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MODULAR FUNCTIONALS AND PERTURBATIONS OF NAKANO
SPACES

ITAI BEN YAACOV

ABSTRACT. We settle several questions regarding the model theory of Nakano spaces
left open by the PhD thesis of Poitevin [Poi0{].

We start by studying isometric Banach lattice embeddings of Nakano spaces, showing
that in dimension two and above such embeddings have a particularly simple and rigid
form.

We use this to show show that in the Banach lattice language the modular functional
is definable and that complete theories of atomless Nakano spaces are model complete.
We also show that up to arbitrarily small perturbations of the exponent Nakano spaces
are Ng-categorical and Ny-stable. In particular they are stable.

INTRODUCTION

Nakano spaces are a generalisation of L, function spaces in which the exponent p is
allowed to vary as a measurable function of the underlying measure space. The PhD
thesis of Pedro Poitevin [[Poi0f] studies Nakano spaces as Banach lattices from a model
theoretic standpoint. More specifically, he viewed Nakano spaces as continuous metric
structures (in the sense of continuous logic, see [BU]) in the language of Banach lattices,
possibly augmented by a predicate symbol © for the modular functional, showed that
natural classes of such structures are elementary in the sense of continuous first order
logic, and studied properties of their theories.

In the present paper we propose to answer a few questions left open by Poitevin.

e First, Poitevin studies Nakano spaces in two natural languages: that of Banach
lattices, and the same augmented with an additional predicate symbol for the
modular functional. It is natural to ask whether these languages are truly dis-
tinct, i.e., whether adding the modular functional adds new structure.

e Even if the naming of the modular functional does not add structure, it does
give quantifier elimination in atomless Nakano spaces. While it is clear that
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without it quantifier elimination is impossible, it is natural to ask whether model
completeness is.

e Poitevin showed that the theory of atomless Nakano space where the exponent
function is bounded away from one is stable. What about the general case?

e Similarly, if the exponent is constant, i.e., if we are dealing with classical atomless
L, spaces, it is known (see [BBH]) that the theory of these spaces is Ro-categorical
and Ny-stable. On the other hand, it is quite easy to verify complete theories
of atomless Nakano spaces are non Ny-categorical and non Ng-stable once the
essential range of the exponent is infinite. It is therefore natural to ask whether,
up to small perturbations of the exponent, a complete theory of atomless Nakano
spaces is Ng-categorical and Ng-stable. A positive answer would mean that the
theory of atomless Nakano spaces is stable settling the previous item as well.

In this paper we answer all of these questions positively (where a negative answer to
the first question is considered positive). It is organised as follows:

Section [l consist purely of functional analysis, and requires no familiarity with model
theory. After a few general definitions we study mappings between vector lattices of
measurable functions and then more specifically between Nakano spaces. Our main
result is:

Theorem. Let 0: Ly (X, B, 1) — Ly (Y, €, v) be a Banach lattice isometric embedding
of Nakano spaces of dimension at least two. Then up to a measure density change on'Y
and identification between subsets of X and of Y (and thus between measurable functions
on X and on Y ) 0 is merely an extension by zeros from X toY O X. In particular

p=qlx and i = v]y.

It follows that such embeddings respect the modular functional and extend the essential
range of the exponent function.

In Section ] we expose the model theoretic setting for the paper. In particular, we
quote the main results of Poitevin’s PhD thesis [Poi0g].

In Section f we prove our main model theoretic results:

Theorem. The modular functional is definable in every Nakano Banach lattice (i.e.,
naming it in the language does not add structure). Moreover, it is uniformly definable in
the class of Nakano spaces of dimension at least two, and in fact both sup-definable and

inf-definable there.

Theorem. The theory of atomless Nakano spaces with a fized essential range for the
exponent function is model complete in the Banach lattice language.

In Section fI we study perturbations of the exponent function, showing that small
perturbations thereof yield small perturbations of the structures. Up to such perturba-
tions the theory of atomless Nakano spaces is Ny-stable, and every completion thereof is
No-categorical. In particular all Nakano space are stable.
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Appendix [A] consist of the adaptation of a few classical model theoretic results used in
this paper to continuous logic.

Finally, Appendix [B] contains some approximation results for the modular functional
which were used in earlier versions of this paper to be superseded later by Theorem [.10,
but which nonetheless might be useful.

1. SOME FUNCTIONAL ANALYSIS

1.1. Nakano spaces. Let (X, B, ) be an arbitrary measure space, and let Ly(X, B, i)
be the space of all measurable functions f: X — R up to equality a.e. (Since we wish
to consider function spaces as Banach lattices it will be easier to consider the case of
real-valued functions.)

Let p: X — [1,00) be an essentially bounded measurable function. We define the
modular functional ©yy: Lo(X,B, 1) — [0, 0c] by:

n= [ Iape

We define the corresponding Nakano space as:
Ly (X, B, ) = {f € Lo(X, B, p): Oy((f) < o0}

If f € Lpy(X,B, 1) then there exists a unique number ¢ > 0 such that ©,.)(f/c) = 1,
and we define || f|| = || f||p() = ¢. This is a norm, making L,.)(X, B, 1) a Banach space.
With the point-wise minimum and maximum operations it 1s a Banach lattice.

Remark. In the literature ©,.) is usually merely referred to as the modular. Being par-
ticularly sensitive regarding parts of speech we will nonetheless refer to it throughout as
the modular functional.

1.2. Strictly localisable spaces. In this paper we will consider the class of Nakano
spaces from a model-theoretic point of view. This means we will have to admit arbitrarily
large Nakano spaces (e.g., k-saturated for arbitrarily big k) and therefore arbitrarily
large measure spaces. In particular, we cannot restrict our attention to o-finite measure
spaces. In order to avoid pathologies which may arise with arbitrary measure spaces we
will require a weaker assumption:

Recall from [Fre03:

Definition 1.1. A measure space (X,B, u) is strictly localisable if it can be expressed
as a disjoint union of measure spaces of finite measure, i.e., if X admits a partition as

U, X such that:
(i) Foralli € I: X; € B and p(X;) < oo.
(ii) For all A C X: A € B if and only if AN X, € B for all i € I, in which case
n(A) =3 p(AnX;).

In this case the family {X;: i € I} witnesses that (X, B, ) is strictly localisable.
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For example every o-finite measure space is strictly localisable. On the other hand, if
(X, B, i) is an arbitrary measure space we can find a maximal family X = {X;: i € I} C
B of almost disjoint sets, 0 < p(X;) < oo, and define (X', 8", i) = [1,.;(Xs, B, plx,),
with an obvious mapping 0: Lo(X, B, u) — Lo(X',%B’, /). This does not lose any infor-
mation that interests us: in particular, 6 restricts to an isometric isomorphism of Nakano
spaces 0: L,y (X, B, ) — Loy (X', B, 1)

We will therefore allow ourselves:

Convention 1.2. In this paper every measure space and every inclusion of measure
spaces is assumed to be strictly localisable.

Let us state a few very easy facts concerning strictly localisable measure spaces. All
of them are probably somewhere in the literature.
The following is immediate:

Fact 1.3. Let X = {X,:i € I} witness that (X,B,u) is strictly localisable. If X' =
{X;: 7 € J} C B is another partition of X refining X, splitting each X; into at most
countably many subsets, then X' is a witness as well.

For example, we may use strict localisability as a replacement for the o-finiteness
assumption in the Radon-Nikodym theorem. (Weirdly enough we did not manage to find

this result in [Fre03, Chapter 23].)

Fact 1.4. Let (X,*B, 1) be a strictly localisable measure space and let v be another mea-
sure on (X,B). Then v < p if and only if there is a measurable function (: X — (0, c0)
such that for every positive measurable function f: [ fdv = [ fldu.

Moreover, in this case (X,B,v) is strictly localisable as well, and the function ¢ is
unique up to equality a.e., denoted Z—Z.

Proof. Let X = {X;: i € I} witness that (X,, u) is strictly localisable and apply the
classical Radon-Nikodym theorem on each X;. We have for all A € B: v(A) = [, (dp =
Y il fAﬂXi (dp. In particular, v is o-finite on each X;. Thus by Fact we may further
refine X' so that v(X;) is always finite. Then X witnesses that (X,9B,v) is strictly
localisable as well. LW

If 4 and v are two equivalent measures on (X,B) (i.e., p < v and v < p) then each
is obtained from the other by a mere density change. The corresponding Nakano spaces
are naturally isomorphic.

Fact 1.5. Let p and v be two equivalent measures on (X,B) such that (X,B,pn) is
strictly localisable (and therefore (X,B,v) as well), and let p: X — [1,7] be measurable.
Let (N,©) = Ly (X, B, 1) and (N',0") = Ly (X,B,v) be the corresponding Nakano
spaces with their modular functionals. For f € N define D, ,f = (du/dv)*'?f. Then
D,,feN and D,,: (N,0)~ (N, 0) is an (isometric) isomorphism.
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Proof. One calculates:

O (D) = [ () 151)" v
— [ 11Ptdusiv)an
— [1#Pdu=e0(r) .

It follows that f € N = D, f € N’, and D, , clearly respects the linear and lattice
structures, as well as ©. It follows that it respects the norm as well. It has an inverse

D,,.
1.3. Mappings between function space lattices. Let (X, B, 1) be a measure space,
L C Ly(X,B, 1) be a vector sub-lattice which contains all characteristic functions of
finite measure sets. Assume furthermore that L is Dedekind o-complete, namely that
if A C L is a bounded countable family then the point-wise supremum \/ . A € L. For
example, L could be L,y (X,B, p).

Let (Y, €, v) be another measure space. Let 0: L — Lo(Y, €, v) be a vector lattice ho-
momorphism respecting countable suprema which in addition sends characteristic func-
tions to characteristic functions. We will allow ourselves the following abuse of notation:
if A € B has finite measure and 6(x4) = xp, B € € then we will write §(A) = B (even
though this is only defined up to null measure). In particular, instead of writing 6(x4)
we will write xga.

Lemma 1.6. Under the assumptions above, 6 extends to a unique vector lattice homo-
morphism 0: Lo(X, B, u) — Lo(Y, €, v) which respects countable suprema. Moreover, for
every Borel function ¢: R" — R which fizes zero (i.e., which sends 0 € R™ to 0 € R)

and every tuple f € Lo(X,B, 1) we have 0(o(f)) = o(0(f)).

Proof. Let us write Ly for Lo(X,B, 1), and let L{ be its positive cone.

Let us first consider the case where p(X), »(Y) < oo. In this case L contains all positive
bounded functions. For f € LT we have to define 6(f) = é(\/kEN JAE) = Ven0(f NE),
and the extend to arbitrary f € Ly by 0(f) = 0(f+) —0(f~). We now need to make sure
this verifies the requirements.

First of all we need to make sure that if f € L{ then 6(f) = Vien 0(f A k) exists,
i.e., that it is finite a.e. Indeed, since f is assumed to be finite a.e. the sequence of sets
A =A{x: f(x) > k} decreases to zero, whereby 0(Ay) decrease to zero as well. we have
fA(E+m) < k+mxa, whereby 0(f A (k+m)) < k4 mxga,), so 0(f A (E+m))(y) < k
outside 0(Az). Thus O(f) < k outside 8(Ay,), and we can conclude that 0(f) € Lo(Y, €, ).
Since 6 respects countable suprema 6 extends it. Once we prove linearity it will follow
that & extends @ on all of L.
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Let us verify some properties of 6 on L. If Vmen fm exists then é(\/meN fm) =
Vonenwen f Ak = Vpen égfm). Similarly 0(f) A 0(g) = \/},,enl0(f A K) A O(g A 0)] =
Vieenl0(f ANgANEANOL =0(f Ng). TE f =3 cn frm Where f,, € LE, fu A for = 0 for
m # m' then 8(f) A O(frr) = 0 as well and 8(f) = 0\, fm) = V., 0(Fm) = 32 0(fm)-

We wish to show that if ¢: R" — R is Borel fixing zero and f e L7 then 0(p(f)) =
p(0(f))- _ .

We claim that if A C (0,00)" is a Borel set and f € (LJ)™ then 6{f(z) € A} =
{0f(y) € 4} Indeed, for a single f we have A(f) = é(\/tEQ+ tx(r>ty) = Viegr X0ty
whereby {6(f) > t} = 0{f > t}. Our claim follows for the case A = (tp,00) X ... X

(tn—1,00) and we may use the properties of ¢ to climb up the Borel hierarchy.
Assume first that f(x) € (0,00)" U {0} for all z and that ¢ > 0. Letting A, = {z €

(0,00)": p(z) > t}:
0{o(f() > 1} = 0{f(x) € A} = {0f(y) € A} = {w(0](v)) > 1},
whereby 0(¢(f)) = ¢(0(f)). For general f, let S = {1,0,—1}" ~ {0}, and for s € S let

A, = {z € X: sgn(f) = s}. On each A, we may drop those f;s which are constantly
zero and replace those which are negative with their absolute value, making the necessary

modifications to ¢, obtaining by the previous argument
O(p(xa.f)) = @(0(xa.f);

whereby:

0(e(f) =D 0p(xaf) =D p(0(xa.f) = 0(O(])

seS seS

Finally, for general ¢ we can split it to the positive and negative part and then put them
back together. It follows in particular that 6 is a linear lattice homomorphism.

Now let us consider the case where X is an arbitrary measure space. Let {X;: i €
I} C B be a maximal family of almost disjoint sets of finite non zero measure such that
in addition #(xx,) # 0. Since v(Y) is assumed finite such a family must be at most
countable, so we can write it as {Xy: k < w}. Let X’ = |J Xj. Then for every f € L we
have 6(f) = 0(fxx') = >, 0(fxx,) (verify first for f > 0 and then extend by linearity),
so we may restrict to each Xj, reducing to the case already considered, then checking
that 0(f) = 32, 0(fxx,) works.

Finally, if (Y, €, v) is merely strictly localisable then let this be witnessed by {Y;: ¢ € I}.
Then we can first extend 0; = xy,0: L — (Y;, €[y, v]y,) to 6; and then obtain 8 by
gluing. .1.6

Lemma 1.7. Continue with previous assumptions, and add that if u(A) < oo then
v(0A) = u(A). Then for every function f € Ly(X,B,p): [ fdu= [0fdv.
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Proof. This holds by assumption for characteristic functions of finite measure sets, from
which we deduce it for simple positive functions, positive functions and finally general
functions. I

1.4. Embeddings of Nakano Banach lattices. We will now prove the main functional
analysis results of this paper.

Lemma 1.8. Let N = L,y(X,B, 1) and N' = Lyy(Y, €, v) be two Nakano spaces, and
let 6: N — N’ be an isometric embedding of Banach lattices which sends characteristic
functions to characteristic functions. Assume furthermore that dim N > 2. Then:

(i) 6(p) = axpx-
(ii) For all finite measure A: v(0A) = u(A).

Proof. First of all the hypotheses of Lemma [[.§ are verified with N = L, so 0 exists. Let
Yy = 60X € € be the support of the range of 6.

Ch = {y € Yo: Op(y) < q(v)},
Cy = {y € Yo: Op(y) > q(y)},
C=CUCy={y€Yy: Oply) #qly)}

Then C4,Cs,C € € and we need to show that v(C) = 0. Let A, B € B be such that
0 < u(A), u(B) < oo. For t € [0,1], let

fm (L)% (g)ﬂ@
@) T \am)

t épty) 1—-1 épty)
pum 0 p— —_— —_—
= 0] = s (u(A)) T (u(B)) |
Then O(f;) =1 = ||fill =1 = ||g:|| = 1 = ©’(¢;) = 1. In other words:

oo0= [ (i) "+ |, (i) oo

Substituting t = 0 and ¢ = 1 we see that in particular v(A) and v(B) are both positive
and finite. We may therefore differentiate under the integral sign for ¢ € (0, 1), obtaining:

d q t i ! q
0=—0(g :/ . < ) dy+/ — dv
dt (g oanc p(A)Ap \ 1(A) pa~c 1(A)0p

q 1—t\or ! q
— / ~ dv — / — dv
oBnc ju(B)0p \1(B) oB~C [1(B)0p
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If v(0ANC5) > 0 then limy_o £6'(g;) = +00 # 0 which is impossible, so v(#ANCs) = 0,
and considering ¢t — 1 we see that ¥(0B N Cy) = 0 as well. We may therefore substitute
t =0 and ¢t = 1 and obtain:

O:/ d — dv
gA~c ((A)Op

1 \or
—/ d ~ ( )6 dl/—/ g — dv
onnc u(B)op \u(B) op~c 1(B)0p

g

:/ qA<1)ep dy+/ quu
oanc (1(A)fp \ 1(A) oA~ (A)0p

[
_ _dv,
oB~C [W(B)0p

/emc u(j)ép <M(1A)) o W= /eBmc u(;)ép <u(13)) o v

This is only possible if both are zero, i.e., if (AN C) =v(BNC) = 0.

We have shown that v(#ANC) =v(@BNC) =0 for every A, B € B disjoint of finite
non zero measure. If N had dimension < 1 this would be vacuous, but as we assume that
it has dimension > 2 we have in fact ¥(#ANC) =0 for all A € B such that p(A) < oo.
It follows that v(C) = v(Yo N C) = 0, i.e., that ép = (Xyy-

Now let A € B be of finite non zero measure, h = u(A)~*/?®). Then O(h) = 1 =
1= ©/(0(h) = ¥(0A4)/u(A) ..

Remark. A special case of this result was independently obtained at the same time by
Poitevin and Raynaud [PR|, Lemma 6.1].

whereby

The technical assumption that 6 sends characteristic functions to such (i.e., acts on
measurable sets) is easy to obtain via a density change:

Lemma 1.9. Let N = L,(X,B,u) and N' = Ly (Y, €, v) be two Nakano spaces,
and let : N — N’ be an isometric embedding of Banach lattices. Then there is a
measure A on (Y, ), equivalent to v, such that D, o00: N — N" = Ly (Y, &, \) sends
characteristic functions to characteristic functions, where D, : N' — N" is the density
change isomorphism from Fact [I.].

Proof. Let {X;:i € I} C B and {Y;: j € J} C € witness that X and Y are strictly
localisable. Possibly replacing them with refinements as in Fact [[.J we may assume that
I C J and that for i € I the set Y; is the support of f(xx,). Define (: Y — RT by

C=> 0(xx)"+ > Xy

el jeJ~I
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This function is measurable and non zero a.e., allowing us to define another measure A
by d\ = (dv. Then v and A are equivalent measures, and D, ) 0 §(xx,;) = Xy;. Since this
is an embedding of Banach lattices it follows that it sends every characteristic function
to a characteristic function. m,

Putting everything together we obtain:

Theorem 1.10. Let N = Lp)(X,B, 1) and N' = Ly (Y, €, v) be two Nakano spaces,
dim N > 2, and let : N — N’ be an isometric embedding of Banach lattices. Then up
to a measure density change on Y :

(i) @ sends characteristic functions to such.

(ii) 6(p) = axpx-
(iii) For all finite measure A: v(0A) = u(A).

Proof. Immediate from Lemma [[.9 and Lemma [L.§. |

Corollary 1.11. Let (N,0) = L,(X,B, ), (N',0") = Ly (Y, &€, v) be two Nakano
spaces, dim N > 2, and let : N — N’ be an embedding of Banach lattices. Then 6
respects the modular functional: © = ©' 0 0.

Proof. According to Fact [[.J a density change on Y does not alter ©. Thus we may
assume that € is as in the conclusion of Theorem [[.I(. By Lemma [[.7 we then obtain
for all f € N:

0 oo(f) = [0l dv = [ 1o av= [o111)dv = [ 177 du= (7).
.1.11

Corollary 1.12. Let (N,0) = Ly (X, B, 1) and (N',0") = Lyy (Y, €, v) be two Nakano
spaces, dim N > 2, and let : N — N’ be an embedding of Banach lattices. Then
ess rngp C ess rngq. If the band generated by O(N) in N’ is all of N (so in particular,
if 0 is an isomorphism) then ess rngp = ess rngq.

Proof. The density change does not modify p and thus neither its range, so again we may
assume that ¢ is as in the conclusion of Theorem [[.I. It is also not difficult to see that
ess rng p = ess rng fp {0} C ess rngq. If the band generated by () in N’ is all of N

then 6X =Y and q = 0Op. LIRP

In the case where 6 is an isomorphism this has already been proved by Poitevin [[Poi0d,

Proposition 3.4.4].

2. MODEL THEORY OF NAKANO SPACES

2.1. The model theoretic setting. We will assume familiarity with the general setting
of continuous first order logic, as exposed in [BU] or [BBHU]. Since continuous logic
only allows bounded metric structures we cannot treat Banach spaces directly. The
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two standard solutions for this are either to consider a Banach space as a multi-sorted
structure, with a sort for B(0,n) (the closed ball of radius n) for each n, or to restrict
our consideration to the first of these sorts, i.e., the closed unit ball (a third solution is to
consider it as an unbounded metric structure, see [BenH]). While Poitevin chose to use
the former we consider the latter to be preferable, so a few words regarding the difference
in approaches is in order.

The unit ball of a Banach space is, first of all, a complete convex space, i.e., a complete
metric space equipped with a convex combination operation from an ambient Banach
space. Such structures were characterised by Machado [Mac73] in a language containing
all convex combinations, and this characterisation can be expressed in continuous logic.
There are advantages to a minimalistic language, though, so we prefer to work in a lan-
guage consisting of a single function symbol xTer Convex combinations with coefficients
of the form 2% can be obtained as more complex terms in this language, and arbitrary
convex combinations with real coefficients are obtained as limits (as our structures are by
definition complete), so this language is quite sufficient. While it follows from Machado’s
work that an axiomatisation of unit balls of Banach spaces exists in this language, it
seems preferable to put an explicit axiomatisation of this kind on record along with a
complete (outline of a) proof.

Let T,,, consist of the following axioms:

(ID) Vo [% = x] , ie., sup [d (%,xﬂ =0,
(PRM)  Vayzt [3 (5% + 5°) = 5 (5 + 5Y)] etc

(HOM) Vayz [d (“QLZ, y;’z) = @} )

We will usually be interested in subsets of Banach spaces which are not only convex,
but also contain zero and are symmetric around it (i.e., —z exists for all ). The unit
ball is such a space, but is not the only interesting one (another one is the unit ball of a
von Neumann algebra with a normalised finite trace 7: it is a proper subset of the unit
ball of the Hilbert spaces with inner product (z,y) = 7(z*y)). The natural language for
such symmetric convex spaces is

EBs = {O’_’xT-i-y’ ” ' H}

z+(=y)

We will use %5¥ as shorthand for . Since we wish to admit the unit ball of a Banach
space as a structure in this language we will interpret the distinguished distance symbol
as half the usual distance d(z,y) = ||*5?||, noticing the latter is an atomic formula. We
define Ty, (for symmetric convex) as Ti,, along with:

(SYM) Vo [55 = 0]
(NORM) Va [d(z,0) = §«]]
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Finally, we define T, the theory of (unit balls of) Banach spaces as T. along with
(FULL)  Va3y [[|z]| > 3 or £ = 2] ie., suplnf [(3 = [lz]]) A d(ygo,:p)} =0

2
Theorem 2.1. (i) The models of Te,. are precisely complete convex subsets of di-
ameter < 1 of Banach spaces.
(ii) The models of Ts. are precisely complete convez subsets of unit balls of Banach
spaces which are symmetric around zero.
(iii) The models of Tgs are precisely closed unit balls of Banach spaces.

Proof. For each of the assertions it is clear that all the said structures are models, so we
prove the converse. We will start by examining the case of T,,, reducing it to that of
T

From the axioms we can deduce commutativity and a variant of the triangle inequality:

(com = L (s g gt = (12 4 52 = e
(TRIZ) (552 52) < d (35, 55) +d (52, 5) = dedon

Now let C' F T,,,. Let C' — C be the set of all formal differences x — y for x,y € C,
and define do(x — 2,y —¢') = d(””;y , yJ;“” ). This is a pseudo-metric. Indeed, symmetry
and reflexivity are clear, and for transitivity one checks:

a(=, =) = 2a (3 (=2 4 v2) 4 (552 4 152)

1 (z+y +2'\ 1 [zt +a’
a3 o) 2 (2 o)

RI z+ +J: +2' 2ty
<(ﬂ)d< Y Y )er(yT’Ty)

Thus do(z — y,z — t) = 0 defines an equivalence ~ relation on C' — C', and dy induces a
metric on C_ = (C' — C)/~ = {[z — y]: z,y € C}. It is straightforward to verify that
w = [#= — ], 0 = [z —z] and —[z—y] = [y— 2] are well defined and render C_
a model of Tk.. Fmally, if zy € C is any fixed element then z — [x — x¢] is an embedding
of C'in C_ which respects convex combination and shrinks distances by a factor of 2. It
follows that if we prove that C'_ embeds in a Banach space, so does C. We thus reduced
the first assertion to the second.

We now work modulo Ti.. First, observe that d(z,y) = 2d(5%, %5%) = 2d(52,0) =

|%52]|. Thus the relation between the distance and the norm is as expected

T = 0 implies d(y, —z) = 2d(%2, %) = 0,
y = —x. It follows that —(—z) = z and that —=¥ = === (since 3 (¥ + = )
} (252 4 152) = 00 ),
Fix a model S F T,.. For x € S, let us define %x = mTJFO, and by induction we can
further define 27"z for all n. If there is y such that x = %y then y is unique (indeed,

if z were another such element then 0 = d(z,z) = 1d(y,2) so y = z), and we may

A similar reasoning shows that

H
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unambiguously write y = 2x. If QIT“/ exists we write it as x + y. It follows from the
definition that z + 0 = z and = + (—z) = 0. By definition we have }(z + y) = *¢
(provided that x + y exists), and applying the permutation axiom we get %:c + %y = xTer,
from which it follows that 1(—z) = —3z and 3(z +y) = 32 + sy (provided z + y exists).

From the commutativity of x—;y it follows that x + y = y + , by which we mean that
one exists if and only if the other does, in which case they are equal. Similarly, by the
permutation axioms, if z+y and y+z exist then (z+y)+2 = z+(y+2). This means we can
write something like » ., =; unambiguously, without having to specify either parentheses
or order, as long as we know that for every subset w C k the partial sum . x; exists
in some order and with some organisation of the parentheses. In particular, this means
that >, k27", always makes sense for n; € N, k; € Z satisfying ) 27" |k;| < 1,
and that sums and differences of such expressions behave as expected (in particular:
27y 4 27y = 271, Tt follows that k27" (¢2"x) = (k)27 ™.

It follows directly from the axioms that ||3z|| = 3d(32,0) = 5 - 1d(z,0) = $||z||. We

obtain ||z|| = 2d(0,z) = 2 HO;QJ’:” = || —z||, and if z+y exists then ||z+y|| = 2d(z+y,0) <
2d(x+y,y)+2d(y,0) =2 H%H +2||52]| = ||zl + |lyll- By induction on n one proves
first that ||27"x| = 27"||z||, and then that for all 0 < k < 2" ||k27"z| = k27"||x|. It
follows that || >, k27 x| <2773 [k

Thus for every o € [—1, 1] we can define ax as a limit of k,27"z. We obtain that > o;z;
always makes sense if Y |a;| < 1, a(fz) = (af)zx, (o + )z = ax + fx (provided that
la+p6| < 1), a(z+y) = ar+ay (provided that z+y exists), and ||az|| = |al||z|]. We also

have d(az, ay) = ||*5%¢|| = |af [|[%52|| = |ald(z,y), so in particular az = ay => z =y
for |a| # 0.
We can now define By = R”Y x S, and define (o, z) ~ (8,y) if gt = a’%ﬁy It is

straightforward to verify using results from the previous paragraph that ~ is an equiv-
alence relation, and that the following operations are well defined on B = By/~ and
render it a normed vector space over R:

a3, x] 6>0
Blo,z] = { [-af, —x] B <0
[1,0] 6=0
[a, 2] +[8,y] = a+ﬁ,aiﬁx+gfﬁy

[ev, z]|| = ]

Our structure S embeds in the unit ball of B via z — [1, z].
The last assertion now follows immediately. | P
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When dealing with models of T, we will allow ourselves to omit the halving operation
when no ambiguity may arise. Thus, for example, we will write x +y + 2z = t +w instead
of 2 (£ +%2) = 14 and so on.

We can now extend this to expansion of Banach spaces. For example, the natural

languages for (unit balls of) Banach lattices is:
‘CBl EBSU{xAy xVy )

The class of Banach lattices is again elementary, its theory T, obtained by adding to
T'gs the usual axioms for Banach lattices. As above we will omit the halving operation in
the notation, allowing ourselves to write (z A y) V = z instead of % (”T/\y \% %x) = %%x,
and so on.

Since we are dealing specifically with Nakano spaces, we may consider them in the
language L9, = Lp U {©} where © will interpret the modular functional. However,
there is a small caveat here: the modular functional ©,. is indeed uniformly continuous
on the unit ball of L,.y(X,B, 11), but its precise umform continuity modulus depends on
the essential bound of the exponent function p.

Convention 2.2. We fix here, once and for all, a uniform bound 1 < r < oo on p.
Thus all Nakano spaces considered henceforth will be of the form L,.)(X,B, u) where
p: X — [1,7].

Let K C [1,r] be compact. We will consider the following classes of structures:
N = {L$-structures isomorphic to some (L, (X, B, 1), Op)) with ess mgp = K},
Nk ={Nl,,: NeNZ}
= {Lps-structures isomorphic to some L, (X, B, u) with ess rngp = K},
NEx = U{NK" @ # K' C K compact},
= {L$,-structures isomorphic to some (L, (X, B, 1), Op)) with ess rngp C K},
NQK:U{NK/:@#K'CKcompact}:{N N e NEY
= {Lp-structures isomorphic to some Ly (X B, 1) with ess rngp C K}.

(Of course, strictly speaking, these are the classes of the unit balls rather than of entire
spaces.)

Given the uniform bound we fixed before, the largest classes we will consider are Ncyy
and NS '1.4» Tespectively.

Fact 2.3. Each of the classes N2, Nk, /\/CK and Nck is elementary.
Proof. This is just [Poi0d, Proposition 3.8.2]. While the case of Ng o 15 not mentioned

there explicitly all the ingredients are there (in particular, as each class of the form N2
is closed under ultraroots, so are classes of the form NSK) m;
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We may impose additional requirement, such as the dimension being greater than 1, or
the lattice (equivalently, the underlying measure space) being atomless. These are first
order conditions as well. For the first one we would like to say that there are functions
x and y such that ||z|| = ||y|| =1 and |z| A |y| = 0, i.e.:

inf | v =yl v [[l2] A lyl]| = 0.

Unfortunately, the absolute value |z| is not a term in our language. On the other

hand, %|x| = T is, and we may follow the convention of omitting the halving op-

eration. Alternatively, one could argue that the mapping = — |z| is definable, as

y = |z| <= d(%, 2) = 0, so the axiom above does make sense directly (see [Bend] for a
general discussion of definable functions in continuous logic). Similarly, atomlessness is

expressible by:
supinf [yl = llle] =yl v [}y A (Je] = )| = 0.

The classes of Nakano spaces of dimension at least 2 will be denoted 2Ny, 2N, etc.
The classes of atomless Nakano spaces will be denoted ANk, ANE, etc.

Fact 2.4. Assume L,.(X,B, ) € 2Nk (€ 2Nck ). Then ess mgp =K (C K ).
Proof. [Poi0d, Proposition 3.4.4]. u,

Remark. There are a few minor gaps in the proof of [Poi0d, Proposition 3.4.4], which are
corrected in a subsequent article by Poitevin. Since Fact 2.4 also follows from our more
general result Corollary these gaps should not trouble our reader.

Fact 2.5. The theory Th(ANR) eliminates quantifiers. It follows that it is complete, as
18 Th(.ANK).

Proof. [Poi06, Theorem 3.9.4]. W

Fact 2.6. Let K C (1,00) be compact (so min K > 1). Then the theory Th(ANk) is
stable.

Proof. [Poi0d, Theorem 3.10.9]. XS

In fact, we are cheating here a little, as Poitevin proved his results in a different
language, or rather in “the same language” but in a different structure. He follow the
approach described in the paragraphs following [BU, Example 4.5], viewing a Banach
space N as multi-sorted structure consisting of a sort N, = B(0,m) for each 0 < m < w.
The corresponding language for Banach lattices, to which we will refer here as Lp;,
consists of the obvious embedding mappings between sorts, plus multiplication by (say,
rational) scalars and the binary operations +, A and V going from sorts or pairs of sorts to
an appropriate target sort (e.g., +: Ny, X Ny — Npyy, or %x: Ny — Nj). The predicate
symbols norm and distance can have values greater than one, but they are still bounded
on each sort and thus still fit in the framework of continuous logic. Similarly, one can
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define E%l’w as Lp;, along with a predicate symbol © on each sort, and again in every
Nakano space © is uniformly continuous and bounded on each sort.

In order to obtain the axiomatisability result we claimed from Poitevin’s it will suffice
to show that a Nakano space (viewed as an Lp; - or L3 -structure) is bi-interpretable
with its unit ball (viewed as an Lg- or L£$,-structure), and that this interpretation is
uniform. For the quantifier elimination result we will have to show in addition that this
interpretation is quantifier-free.

It is not difficult to see that Lp, puts on the unit ball sort the same quantifier-
free structure as Lpg;, so “our” structures are trivially quantifier-free interpretable in
Poitevin’s, and the same works when naming ©. Conversely, given a Banach lattice
N = (N;,,: 0 < m < w), one can recover the Banach lattice structure on the sort N,
from that on N; by dilation. Thus, when considering Nakano spaces as Banach lattices,
the two structures are bi-interpretable (the interpretation being uniform and quantifier-
free) and there is no problem.

The converse is somewhat more complicated when the modular functional © is named.
Indeed, every Banach lattice term 7 is a Lp; ,-term (possibly with a very high target sort),
and ©(7) is an atomic E%Lw-formula. On the other hand, when allowing calculations only
within the confines of the unit ball, all we know is that there is some s > 0 such that
for every 0 <t < s, t7 can be arbitrarily well approximated by L£pg;-terms, so ©(¢7) is a
limit of atomic £§,-formulae (i.e., is a quantifier-free £9,-definable predicate). We need
to show that from this information one can recover ©(7). For this we essentially repeat
the proof of [Poi0f, Lemma 3.4.1], showing that the limited information at our disposal
suffices for its conclusion.

We recall a version Stone-Weierstrass density Theorem:

Fact 2.7. Let X be a compact Hausdorff space and let o/ C C(X,R) be a sub-algebra
which separates points and vanishes nowhere. Then < is dense in C(X,R).

Lemma 2.8. Let 0 < s < 1, and let <, to be the family of all functions f: [1,7] — R of
the form f(z) = ZKn a;t?, where a; € R and 0 < t; < s. Then </ is a dense sub-algebra
of C([1,7],R).

Proof. It 0 < t,t' < s then t*¢* = (t#')® and 0 < tt' < s* < s. Thus & is indeed a

sub-algebra. Clearly it separates points and vanishes nowhere (indeed, the sub-algebra
generated by (s/2)* will suffice). [P

Lemma 2.9. For a Borel probability measure p on [1,7], define 6,: [0,1] — R by

Qu(t):/[1 }txdu(x).

Then i is uniquely determined by the restriction of 8, to [0,s] for any 0 < s < 1.
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Proof. Let f € o, say f(xr) = > ,_,ait;. Then we can recover f[u]f(x) du(x) as
Y icn @ibu(t;). Since 7 is dense in C([1,7],R) and p has finite mass, we can recover
f[l . f(z) du(x) for all f € C([1,r],R). This determines p uniquely. m,

Lemma 2.10. Let (N,0) = (L (X, B, 1), O,y), let g be a tuple in the unit ball of N,
and let 7(Z) be a Banach lattice term. Then the quantifier-free LG,-type of g determines
O(7(9))-

Proof. Let f = 7(g). Since ©(f) = O(|f]) and |7] is also a term, we may assume that
f > 0. Up to a density change, we may further assume that f = || f||x4 where pu(A) = 1.

Restrict everything to A, and let 74 be the image of u[, under p[,. Then 74 is a
probability measure on [1,7], and for all ¢: ©(¢tf) = 0, (|| f]]). As we said above, there
is some s > 0 such that the quantifier-free type of g gives us O(¢f) for all 0 < ¢ < s,
ie., 0.,(t) for all 0 < t < s/||f||. By the results above this determines 74, and thus
determines 0, ,(t) for all ¢. In particular, it determines 6, ,(||f]|) = ©(f). W

So let f = f-, be a tuple in a Nakano space N, say that f; € Ny, and let g; = f;/m;.
Then g € Ny, and the quantifier-free E%l,w—type of f can be recovered from the quantifier-
free £Y,-type of g. We have thus shown:

Fact 2.11. Let N, = (N,: 0 < n < w) be the L3, ,-structure (or Lp,-structure)
assoctated to a Nakano Banach lattice N = L,y (X,B, ). Then each of the sorts N,
can interpreted by dilation in the unit ball sort Ny. This interpretation is moreover
uniform (i.e., does not depend on N ) and quantifier-free.

It follows that the E%lvw—structure (respectively, Lpy,-structure) and L9,-structure (re-
spectively, Lp-structure) associated to N are uniformly quantifier-free bi-interpretable.

Therefore, Poitevin’s axiomatisability and quantifier-elimination results do transfer to
our formalism. Conversely, this means that once we show that the modular functional
of a Nakano space is Lpg;-definable in the unit ball (e.g., as in Theorem B.1]), this result
transfers from the unit ball to the whole space.

3. DEFINABILITY OF THE MODULAR FUNCTIONAL

This section contains the main model theoretic results of this paper. We start with
the definability result.

Theorem 3.1. The modular functional © is uniformly Lp-definable in QNS[M]' More-
over, it is both uniformly inf-definable and sup-definable and can be used to axiomatise
2NE, ) modulo the azioms for 2Ncp 1.
More precisely:
(i) There ezists a Lg;-definable predicate po(x) such that (N,0) F O(z) = peo(x)
for all (N,©) € 2N&, ;-
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(ii) There quantifier-free Lp-formulae ¥n(x,y,) and xn(x,Zz,) such that in all
Nakano spaces of dimension at least two:

O(z) = pe(r) = lim infy ¥ (z,7,) = lim sup, xn(z,Z,),

each of the limits converging uniformly and at a uniform rate.
(i) The theory Th(QNS[LT]) is equivalent to Th(2Ncp ) U{O(z) = po(z)}.

Proof. By Corollary [.1T] every N € 2N¢p1,) admits at most one expansion to (N, ©) €
2]\/'?[177,}. As these are elementary classes, one can apply Theorem [AT]] (Beth’s theorem
for continuous logic) in order to obtain pg.

Using Corollary again we see that g is constant in 2Ncp ;) (see Definition [A.2).
By Theorem [A] it is both inf-definable and sup-definable there.

The last item is immediate. m;

Corollary 3.2. For a fized compact K C [1,r]|, the modular functional is uniformly
Lpi-definable in N2.

In particular the modular functional is Lp;-definable in every Nakano Banach lattice.

Proof. If K = {po} is a single point, we have ©(f) = || f]|P°. Otherwise Nf(? _ QNI? -
2N, S[l,r} and we can apply Theorem B.1]. .,

We have shown that naming the modular functional does not add structure. Still, in
the case of an atomless Nakano space naming © does give something, namely quantifier
elimination. It is clear that without © quantifier elimination would be impossible: the
complete £9,-type of a function contains, among other information, the essential range of
p on its support, and there is no way of recovering this information from the quantifier-free
Lp-type of a single positive function, as it is determined by its norm alone.

A next-best would be to obtain model completeness. Indeed, all the work for obtaining
it is already done.

Theorem 3.3. For every compact K C [1,7] the (theory of the) class ANk is model
complete.

Proof. Follows from Corollary [.1]] and the quantifier elimination in ANR. W
Our previous work also yields:

Proposition 3.4. The (theories of the) classes AN, ANk, ANE, and ANck are all

inductive.

Proof. By Theorem [.I(], any increasing chain of inclusions Ny € N; C ... C N; C

. of models of any of these theories can be presented as an increasing sequence of
measure algebras (2B, u;) along with extensions of the exponent functions p;. Letting
(B, 1) = U(Bi,pi) and p = Upi we see that (JN; = Lp)(B, 1) and ess rng(p) =

|J ess rg(p;). W,
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4. PERTURBATIONS OF THE EXPONENT

Intuitively, a small change to the exponent function p should not change the structure
of a Nakano space by too much. We formalise this intuitive idea, showing that small
perturbations of the exponent form indeed a perturbation system in the sense of [BenH].
We show that up to such perturbations, every complete theory of Nakano spaces is Ng-
categorical and Ny-stable. In case p is constant (i.e., K is a singleton), we already know
(see, e.g., [BBH]]) that the theory is Ng-stable and Wy-categorical without perturbation.
Indeed, no perturbation of p is possible in this case, so it is a special case of what we

prove below.

4.1. Preliminary computations. We seek to find bounds for 1+~* in terms of (14+)?,

and for 1 —~° in terms of (1—+)°, where v € [0, 1] and s € [1/r,r]. The function (}i—z)s is
well behaved, i.e., continuous as a function of two variables, and will not cause trouble.

The function % is badly behaved near v = 1, so we will only use it for v € |0, %] For

In(1—*)
In(1—7) ’
for the time being, only defined for v € (0,1) and s > 0. We calculate its limit as v — 1

for a fixed s > 0 making several uses of ’'Hopital’s rule (marked with *):

v E [%, 1] we will have to consider another function, namely (v, s) = which is,

iy A=) L == s (=)
v—1 In(1 — =) =1  —(1=m)1 =1 1 —ns
i 8(8 _ 1),}/372 82,}/371 _ —_S .
y—1 —sys—1 —s

It is therefore natural to extend ¢ by ¢(1,s) = 1. This function is continuous in each
variable for s > 0 and v € (0, 1], and we wish to show that it is continuous as a function
of two variables. In fact, all we need is to show it is continuous on [%, 1] x [1,7].

Assume v € (0,1), s € [1,r]. A straightforward verification leads to:

In(1 —9") _In(l —7°) _ 1,
In(l1—=) = In(1-9) —
whereby:
A=)}y (=)}
In(1—~) In(1—~)

Thus lim,_,; llnn((llif))

(3. 1] x [1,7].

= 1 uniformly for s € [1,r], and (v, s) is indeed continuous on
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We now define for 1 < s < r:

Aszinf{%: v E [%,1)} < é)
Bs_zsup{&:::)t:fye 0,1],t € [1/575]}7
Bj:sup{(iiz)t: v € [0,1],t e [1/8,8]}7

B, = max{B,, Bf}.

By continuity of ¢(v, s), and as ¢(7,1) = 1 for all y: lim,_; A, = lim,_; + = 1. Similarly
limsﬂl Bs =1.

In particular we have for s € [1,7] and v € [3,1): A, < gfll(;y;)) whereby sA,In(1—7) >
In(1 —~*) and thus (1 — )4 > 1 — 4.

Lemma 4.1. Let o, € [-1,1] and 1/s <t < s. Then

[sgn(a)lal’ — sgn(8)|5]'| < max {Ja - 3

Ast7 Bs‘Oé . ﬁ|t}

Proof. We may assume that |a| > |5] by symmetry. We may further assume that «, 3 #
0. Assume first that sgn(af) = —1. Then:

| sgn(a)lal” —sgn(B)|BI'] = |al'(1+[5/al")
< la|'Bi(1 +18/al)’
= Bs|a - ﬁ|t
A similar argument shows that when sgn(af) =1 and |5/a] < 1/2:

| sgn(a)lal’ —sgn(B)|8]'| < Bsla - "
Finally, assume sgn(af) = 1 and |G/a| > 1/2. We use the fact that || < 1 and
A, <1/s < 1 imply that |af < |al?s:
| sgn(a)le]’ —sgn(B)[['] = lal'(1 = |8/a]") < |al'(1 - |8/al*)
< lal'(1 - [8/al)*
< Jal*(1 — |8/al)*
= Jor — g .,

Lemma 4.2. For all v,t € [0,1] : t(1 —7) +~+' <1 (where 0°=1).

Proof. This is clear for t € {0,1}. Solet t € (0, 1), and we will show that for all v € [0, 1]:
t(1—7)+~"—1 < 0. For v = 1 this is true, so it will suffice to show that the derivative is
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positive for all v € (0,1). Indeed, for 0 <y < 1 and t —1 < 0 we have v~ > 1 whereby:

d
@(t(1—7)+7t—1):—t+mt*1>—t+t:0. S

For1 <s<rand 0 <z <2, define:

(z) |
s\T) =
K z’ l<x <2

s (:U) =2l Bs775<x)/‘48-

Lemma 4.3. As s — 1, the functions ns converge uniformly to the identity. As a
consequence, N — id uniformly as s — 1.

Proof. For n,, one verifies uniform convergence separately for x + 24/* on [0, 1] and for
x +— z° on [1,2]. Uniform convergence of 7, follows. [

For 1 < s <r, define:
Cy =sup {|z —2°|: z € [0,1]}
C? = sup {|z — fjs(z)|: z € [0,2]}.
C, = max{C}, C?}.
Then lim,_,; Cs, = 0.
Lemma 4.4. Let f: RT — R be convez, f(0) =0, and let « > |3| > 0. Then
f(222) < Lo o)

2 - 2
Proof. If 3 > 0 this is by definition of convexity, so assume § < 0. As f is convex it is
differentiable in all but countably many points, f'(z) is increasing, and f(z) = fox f(t) dt.

Thus:
f(a)_f<_ﬁ)_1 “ ! 1 oth !
f_éf_ﬂf(t)dtzﬁ/o f(t)dt

atB
2/0 f’(t)dt:f(o‘+ﬁ>. L

2
Lemma 4.5. For all o, € [-1,1] and t € [1/s, s]:

(e} (07 3 sgnlo)|o Sgn
(%ﬁ)}%ﬁ} _ sgn(a)| \t;g(mlmt

< (.

sgn

Proof. We use the fact that z — 2 is convex while  +— */* is concave.
Up to changing o and # we may assume that |o| > |3, and up to changing the signs
we may assume that o = || > 0. Then a > ||, and regardless of sgn(3) we have:

o' +sgn(B)|8]"” < of +sgn(B)|B]" < o'/* + sgn(B)|8]"".
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We now use Lemma .4 and obtain:

(252)' - SO < ((232)" 4 0,) - 2 < c,

t n t /s n /s
(a8’ — atsm@al" > ((#) /s _ Cg) — 2@ 5 W, .

2

4.2. Perturbing the exponent.

Definition 4.6. Let (X,B, 1) be a measure space and p,q: X — [1,7] measurable. We
define &, ,: Lo(X,B, nu) — Lo(X,B, 1) by:

(Epaf)(w) = Sgn(f(x))|f(x)|l’(l‘)/q(w).

Lemma 4.7. We continue with the assumptions of Definition [[.0. Let (N,0) =
(Lp() (X, B, 1), Op() and (N',0") = (Lg) (X, B, 1), Og(.))-

(i) For each f € Lo(X,B,u) we have O(f) = ©'(&,,f). Thus in particular &,,
sends N into N' and the unit ball of N into the unit ball of N'.
(ii) The mapping &,, is bijective, its inverse being &,,. It restricts to a bijection
between N and N', as well as to a bijection between their respective unit balls.
(iii) The mapping &,, commutes with measure density change. More precisely, as-
sume v is another measure on (X,B), equivalent to u, say dv(x) = ((z)du(z).

Let M = Ly (X, B,v), M" = Ly)(X,B,v). Let D}, ,: N — M and D? ,: N' —
M’ be the respectwe density change mappings. ThenD 1 ,06pq = &), oD N —
M.

Proof. For the first item we calculate that:

O (Gaf) = [ 17 = ()
The second item follows. Finally, we calculate:

(D} Epaf) (@) = ((2)"V1EN(E,  f) (@)
(ﬂf) VD sgn(f (a))]f (ar) /1)
gu(C(2) PO f(a)[¢ (2) D f () PO
= Sgn((Dﬁ,yf ) (@) (D5, f) () [P/a)
= (éap,qDZ,uf)(x)- m,
Proposition 4.8. We continue with the notation and assumptions of Lemma [[.]. As-

sume that s is such that 1/s < q(x)/p(x) < s (for example, we can take s = r).
Then for every f,g € Ny (the unit ball of N): ||&,.f — énq9ll < ns(|f — gll) and

1f =gl < ns(€p.af = Epagll)-
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S € B, so f(x),

g(x) € [-1,1]. Let

h(x) = } sen(f ()| f(z)|P@)/a@)
Sy ={w € S:hx) <|flx)—g
=S58 C{zeS:h(zx)<Bf(z)

So
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Proof. Let f,g € N;. By Lemma we may assume that |f|V |g|

= xs for some set

— sgn(g(x))|g(x)[P@/1)]
(x) |Asp(x)/q(w) }

— g(x)‘p(r)/q(:v)} )

We observe that as [|f]|,]|g|| < 1 we have p(S) < 2. Observe also that Ayq(z)/s <

q(r)/s < p(x) and that sq(z)/As = sq(z) >

p(x). It follows that if || f — ¢|| <1 then:

1F =gl < ns(If = gD = |1 f = qu o
<u(lf = g™ = f — gl "9
Otherwise 1 < ||f — g|| < 2, and:
If = gl" < n(If = g™ = |1 f = glI**®

<ns(If = g7 = || f — g||P1@/ 4.
Let 5y = [5, LA () and a = (| f = g)) = 24 Buna (| f — g]))/As. Then:
s [ Epal — Epag h(x)q(w)
o (Bt )=/S a5
Asp(z) BI®) — p(
S f(z) aq(i))| du<x)+[5 If(wa)q(x) (2)] dp(z)
We will work on each integral separately.
/ \f(a )| AP (@) du(z) = / (Sl)Aq(:v ( \f(x |p(x) )AS du(z)
aq(*‘ (2174 B, ) 1@ \ (| f - gH 14(S1)
1 1)/ <|f( z) —g(z )I”(x) (z)
T2t g If = glPe 1(Sh)
< 1S ( |f(2) — g(2) " du(a )) *
T2t s, I —glP® u(Sh)
S 1-Ag
_ %WAS < A
And:
B\ f(x) — g(@)"® [ (AB)|f(x) — gx)[P
[ = [ o iy gy

< A,

So

£ @)~ gl))
7= gl

p(r) = As(1 = 7).
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Thus:
Enaf — &
a

We conclude that [|&, ,f — &, 9| < a=70(]f —gll)- As 1/s < p(z)/q(z) < s as well we
have
1f = gl = 164p6p.0f — a06p.49|l < Ns([|6p,af — Epq9l))-
s

Corollary 4.9. The mapping &,,: N1 — Nj is uniformly continuous, the modulus of
uniform continuity depending solely on .
Proof. Define A, () = min {(2Ar*1Ar€/Br)r/Ar , 1}. Then for all € > 0 we have A, () >
Oand |[f —gll < An(e) = |€pqf — Epagll < e W,
Proposition 4.10. Let &,,: N — N’ be as in Definition [[.G, and let f,g € Ny. Then:

(1) 6500 = 0; =&, 0f = Epg(=1); Epg(f N g) = Epaf N Epgg; and &,4(f V g) =

Epaf V Epqg

(i) [l = gl = [ 60f = Epagll] < Cs.
(ifi) (|65 T3 — alytent|| < 20

Proof. The first item is clear. For the second we use Proposition [L.§:

1€0.0f = Epagll = I1f = gll < Asllf = gll) = IIf =gl < Cs,
1f = gll = 1€paf = Epagll < s Ep0f — Epagll) = lpaf — payll < Cs.
For the third we may assume that |f|V |g| = xs for some measurable set S, so u(S) < 2.

By Lemma [L.5 we have ‘éaqu;g(:p) - W(x)‘ < (s for x € S, and we get:

& fta  épaftépag
o[ fraz 5 2 < /2—Q(x) du(z) < MTS) <1. VR
s S

We now wish to define a perturbation system p for Lp;-structures. We do this by
defining a p(e)-perturbation of structures N and N’ directly as a bijection §: N — N’
such that for all f,g,h € N:

60 =0,
0(=f) =0/,

[ (52,h) —d (55,0 )\S

[d (452, 1) - d(g “,6n)| <

[d (52 h) —d (%52 Qh)lé

H!fH—H@f!H <e,
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and:

e d(f,9)" <d(0f,09) < ed(f,g)°
(While for most symbols we can just allow to “change by &”, we need to take special

care with the distance symbol.) This indeed defines a perturbation system, as it clearly
verifies the following characterisation:

Fact 4.11. Let T be a theory, and assume that for each r € RT and M, N € Mod(T),
Pert! (M, N) is a set of bijections of M with N satisfying the following properties:
(i) Monotonicity: Pert, (M, N) =, Pert,(M, N).
(i) Non-degenerate reflexivity: Perty(M, N) is the set of isomorphisms of M with
N.
(iii) Symmetry: f € Pert, (M, N) if and only f~ € Pert (N, M).
(iv) Transitwity: if f € Pert,.(M,N) and g € Pert (N, L) then go f € Pert,, (M, L).
(v) Uniform continuity: for each r € R*, all members of Pert,. (M, N), where M, N
vary over all models of T, satisfy a common modulus of uniform continuity.
(vi) Ultraproducts: If f; € Pert) (M;, N;) for i € I, and % is an ultrafilter on I
then [1, f; € Pert,.([1, M:,T1, N:i). (Note that [, f; exists by the uniform
continuity assumption).
(vil) Elementary substructures: If f € Pert (M, N), My =X M, and No = f(My) < N
then 1, € Pert; (Mo, Np).
Then there exists a unique perturbation system p for T such that Pert. (M,N) =
Perty (M, N) for all v, M and N.

Proof. [Bend, Theorem 4.4]. VR

Recall that given two n-types p, ¢ we say that d,(p, q) < ¢ if there are Lpg-structures
N, N" and an e-perturbation #: N — N’ sending a realisation of p to one of g.

Lemma 4.12. For every € > 0 there exists s > 1 such that if N = Lp)(X,B,pn),
N' = Ly (X, B, 1) and &,4: N — N’ is as in Definition [{.8 (so in particular 1/s <
p(x)/q(x) < s for almost all x € X ), then &,, is a p(e)-perturbation.

Proof. By Proposition [L.§, Proposition .10 and the fact that lims ., Cs = 0. [ VRD

Lemma 4.13. Fiz a compact K C [1,7] and s > 1. Then there is a finite set Ks C [0, 1]
such that for every atomless measure space (X,B, u) andp: X — [1,r] with ess rng(p) =
K there exists ¢: X — [1,r] such that ess rng(q) = K, and for almost all x € X:

1 <q(z)/p(z) < s.

Proof. By compactness we can cover K with finitely many open intervals [1,7] C
U{(ai,b;): i < n}, with 1 < b;/a; < s. We may assume that K N (a;,b;) # @ for
all i < n. We then define K, = {b;: i < n}.

Assume now that (X,%B, u) is atomless and p: X — [1,7] satisfies ess rng(p) = K.

We can then split X into a finite disjoint union of positive measure sets X = (J,_,, X;
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such that the essential range of p; = p[y, is contained in (a;, b;). Define ¢(x) = b; when
r € X;. Then q is as required. g

Fact 4.14. For K consisting of a single point, the theory Th(AN) is Ro-categorical and
Ng-stable.

Proof. [BBH. Wi
Lemma 4.15. Let K C [1,7] be finite. Then Th(ANY) is Ro-categorical and No-stable.

Proof. Let K = {p;:i <n}, py<...<pyp1. I N =L, (X,B, 1) € ANk then X can
be written as a disjoint union X = J,_, X; where X; € B, u(X;) > 0 and ply, = p; a.e.
For i < n let N; be the Banach lattice xx,/N. Thus the N; are orthogonal bands in N
and N = p,_,, N;. Since we can recover © from the norm on each N; we can recover ©
on N, and thus we can recover the norm on N. Similarly, as the N; are orthogonal bands
we can recover the lattice structure on N from that of V;.

Now, if N is separable (and atomless), each N; is separable and atomless, and thus
uniquely determined by p; up to isomorphism, whereby N is uniquely determined by K.
This proves Ng-categoricity.

Similarly, let N’ < N be a separable elementary sub-model and let N; = N’ N N;.
By Rg-stability of Th(N;), S;"(N!) is metrically separable for each i. Now let f =
fo ..., f5te N, and let fJ Y oicn fk where fj € N;. Naming O and using quantifier
elimination we see that tp (f/N') is umquely determined by (tpYi(fi/N!): i < n), and
we might as well write tp™ (f/N') =Y, tp™i(fi/N}). lf g =3, ,¢i and ¢ = >_,_, ¢
are two such decompositions then we have d(q,q') < >, d(gi,q}). Thus S}'(N') is
metrically separable. o

We can now conclude:

Theorem 4.16. The theory Th(ANcp,)) is p-Ro-stable, and every completion thereof
(which is of the form Th(ANk)) is p-No-categorical.
Proof. Combining Lemma [.19 and Lemma [L.13 we see that for every € > 0 there is a
finite set K’ C [1,7] such that every separable N, N € ANk admit p(e/2)-perturbations
with separable N,N € ANy, respectively. But N = N’ by Lemma 19, so N and N’
admit a p(e)- perturbatlon

Similarly for p-Ng-stability. VR
Corollary 4.17. The theory Th(ANcp ) is stable.

Proof. By [Bend, Proposition 4.11] A-p-stability implies stability. (See [Bend, Section 4.3]
for more properties and characterisations of Ng-stability up to perturbation.) .

Remark. It is in fact also true that the theory Th(N,.) (i.e., constant p, but possibly
with atoms) is Rg-stable, and remarks to that effect may be added to [BBH] before pub-
lications. By the same reasoning, the theory Th(Nc,) is p-Rg-stable and in particular
stable.
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APPENDIX A. SOME BASIC CONTINUOUS MODEL THEORY

Theorem A.1 (Beth’s definability theorem for continuous logic). Let Lo C L be con-
tinuous signatures and T an L-theory such that every Ly-structure My admits at most
a single expansion to an L-structure M which is a model of T. Then every symbol in
L admits an explicit Lo-definition in T'. That is to say that for every predicate symbol
P(z) € L is equal in all models of T' to some Ly-definable predicate pp(T), and for every
function symbol f(z) € L the predicate d(f(Z),y) is equal in all models of T to some
Lo-definable predicate ().

Proof. Let P € L be an n-ary function symbol, and consider the mapping 6,,: S,(T) —
Sn(Lop), the latter being the space of all complete n-types in the language £y. It is known
that 6,, is continuous, and we claim it is injective.

Indeed, let p,p’ € S,,(T") be such that 0,,(p) = 0,(p') = ¢q. Let M E p(a) and M’ F p'(a’),
so Then tp“o(a) = tp“o(a’) = q.

Claim. There exists an elementary extension M =< M; and an Ly-elementary embedding
M’ — M sending a’ to a.

Proof of claim. We need to verify that Thy) (M) U The (M') U {a = a'} is consistent.
But the assumptions on the types tell us precisely that Th., (M') U {a = @'} is approxi-
mately finitely satisfiable in (M, a). W

We will identify M’ as a set with its image in M7, and in particular assume that a = a’.

Claim. Let N and N’ be two L-structures, and assume that N <, N’ (but needn’t even
be an L-substructure). Then there exists N” > N such that N <, N”.

Proof of claim. The assumption N <., N’ implies that Thg ) (N’) is approximately
finitely satisfiable in N, so Thzny(N) U Theynry(IN') is consistent. Wi

Using the claim we can extend the pair M’ = M} <., M; to a chain of L-structures
We now construct a sequence of structures M{ <., My =g, M| 2z, Mo <, M, ... such
that Mz = Mi+1 and MZI = Mi/-i-l'

Let M, = JM,;, M/, =|JM]. Then both M, and M/ are models of 7" and have the
same Lo-reduct, and are therefore the same. It follows that p = tp,,_ (@) = tp,, (a) = p'.

Once we have established that 6, is an injective continuous mapping between compact
Hausdorff spaces it is necessarily an embedding (i.e., a homeomorphism with its image).
We may identify the predicate P with a continuous function P: S,(T) — [0,1]. By
Tietze’s extension theorem there exists a continuous function ¢p: S,(Ly) — [0, 1] such
that P = ¢p o6,. Then pp is the required Ly-definable predicate.

If fis a function symbol, apply the preceding argument to d(f(z),y). H,;

Definition A.2. Let T be a theory, ¢(z) a definable predicate. We say that ¢ is
increasing (decreasing) in T if whenever M C N are both models of 7" and a € M we
have ¢(a)M < p(a)V (p(@)™ > ¢(a)y). We say that ¢ is constant in T if it is both
increasing and decreasing.
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Definition A.3. A sup-formula is a formula of the form sup;(7,7) where ¢ is
quantifier-free.

A sup-definable predicate is a definable predicate which can be written syntactically
as Flim o, (z) where each ¢, is a sup-formula. Notice that every such predicate is equal
to a uniform limit of sup-formulae.

We make the analogous definitions for inf.

Theorem A.4. Let T be a theory, ¢(Z) a definable predicate. Then @ is increasing
(decreasing) in T if and only if ¢ is equivalent modulo T' to a sup-definable (inf-definable)
predicate.

Proof. Clearly it suffices to prove the case of increasing definable predicates. Right to
left being immediate, we will prove left to right.
Assume therefore that ¢(Z) is increasing in 7. Let W be the collection of all sup-

formulae () = sup, ¥ (Z,y) such that 7'+ ¢(z) < ¢(7). Notice that the latter means

that T+ o(Z,7) < @(z). If for every n < w there is 1, € ¥ such that T+ ¢(z) ~ 27" <
() then ¢ = Flim 1), and we are done. In order to conclude we will assume the converse
and obtain a contradiction.

We assume then that there is n < w such that T'U {p(z) = 1(Z) > 27"} is consistent
for all ¢p € ¥. As W is closed under V and ¢ = (p V¢)') > 27" = p =1 > 27" the
set X =T U{p=1 >2"": 9 € U} is consistent. Let (M,a) be a model for it, and let
r=(a)M.

Let ¥’ = T'U Diag, (M) U{¢(a) < r —27"} (Diag, denoting the atomic diagram). If
Y were consistent we would get a contradiction to ¢ being increasing, so ' is contra-
dictory. By compactness there exists a quantifier-free formula x(z,y) and b € M such
that y(a@,b)™ = 0 and T U {x(7,7) = 0} U {¢(Z) < r — 27"} is contradictory. It follows
there is some m such that T U {x(Z,7) < 27"} U{p(z) < r—27"} is contradictory. Let
r € (r—27",r) be a dyadic number, and let 1) = ' = 2™y. Then ¥ is a quantifier-free
formula, and we claim that 7'+ ¢(Z,%) < ¢(Z). indeed, for any model N £ T and any
¢,d € N:

PO 21" = p(@" 21" 2 U(e,d)N
e(@N <1’ = x(Ed)N > 27 = p(@)" >0 =1(cd)".
Thus ¥(z) = supg@ZNJ(f,gj) € U, whereby p(a)M = (@)™ > 27" But x(a,b)M = 0,

so (@) > r’ whereby ¢(a)™ > 1’ + 2™ > r, a contradiction. This concludes the
proof. m,,

Corollary A.5. A continuous theory T is model complete if and only if every formula
(definable predicate) is equivalent modulo T' to an inf-definable predicate.

Proof. Left to right is by Theorem [A-4. For right to left, every formula ¢ is decreasing
in 7', and considering —¢ every formula is increasing as well, and therefore constant in
T, which means precisely that 7" is model complete. m,
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APPENDIX B. A CONVERGENCE RATE FOR APPROXIMATIONS OF THE MODULAR
FUNCTIONAL

We conclude with a result that was used in earlier versions of this paper in Section J,
later superseded by a more direct approach. A naive way to try to approximate the
modular functional is by ©(f) &~ >_ || fe|[P* where f = > fi consists of cutting the
domain of f into chunks such that the exponent function p(-) is almost constant p; on
each chunk. We show here that these approximations do converge to O(f) at a uniform
rate: the difference is always smaller than C'v/A where A is the maximum of diameters
of the range of p on the chunks and C' is a constant.

Lemma B.1. Let (N,0) = L,y(X, B, 1), and assume that ess rngp C [s, s + €| where
1 <s<s+e<r. Letf e N, and assume that || f|| < 1. Then |O(f) — || f|IFT¢] <

sIme(f)es).
Proof. We may assume that f > 0 and || f|| > 0. Let a = ||f]|, so ©(f/a) = 1, and for

all t:
a'=a ( / (f/a)pdﬂ) = / fra'Pdp,

Notice that for all z we have s — p(r) < 0 = a* P > 1 while s + ¢ — p(z) > 0 =
asteP) < 1) so:

a*te = /fpas“pd,u < /fpdu < /fpaSpd,u =a’.
In other words: a**¢ < O(f) < a®. It follows that O(f)'*5 < a*** < O(f). Thus:
< €
O(f) =™ < [8(f) =8| < - O(/)B(/). W,

Lemma B.2. There is a constant C such that for every n < w and every sequence
(ar: k < w) such that ar, > 0 and > a, < 1:

Z ! ag| Inag| < “
k+n 2R =
(We follow the convention that 0In0 = 0.)

Proof. At first we will assume that a; < é for all k, noting that f(x) = —xlnx is
increasing on [0, 1.

We may assume that the sequence is ordered so that ay|Inay| is decreasing. It follows
that (ax: k < w) is a decreasing sequence. Since Y ay < 1 we have a; < k%rl for all &.

Again, as 0(z) is increasing we get a|Inag| = 0(ax) < O((k+1)"") = 7 In(k +1). Let
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= (I,?ikﬁglp < 0o. Then we have:

1 1
Inay| < In(k + 1
LD Dy ey g LGRS

1
< In(k +1
- an/Q(k‘+1)1/2(k:~|»1) Il( + )
o2 (k+ 132 /n
In the general case there may be at most 2 indices k such that a; > é By removing

them we change the sum we wish to bound by at most 2/n. Thus > ]ﬁ%né’(ak)aﬂ Ina| <
% where C'= Cy + 2. W5

Lemma B.3. Let (N,0) = L,y (X,B, 1) be a Nakano space and let 0 < n < w be fized.
Let Ky, = [tk ntE2ly “and let £ be large enough so that \J,_, Ky, 2 [1,r]. Let C be the
constant from Lemma [B.3.

Then every f € N can be expressed as f = Y ., fr where fr = flg, €
Lyt () (K Bl lie,). IFIIfI < 1 then we have:

n+k+1
) =Dl

k<t

%\

Proof. We have ), _,0(fr) = O(f) < 1, whereby:

LD ?@<fk> N

k<t k<t

< Z n+k:)/ | In(O(fi))|O(fx)

k<t

= Z na k;‘ In(O(fx))|O(fr)

< C
— ﬁ'
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