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Asymptotic behavior of weighted quadratic variations of fractional
Brownian motion: the critical case H = 1/4

Ivan Nourdin! and Anthony Réveillac?

Abstract: We derive the asymptotic behavior of weighted quadratic variations of fractional Brow-
nian motion B with Hurst index H = 1/4. This completes the only missing case in a very recent
work by I. Nourdin, D. Nualart and C.A. Tudor. Moreover, as an application, we solve a recent
conjecture of K. Burdzy and J. Swanson on the asymptotic behavior of the Riemann sums with
alternating signs associated to B.
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1 Introduction

Let B be a fractional Brownian motion with Hurst index H € (0,1). Since the seminal
works by Breuer and Major [f[], Dobrushin and Major [[], Giraitis and Surgailis [fi] or Taqqu
[B4], it is well-known that

o if H € (0,3) then

n—1
1 Law
- [ (B{y 1) — Birn)* — 1] —= (0, C%); (1.1)
k=0
o if H =2 then
1 S /4 /4 L
Jnlogn V4B, — B2 —1] =2 (0,C3); 1.2
vn lognkzo[n ( (k+1)/n k/n) ] IR (0, %)7 (1.2)

e if H € (3,1) then

n—1
nt—2H Z [nQH(B{z_H)/n - B,?;n)2 —1] %» “Rosenblatt r.v.”. (1.3)
k=0
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Here, C'ir > 0 denotes a constant depending only on H and which can be computed explicitly.
Moreover, the term “Rosenblatt r.v.” denotes a random variable whose distribution is the
same as that of the Rosenblatt process Z at time one, see ([.9) below.

Now, let f be a real function assumed to be regular enough. Very recently, the asymptotic
behavior of

> 1B (B 1y — Bi)? — 1] (1.4)

received a lot of attention, see ([, [[3, [3, [[4, [[q] (see also the related works [[7, B0, 1, ).

The initial motivation of such a study was to derive the exact rates of convergence of some
approximation schemes associated to scalar stochastic differential equations driven by B¥,
see [B, 3, for precise statements. But it turned out that it was also interesting for itself
because it highlighted new phenomena with respect to ([.1)-(I.J). Indeed, in the study of
the asymptotic behavior of ([L4), a new critical value (H = %) has appeared. More precisely:

o if H < % then
. if§<H<§then

\/—Zka:/n (Bl 1y m — Bim)? = nLaW Ch /fBH (1.6)

for W a standard Brownian motion independent of B

o if H =3 then

Law
/n loon logn Zf 2% 3/2(33{11)/71 —Bi’ﬁ)z — 1] e 03/4/ F(B3Maw, (1.7)

for W a standard Brownian motion independent of B3/4;

oifH>%then

n—1 1
_ L2
n! TN F (B [ (Bl — Bin)® = 1] —— [ f(B)dZ, (1.8)

n—0o0 0

for Z the Rosenblatt process defined by
Zs = I (L), (1.9)

where 1. 2X denotes the double stochastic integral with respect to the Wiener process X
given by the transfer equation (2.3) and where, for every s € [0,1], Ly is the symmetric
square integrable kernel given by

1 5 0Ky 0Ky
Ls(y1,y2) = 51[0,312(?/17?/2)/ 5y (W Y1) 5~ (u,y2)du.

Y1Vy2



Even if it is not completely obvious at first glance, convergences ([.1) and (.5) well
agree. Indeed, since 2H —1 < —% if and only if H < i, (LF) is actually a particular case of
(L) when f = 1. The convergence ([.5) is proved in [[4] while the other cases ([.§)-([L.§)
are proved in [L]. On the other hand, notice that the relations ([L.§)-([L.§) do not cover the
critical case H = i. Our first main result completes this important (see why just below)

missing case:
Theorem 1.1. If H = % then

n—1 1 1
1 1/4 1/4 1/4\2 Law 1/4 1 14
NG kZO FB) VB = Biy)? =1 50 Cupa | FBIYAWe o [ (B Yds

for W a standard Brownian motion independent of BY/* and where

e 2
Gu=5 > (VIT+vi-1-2vhl) <
p=—00

Here, it is interesting to compare the obtained limit in ([L.1(}) with those obtained in
the recent work [I7]. In [[7], the authors also studied the asymptotic behavior of ([.4) but
when the fractional Brownian motion B is replaced by an iterated Brownian motion Z,
that is the process defined by Z; = X (Y}), t € [0, 1], with X and Y two independent standard
Brownian motions. Iterated Brownian motion Z is self-similar of index % and has stationary
increments. Thus, although if it is not Gaussian, Z is “close” to the fractional Brownian
motion BY%. For Z instead of B'/4, it is proved in [[{] that the correctly renormalized
weighted quadratic variation (which is note exactly defined as in ([[.4), but rather by means
of a random partition composed of Brownian hitting times) converges in law towards the
so-called weighted Brownian motion in random scenery at time one, defined as

+oo
V2 / FX)LE(Y)dW,,

compare with the right-hand side of ([L1(). Here, {L(Y)} e tefo,1] stands for the jointly
continuous version of the local time process of Y, while W denotes a two-sided standard
Brownian motion independent of X and Y.

For now, we take B¥ = B4 to be a fractional Brownian motion with Hurst index H = %.
This particular value of H is important because the fractional Brownian motion with Hurst
index H = i has a remarkable physical interpretation in terms of particle systems. Indeed,
if one consider an infinite number of particles, initially placed on the real line according to
a Poisson distribution, performing independent Brownian motions and undergoing “elastic”
collisions, then the trajectory of a fixed particle (after rescaling) converges to a fractional
Brownian motion with Hurst index H = %. This striking fact has been first pointed out by
Harris in [I(], and then rigorously proven in [[] (see also references therein).

Now, let us explain an interesting consequence of a slight modification of Theorem [L.1]
towards a first step in the construction of a stochastic calculus with respect to B/4. As it
is nicely explained by Swanson in [, there are at least two kinds of Stratonovitch-type



Riemann sums that one can consider in order to define fol f (B;/ 4) o dBY* when f is a real
smooth function. The first corresponds to the so-called “trapezoid rule” and is given by

n1 f(BYY) + f( Bt
k/n k 1 n

k=0

1/4
Bk?n) :

The second corresponds to the so-called “midpoint rule” and is given by

[n/2]
1/4 1/4 1/4
Z f(B (2k—1 /n) (B(Qk)/n o B(Zk—Q)/n)’

By Theorem 3 in [[[d] (see also [, ], §]), we have that
/ 1 Bl/4 doBl/4 = nan;OS (f') exists in probability
and verifies the following classical change of variable formula:
/01 F(BYYa B = £(BY*) — £(0). (1.11)

On the other hand, it is quoted in [Rd] that Burdzy and Swanson conjectured® that

1
/ F(BYYa*BY* .= lim T,(f') exists in law
0

n—oo

and verifies, this time, the following non classical change of variable formula:

/ L PBY B 1YY~ f(0) - & / LB, (1.13)
0 2 Jo

where & is an explicit universal constant and W denotes a standard Brownian motion inde-
pendent of B/4. Our second main result is the following:

3In reality, Burdzy and Swanson conjectured () not for the fractional Brownian motion B*/# but for
process F' defined by
Fy = u(t,0), t € 0,1], (1.12)

where

1 .
ur = Eu” +Wi(t,z), t €[0,1], z € R, with initial condition u(0,z) = 0.

(Here, as usual, W denotes the space-time white noise on [0,1] x R). It is immediately checked that F is a
centered Gaussian process with covariance function
1
E(FF) = —(Vt+s— /|t —s]).

V2T
so that F' is actually a bifractional Brownian motion of indices % and % in the sense of Houdré and Villa [E]
Using the main result of [@], we have that BY/* and F actually differ only from a process with absolutely
continuous trajectories. As a direct consequence, using a Girsanov type transformation, we immediately see
that it is equivalent to prove () either for B4 or for F.

As quoted in [@, Remark 12], notice finally that the change of variable formula () also holds for F.



Theorem 1.2. The conjecture of Burdzy and Swanson is true. More precisely, ([.13) holds
for any real function f : R — R verifying (Hy) (see Section 3 below).

Finally, we would mention that the strategy we used in this paper can also be derived in
order to obtain the following analogue of Theorem [[.3, that we propose (in order to keep
the length of the present paper within limit) to prove in a forthcoming paper:

Theorem 1.3. Let f : R — R be smooth enough. Then fol f’(B;/6)d°B;/6 exists in law and
verifies

1 ~ 1
/ F(BYS)@° BYS 2 £(BYS) _ f(0) — & / F(BYS)d,
0 6 Jo

where K is an explicit universal constant and W denotes a standard Brownian motion inde-
pendent of BY/S.

The rest of the paper is organized as follows. In Section 2, we recall some notion con-
cerning fractional Brownian motion. In Section 3, we prove Theorem [.I. In Section 4, we
prove Theorem [[.2.

2 Preliminaries and notations

We begin by briefly recalling some basic facts about stochastic calculus with respect to a
fractional Brownian motion. We refer to [[§] for further details. Let BY = (B{");c(01) be a
fractional Brownian motion with Hurst parameter H € (0, %) defined on a probability space
(92, A, P). We mean that B is a centered Gaussian process with the covariance function

1
Rp(s,t) = 5 (127 4+ 2 — |t — s2H). (2.1)

We denote by & the set of step R—valued functions on [0, 1]. Let $ be the Hilbert space
defined as the closure of & with respect to the scalar product

(Lo, 1[0,s]>5:) = Ryu(t,s).

The covariance kernel Ry (t,s) introduced in (R.I]) can be written as

SAt
Rults) = [ Kuls.)Kn(t,u)du
0

where K (t,s) is the square integrable kernel defined by

H-1 t
t 2 1
Ky(t,s) = cy [(-) (t—s)H2 - (H - 5)5%5’/ W3 (u—s)H 2du|, 0<s<t,
S S

(2.2)
where ¢y? = 2H(1 — 2H)"'3(1 — 2H, H +1/2)"" and 3 denotes the Beta function. By
convention, we set Ky (t,s) =0 if s > ¢.

Let K3 : & — L2([0,1]) be the linear operator defined by:

Kir (Lpg) = Kn(t,).



The following equality holds for any s,t € [0, 1]:

(Lo, Ljo,5)) s = (KL, Kirlp,s)rzqoay = E (BB

and then K%; provides an isometry between the Hilbert spaces $) and a closed subspace of
L2([0,1]). The process X = (Xy)seqo,1) defined by

Xo = B ((Kip) ™ (1) (23)

is a Wiener process, and the process B has an integral representation of the form

t
Bl = / Ky (t,s)dX,.
0
Let . be the set of all smooth cylindrical random variables, i.e. of the form

F = (Bl

[TEEE

: >Btljn) (2.4)

where m > 1,9 :R™ =R € ¢;° and 0 < t; < ... <t, < 1. The Malliavin derivative of F’
with respect to BY is the element of L2(€2, ) defined by

DF =3 5 (Bl Bl )1ps(s), s €[0.1]
i=1

In particular DB = 1j9,4(s). For any integer k£ > 1, we denote by D*2 the closure of the
set of smooth random variables with respect to the norm

k
IFIEe = E[F?]+ ) E[IDF[ge].
j=1

The Malliavin derivative D verifies the chain rule: if o : R — R is Cgbl and if (Fi)izl,_m is
a sequence of elements of D2 then p(Fy, ..., F,) € DY2 and we have, for any s € [0, 1]:

Dyp(Fi,..., Fo) =) o (Fiso s F) DSF.
7

The divergence operator I is the adjoint of the derivative operator D. If a random variable
u € L2(Q, $) belongs to the domain of the divergence operator, that is if it verifies

|[E(DF,u)g| < cy||Fllt2 forany F € .7,
then I(u) is defined by the duality relationship
E(Ff(u)) = E((DF, u>,~3),

for every F € DV2.



For every n > 1, let H,, be the nth Wiener chaos of B, that is, the closed linear sub-
space of L? (Q, A, P) generated by the random variables {H,, (BY (h)),h € H,|h|g = 1},
where H,, is the nth Hermite polynomial. The mapping I,,(h®") = n!H, (BH (h)) provides
a linear isometry between the symmetric tensor product $°" and H,. For H = %, I,
coincides with the multiple stochastic integral. The following duality formula holds

E (FI(h)) = E ((D"F, h) ) , (2.5)

for any element h € §©" and any random variable F' € D™2. Let {eg, k > 1} be a complete
orthonormal system in §. Given f € H®P and g € H%, for every » = 0,...,p A ¢, the rth
contraction of f and g is the element of §®P+4-2") defined as

[e.e]

f®rg= Z (frei ®...®ei)gor ®(g,€: ®...Qe€i,)gor.

i1yeyir=1

Note that f ®y g = f ® g equals the tensor product of f and g while, for p = ¢, f ®, g =
(f,9)ger. Finally, we mention the useful following multiplication formula: if f € $®P and
g € 994, then

B0 =5 1(7) (Ve atrno) (2:6)

r=0

3 Proof of Theorem [7]

In all this section, B = BY4 denotes a fractional Brownian motion with Hurst index H =
1/4.
Let

n—1
1
G === J(Be)ViBurnym = Byn)* =1, 21
k=0

For k=0,...,n—1and t € [0,1], we set

6k/n = 1[k/n,(lc+1)/n} and Et 1= 1[07,5}.

The relations between Hermite polynomials and multiple stochastic integrals (see Section
) allow to write

Vn(Bjei1yn — Bijn)? — 1 = \/512(55/2,1)-

AS a consequence:
n—1
G =3 f(Brya) 2(532,).
k=0

In the sequel, for f: R — R, we will need assumption of the type:

Hypothesis (H):
The function f: R — R belongs to ¥? and is such that

sup B (|fO(B)I") < oo
te(0,1]



for any p > 1 and ¢ € {0,...,q}.

We begin by the following technical lemma:
Lemma 3.1. Letn>1and k=0,...,n—1. We have

(i) |E(By(Bt — Bs))| <Vt —s foranyr €[0,1] and 0 <s <t <1,

(i) sup Z‘ Et,ék/n = 0(1),
tef0,1] .= n—oo
(i) Z [(eimdim)g| = O,
k,j=0
) /k+ _\/— n—1 ) 1
(iv) <€k/na5k/n> — R ™ Y~ . consequently ];) <€k/n55k/n>ﬁ i = 0.

Proof of Lemma B.1].
(i) We have

B(B(B, ~ B) = 5 (Vi— V&) + 5 (V71— VI 7]).

Using the classical inequality |v/|b] — v/]a|| < \/|b — a|, the desired result follows.
(ii) Observe that

(et B <\/k—i— —x/%—\/\k+1—nty+\/yk—nt\).

1
2y/n
Consequently, we have

[nt]—1

n—1
> [(etdms| < 5+577 > ViR VA E
k=0

n—1
+yVnt] +1—nt—/nt—[nt]+ Y Vat—k—Vnt—k—1

k=|nt]+1
The desired conclusion follows easily.
(#i) It is a direct consequence of (ii):

Z((ﬁa/nﬁk/n bo| < sup Z‘(ﬁa/nﬁk/n (

’] 0 .] 07 7n7

= O(n).

n—oo



(iv) We have

1

2
<€k/n75k/n> 4ﬂ

(W—W)(W—f

Thus, the desired bound is immediately checked by using 0 < vz +1— x < 1

available for x > 0.

The main result of the current section is the following:

Theorem 3.2. Under Hypothesis (Hy), we have

1 1
Gu 2y [ rmoaw+ 1 [ rmas
0

O

where W = (Wi)sej0,1) 45 a standard Brownian motion independent of B and

[e.e]

1

Cu= = S (Virr 1+ V=1 -2v0l) <.
2

p=—00

Proof. This proof is mainly inspired by the first draft of [[5]. During all the proof, C' will
denote a constant depending only on || f(¥)||s, @ = 0,1,2, 3,4, which can differ from one line

to another.

Step 1.- We begin the proof by showing the following limits:

1
lim E (G) :1/0 E(f"(By)) ds,

n—oo 4

and

1
nan;OE(GQ) 01/4/0 (f (Bs)) ds + E(/ (B

Proof of (B.1)): we can write

i
L

EGy) = > E(f(Byn)b(2))
0
1

TT

(]

E (<Dﬂ<f<Bk/n)> 5§/n> )

3 =
Il

0
-1

_ E (" (Biyn)) (€h/ms k)
0

i

n—1 n—1

¢>|PA

n
k=0 k=0

9

> . (3.2)



— 1/01 E(f"(Bs))ds, by Lemma B.J(iv) and under (Hy).

n—oo 4

Proof of (8.2):
By the multiplication formula (2.§), we have

2
(67,20, = 14077, @0,70.) + 4 128 /0 @0 /) {8y Ok )  + 2 (0 Oty

Thus
n—1
E(G) = 3 E(f(Bm) (B h@2)b05E))
k=0
n—1
= > B (£(Byn) (B (5522552
k=0
n—1
5,k=0
n—1
k=0
= A,+ B, +C,.

Using Malliavin integration by parts formula (R.H), A,, can be expressed as follows:

n—1

A = 3 B (DU B By, 52532 )

7,k=0

= 24 Z Z <f(a )f(b)(Bk/n)) < /n®€§/bn’5?>2" 5’(§/Q">ﬁ®4'

7,k=0 a+b=4

In fact, in the previous sum, each term is negligible except

n—1

2 2
E (f"(Bjn) f"(Brn)) (€j/ns 0n) g Ehjns Ok fm) s,

7,k=0
2
2
9

( %if (Bi/n) + Z_:f”(Bk/n)(<€k/n75k/”>2ﬁ_ %)] )

= F

Z f”(Bk/n) <6k/na 5k/n>

I
|

k=0 k=0

n—~0o0

1
— F / 1" (B s} ) ,by Lemma B.J(iv) and under (Hy).
0

10

(3.3)



The other terms appearing in A,, make no contribution to the limit. Indeed, they have the
form

n—1 3
Z E (f(a) (B]/n)f(b) (Bk/n)> <€j/n= 5k/n>ﬁ H <€:v¢/n7 5y¢/n>5§
J,k=0 i=1

(where z; and y; are for j or k) and, from Lemma B.1 (i) (iii), we have that

Sup; k=0,...,n—1 H?:l ‘<€x¢/na 6w/11>fJ
Sk [(EimeGmdg| = OM).

(e 9]

— o),

n—oo

Still using Malliavin integration by parts formula (R.§), we can bound B, as follows:

|Ba| < 8 Z > B (1B (Bk/n))<J/n®€k/n75g/n®5k/n>ﬁ®2 (83 msOngn) |

k=0 atb=2
< Z ‘( J/n,ék/n ‘ by Lemma B.] (i) and under (Hy)
7,k=0
n—1 e’}
_ —3/2 - ~1/2 _ ~1/2
= CnP Y (=Rl < O YT fo(r)] = O,
J,k=0 r=—00
where
=|r+1+r =1 -2/, reZ. (3.4)
Observe that the serie Y 2 |p(r)| is convergent since |p(r)] o %]r\_%
T|—00
Finally, we consider the term C,,:
1 n—1

§,k=0
oo (n=1)A(n—1-r)

= Z Z E (f(Bj/n)f(B(]Jrr)/n)) /02(T)

r=—00 j=0VvV—r
o9

el/(ﬂ» s 3 0= [ B (B ds

n—oo 2
r=—00
The desired convergence (B.2) follows.

Step 2.- Since the sequence (G,,) is bounded in L', the sequence (Gn, (Bt)te[o,l}) is tight in
Rx%([0,1]). Assume that (Goo, (By)iepo,1]) denotes the limit in law of a certain subsequence
of (Gn, (Bt)ie[o,1)), denoted again by (G, (Bt)ieqo,1))-

We have to prove that

ooLi“’cw/f DA, + - /f”

11



where W denotes a standard Brownian motion independent of B, or equivalently that

A e
E <62/\G°°| (Bt)te[OJ}) = exp {ZZ/O f"(Bg)ds — 1/4/ (B } . (3.5)

This will be done by showing that for every random variable ¢ of the form (.4) and every
real number A\, we have

lim_ ¢;<A>=E{6”Gw5 (Z /0 lf”(Bs)dS C}/s / (B )} (3.6)

) = B (A0e) = iB (GueOne), m> 1.

Let us make precise this argument. Because (Goo, (Bt)te[o,l]) is the limit in law of (Gn, (Bt)te[o,l])
and (G,,) is bounded in L', we have that

where

BE(Gu £ €26) = lim E (GngeMG"> . VAER,

n—oo

for every £ of the form (B.4). Furthermore, because convergence (B.§) holds for every & of
the form (R.4), the conditional characteristic function A — E (e"2“>|(By);e[0,1)) satisfies the
following linear ordinary differential equation:

d 7 ) !
B (9| (Biew) = E (29 [(Bi)ieron ) [ / I (By)ds — AC2), / f2<Bs)ds]-

By solving it, we obtain (B.F), which yields the desired conclusion.
Thus, it remains to show (B.§). By the duality between the derivative and divergence
operators, we have

Z)\Gn _ Z)\Gn
B (£(BuynL(537,)e"e) = B ((D* (£F(Bym)e¢) 622) ). (37)
The first and second derivatives of f(B;, /n)e”‘G"§ are given by
D (f(Byn)e €)= ' (Byn)e € ey + A (Bijn) 1€ DGy + f(Byy)e D

and

D (f(Bijm)erg) = f"(Bism)e g i, + 20Af (Bryn)e € (enmEDGy)
+2f'(Biyn)e ™ (exm®DE) = N f(Bryn)e* & DG
+2iAf (Byn)e“" (DG, @DE)
+HiNf(Bn)emED?Gy + f(Byyy)e ™ D€,

Hence, taking expectation and multiplying by 5k in yields

E<<D2 (f(Bk/n) “G”ﬁ)a fmﬁ@?)

12



= B (/" (Bim)e€) (esms diyn)y + 2AE (' (Bym)e & (DG, bin) ) (Erpms Oy
12 ( F(Bim)e?Cn (DE, 6/n) ﬁ> (t/ns Oi )y, — N2E ( F(Bim)dXn& (DG, 6, m;)
L2UNE ( F(Bi)e6n (DE, 817, (DGin B ) ﬁ>
FIAE (f(Bk/n)eMGng <D2 n,5,§/1> ) VY E <f(Bk/n)e“G”< 5,5,?@ ) (3.8)

We also need explicit expressions for <DGn, Op, /n> and for <D2Gn, 6]?/2n> . Differentiating

G, we obtain

n—1
DG = 3 | F/(Byn) (532 )e1m + 2F (Byn) AByyndiyn| (3.9)
=0
and, as a consequence,
n—1 n—1
<DGn7 5k/n>ﬁ = Z fl(Bl/n)IQ((sl/n) <€l/n7 5k/n>ﬁ +2 Z f(Bl/n)ABl/n <5l/n7 5k/n>fj .
=0 =0

(3.10)

Also
n—1
Dan = Z [f”(Bl/n)I2(5ﬁi)6l/n + 4f (Bl/n) ABl/n (6l/n®5l/n) + 2f(Bl/n) l/n )
=0

and, as a consequence,

n—1

<D2Gna 5](?/2n>5§®2 = Z [f”(Bl/n)I2(5ﬁi) <6l/na 6k/n>;

+4f/(Bl/n) ABl/n <€l/na 5k/n>5:) <5l/n’ 5k/n>5~) + 2f(Bl/n) <5l/na 5k/n>25~)] .
(3.11)

Substituting (B.11)) into (B.§) yields the following decomposition for ¢, (\) = i E(G,e?%¢):

50 = NS E (F By F Buy)eP ) (s b1y
k,1=0
n-1 ) ) n—1
+ ZZ E <f”(Bk/n)eMGn§) <€k/n7 5k/n>5~) +i Zrk:m (312)
k=0 k=0

where 7y, ,, is given by

Pen = 2AE (f(Biyn)e € (DG, dym) o ) (Etfms O
128 (£ (Bisn)e™ S (D€ 0xpn) ) (ms Stsn) g = AE (f(Bijn)e € (DG, b))
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+2i\E (f(Bk/n)GMG" <D£a 5k/n>ﬁ <DGna 5k/n>ﬁ>

+’L>\ZE( Bk/n ZAGng f”(Bl/n)I2 l/n )<6l/n55k/n>
+42)\ZE< Bk/n z)\G’né'f (Bl/n) ABl/n) <€l/n75k/n> <5I/N75k/n>y)

+E (f(Bk/n) iAGn <ng’ k/n>ﬁ®2) - 27:}2,(521 (3.13)
j=1

Remark that the first sum in the right hand side of (B.19) is very similar to C, presented
in Step 1. In fact, similar computations give

n—1
k,l=0

~C2, /0 B ( f?(Bs)eMGoog) ds.  (3.14)

Furthermore, the second term of ([B.19) is very similar to E (G,,). In fact, using the arguments
presented in Step 1, we obtain here that

n—1

.nl
Tim i 3B (£ (Biyn)e™n€) (ks i)y = 1 / E (f"(B,)e?C¢) ds.  (3.15)
k=0

0

Consequently, (B.6) will be shown as soon as we will prove that lim,, . Y p_ 0 Tkn = 0. This
will be done in several steps.

Step 3.- In this step, we state and prove some estimates which will be crucial in the
rest of the proof. First, we will show that

A C
E (£ (Buy) ' (By) O Ir(522 ‘<_ f 0<kl<n-—1 3.16
B (£ (Bl (Byn)e e b(o52) )| < = forany 0< ki< (3.16)
Then we will prove that

i c ;
B (£Byyn) £/ (Bjja)f (Byn)e € L(3520672) )| < = foramy 0 < kyjil <n— 1L,
(3.17)

Proof of (B.16):
Let (¢ k,n denotes any random variable of the form f (@) (B m)f ®)(B, /n)e”‘G”{ with a and b
two positive integers less or equal to four. From the Malliavin integration by parts formula

(BH) we have
B (f (Buyn)f (Bya)e € 1(6372) ) = B ((D? (£/(Bu) £ (Bya)e™ne) 72) )

14



When computing the RHS, three types of terms appear. First, we have some terms of the
form:

E (Ceen) (Enyms 5l/n>; , or
E(Cekm <D£aél/n>ﬁ> <€k/n,6l/n>ﬁa or (3.18)
B (e (D2€.572) ).

where D¢ and D?¢ are given by:

d
D¢ = 2?1:1 B_;Di(B;tlv s 7Btm)€ti7
d
D% =37 gt (Bus-- Bu,) &y © e,

From Lemma B.J] (i) and under (Hy4), we have that each of the three terms in (B.1§) is less
or equal to Cn~!. The second type of terms we have to deal with is

E C&,k,n <DGn75l/n>ﬁ) <€k/n75l/n>ﬁ7 or
E (Cesen ( DGy 8yyn) o (DE 0y )

By Cauchy-Schwarz inequality, under (Hy) and by using (4.20) in [I5], that is

(3.19)

E ((DGn,al/n>;> <cn Y,

we have that both expressions in (B.19) are also less or equal to Cn~!.
The last type of terms which has to be taken into account is the term

“NE (£ (Bey)f'(Bya)e? O (D*Gu,537,) ).

Again, by using Cauchy-Schwarz inequality and the estimate

2
2 ®2 -2
E <<D Gn,ék/n>ﬁ®2> < Cn
(which can be obtained by mimicing the proof of (4.20) in [[[{]), we can conclude that
C

‘—)\QE (f'(Bk/n)f'(Bl/n)eMG"f <D2G"’ 51?/2n>5®2> n

As a consequence (B.14) is shown.

Proof of (8.17):
By the Malliavin integration by parts formula (R.5), we have

E <g§7k,nf’(3j/n)f'(3l/n)14(5%@552)) —E (<D4 (Cent (Bjm) f'(Biyn)) ,5ﬁi®5§i>ﬁ®4) :

When computing the RHS, we have to deal with the same type of terms as in the proof of
(B.16) plus two additional types of terms containing

9 2
3 ®2 4 ®2 ®2
B <<D Gn,éj/n®5l/n>ﬁ®3> and E <<D Gn,éj/n®5l/n>ﬁ®4> .

15



In fact, by mimicing the proof of (4.20) in [[[5], we can obtain the following bounds:

2
3 ® -3 4 ®2 o @2 —4
B <<D Gn,éj/n®5l/n>ﬁ®3> <Cn® and E <<D G, 652 ® 51/n> > <on
This allows us to obtain (B.17).

Step 4.- We compute the terms corresponding to R,g BL, R(4) and R,(le in (B.13). The deriva-
tive DG, is given by (B.9), so that

n—1
SR, = Mz ( (Bio/) ' (Byn) e €Ly 52’?i><€l/n’5k/n> (€h/ns Ok fn) g
= k,l=0

+ 2 Z ( Bk/n (Bl/n)ei)\GnéABl/n) <5l/na6k/n>5:J <‘€k/n’6k/n>5:J
k,l1=0

1)

= M7

From (B.16), Lemma B.1] (i), (i) and under (Hy), we have that

‘Tl(l)‘ < Cn73? "il ‘<51/n,5k/n>ﬁ‘ <Ccn~ V2.
k,1=0

For TQ(I)7 remark first that Cauchy-Schwarz inequality and hypothesis (Hy) yield

(B (' (Brym)e ™€ f(Byn) ABy )| < Cn /4, (3:20)

Thus, by Lemma B.1] (4)

n—1 n—1
‘Tgl)‘ < ont Y ‘<5l/m5k/n>f)‘ =Cn= Y ok =)

k,1=0 k,1=0
[oe)
< on VST o) = Cn VA,
r=—o00

where p has been defined in (B.4).

The term corresponding to R,(:lzl is very similar to RISBL. Indeed, by (B.9), we have

n—1 m
SR - Y
k=0

1=1 k,l=

—1
E( Bk/n (Bl/n) MGna (Btu . aBtm)I2(5f? ))
0

X <€l/n7 516/n>5:J <5ti75k/n>ﬁ

. z)\Gn 57/)
E( f(Bim)f (Byn)e By (By,,...,Bt)
0

n—

+ 4M§:

i=1 k,l=
X <5l/n75k/n>f) <5ti75k/n>ﬁ

16



O

and we can proceed for Ti( ) as for Ti(l).

6)

The term corresponding to R/,(C o

(1

is very similar to T, ). More precisely, we have

n-! n—1 n—1
SRY < on ity ‘<5l/n,5k/n>ﬁ‘ N ()
h=0 k=0 ke =0

< Cn VU ip(r)] = Cn

Step 5.- Estimation of ng?’zl. Let e o i= A2 f(Bk/n)ei)‘Gng. Using (B.9), we have

<DGn,6k/n Zf Bl/n j/n) (5l/n) (5?>n)<6j/n’6k/n>ﬁ<6l/na5k/n>5’)
7,0=0

n—1
+ Z F(Bjn) f(Bin)AB; 1 AB 1065 /s Ok fn) 501 /ms Ok ) 6

j.1=0
and, consequently:
n—1 n—1
D Rl < D |E(Cern(DCnbiym)?)|
k=0 k=0
< 2 5 [ (Connd B By BB ) et
Jl 0

+ 8 Z |E (Ce oot (Bjjn) f(Bin) AB; 1n ABy ) (8 /s 0 ) 901/ Ok ) | -
k.j,1=0

Using the product formula (B.3), we have

< 2 Z ‘ (Cgknf g/n)fl(Bl/n)I4(5(gﬁ1 5®2 )H J/n75k/n> (€1/n> Ok /n) ‘
ko =0

+ 8 Z |E C&knf( j/n)f (Bl/n)IQ((Sj/n(X)(Sl/n |‘< ]/naél/n>ﬁ <€j/n75k/n>ﬁ<€l/n75k/n>ﬁ‘
k,j,0=0

n—1
4T B Cernd Bipn) S By |55 ms 0y (Ems ) g s S|
k.j.1=0

n—1

k,j,0=0

4
= S 1.

17



From (B.17), we have

n—1
TP < on 2N B (Cennd (Biyn) £ By (052 2052) )| [ (25 /msOgm) )
k.j,1=0

IN

n—1
Cn=%2n? sup > ‘<€j/na5k/n>ﬁ‘ < Cn~'/? by Lemma B (i4).
3=0,..n=1779

Now, let us consider T2(3). Using (B.14) and Lemma B.1| (ii), we deduce that

‘TQ(?’)‘ < Cn3? ;O‘@/"’él/" ‘ _sup 12(@ s Ok ) (
h -
< On~Y/? i lp(r)| = Cn=1/2,
For T*, we have
| < C’nl/:;()( s Oy b o Z‘@]/n,ak/n N
< ConV/? Z = CcnV2,

Finally, by Cauchy-Schwarz inequality and under (Hy), we have

|E (Gehnf (B ) f (Biyn) ABjn AByy)| < O~ 'V2,

Consequently:
n—1
‘Tig)‘ < Cn71/2 Z ‘<5]/n75k/n>ﬁ<5k/n75l/n>ﬁ‘
k,j,1=0
n—1 ) 2
< on Y !p(k—l)p(k—j)!SCn1/2<Z W‘)\) = Cn™ /2,
k,j,0=0 r=—00

Step 6.- Estimation of R,(le. From (B.16) and Lemma B.1 (iii), we have,

n—1 n—1
ZRS?)@ < Cn_3/2 Z ‘<€l/n7 5/€/n>5§‘ < Cn_l/Q.
k=0 , k,l=0

Step 7.- Estimation of R,(le and R,(:L. We recall that
0<vVz+1—+z<1 foranyx>D0.

18



Thus, under (Hy) and using Lemma B.1], we have:

Z R(Q)

k=0

m n—1

)9S

1=1 k=0

! iIANG 8¢
B (£(Buyn)e 52

(Btl? : ’Btm)> <€t¢’6k/n>ﬁ<€k/na5k/n>ﬁ

IN

mmwﬁumzhmm(<%w2
t€[0,1] .=

Similarly, the following bound holds:

m n—1
0%
z)\Gn
< Z]Z:lkzo < Bk n axjaxi(BtN'"aBtm)) <€ti75k/n>f) <5tj75k/n>ﬁ'
< Cn~1/2,
The proof of Theorem B.9 is done. U

4 Proof of Theorem [2

Once again, B = BY* denotes a fractional Brownian motion with Hurst index H = 1 /4.
Moreover, we recall that we note ABj,,, (resp. 0y /n; €x/pn) instead of By1)/, — By/n (resp.
L[k /n,(k+1)/n]> 1[0,k/n])- The aim of this section is to prove Theorem [[.3, or equivalently:

Theorem 4.1. (Ité’s formula) Let f : R — R wverifying (Hg). Then

1 [n/2]
/0 f'(Bs)d By = lim Z F (Bak-1)/n) (Bk)/n — Bak—2ym) ezists in law

! Law K 1
/ f'(Bs)d*B, = f(Bl)—f(O)—E/ f"(Bs)dW.
0 0

with k defined by
J2+Z =1,290. (4.1)

and where W denotes a standard Brownian motion independent of B.

and we have

Proof. In B3], identity (1.6), it is proved that

[n/2]

> F'(Bek-1y/m) (Bakyn — Bak-2)/n)
=1

[n/2]
~ f(B1)— f(0)— % > F(Bak-1y/m) [(ABai_1)m)® = (ABar_2)/m))’]
=1
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[n/2]
1
5 > " (Baj-1ym)[(ABj—2ym)® + (ABj_1)/m)°]

=1

where “~” means the difference goes to zero in L?. Therefore, Theorem [.]] is a direct
consequence of Lemmas [.9 and [1.3 below. O

Lemma 4.2. Let f : R — R verifying (Hg). Then

(/2] .
Z F(Baj—1)m) [(ABgj—2/n)* + (ABj-1)/n)°] 7:—00> 0. (4.2)

Proof. Let H3(z) = 23 — 3x be the third Hermite polynomial. Using the relation between
Hermite polynomial and multiple integral (see Section 2), remark that

_3 1 1
(ABaj o) + (ABy 1) = 0% [Hy(n¥AB; ) + Ha(nt AB(s; 1))

3
o (B2j—2)/n — Bjy/n)

3
= I3(805 _gym) T I3(65; 1)/n)+ﬁ11(1[(2j—2>/n,(2j>/n})

so that (f.J) can be shown by successively proving that

| /2l 2
Bl s 2 Z FBj—ym) i (Yej-2menm)| 2, O (4.3)
[n/2] 2
E Zf(B(2jfl)/n)I3(5g§72)/n) a0 (4.4)
j=1
[n/2] 2
E Zf(B(2j—1)/n)I3(5g§—1)/n) e (4.5)
j=1

Let us first proceed with the proof of (.3). We can write, using in particular (2.4):

L /2l 2

Bl ]Zl F(Bzj-1y/n) 11 (L(2j-2)/n,(2)/n])

(/2]
1

=~ 2 B{f(Baj-1ym)f (Bek-1y/m) I (V-2 m,(20)m]) 11 (Li2k-2)/m 20 /m) }

jk=1

[n/2]

—~ Z |E{f(B2j—1)/n) f (Bar—1)m) L2 (L(2j-2)/m.(25)/m] @ Li(2k—2)/n.(2k)/m)) }|
]k 1

IN
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[n/2]

1
— E1 f(B(y; B 27 — 2k
+n\/ﬁj;1{ {f( (23—1)/n)f( (2k—1)/n)p(] )H
[n/2]
= = Z > ‘E{f Bgj-1y/n)f® (Bak— 1)/n)}‘
a+b 2 5,k=1
a b
X[y ® 1y [(2j—2>/n,(2j>/n}®1[<2k—2>/n,(2k>/n}>ﬁ®2
[n/2]
1
— E1 f(B(y; B 27 —2 .
+n\/ﬁj’kz:1{ {F(Baj—1)n)f (Bek—1)/m)p(2j — 2k)}|
But, by Lemma B.1] (i), we have
a b
(et © Sty L2y m @iy © Lih-2ymiziym)

1
< 7 (\ (e@j—1)/ms Li@j-2)/mu(2i)m)) g | | (E2b1)ms Li(2b—2)m,(28) ] ) D

— (V- vETR Ve - vER ),

Thus, under (Hg):

[n/2)

> 2 ‘E{f (Biaj—1)m)f " (Bax-1y, )}‘

a+b=2 j,k=1

% ‘<5?§§—1>/n ® o1y /m> Li(2i-2)/m,(29) /] © 1[(2k72>/n,<2k>/n1> gez| = OVN).

Moreover

n/2) n/2]

> E{f(Baj-1)m)f (Bak-1)/a)p(25 = 2k)}| < C > |p(25 — 2k)| = O(n).

Jik=1 g k=1

Finally, convergence (f.3) holds.
Now, let us only proceed with the proof of (fl.4), the proof of (JL5) being similar. We
have

/2] » ?
Z f(B (25— l/n 13( (25— 2)/n)
Ln/2J
= Z E{f (25— 1/n)f(B(2k 1)/n)I3(5(2] 2)/n) (5%2 2)/n)}
gk=1
3 N2 L, [n/2]
- ZT!<T> noz Z E{f(B@Jfl)/n)f(B(% 1)/n)I2r(5(zj 2)/n®6(2k 2)/71)}/)34(2]-_%)'

r=0 J,k=1
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To obtain ([£4), it is then sufficient to prove that, for every fixed r € {0,1,2, 3}, the quantities

[n/2]
,3; e -
R =n E E{f(B2j-1)/n) f(Bak- 1)/n)I2r(5(23 ~2)/n ®5(2/19 2)/n)}p3 (27 — 2k)
7,k=1

tend to zero as n — oo. We have, by Lemma B.1] (i) and under (Hg):

. sup ‘E{f(B@jfl)/n)f( (2k— 1)/n)I2T(5(zj 2)/n®5(2k 2)/n)}‘
Jk=1,...,[n/2]

> E {f(a) (Baj—1y/n) (B(Zk—l)/n)}

a+b=2r

= sup  (2r)!
Jik=1,...,[n/2]

(e B 1) L2y (2] @ Loy, (2k/n)}>ﬁ®2

®Xa ®b Qr Qr
<6(2j,1)/ O 1)/ Lz —2)/m.(24/m) © Lioh— 2)/n,<2k/nn>,~,®2

< C sup sup
jk=1,...,|n/2| at+b=2r

= O(n™").

Consequently, when r # 3, we deduce

[n/2]
‘RS"){SCn Z |p(2j — 2k)| = O(n~ ) - 0
7,k=1

while, when r = 3, we deduce

|R$13)‘ <Cnt — 0.

n—-4o0o

The proof of (f£4) is done. Since the proof of ([.5) follows the same lines, we finally
proved ([.2). O

Lemma 4.3. Let f : R — R verifying (Hy). Set

[n/2]
Fo="> f(Bar-1/n) [(ABai-1)/a)> — (ABai-2)/m))?]-

Then

TL*?OO

P stably / £(B (4.6)

with k defined by ([[.1), and where W denotes a standard Brownian motion independent of
B. Here, the stable convergence ([[.8) has to be understood in the following sense: for any
real number X\ and any o{B}-measurable and integrable random variable &, we have that

E (eZAFn é-) _ E (e_ )\22,12 fol fQ(BS)dS é‘) .

n—oo
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Proof. Since we follow exactly the proof of Theorem B.3, we only describe the main ideas.
First, observe that

[n/2]
n— Z f (2k—1)/n < (6(2?C 1)/n ) (582 2)/n)) .

Here, the analogue of Lemma . is:

[n/2] ln/2]
sup Z ‘ €ty O(2k— 1)/n> = 0O(1), sup Z ‘ €, 0(2k— 2)/n> ‘ = O(), (47
te[O 1] n—oo tE[O 1} n—oo
2 \/_ V2k —
4.
(e(2-1)/n> O(2k—1)/n) gy — 4n < o (4.8)
and \/ y
2 2k —1— 2k — 2
<5(2k71)/n,6(2k72)/n> 4n < 5 (4.9)

In fact, the bounds ([.7) are obtained by following the arguments presented in the proof of

Lemma B.1. The only difference is that, in order to bound sums of the type > ,Ei/ 12 V2K -
V2k — 1 (which are no more telescopic), we use

[n/2] [n/2]
Z V2k —V2k—1< Z V2k — 2k — 2 = \/2[n/2] < V/n.

As in Step 1 of the proof of Theorem B.3, here we also have that (F,) is bounded in
L?. Consequently the sequence (F,, (Bt)tejo,1]) is tight in R x £([0,1]). Assume that
(Foos (Bt)tepo, 1]) denotes the limit in law of a certain subsequence of (F,,, (Bt)tepo, 1]) denoted

again by (Fn, (Bt)te[og})
We have to prove that

. 2 1
B (M| Bieo) =ew {5 0 [ P(as). (1.10)

We proceed as in Step 2 of the proof of Theorem B.3. That is, (.10) will be obtained by
showing that for every random variable ¢ of the form (B.4) and every real number A, we

have )
lim ¢,(\) = —\&*F <eMF<>°§ / fQ(BS)ds>
n—oo 0

d ’ ‘
/ IAF; : 1A

= n — n > .
G\ = B (Vrg) =i (Fuefrg), n>1
By the duality formula (.5§) we have that

where

/2|
6N = > B (D (F(Bak-1ym)e™ ™€) 052 ), — 052 2>/n>,~,®2)'

k=1
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The analogue of (B.§) is here:

(2 (D (FBar-nm)e™™€) ) 0601y = 0 2>/n>ﬁ®2

= E(J”"(B(% 1/m)e’ "5) [<€<zk—1>/m5(2k—1>/n> —<€<zk—1>/na5(2k—2>/n>2}
+200E (£ (Biag—1)/n)e™ € (Do, St 1y/m) g ) (E(an—1)/ms ok 1y/m) g
—2i\E (f/(B(Qk /)N E (D, 8(ak—2)/n) ><5(2k 1)/ns d2k-2)/m ),
128 (' (Bia-1y/n)e™ ™ (D&, 8ar-1y/n) g ) (S(a-1)/msOn-1)/n)
=28 (' (Bak-1)m)e™" (D& 8(ok-2)/n) g ) (Ean-1)/m dok-2/n) g
~NE (f(B@k—l)/n) Mg (DFy, (k- 1/n>2)
+NE (f(B(%,l)/n) Mg (DFy, 6k 2/n>;)
+2i\E (f(B(Zk 1) (DE,bak-1)/m) ¢ (DFns (261, >,~3>
—2\E (f(B(%q)/n)eZ 2 (D€, 8ak—2)m) o (DFns (2k2), >5>
FINE (f(Bakoyn)e™ & (D*Frus 6357y = 2>/n>,~,®2)

+E (f(B(%fl)/n) A <D2§ 52k 1)/n 5(22 2)/n>ﬁ®2) :

As a consequence,

Po(N) = —2X Z E(f @2k—1)/n)f (B@i—1)/n)€’ F"f)

k,1=0
®2 ®2 ®2 ®2
X <5(21 1)/n 5(21 2)/n’5(2k 1)/n 5(% 2)/n> w2 ZZT’W (4.11)
where 7, ,, is given by

e = Blf"(Bak-1)/m)e” [(8 k1) /m> 2k—1)/m gy — (E(2k 1>/m5<2k—2>/n>2}
+2AE (1 (Biak-1m)e ™€ (DFs dt1y/n) ) (Ek-1)msSak-1y/n )
—2i\E (f "(Biak—1)/n)e™ (D Fy, 6(p 2>/n>,5) (e(2h-1)/n> O(2k—2)/n)
128 (' (Ba-1y/)e™ ™ (D€, 8ok -1)/m) g ) (Ean-1)/msOn1)/m)

(

—2F (fI(B(zk 1y/n) € (DE, 6(og— 2/n>ﬁ) E(2k—1)/n> O(2k— 2)/n>5§
)
)
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+2i\E (f(B(%fl)/n)eMFn (D€, dan-1)/ >
—2iI\E (f(B(Qk—l)/n)eMFn (DE, 6(p— 2)/n>
— 6%

+E (f(B(qu)/n)eMF" <D2§,5gi 1)/n

(DFy,d26-1), >ﬁ>
<DFn75(2k 2)/n>ﬁ>
®2
k—

(2 )/n>55®2>

[n/2]
+id > E <f(B(2k71)/n)eZ)\Fn§ F"(Bai-1)m)F2(85 1y 1) = 12003575y ) )
=1
®2 ®2 ©2
X< £@-1)m Sk-1)/m ~ 0ok 2>/n>ﬁ®2
[n/2]
+4iA Z E(f h-1)/n)€ N ES (B 1)/n)AB(2l71)/n)
=1
e 2 ®2
X <€<2z71>/n®5<2z71>/m52‘31%1)/ = Ooi— 2)/n>ﬁ®2
/2] |
~4iX Y E <f(B(Qk_1)/n)GMF”Sf'(B(Ql_l)/n)AB(zz—z)/n)
=1
> 2 ®2
X <€(2l—2)/n®5(2l—2)/n=5?31?71)/ 5(2k 2)/n>ﬁ®2
13
= > R, (4.12)
j=1
The only difference with respect to (B.19) is that, this time, the term
n—1 ‘ ) )
ZZ E[f"(Bag—1)/n)e™ €] [<6(2k71)/n,6(2k71)/n>5§ — {e@k—1)/n> 5(2k72)/n>5§}
k=0

corresponding to (B.15) is negligible. Indeed, we can write

i
L

E[f"(Bag—1)/n)e™ €] [<5(2k71)/na 5(2k71)/n>; — {e@k—1)/n> 5(21?72)/11%}

i
A

4 1
= E (f”(B(%fl)/n)eZAF"f) |:<5(2k1)/n7 5(2k71)/n>2ﬁ - E]
0

=
Il

_ZE< 2k 1 /n) eiA ng) [(6(%_1)/”,6(%_2)/”%_ %]
0 by (D, wnder (KL,

n—oo

Moreover, exactly as in the proof of Theorem @ we can show that lim,, o Y kn/ 12 : Tin = 0.

Consequently, we have

lim ¢/, ()\)

n—oo
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[n/2]

. iAFy
= —2A lim Z E (f(B(Zk—l)/n)f(B(2l—1)/n)e r 5) <5E‘3?_1>/n - 5{'3?_2>/n,528ﬁ_1)/n - 5%%—2)/71

n—oo

fi=1
N |
= —Zlim - > E (f(B(qu)/n)f(B(zzq)/n)BZAF’f)

2 n—oo N,
k=1

x (20%(2k — 21) — p*(2 — 2k + 1) — p* (21 — 2k — 1))

A [o.¢]
= - E (2p%(2r) — p*(2r + 1) — p*(2r — 1))
9 [n/2]A(In/2]—T)
L2 iNF,
x lim = k—l\/g(l) E(f(B(Qk—l)/n)f(B(Qk—1—2r)/n)e §)

- _)\/<;2/1E <f2(Bs)ei>‘F°°§> ds,
0

where & is defined by ([.1)). In other words, (f.10) is shown and the proof of Lemma [.3 is
done. O
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