume that M1 = My — 3, 8 > 0.
Then note that 5 < § since R N"Ry11 # 0 by (ii) above. Consider the difference
Vi1 (Re) = V41 (Rig1) = viepa (Mg — 8, Mi]) — via ([Mi = 6 — 3, My, — 6)).
Assume first that vgq ([Mr— 6 — 8, M —0]) = 0, then vg41(Ri) > ve+1(Rit1),
which is impossible by construction. We can thus consider the following ratio

V1 ([My, — B, My]) _ 1\]\44:7(3()‘_#]16)2 vk (dA)
Vipr ([My =6 = B8, M = 0]) [0 (X — k)2 vy (d)

(My = B—p1)*  vi([My — B, My))
= (My — 8 — )2 v([My, — 6 — 8, My, — 6])
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Since My, —d6—uf > C'—268 > 24 for C' > 44, see (29), and 3 < 6, (My,—B—pu})? >
(My, — 6 — pu¥)2. Also, by construction,

0 S l/k([Mk — 6;Mk]) — l/k([Mk — 5 — 6;Mk — 5])
= v ([My — B, My]) — v ([My, — 6 — B, My, — 0]) .
This gives

Vk+1([Mk —ﬁ,Mk])
Vi1 ([My — 6 — 8, My — 4])

Therefore, 5 > 0 leads to vg1+1(Rk) > Vik+1(Rir+1), which is impossible. We thus
obtain My > My, for k > K..

>1.

(iv) Since the sequence (My) is non-decreasing and bounded from above (by
M), it has a limit M, > M. The same is true for my, and my — m, as k — oo.
We have thus proved that for any 6 small enough and any k larger than some
K(Sa

AMB32m 72 (Lo — 1)352
(M —m)?

v ([My — 8, Mi]) + vi([ma, me +6]) > 1 —
Assume that M, < M. This would imply vi([M — 0, M]) — 0 as k — oo for
0 < M — M,. On the other hand,

vt (M =6, M) vi([M — 6, M))
Vi1 ([Mx — 0, M.]) = wp([My — 0, M.])’

which leads to a contradiction since vy ([M — 6, M])/vi.([M« — 6, M,]) is then
increasing and vg([M, — §, M,]) is bounded from below. Therefore, M, = M,
and similarly m, = m, with, for § small enough and any k larger than some Ky,
vr([m + 6, M — 68]) < 4M3/?m°/?(Ly — 1)362 /(M — m)?. Finally, from Helly’s
Theorem, see [@], p. 319, from the sequence () we can extract a subsequence
(vk,) that is weakly convergent, and from the result above the associated limit
has necessarily the form v, where v} is the discrete measure concentrated on
the two points m, M, with v;(m) = p, v;(M) =1 — p. Since Ly, converges to
some L, vy is such that the associated value of p11—1 is equal to L, which only
leaves two possibilities for p (and 1 — p):
1 p+1 /1 pL
p=s o o P
2 p—1\4 (p+1)2

where p = M/m. Applying the transformation T', we get vg, 41 = T(v,) —

T(V;) = Vi, [ ]

AA4. Proof of Theorem E
(i) It is straightforward to check that T2(v%) = v, Vp € (0,1).
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(ii) We assume that S.S4 is not reduced to {m, M} (otherwise Z,, = 0)). We have
Vit2(dX) = H(vg, Mg (dN), with
(A= > — ™)’

H(vg, \) = A (29)

see ([1§), with p¥, Dy, defined as in Theorem . For v, = v,, it gives

[M(1—p)+mp = N*[Mp+m(l —p) =\
P?(1 = p)2(M —m)* '

One can then check that for any p € Z,,, maxyess, H(u;, A) = H(u;, A*) > 1,
with A* = minyegs, $(A). Therefore, for any p € Z,,, one can choose e small
enough, such that d(vk,v,) < e implies vgi2([a,b]) > Kpvi([a,b]), for some
K, > 1 and some a,b such that m +¢ < a <b < M — e and [a,b] NSS4 # 0.
For any o > 0, @ < 1 — p, take an initial measure vy putting mass p at m,
l—p—aat M and « in the interval [a, b]. It satisfies d(vo, ;) < @, and, for any
m, either d(vam,vy) > € or vymy1)([a,b]) > Kpvam([a,b]). The later case gives
vam([a,b]) > 2¢, and thus d(va,,v,) > €, as soon as m > log(2¢/a)/ log(K)),
which shows that v} is unstable.

H(vy,\) = (30)

(iii) Part (a) concerns the case where a spectral gap is present, with point mass
at m and M. The proof for the general situation is more technical and is sketched
in part (b).

(a) Assume that the measure v has a spectral gap: vy = 0 on (m, m+s) and
(M — s, M) for some s > 0. Take v < s and assume that d(vo, v;;) < a < with
p € Z,. The arguments go as follows. First we bound vo{(m++~, M —+]} by 2Ky«
for some Ky < 1, then we bound vo{(M —~, M|} by 1—p+ K;a for some K1 < oo.
We show that d(vq,v,,) < Koa for some py such that |ps — p| < (Ko + K1)a.
Stability will then follow by an induction argument.

The maximum value of H(vg,A) for A varying in [m + v, M — 7] may be
reached for some \* € (u, i) or at one of the two points m +~, M — ~. Now,
for a small enough H(vp, \) will be close to H(v,,\) given by B0d), and p € Z,
implies

Aessglr%();{;‘f,u}) H(vg,\) < 1. (31)
Consider the function H(vp, \) at A = M — ~. We can write

dH (vy;, \)

H(vo, M —~) = H(v,, M) — v D s

+ Fu(vy;v0, M) +0(v%), (32)
with Fy(vy;v9, M) the directional derivative of H(v, M) at v in the direction
o,

H{(1 — ) + Bro, M] — H(w, M)

*vg, M) = lim .
pivo, M) B—0+ B
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Define Fy(vy,z,A) = Fp(vy;0z,A) with , the delta measure supported at x.

We have
M

Fﬂ%wﬂ@:/ Fia (v, M)y (dz)

m

which we decompose in three parts:

m+y M-y
FH(V;;V())M):/ FH(V;azaM)VO(d$)+/ FH(V;,Z',M)Vo(dIE)

m m+y

M
Jr/ Fy(vy,x, M)vo(de) .
M—~

Direct calculation gives

(x —m)*(M —a)[z —m+ (2p — 1)(M — m)]
p*(1—=p)*(M —m)*

Fu(vy,z,M) =

so that Fy(vy,m, M) = Fg(vy, M,M) = 0 and Fg(v;;vo, M) < F*vo{(m +
¥, M — 4]} with F* = max,ez, vefm,n) Fu(vy,r, M) < co. Also, d(v,v;) <
implies vo{(m+v, M —7]} = vo{(m+a, M —a]} < 2a, so that Fy (vy;v0, M) <
2aF*. Now,

dH (v, \) 2

Hlyp, M) =1, — = = s —m)

Do

which, together with (BJ) gives for v small enough

H(vo, M —v) < 1+2aF* —

v
p(1 =p)(M —m)

and thus

;
Hvo, M =) <1- 2p(1 — p)(M —m)

for a < y/[4F*p(1 — p)(M — m)].
The situation is similar at m + ~. Together with (@) this implies for a small
enough

max H(vg,\) < Ko <1
AESSAN[m-try, M —~]

and therefore,
vo{(m+~v, M — 7]} < 2Kp« (33)

with Ky < 1 not depending on «.
Consider now the interval (M — v, M]. We have

vo{(M — v, M|} = vo(M) = H(vo, M)vo{(M —~, M]} = H(vo, M)ro(M),
with d(v,v,) < a implying vo(M) <1 —p + «, and

H(vo, M) =H(v;, M)+ Fr(vy;v0, M) + O(a”) < 1+ 2aF* + O(a?).
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This gives for a small enough
vo{(M —v,M]} <1—p+ K1«

for some K7 < co. Similarly, vo{[m,m +v]} <p + K.
Define pg = p, p2 = [va(m) — va(M) + 1]/2, ap = a. We obtain

—Koapg <va(m) —p2 <0, —Koag <va(M)—(1—p2) <0
which together with (B3) implies
d(l/g, l/;) < ay = Kyayg .

Moreover, |p2 — po| < (Ko + K1)ap.
For a small enough, ps € Z, and we can then repeat the same arguments.
This gives for any m
d(Vam, 1/;2"1’) < agm = K'a

with

m—1

1-KI' Ko+ K
m = Ko+ K =Ko+ K 0

| P2 p| < (Ko+ 1)2042 (Ko + 1)17K0a< K, a

=0

and pa,, € Zs, for a small enough. For any p € Z; and any € > 0, taking vy such
that d(1p,v,) < o with o small enough thus implies d(vam,v;) < € for any m,
and vy is thus stable.

(b) Consider now the general situation. The proof follows the same lines
as in case (a), but more technicalities are required since we need to consider
measures of intervals of the form [m, m +v] and (M — ~, M], with - decreasing
in a suitable way as the number of iterations of the mapping T2 increases.

Assume that

var{ (m + yar, M — vai]} < 20001,
vor{[m,m + var|} < par + o,
vor{ (M — yar, M|} <1 — por + agp -

for some poy, € Z, and some aay, yai. Note that it implies d(va, 1/;%) < 7o and
that for k = 0, ag, 70 can be chosen arbitrarily small, with d(vy, u;) < ay for
some p € 7.

Consider one application of the mapping T2 at a generic iteration k. We can

write H(var, M) = H(v;, , M)+ Fu (v, ; var, M) + O(73;,) with
m+vyzk
Fr(vp,, ;vor, M) :/ Fy(vp,, ,x, M)vey(dr)

M —y2
+/ FH(u;%,x, M)vay(dx)

m+yzk

M
—|—/ Fu(vy,, , o, M)vag(dz) .

M =2k
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The first integral term is of the order O(v3,) (since Fy (v} ,m,M) = 0 and

P2k’

dFyg (v}, 2, M)/dz).—pn, = 0), the second is bounded by 2aa F* + O(73,), as in

P2k’
case (a). For the third term, for which z is close to M, we can use the linear

approximation

Fy(vy, ,o,M) = (v — M)WZ_M +0(73)
—2(x—-M
~ T pa 008
which gives
M 2
/Mm Fir (v Mvanldn) = g Sy (M) + O)

where Io, (M) = [/** 214, (dz) with v, the measure obtained after applying the
transformation « — z = M — x. We have thus obtained

2L, (M)
pak(1 — pax)*(M —m)

H(var, M) < 14 2001 F* + +O0(3) . (34)
Consider now the behavior of o, (M) as k increases. We assume that v, remains
in some neighborhood V(p) of v;, which we shall be able to guarantee afterwards.

Define Agi (M) = Lok (M)[fy*" vh,(dz)] 7" It satisfies Top (M) < Agp(M) < 7.

Also, Ya(k41) < V2k implies

_ JJ2EHY 2H (vag, M — 2)v,,(d2) o 2H (vag, M — 2)vh, (dz)
fO’Y2(k+1) H(VQk,M _ Z)l/ék(dz> fO’Y2k H(I/Qk,M o z)yék(dz)

Aoy (M)

)

and, since H (vo, M — z) decreases for z close to zero,

2 H (v ,M—=z
A (M) < fo’y fz ng(j%,M) )Vék(dz)
2(k+1) O’Y% Vék (dz)

We can bound the speed of decrease of H (vor, M — 2): H(v,M — z)/H (v, M) <
1 — az for some a > 0, any z in [0,y] and any v € V(p). This gives

TR 2(1 — az)vh, (dz)
A M) < 20 2k
e () < T @)

Repeating the same arguments we get for any n > 0,

- T 2(1 — az)"h, (dz2)
Ag(ogn) (M) < Appgny (M) = =2 2

OWk vy, (dz)

with Ay (g4n) (M) decreasing with n. Direct calculation gives Y Ag (i) (M) =
1/a, and therefore Io, (M) < Agk(M) = o(1/k).
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Similarly to case (a), we can write

_ 292(k+1)
pak(1l — por)(M —m)

with H (o, M) bounded by (B4). Assume that o, is such that Asy (M) = o(yax)
and agr, = 0(y2r). We obtain for pog close enough to p

H(var, M — Yo(r41)) = H(vag, M) +O(V3k)

Y2(k+1)
p(1 —p)(M —m)

We thus get the following bounds on the measure of subintervals of interest at
the next iteration:

H(vop, M — Yo(kt1)) < Boghy1) = 1 — (35)

Vo) 1M+ Yogka1)s M — Yoeg1)]} < 2max{B(x11), Ko ook (36)

where Ko = max,,, cy(p) max H(v2, A), and Ky < 1 for p in Z,

AESSAN(p3*, i)
and V(p) small enough, see part (a);

Vo) LM — Ya(rs1), M} < Vo) { (M — yar, M1}

< H (vap, M)vap{(M — o, M]}

2 Aok (M) )
par(1 = par)2(M — m) + O(vay) | var{ (M — vyar, M]}

< Vo {(M — o, M]} + Bawoy + CAs (M) + D3y,

< |14 209, F* +

for some B, C, D < oco. Similarly, we obtain
Vot 1) Lm, m + Yoo )]} < ver{[m, m + yor]} + Baay, + CAgi(m) + D73,
where Ay (m) is defined similarly to Ax(M). Define paji1y as

Vate+ 1) LM m + Yoea )]} — Vo) A (M — Ya(hg1), M} + 1
2 )

P2(k+1) =
it gives

0 < pagit1) — Vok+1) LM, m + ot )]} < max{Bo(x41), Kofoor,
0 <1 —paes1) — Vot ) 1M — Yoy, M]} < max{Baq1), Ko}azy .

Together with ) it implies d(va(k41), V;Z<k+1)) < Yo(kt1) < Yok, With

P2(kr1) — Pok| < Aok = [B + 1+ max{ By 1), Ko}aok + C Ay, + Dy,

where A}, = max{Asy(m), Aoy, (M)} and 3, A, < occ.

Define ao(ry1) = max{fary1), Ko}aor and take yor = 1/k? with ¢ < 1, so
that Af, = o(7yax). From the definition of fy(41), see (@), Dok Qo < 00 and
agr = o(vyak). Since ), A}, < oo, taking ¢ > 1/2 in the definition of 725, ensures
> xAor < 0o. We can repeat the same argument, and d(yg(k+n),1/;2(k+n)) <
Y2(k+n) Which tends to zero as n increases, with |pa(g4n) — pox| remaining finite.
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Va(k4n) thus remains in some neighborhood V(p) of v;; for any n, and V(p) can
be made arbitrarily small by choosing oy and 7y small enough. ]

A5. Proof of Theorem [f. Assume that z is such that for some k > 0, ||gx+1]| = 0

with ||g;]| > 0 for all ¢« < k (that is, xx+1 = z* and x; # z* for i < k). This

implies R (W) = 0 for any W, and therefore R(W, zq, z*) = R(zo,2*) = 0.
Assume now that ||gx|| > 0 for all k. Consider

n—1 1/n n—1 (W ) 1/n (W ) 1/n
9k+1,9k+1 9n;s 9n
V., = Ry (W = — = | — " .
,;EIO g ,;E[O (W gk gr) [(Wgoago)}
We have,
VzeH, dlzl]* < (Wz,z2) < Clz|,
and thus

Since (¢/C)/™ — 1and (C/c)'/™ — 1asn — oo, liminf,_ V;, and limsup,,_, .
V., do not depend on W. Take W = P(A); it gives Ry (W) =1, =1 —1/Ly, see
(Bl), which is not decreasing, and thus lim, . V;, = 1 — 1/L for any W. [ |
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