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MAXISETS FOR MODEL SELECTION
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ABSTRACT. We address the statistical issue of determining the maximal spaces
(maxisets) where model selection procedures attain a given rate of convergence. We
first prove that the answer lies in the approximation theory and we characterize
these maxisets in terms of approximation spaces. This result is exemplified by
three classical choices of model collections. For each of them, the corresponding
maxisets are described in term of classical functional spaces. We take a special
care of the issue of calculability and measure the induced loss of performance in

terms of maxisets.
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1. INTRODUCTION

The topic of this paper lies on the frontier between statistics and approximation
theory. Our goal is to characterize the functions well estimated by a special class of
estimation procedures: the model selection rules. Our purpose is not to build new
model selection estimators but to determine thoroughly the functions for which well
known model selection procedures achieve good performances. Of course, approx-

imation theory plays a crucial role in our setting but surprisingly its role is even
1



2 MAXISETS FOR MODEL SELECTION
more important than the one of statistical tools. This statement will be emphasized
by the use of the maziset approach, which illustrates the well known fact that ”well

estimating is well approximating”.

More precisely we consider the classical Gaussian white noise model

1
—dW,, teD
\/ﬁ 1) € )

where D C R, s is the unknown function, W is the Brownian motion in R and

(1.1) dY,, = s(t)dt +

n € N*={1,2,...,}. This model means that for any u € Ly(D),

Y, (u) = /D w(t)dY,, = /D (O)s(t)dt + — / (t)dW,

is observable. We take a noise level of the form 1/4/n to refer to the asymptotic
equivalence between the Gaussian white noise model and the classical regression

model with n equispaced observations.

Two questions naturally arise: how to construct an estimator § of s based on the
observation dY,,; and how to measure its performance? Many estimators have been
proposed in this setting (wavelet thresholding, kernel rules, Bayesian procedures...).
In this paper, we only focus on model selection techniques, described accurately in
Section P, which provide versatile tools to build estimators. Indeed, many natural
estimates can be obtained by considering different approximation spaces S,, and by
minimizing an empirical contrast v, (u) over u belonging to S,, yielding an estimate
S for each approximation space. In the Gaussian white noise setting, §,, is noth-
ing but the projection of the data onto S,,. A collection (S,,)menm, of models is

considered and the aim of model selection is to construct a data driven criterion to
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select an estimate among the set of the estimates ($,,)men, - The chosen space S,,
should be such that the unknown function s is well approximated by its projection
but should be not too large to avoid overfitting issues. To prevent the use of too large
models, a penalty pen,, (m), which depends on the complexity of the whole collection

of models, is added to the contrast ~,. The final estimate is S; where
i = arg mit {7,(8,) + pen(m)}.

Here we will only use penalties proportional to the dimension D,, of S,, of the form

An
-2"D,.
pen,,(m) = —
The pioneer work in model selection goes back in the 1970’s with Mallows [R2] and [I].
Birgé and Massart develop the whole modern theory of model selection in [g, [T, [[T] or
[ for instance. Estimation of a regression function with model selection estimators is
considered by Baraud in [@, fl], while inverse problems are tackled in 20, R1]. Finally

model selection techniques provide nowadays valuable tools in statistical learning
2.

These estimators are actually designed for estimating functions belonging to specific
class of functions. With this mind, it is natural to consider the minimax point of
view to measure the performance of an estimator; for a given functional space F, we
compare the rate of convergence with the best possible rate achieved by an estimator.

More precisely, let F(R) be the ball of radius R associated with F, the procedure
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s* = (s}), achieves the rate p* = (p}), on F(R) if

o | sup B (w (o) (55, 5))) | < oo
n | seF(R)

where d is a distance and w a loss function (an increasing function such that w(0) =
0). To check that a procedure is optimal from the minimax point of view (said to
be minimax), it must be proved that its rate of convergence achieves the best rate
among any procedure on each ball of the class. This minimax approach is extensively
used and many methods cited above are proved to be minimax in different statistical

frameworks.

However, the choice of the function class is subjective and, in the minimax framework,
statisticians have no idea whether there are other functions well estimated at the rate
p* by their procedure. A different point of view is to consider the procedure s* as
given and search all the functions s that are well estimated at a given rate p*, this is
the maziset approach, which has been proposed by Cohen et al.[[4]. The maximal
space, or maxiset, of the procedure s* for this rate p* is defined as the set of all these
functions. Obviously, the larger the maxiset, the better the procedure. We set the

following definition.

Definition 1. Let p* = (p%), be a decreasing sequence of positive real numbers and

let s* = (%), be an estimation procedure. The mazxiset of s* associated with the rate

*

prs
MS(s*, p*) = {s :sup [E (w ((ph) " 'd(sk, 5)))] < oo} :

n
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the ball of radius R > 0 of the maxiset is defined by
M) (B = {15 s[5 o () dls,90))] < wlB)]}-

We also use the following notation: if F is a given space MS(s*, p*) :=: F means in
the sequel that for any R > 0, there exists R’ > 0 such that MS(s*, p*)(R) C F(R)
and for any R’ > 0, there exists R > 0 such that F(R') C MS(s*, p*)(R). Of course,
there exist connections between maxiset and minimax points of view: s* achieves the
rate p* on F if and only if

F C MS(s*, p").

In the white noise setting, the maxiset theory has been investigated for a wide
range of estimation procedures, including kernel, thresholding and Lepski proce-
dures, Bayesian or linear rules. We refer to [I4], (L8], (8], [@, B, BT, and 4] for
general results. Maxisets have also been investigated for other statistical models, see

B and [E7).

This paper deals with maxisets of model selection procedures for the classical choice
of the Ly distance for d and w(z) = 2%. The main result characterizes these maxisets
in terms of approximation spaces. More precisely, we establish an equivalence be-
tween the statistical performance of S; and the approximation properties of the
model collections M,,. Theorems [l and B prove that, for a given function s, the
quadratic risk E[||s — 8] decays at a rate (%)% if and only if the determin-
istic quantity inf,en, || — sml|? + 22D,, decays at the same rate (’\—;)% This
result holds with mild assumptions on ), and under an embedding assumption on

the model collections (M,, C M,+1). Once we impose additional structure on the
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model collections, the deterministic condition can be rephrased as a linear approx-
imation property and a non linear one as stated in Theorem B We illustrate these
results for three different collections. The first one deals with sieves in which all the
models are embedded, the second one with the collection of all subspaces spanned by
vectors of a given basis. For these examples, we handle the issue of calculability and
give more explicit characterizations of the maxisets, especially for the wavelet basis.
In the third example, we provide an intermediate choice of model collections in the
wavelet cases and prove that the embedding condition on the model collections can

be relaxed.

Section P describes the model selection procedures whose maxisets are characterized
in Section B and f. Section [ is devoted to the illustrations of previous results.

Section [ gives the proofs of our results.

2. MODEL SELECTION IN NONPARAMETRIC ESTIMATION
Consider the Gaussian model defined in ([[.1])
dy, (t)dt + ! aw,, teD
nt =5 —dW,, .
,t \/ﬁ t

We recall that this model means that for any u € Ly(D),

Yn(u):[)u(t)dyﬂi:/p (t)s dt+—/ (£)dIW, = / (t)s(t)dt+%Wu

is observable where W, is a centered gaussian process such that

E[W, W] = / Wt (#)dt
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for all functions u and u'. Assume we are given an orthonormal basis of Ly(D),
denoted by (p;)iez where Z is a countable set. The model ([[.1) is translated in the
sequence space by taking successively u = ¢; for ©+ € 7 and we obtain the equivalent

sequence model

- 1 . .
(2.1) b= itz w X N(0,1), ‘€T

where for any i € 7,
5= [ wostoi, 5=V
D

Statistical inference in this model has been widely studied among the previous
decades. One of the most popular method is given by M-estimation methodology
which consists in constructing an estimator by minimizing an empirical criterion
v, over a given set, called a model. In nonparametric estimation, a usual choice for

such a criterion is the quadratic norm, giving rise to the following empirical quadratic

contrast
) = =2¥, () + [[ul* = =237 fros + Y o2
i€T i€z
for any function u = Z a;p; where || - || denotes the norm associated to Ly (D).

i€T
The issue is the choice of the model. We consider models spanned by atoms of the
basis. For any subset m of Z, we define S,,, = span{p; : ¢« € m} and denote D,,, = |m|
the dimension of S,,. Let §,, be the function that minimizes the quadratic empirical
criterion v, (u) with respect to u € S,,,. A straightforward computation shows that
the estimator §,, is the projection of the data onto the space S,

Sm = Z@%‘; and %(gm) = 2@2

iem iEm
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For the choice of S,,, we face the classical statistical tradeoff between bias and
variance. On the one hand, the set S,, must be large to allow a small bias. On the

other hand, large model induces large variance.

Given a collection of models (S,)mem where M C P(Z), model selection theory
aims at selecting from the data the best .S, from the collection, which gives rise to
the model selection estimator §,;. For this purpose, a penalized rule is considered,
which aims at selecting an estimator, close enough to the data, but still lying in
a small space to avoid overfitting issues. Let pen(m) be a penalty function which
increases when D,, increases, the model m is selected using the following penalized

criterion
(2.2) m = arg Hll/\I}t {1 (5) + pen(m)} .
me

The choice of the model collection and the associated penalty are then the key issues

handled by model selection theory.

We also point out that the choices of both the model collection M and the penalty
function pen(m), should depend on the noise level. To stress this dependency on n,

we add a subscript to the model collection M,, and to the penalty pen,,(m).

The asymptotic behavior of model selection estimators has been studied by many
authors. We refer to [2J] for general references. We recall hereafter the oracle
type inequality proved by Massart that allows to derive minimax results for many
functional classes. Such an oracle inequality provides a non asymptotic control on
the estimation error with respect to a bias term ||s — s,,||, where s, stands for the

best approximation (in the Ly sense) of the function s by a function of S,,, that is
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Sm is the orthogonal projection of s onto S,,, defined by
1€Em
Theorem 1 (Theorem 4.2 of RJ]). Let n € N* be fized and let (xm)mem, be some

family of positive numbers such that

(2.3) Z exp(—z,,) = X, < oo.

mEMn
Let k > 1 and assume that
2

(2.4) pen,,(m) >

(@+\/ﬁ>

K
n
Then, almost surely, there exists some minimizer m of the penalized least-squares
criterion

Vn(8m) + pen,, (m)
over m € M,,. Moreover, the corresponding penalized least-squares estimator Sy, is

unique and the following inequality is valid

R . 1+3,)
E PO 2 < _ 2 (7n
[Hsm sl } < O(k) g}an {Hsm sl penn(m)} n ;

where C(k) depends only on k.

The oracle inequality allows to derive convergence rates associated to a set of func-
tions ©. Indeed, to obtain convergence rates on © it suffices to control

(1+3,)

. f " — 2
sup | inf {[lsm — || + peny (m)} + —
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For example, Massart[23] derives in his Inequality (4.70) minimax rates on Besov
bodies B7 , when o > 1/p—1/2 by a convenient choice of models based on wavelets

and by evaluating the infimum. Namely, he establishes

2 N )
sup [ni+2e sup El|[$; — s||°| < oo
n seBy

3. APPROXIMATION PROPERTIES AND MODEL SELECTION ESTIMATORS

Our goal is to determine maxisets associated to model selection estimators. If p* is
a given rate of convergence, we are looking at, for any R > 0, the set M.S(5y, p*)(R)

defined by
M) = {5 € Las s [(5) "B 5o — o) < 72}

Theorem [[] is a non asymptotic result while maxisets results deal with rates of con-
vergence (with asymptotics in n). Therefore obtaining maxiset results for model

selection estimators requires a structure on the sequence of model collections.

We will focus mainly on the case of nested model collections (M,, C M,1). Note
that this does not imply a strong structure on the model collection for a given n. In

particular, this does not imply that the models S,, are nested.

Following the classical model selection literature, we suppose that the penalty is
proportional to the dimension. More precisely, we assume that the penalty has the
following form:

VmeM,, pen,(m)=—D,
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with (A,), a non-decreasing sequence of positive numbers such that the non very

restrictive conditions holds

(3.1) lim n~ '\, = 0.

n—-—+00

Identifying the maxiset M.S(S, p*) to a set © is a two-step procedure. First, we need
to establish that the model selection estimator attains the given rate of convergence

p* over ©. Namely, © C MS(54, p*).

Conversely, we need to prove that M S(8, p*) C ©. We prove in this paper that this
implies that © is characterized through approximation properties of the spaces S,

involving the quantity

An
inf <||sm — s>+ —Dm) .
n

meMy
Theorem [l already provides the first inclusion and thus the following Theorem can

be seen as a converse of the theorem proved by Massart.

Theorem 2. Let 0 < oy < 00 be fized. Let us assume that the sequence of models

satisfies

(3.2) Vn, M,C M,
and that the sequence (\,), satisfies ([31) and

(3.3) VneN, Ay <2)\,
and

(3.4) Ing >0, A > 320(ag) 7",



12 MAXISETS FOR MODEL SELECTION

where I(ay) is the positive constant only depending on «q defined by

2a/(142c) _
(3.5) I(aw)= inf inf — “T 5y

a€l0,a0] z€[1/2,1) 11—z

Then, the penalized rule Sy satisfies the following result. For any a € (0, «y], for

any R > 0, there exists R' > 0 such that for s € Lo,

i )\n _1i§a
(3.6) sup (;) B([135 — 5] | < R
i A, —% A,
= sup (—) inf (||sm — s>+ —Dm> < (R

Technical Assumptions (B.1]), (B.3) and (B.4) are very mild and could be partly relaxed
while preserving the results. Note that the classical cases A, = A\g or A, = Aglog(n)
satisfy (B.J]) and (B3). When A, = Aglog(n), (B-4) is always satisfied. When A, =
Ao, it is also the case provided )\g is large enough. Assumption (B-]]) is necessary
to consider rates converging to 0. The assumption o € (0, ag] can be relaxed for
particular model collection, which will be highlighted in Theorem [ of Section p.]].
Condition (B-3) can be removed for some special choice of model collection M,, at the

price of a slight overpenalization as it shall be shown in Proposition f and Section p.3.

We emphasize the following remark.

Remark 1. If we further assume that \, > K (1 + \/25n)2 with k > 1 and 9,, such
that

(3.7) Z e P <3 < o0

meMy,
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then Theorems [ and [} hold simultaneously giving a first characterization of the

maziset of the model selection procedure $,,. More precisely, assuming (B-1), (3-3),

B3), 64) and (3.73) with 3, < \, X where X < +o00, then for any o > 0, p, =
(Pr.a)n with for any n, pna = (%)a/(HQa) MS(84,, pa) is the set of the functions s

2
)\n T It2a )\n
sup || — inf { ||spm — s>+ =Dy, | | < o0.
n n meMy n

The deterministic bound of the right condition of (B.6)

A\ TR W
(3.8) o [(;) nf (nsm—sn +;Dm)

gives an approximation property of s with respect to the models M,. For special

such that

S (R/)2

choices of M,,, it can be related to some classical approximation properties of s.
Indeed, the following proposition shows that (B.§) implies a non linear approximation
rate of s in M = U, M. If the model collection does not depend on n, it is even

equivalent.

Proposition 1. We consider a non-decreasing sequence of positive numbers (A, )n

such that (B.1) and (B.3) hold.

If there exists a constant Cy > 0 such that for s € Ly,

2a
142«
inf {||s — Sp|]? &Dm} < C (ﬁ)
mEMn n n

for any n, then there exists a constant Cy > 0 (not depending on s) such that for
any M,

_inf s — s> < CLM ™2,
{meM: D,,<M}
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If for any k and k', My, = Myy = M and thus M = M, then these two properties

are equivalent.

This proposition is the direct consequence of the following more general lemma ap-

plied with 772 = 2=

on
n

Lemma 1. Assume (T},), is a sequence of positive numbers going to 0 such that for

anyn, Ty, <T? < 2T3 . Then if there exists a constant Cy > 0 such that for s € Ly,

inf {5 — sl + T2D,,} < Cy (T2) 7

meMy
for any n, then there exists a constant Cy > 0 (not depending on s) such that for
any M,

_inf s — s> < CLM ™2,
{meM: D,,<M}

Assume now that for all k and k', My = My = M and thus M = M. If there

exists a constant Cy > 0 such that for s € Ls,
inf s — s> < CLM ™2,
{meM: D<M}
for any M > 1, then for any Ty > 0, for all T € (0, Tp),

inf {lls = sll + 72D} < € (17)

where C1 is a constant that only depends on Cy, Ty and a.

If the model collection M,, depends on n, it is much more intricate to obtain explicit

approximation properties. Hence, we have to enforce a stronger relationship between
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the different model collections M,,. We construct thus the model collections M,,
through restrictions of a single model collection M. Namely, we define a sequence

7, of increasing subsets of the indices set Z and we let
(3.9) M, ={mnI,: me M}

The model collections M, do not necessarily satisfy the embedding condition (B.2).

Thus, we define

M, =M,

k<n
so M,, C M,, 1. We denote as before M = UpM,, = U, M. Remark that without

any further assumption M is a larger model collection than M.

Let us denote V' = (V,,),, the sequence of approximation spaces defined by

V., =span{p; : i €I,}.

The general approximation property (B-§) can be revisited as follows:

Proposition 2. We consider a non-decreasing sequence of positive numbers (A, )n
such that (31) and ([5.3) hold. If there exists an increasing sequence of indices sets
(Z,)n such that

(3.10) My = JMj = J{mNT, : m e M}

k<n k<n
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then
A\ TR A
+2a
dR >0, sup [(—n) inf (||s — smll* + —an) < R?
n n mE./\/ln n
IR >0, sup, [ (2) 7 s - Pyl | < R (L)
<~
IR >0, supy [ Mt a5 = sull| S R (NVL)
where Py, is the orthogonal projection operator on V,, = span{y; : i € Z,} and
M = U, M.

Observe that the result pointed out in Proposition J links the performance of the
estimator to an approximation property for the estimated function. This approx-
imation property is decomposed into a linear approximation (L) and a non linear
approximation (NL). The linear condition is due to the use of the reduce model col-
lection M,, instead of M, which is often necessary to ensure either the calculability
of the estimator or Conditions (B.3) and (B.4) of Theorem [[. It plays the role of a

minimum regularity property that is easily satisfied.

To avoid considering the union of M, that can dramatically increase the number of
models considered for a fixed n, leading to large penalties, we can relax the assump-
tion that the penalty is proportional to the dimension. Namely, if we overpenalize
by replacing the dimension D,, for any model m € M,, by the dimension D} of the

corresponding model m’ € M (m =m'N1Z,):

An An
pen,,(m) = ;D; = ;Dm,

we establish a result similar to Proposition B,
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Mimicking its proof, we obtain the following Proposition that will be used in Sec-

tion p.3:

Proposition 3. We consider a non-decreasing sequence of positive numbers (A, )n
such that (5.4) and (B-3) hold. If there exists an increasing sequence of indices set
(Z,)n such that

(3.11) M, =M, ={m=m'NnTZ, : m € M}
then
A, 1154 A,
AR >0, sup (—) inf <||s — sml® + —Dm) < R?
n n meMy n
IR >0, sup, [(2) 7 s — Pyl < R (L)
~

JR" >0, supy [Ma infp 5t pr<any IS — smﬂ <R' (NL)

where Py, is the orthogonal projection operator on 'V, = span{y; : i € I,} and

M =U,M;,.
4. MAXISETS FOR MODEL SELECTION RULES

We consider now the setting of Proposition [:

M, =M= J{mnTi : me M}

k<n k<n
and let M = U M.

Note that it contains the case where M, does not depend on n by letting Z,, = 7
and thus M = M.
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For a model collection and a rate of convergence p, = (pn.a)n With for any n,

A\ T
(41) Prn,a = <_) )

n

consider the corresponding approximation space
A\ T
v=q9s€ly: sup |{— Is — Py, s]|
n n

V., =span{p; : i€I,}.

<+oo},

where

Define also another kind of approximation set

M M {meM: Dy <M}

AOLZ{SGILQ: sup

M*  inf ||s—sm||] <oo}.

By using Remark [] that combines Theorems [I] and [}, and Proposition P}, we obtain:

Theorem 3. Let ag < 0o be fized. Let us assume that the non-decreasing sequence

(An)n satisfies (2.3), (24), (BA), B-3) and ([B4). We denote for any o > 0, p, =

(pn,a)n with fO’f’ anyn,
A\
()™
n
Then, the penalized rule Sz satisfies the following result: for any a € (0, ap),

MS (84, pa) = 'Ai; N LY.

Observe that the rate p,, depends on the choice of \,. It can be for instance
polynomial, or can take the classical form (n~!log(n))®/ (2% If the model collection

has the structure of Proposition B (M,, = M/, = {mNZ, : m € M}), the result of
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Theorem [ still holds as soon as we overpenalize the model as in Proposition fJ. The
spaces A% and L{ highly depend on the models and the approximation space. At

first glance, the best choice seems to be V,, = L, and
M={mePX)}

since the infimum in the definition of A% becomes smaller when the collection is
enriched. There is however a price to pay when enlarging the model collection, the
penalty has to be larger to satisfy the Kraft condition (B.3) of Theorem [[] which
deteriorates the convergence rate. A second issue comes from the tractability of the
minimization (R.9) itself which will further limit the size of the model collection. In

the next section, we will consider usual choices of models.

5. MAXISET RESULTS FOR PARTICULAR MODEL COLLECTIONS

First, we consider the two most classical choices of model collections in a basis: a
“poor” collection in which all the models are embedded (sieves) and the largest col-
lection in which all subsets of Z are considered. Maxisets will be determined for such
collections. The issue of calculability will be pointed out and addressed. Further,
when the basis used is a wavelet basis, we will provide a functional characterization
of these maxisets. In addition, we will study an intermediate choice of collections

adapted to a specific class of sparse functions suggested by Massart in Section 4.3.5

of 3.

We briefly recall the construction of periodic wavelets bases of the interval [0, 1]. Let

(¢,1) be compactly supported functions of Ly([0, 1]) and denote for all j € N; all
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ke Zandallz € R, ¢j(z) = 27702z — k) and ¢(z) = 2702z — k). The

functions ¢ and 1 can be chosen such that

{¢007¢jk: jZO,kE{O,,QJ—l}}

constitutes an orthonormal basis of Ly ([0, 1]). Some popular examples of such bases
are given in [[J]. The function ¢ is called the scaling function and ¢ the corresponding

wavelet. Any function s € Ly([0, 1]) can be represented as:
271
s = apoPoo + Z Z BikVik
J>0 k=0
where

OéooI/RS(t)%o(t)dt

and for any j € N and for any k € {0,...,27 — 1}

5jk=/RS(t)wjk(t)dt.

Finally, we recall the characterization of Besov spaces by using wavelets. Such spaces
will play an important role in following sections. In the sequel and in Sections p.1],

b.2 and b.3 we consider the basis

{¢007¢jk: jZO,kE{O,,QJ—l}}

and assume that the multiresolution analysis associated with this basis is r-regular

with 7 > 1 as defined in [4]. In this case, for any 0 < a < r and any 1 < p,q < oo,
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the function s belongs to the Besov space By if and only if |ag| < co and

; 1_1 :
D PTG E < oo if g < oo,
j>0

sup 2j(a+%_%)]|ﬂj,||gp <oo ifg=o0
7=>0

where (8;.) = (Bjx)k. This characterization allows to recall following embeddings:

/ 1 1
By, C By assoonasa——>a ——, p<p andqg<q
’ ’ p p

and

B . S By, assoon asp > 2.

p,o0 -+~

5.1. Collection of Sieves. In this section, we consider only one model collection,

namely the class of nested models:
(5.1) M =ImcT: m={1,2,...,d}}

where we have identified Z with N*. For such a model collection, the following result
is deduced from Remark [[] and Proposition [[] or from Theorem [ with the choice

Vn :LQZ

Corollary 1. Let 0 < oy < oo be fized. Assume that the non-decreasing sequence

(Mn)n satisfies ((3-1), [B-3) and (54). For M®** the model collection (b.4) and for

any m € M5 we set
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We denote for any a > 0, po = (Pn.a)n with for any n,

A\ T
e (5
n

Then, the penalized rule S5 satisfies the following result: for any a € (0, ap),

MS (84, pa) == A”

M sieve

Note that Conditions (P.3) and (2.4) are satisfied under condition (B.4).

In fact, this result can be generalized by omitting the assumption « € (0, ap]. In this

case, we slightly restrict the class of sequences (\,),, and prove the following result.

Theorem 4. Let us assume that the non-decreasing sequence (\,), satisfies (B-1),

with Ao > 1 and there exists 6 € (0,1) such that
\ n, )\Qn S 2(1 — 5))\n
For M*** the model collection (5.1) and for any m € M*¢, we set
An
— 2D,
pen,(m) = —
We denote for any a > 0, po = (Pn.a)n with for any n,
A\ T
()
n
Then, the penalized rule S;, satisfies the following result:

MS (84, pa) == A

M sieve
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Now, consider the special case where the S,,’s are built with the wavelet basis. The

models are specified by a scale index j:

S, = span{%o,lpj,,k < kedo,... 2 - 1}}.

Note that D,,, = 2/ and thus pen,,(m;) = 222", Then,

211 271
_ 27 2
Msieve = § 8 = QooPoo + E E Bixtir € Ly : SUPQ " Z Z B < 00
>0 k=0 i>J k=0

So, if @ < r, where r is the regularity associated with the multiresolution analysis,

then

(o7

A =
Msieve — 2,00
2 21 . . ..
as sup y»o 227 >0 ;D g B3 < 00 is obviously an equivalent characterization of
% - We deduce:

)a/(1+2a

Proposition 4. For p, = (pp.a)n with for any n, pp. = ( the maxiset of

2an
n

S for the collection of wavelet sieves is

MS (34, pa) =1 By -
The estimator S, cannot be computed in practice because to determine the best
model m one needs to consider an infinite number of models and it cannot be done
without computing an infinite number of wavelet coefficients. To overcome this issue,
we specify a maximum resolution level jo(n) for estimation where n — jy(n) is non-
decreasing. This modification is in the scope of Theorem J: it corresponds to the

choice V,, = Smjo ) leading to consider collections of truncated wavelet sieves. For
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the specific choice

(5.2) 20(n) < pA~1 < i+l
we have:
v =BT

«
: 1+2a o} (o] .
Since B, 2" N By, reduces to By, for a > 0 we have:

)\_n) af/(1+2a

Proposition 5. For p, = (pn.a)n with for any n, pp = ( ) the maxiset

of 8z associated with the collections of truncated wavelet sieves at the scale jo(n)
specified in (B.3) is
MS(5, pa) =1 By -

Thus, this tractable procedure is as efficient as the original one. We obtain the
maxiset behavior of the non adaptive linear wavelet procedure pointed out by [RJ]

but here the procedure is adaptive and completely data-driven.

5.2. The largest model collection case. At first glance, we would like to deal

with the model collection
Mlargest — {m . mC I}

But with such a choice and with penalties used in Section b, (B33) and (2:4) may be
not satisfied. In addition, the penalized estimate is not tractable. So, we introduce
an increasing sequence (N, ), such that for all n € N*,

N, < —" <N, +1.
log(n)
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Such a choice still corresponds to a sequence of approximation spaces defined by
(Vi)n with for any n,
Vi, =span{p; : i< N,}.

Then, we consider the class of models (Magest) = with for any n,

(5.3) MBSt — I om c {1,2,...,N, — 1}}

—_——

and thus Mlargest = , Mlareest — pgqlargest — Gtrajohtforward computations (see [BJ
p. 92) show that the choice A, = A\glog(n) with Ay > (14 +/2)? is sufficient to ensure
that Conditions (.3) and (P.4) hold with X, < oo not depending on n. Applying

Theorem [, thus we obtain the following result:

Corollary 2. Let apy < oo be fized. Let M!¥9et be the model collection (B.3) with

for any m € M,,,

An Aol
pen, (m) = ;Dm = %MDW Ao > (1+V2)%

Then, the penalized rule S;, associated with this penalty function satisfies the following

result. For any a € (0, o], if pa = (pn,a)n with for any n,

<log n) B
Prn,a =
n

MS (ém, pa) = A?!\/llargest N ‘C(\x/
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—~—

It is easy to characterize the approximation space in our setting. Indeed, as Mlargest =

Mareest gathers all possible models, we have:

(5.4) Hlargest = {S = Zﬁi%’ €ly: sup |M* . g;f:M s — Sm”] < OO} :

ieT MeN-

The estimator S5 seems to be hardly tractable from the computational point of view
as it requires a minimization over 2¥» models. Fortunately, the minimization can be
rewritten coefficientwise as:
~ . A )\n . A2 )\n
m(n) = argmin, _\ jacest § Yn(8m) + — Dy ¢ = argmin, _ \ jarsest Z Biligm + —Llicm

n n n ; n

Z<Nn

that corresponds to the easily computable hard thresholding rule:

m(n):{i<Nn: 135 > ﬁ}.

n

Now, let us focus on the different possible characterizations of Af‘warge“. First, we
focus on characterizations in terms of sparsity properties. In our context, sparsity
means that there is a relative small proportion of relative large entries of the coeffi-

cients of a signal. So, we introduce for n € N*, the notation
1Blny =inf{u: card{i € Z: |3 >u} <n}
to represent a non-increasing rearrangement of a counting family (5;)ez:

1Blay > 18l > > Bl >+
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Now, by using (b.4))

%largest — {S - Zﬁ,(pz E LQ . ]\iug [M2a Z |/8|%2)] < OO} .
E *

i€l 1=M+1

Using Theorem 2.1 of [[§], we have for a > 0,

[e%
largest — W 2
Miare 142«

with for any ¢ < 2,
(5.5) W, = s:ZﬁigoiEJLQ :sup nl/q\6|(n) <00y.
ieT neN®
So, the larger «, the smaller ¢ = 2/(1 + 2«) and the more substantial the sparsity

of the sequence (3;)iez. Lemma 2.2 of [L§] shows that the spaces W, (¢ < 2) have

other characterizations in terms of coefficients:

u>0

(5.6) W, = {8 = Zﬂi% €lp: sup uq—225i21\6i|§u < OO}

i€l i€l
= {SIZﬂi%Gin supuq21ﬁi|>u<oo}.
€T u>0 er

Finally, we have

Now, for the special case of wavelet bases, the maxisets can be characterized more
precisely. We still use the parameter r defined as the regularity of the multiresolution
analysis associated with the basis introduced previously. We set N,, = 270 jq(n) €

N*, with 270 < % < 200+ and Mlareest contains all the subsets of coefficients
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of scale strictly smaller than jo(n). As in Section (.1,
Ly =By

It yields

Proposition 6. For the procedure associated to the collection M@9est

MS (84, pa) = W1+2 NBy 2.

2a

Now, let us characterize A?Wargm in terms of interpolation spaces. We refer the reader

to Section 3 of [ for the definition of interpolation spaces. Since we also have

A plargest = {S = Zﬁz% €ly: J?/IUE) M* SielgM Is — SH] < OO}

€T
where X/ is the set of all S = Y., a;;, card(Z) < M, Theorems 3.1 and 4.3 and

Corollary 4.1 of [[J], we obtain for 0 < s < r and for 7 such that 1/7 =s+1/2 <1,
?\Alargcst - (LQ, Bf-ﬂ-)a/s’oo, O < a<s.

This last result, which establishes that Aj‘vﬂargest can be viewed as an interpolation

space between L, and a suitable Besov space, proves that the dependency on the

«

Spargese cOUld be defined by using any

wavelet basis is not crucial at all. The space A
wavelet basis if this basis is regular enough. The condition s+1/2 < 1 implies s < 1/2
and Af(/tlargm can be characterized only if o < 1/2. However, the interpolation result

remains true for @ > 1/2 under additional involved conditions on the basis (¢; )z [L3].
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Now, let us establish simple embeddings between Besov spaces and the spaces W,.

For this purpose, we still consider

21 201
5 = oPoo + Z Z Bikjr = Z Z BikVjk-
§>0 k=0 j>—1 k=0

Then, if ¢ = —2—, using the simple Markov inequality, if s € B*, , , then

142« 1+2a’ T+2a
21
sup u- T E E ﬁ]kl‘ﬁjk‘@ < 00.
O<u<oo J>—1 k=0

So,
B, s CW._ o

T+2a ' 1420 1+2a

Thus, the spaces W, appear as weak versions of Besov spaces and are called “weak
Besov spaces” by [[4]. Now, assume that s belongs to By . Then, for any 0 < u < 1,
let us set J(u) € N such that

2J(u) S U_H% < 2J(u)+1‘

27 -1 27 -1 27 -1
WY Bl = ul? Z Zﬁk1|ﬁjk|<u+u Z Zﬁklkau
j>—1 k=0 j<J(u i>J(u
271 271
<t 2 Yt 25
j<J(u j>J(u) k=0
¢ 0 G 3 g
J=J(w)

IA

2 4o
9= 1754 9241355
Cy (u T+2a 4 1+2a> ,
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where C and C5 denote two constants depending on the radius of the Besov ball

containing s. So, with ¢ = H%,
27 -1
-2 2
sup u? Z Z Bik L1l <u < 00,
O<u<l1 G>—1 k=0
yielding
S‘,OO CW_»

1+2a

Actually, Lemma 1 of [R5 extends this result and proves that

S GW 2 NBIE

2
TH2a 2,00

This result establishes a maxiset comparison between the strategies of Sections

and b.9 in the wavelet setting.

We can go further and improve the procedure from the maxiset point of view

without loosing the tractability. For this purpose, we fix v > 1 and modify N,, by

. y . . y /-Y y .
setting IV, = 290 jq(n) € N*, with 270 < (1ogn) < 270+ The maxiset of the

modified procedure with
An o Aolog(n)

pen,(m) = —D,,

D, X0 >(1+V2)2
n n

18

MS (§m,,0a) =W 2 N B;’(;OHQ)

142«

The larger ~, the larger the maxiset but the larger Ay as well.

5.3. A special strategy for Besov spaces. On page 122 of [23], Massart provides

a collection of models, adapted to estimation in Besov spaces, which turns out to be
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minimax for all Besov spaces By when o > max(1/p —1/2,0). This new strategy
aims at taking advantage on the dyadic structure of the decomposition obtained on
wavelet bases. This special adaptive strategy is now recalled. For a chosen 6 > 2,

define the model collection by

(5.7) MWD = fm e M, J € N}

where for any J € N,

My ={m! = {G,k); 0§ < 10 <k <2 JUjnsd (k). k€ Ay, 1451 = 127G = T+ 1)} }

with |z] := max{n € N: n <z}

As remarked in [B3], for any J € N and any m’ € M the dimension D,, of S, is

such that
27 < D,y <27 (1 +Zn—9> .

Note that the model collection M™? does not vary with n and thus Remark ] applies.

We have the following proposition

Proposition 7. Let us assume that the non-decreasing sequence (\,),, satisfies condi-
tions of Theorem[3. Then, for M"® the model collection (B.7) and for anym € M™?,

we set

An
pen,(m) = FDm'

We denote for any a > 0, po = (Pp.a)n with for any n,

A\ T
(3
n
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Then, the penalized rule S;, satisfies the following maziset result:

MS (84, pa) =1 A”

AMhyb

Furthermore

291
-Aihyb = (8= agoPoo + Z Z Biwtjn € Lo o sup 227 Z Z |/8j|%k) < 00

X >
>0 k=0 J20 3> k>(27 (j—J+1)-¢ |

where (|| (x))k is the reordered sequence of coefficients (Bji)r: -
1Biloy = 1851y -+ 1Bjlwy = -+ = |Bjl2i-1)-

This set cannot be characterized in terms of classical spaces. Nevertheless, we estab-

lish in Section .4 the following embeddings

CW_ o .
U poo+ Mhyb+ TToa

P> 1i2q 1+2a

In particular, we have

(5.8) boo & Al

So, the strategy proposed by Massart outperforms the model selection procedure
associated with the nested collection of models of Section p.]] from the maxiset point

of view for general rates.

This new procedure is not computable since one needs an infinite number of wavelet
coefficients to perform it. The problem of calculability can be pushed away by

introducing, as previously, a maximum scale jo(n) for estimation.
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Proposition 8. Let v > 1 and assume that the non-decreasing sequence (), sat-
isfying conditions of Theorem [B. Then, for M™" the model collection (1), we set

for anyn € N

0l
T = {L,...,do(n)},  with 2J'O<">§<Aﬁ) < iom+1

(5.9) M, = {m=m'NnJ,:m c M"Y}
Let us put for any m =m'NJ, € M,

An An
pen,(m) = FD:L = ;Dm/

We denote for any a > 0, po = (Pn.a)n with for any n,

A\ T
- (5™
n

Then, the penalized rule §; associated with satisfies the following maxiset result:
MS (8, pa) = A;hyb N LY.

Furthermore,

B'y(1+2a)

and

27 -1

’Aihyb = s = aoPoo + Z Z @kwjk € Ly : sup 92Ja Z Z ?(k) < 00

>
>0 k=0 J20 5>J k> |27 (j—J+1)]

Note that this result is not a consequence of Theorem B since the embedded model

collections condition is not satisfied. Its proof is a slight variation of the proof of
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Theorems P and f based on Proposition fJ. Finally, we prove in Section p.4 that
TaTD)
By G AT, MBI

and thus, this truncated procedure outperforms in the maxiset sense the computable

model selection procedure associated with the nested collection of models of Section

.

6. PROOFS

6.1. Proof of Theorem . The proof follows from the two following auxiliary

lemmas. For any n, we first introduce my = mg(n) such that

AnDp,
(01) o = arg i, (s = s+ P2 ) = avg i (1 = s+ 250,

The model S5,,,, that can be viewed as an oracle model in the model selection point

of view, will play a capital role in the sequel.

Lemma 2. We have for any n,

4D
(6.2) Is = smoI* = —== < SE(lls = 5nll*)-

Proof. First note that

’}/n(ém) + pen(m) S ’}/n(gmo) + pen(mO)
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to obtain

pen(rin) — pen(mo) < [|s = Sum, > = lls = Sall* + v (8 = Smo),
where for any u = )., a;,

vn(u) =2 i3 — ).

i€l

We denote for any subset of indices m’ of Z,

Then,

>
3
AN

Vn (8 — 18y — 8ll* + x* (i U o)
< 18mo = Sall* + X7 () + x*(mo).
So,

pen(rir) — pen(mo) < ls = SmolI* = s = Sll® + 18mg — Sl + x* (1) + x*(1m0)

IA

Is = $ill* + 3lls — S, [I* + x* (1) + x*(mo).

Since

pen(my) pen(m)

(6.3) s — smo lI” + < lls = smll* +
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we derive

pen(m) — pen(my)

Is = smoll* < lls = sal* +
4

N
5
|
»
E
T

1 3 1 1
+ 505 = 8l + Slls = S+ 107 + 3 (mo).

Using

Is = sill* = lls = sall* — x* (i)

and taking expectation, we have,

s = sl < Bl gl + 2 Bl 2 4 EO)
< 3 (1= smell+ 220 ) Bl = s+ 522,
So,
1l = sl < 2 Blls = 52+ 22

and (p-2)) follows.

Remark 2. More generally, if for K > 2 we consider

m arg min | || Smll* + pen(m) arg min [ || 1% + AnDrm
= ar 1 S— Sm = ar 1 S— Sm y
K gme./\/l K ngM Kn

then, we prove for any n,

34! DmK< K +c
K—-2—cl n — K-2-—c"

TE(lls = 5a1%)

Is = smicll* -

with ¢ > (K —1)72. In Lemma [, we can take K =4 and c = 1.
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Lemma 3. Under Assumptions of Theorem [, there exists a constant C; > 0 such

that for any n,

XDy, A\ TR
(64) ||S — Sm0||2 + TO S Cl (;)

Proof. First recall the dependency of the model on the parameter n and observe

that
Is = smogull? + BTN 24 Do)
with
pen,,(mo(n)) = @, pen, (mo(n/2)) = W
(without loss of generality, we assume that n is even). So,
AnDino(n) An Do (n/2)

Is = Smom[I* + < s = smoslI* +

4n 4n

For any (3, € [0,1], using Lemma B,

)\ano (n)

B 2
IE Smo(n) |* + in

8Dm n/2
S /Gn (HS — Smo(n/2)||2 - %) + (1 — ﬁn)HS — Smo(n/2)||2

+ Sﬂano(n/2) + Aano(n/2)
n 4dn

< 58, E([|s — §m(n/2)||2) + (1= Ba)lls - Smo(n/2)||2
>\n Dm n
N (85” N _) 0(n/2)
4 n
< 502 E(lls = S 1) + (1= Ba)lls = Smotny2 I

N (328, + \,) Pen,, o(mo(n/2))
2\n/2 4
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Now, since A, < 2),, /2, we take

2)\71/2 - )\n
= v € (0,1
8 32+ 2X,,2 0,1]
SO
2
(820t dn) _ 1— B,
2Xn2
and we obtain
pen,, (mo(n)) .
15 = Smo(n ||2 f < 5BE(|[s — Sm(n/2)||2)
#1815 = ool +
2)\n 1+2a
< 5RB, ( ! 2)
n
#0182 (s = morol +
Now, we set
(6.5) I(ag) = inf inf g”%_xw
) ap) = 1In inf ——
077 a0l zell/21] 1 — 1 ’
16 An
n= , Ty = 1/2,1
and
Cy = 10R2I(a0)_1.
Observe that
s s ()
o —x, 1—a,™ en
(6.6) 1—=x, 1—x, - 2

pen,, (mo(n/2))

4

pen,, j»(mo(n/2))

4

)
)
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We assume that
l A T2
(6.7) Vi<n, ||s—sm0(l)!|2+w <Oy (Tl) ,

then,

2a 2a

< (BRCy'Bu+ (1= 5)) (”n/z)lm & (ﬁ)+

pen,, (mo(n))
4

IA

HS - Smo(n)H2 +

An

since, by using ([.6)

2a

I(a)(1 — ) xn+tn> 1
< ( 2(1+t,) 1+t, x}%
< 1

and (6.14) is true for any | < n. For an appropriate choice of C that allows to

initialize the recursion, the lemma is proved. |

6.2. Proofs of approximation results.

6.2.1. Proofs of Proposition [] and Lemma []. We denote

~ . 2 2
= — Sm, T“Dyp, i .
m(n) = arg nin {lIs = sml®> + T2Dy}
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First, let us assume that for any n
_2a
||8 - Srh(n)||2 + Tst(n) S Cl (Ts) 1420 .

Then,
Dy < €y (T2) 777

1
Using T2 < 273, , for M € N*, as soon as M > C, (T{)” ™=, there exists n € N*

such that
(6.8) Cy (Ts)_ﬁ <M< C (T;n)_ﬁ < Cﬂﬁ (Ts)—ﬁ ‘
Then,

{meUy, /‘iﬁ:fDmSM} s = snlf* < {mEUk/\i/tn:DméM} {Ils = smll* + TDpm }

< inf {lls = smll® + T7Dn }
{meUkMk: Dmscl(Tz)*ﬁlm}

Using (B.8)

<0 (12)7%

2
< C2etlgTits p2e
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When for all k, &k, M = My = M and if there exists a constant C; > 0 such that
for any M,

inf s — s> < CLM ™2,
{meM: D<M}

Then for any T € (0, Tp)

inf {||s —sn|*+7T°D,,} = inf inf {lls = sml* +T?M}
meM MeN {meM: Dy, =M}

IA

inf {ClM‘QO‘ n T2M}

MeN*

inf {CH:C‘M +T?(z + 1)}

z€ERY

2a —1
~ T? T+2a T? TH2a
C T 1
! (20&01) * ((20&01) + )

S Cl (Tz)% )

IA

VAN

where (] is a constant large enough that depends on Tj.

6.2.2. Proof of Propositions [§ and [}. Let us assume that 3R > 0,

2a
)\n T 12« )\n
sup [(—) ir}a (||s—sm||2+—Dm)
n n meMn n

AsVm € M,,, asm CZ,, ||s— Py, s|| < ||s — swml|, (L) is straightforward while (N L)

< R%

is a consequence of Proposition [I.

Assume now (L) and (NL) hold, applying the second part of Proposition [l with a

constant model collection UM = U M), yields the existence of C' > 0 such that
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for any s satisfying (L) and (NL)

2
142«
inf ||s — s,|]* + %Dm <C <ﬁ)

meUp My n

There exists thus £ € N* such that the infimum is attained for a m € M. If not, as
in any M-estimation procedure (see for instance [[7]), we can see that the asymptotic
behaviors of the estimate do not change if we consider modify the criterion by adding

a e, = O0(1/n) term so that the minimum is attained.

If £ <n then m € M,, and thus

2a
142«
inf ||s — s,]|* + ﬁDm <C (ﬁ)
n

mEMn n

Otherwise k > n, let m' € M be the model such that m = m’ N Z,, we define

m" =m'NZ, Asm” Cmand m\ m" C Z¢, where Z¢ denotes the complementary

of Z,,,

A A
R e O

An
<lls = smll® + —=Dm + [ls = P, sl

<crmp () .

n

The proof of Proposition f relies on the

A A
inf |ls — sl + =D = ||s — sp||* + =D,
m=m'NZIy, n n

and arguments of Proposition [.
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6.3. Proof of Theorem M. As in the proof of Theorem P, for any n, we denote
(6.9)
—aremin (l1s— s (24 PO i (s — s |2 4 2P
mo(n) = arg min <||s Smll* + 1 ) = arg min, <||s Sml|” + )

and

AnD
1 f(n) = in (=8| = in (|8 + 222 )
(6.10)  1ia(n) = arg min (=[|$u[* + pen(m)) argnrg%( 18]I + = )

In the nested case, Lemma [] becomes the following much stronger lemma:

Lemma 4. For any n, almost surely

(6.11) 5 = Smom 1> < [Is = 8 I

Proof. As the models are embedded, either m(n) C mg(n) or mo(n) C m(n).
In the first case, ||s — Smom)|> < IS — Smm)l|* < |I$ — Smml|* and thus (FI7) holds.
Otherwise, by construction

An Dy AnDiin(n)

||3_3m0(n)||2+47no(n) < ||S_Sm(n)||2+ 4n

An Dmo (n)

n

A~ >\7LDm n A
80 1* + == < =[8mem I” +

and thus as mg(n) C m(n)

AnDgin AnD,
[ m\mo(my||* < ot — Zgpet

)\ Df n Aan n S
n nn( ) nO( ) S ||Sm(n)\m0(n)||2
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Combining these two inequalities yields

)II*

Smnmom I* < =11 8mm0\mon

| = »-lklr—‘

I8mmnmom 12 < 5 (3mmpnmomn) = Samnmom II* + 18mmpmom 1)

and thus

[8mmp\mom) I < N 3rmpmotm) = Simpmom)||*:

Now, (B.I1) holds as

12+ || Smpmo |2

s = Smom|I> = |5 = Simn)
< Is = s I” + [[3mm)pmom) = Smmpmom |l

Is = Smom)I> < |5 = s I + [|850) — S I* = s = Sy I>-

Now we can conclude the proof of Theorem [] with a similar recursion as the one

used in the proof of Theorem B Indeed,

>\an0 (n)
4n

)\ano(n/2)

I = Smato > + < lls = sz + =52

)\n )\n/2Dmo(n/2)

< n mn 1— n mo(n i
< BoEllls = Saarn 1)+ (1= Bu)lls = s I + 557~



MAXISETS FOR MODEL SELECTION 45

The choice 3, =1 — 2/(\”/2 is such that 0 < (3, <1 and implies

A Dmo(n

)\n2Dm n/2
et < BBl = o) + (1= 50) (s = smum [P+ 208012,

4(n/2)

HS - Smo(n)H2

Using now the same recursion as in Theorem B, we obtain

2
MDD SWAE: 20 o e
Is = Smo@|I? + 222 < 6, R? < n/2) + (1 = 8,)Cs < /2)

in n
2a
A\, D 2\ 1+2Q A T+2a
2 ntmo(n) n/2 2 —1 n
— < _ -

It suffices thus to verify that (2’;’;/2> s (R*3,C5" + (1= f,)) < 1 which is the

R2(1_(1_6)1/(1+2a)
2(1_5)2a/(1+2a)

case as soon as Cy >

6.4. Proofs of space embeddings. We first establish

CW_ o .
U poo+ Mhyb+ TToa

P> 1i2q 1+2a

Using the Holder inequality for p > 2 yields By, C Bf,, and thus it is sufficient

to prove By  C A% i,b for p < 2 to obtain the non strict left inclusion.

Let s = agodoo+_ ;0 Z2J ' Bjx1;1, and denote by |3;|x) the scale by scale reordered

coefficient sequence (|3;[) = [8jl) -+ [Bjlw) = ==~ = |Bjl2i-1))- s belongs to Af

if and only if

sup 2%/ ) > 185l < o0

>
720 §>J k>|27 (j—J+1)~°
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Assume that s belongs to By with p € ( 2], then there exists a non negative

_2
1+2a”

constant C' such that for any j

27 -1

Z |6; l?k) < ¢ iplatl/2=1/p)

If p < 2, Lemma 4.16 of [BJ] yields for all j larger than J

271
Z |ﬁj|%k) < C?/ro=2i(at1/2-1/p) (LQJ(]- I+ 1)_9J)1—2/p
k>27(j—J+1)~¢]

02/1)2 2Ja2 2(5—J)(a+1/2— 1/p( J—|—1) (2/p-1)

Summing over the indices j larger than J yields

27 -1
Z Z |/6j|%k;) < C2/p2—2Ja Z 2—2j’(a+1/2—1/p) (]/ + 1)6(2/1)—1)
327 k=[27 (j—J+1)~¢| 3'>0
and thus
Sup 22J0¢Z Z |ﬁj|%k) S CQ/pZ2—2j’(a+l/2—l/p)(j/+ 1)9(2/]3—1) < +OO
J20 J>J k>|27 (j—J+1)79| J'20
so s belongs to A} .-
Now if p = 2,
27 -1 27 -1 9—2Ja
D M 3 SETIE e g e
J2J k=29 (j—J+1)~ j=J k>0 j=J

thus s also belongs to A} -
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To obtain the strict inclusion, we consider the function s defined by

S = Z 2_\/j_‘¢j70

Jj=>0
On the one hand, a straightforward calculation proves that s ¢ By for all p > 0.

On the other hand, for any J,

22Ja Z Z |/6]|%k) _ 22Ja Z 2—2ﬁ

J>J k>|27 (j—J+1)79| j>min{j’>J:27 (j'—J+1)~9<1}

< 92Ja Z 9—2Vj

j>27/0

and thus
sup 227« Z Z |ﬂj|%k) < 400
/20 32J k>[27(j—J+1)7?)

and s € A} 11

To prove that A%, C W 2 it suffices to notice that the model collection M™MP

2c

is a subset of the model collection M™% and that A% e = W1+22 :

To obtain the strict inclusion, we consider the function s defined by

210

6 — Z Z 9=i(et1/2)y)

>0 k=0
which belongs to A% Mlargest VV1 2 . Indeed, the number of non zero coefficients
+2a

whose scale index is smaller than j2 is equal to 277! while the sum of the square of

272aj

the coeflicients above is smaller than e
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Now, if we assume that (J — log, J)? > J

271
92Ja Z Z \5g|(k _ 92Ja Z Z 9—i(2a+1)
32 k>|27 (j—J+1)~ G2>J k>[27 (j2—J+1)—f|
=220y " 9 max(2 — |27(5% - T + 1)), 0)
J2>J
> 2% N 2 max(2) — [27(52 — T +1)7,0)
j>J—logy J

For J large enough [27(j2 — J +1)7] < % for all j > J — log, J and thus 2/ —
2/ =T+ 1) 2 %

92Ja Z Z |/6j|?k) > 92Ja Z %2—2]'@ > CJ20¢

J2J k>|27(j—J+1)~?] jzJ—logy J

which implies that s does not belong to A% hyb -

It remains now to establish that

le% C A ﬁ Bl+2a

2,00 =

We have By ., NB, 2" = By, and thus By ., C A}, implies By . C AS i N ”2“.

,O0

For the strict inclusion, we consider the function s defined by

s =3 oilemtmriy,

Jj=0
1,1 :
where p < 2 is chosen such that 0 < 5> < a— st One easily checks that s does
not belong to By, but is in Bl”a and By . As By ., C A% i, one deduces that s

belongs to A%, N Bl“a which proves the strict inclusion.

Mhy



[12]

[13]
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