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MATHEMATICAL STUDY OF RESONANT WIND-DRIVEN
OCEANIC MOTIONS

ANNE-LAURE DALIBARDY"? AND LAURE SAINT-RAYMOND?

ABSTRACT. We are interested here in describing the linear response of
the ocean to some wind forcing, which admits fast time oscillations and
may be resonant with the Coriolis force. In addition to the usual Ekman
layer, we exhibit another - much larger - boundary layer, and some
global vertical profile. That means in particular that the wind effect is
no longer localized in the vicinity of the surface.

From a mathematical point of view, the main novelty here is to in-
troduce some systematic approach for the study of boundary effects.

The goal of this paper is to understand the influence of a wind - depending
on time - on the oceanic circulation. More precisely, we are interested in the
effects of a resonant forcing, i.e. of a wind oscillating with the same period
as the rotation of the Earth.

In the non-resonant case, the works by Desjardins and Grenier [[] then by
Masmoudi [[[4] show that the wind forcing creates essentially some boundary
layer in the vicinity of the surface, which contributes to the mean motion
by a source term, known as the Ekman pumping. For a precise description
of the method leading to such convergence results, we refer to the book [g]
by Chemin, Desjardins, Gallagher and Grenier.

Here the situation is much more complicated since the resonant part of
the wind will be proved to generate another boundary layer with a different
typical size, and overall to destabilize the whole fluid with the apparition of
a vertical profile. We give here a precise description of these (linear) effects
of the Coriolis force in presence of resonant wind.

1. DESCRIPTION OF THE WIND-DRIVEN CIRCULATION

Let us first present the mathematical framework of our study and state
precisely our main results.

1.1. A Navier-Stokes model with suitable boundary conditions.
e Our starting point is the homogeneous incompressible Navier-Stokes
system in a rotating frame

ou+ (u-Vu+Vp=F+uAQ,

(1.1) Vou—0,
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where F denotes the frictional force acting on the fluid,  is the (vertical
component of the) Earth rotation vector, and p is the pressure defined as
the Lagrange multiplier associated with the incompressibility constraint.

We assume that the movement to be studied occurs at midlatitudes. At
such latitudes, the Coriolis acceleration can in a crude approximation be
considered as a constant. In other words, we can neglect the variations
of the Coriolis parameter () and use the f-plane approximation, which
makes the analysis much simpler than in the case of the full model.

The observed persistence over several days of large-scale waves in the
oceans shows that frictional forces F are weak, almost everywhere, when
compared with the Coriolis acceleration and the pressure gradient, but large
when compared with the kinematic viscous dissipation of water. One com-
mon but not very precise notion is that small-scale motions, which appear
sporadic or on longer time scales, act to smooth and mix properties on the
larger scales by processes analogous to molecular, diffusive transports. For
the present purposes it is only necessary to note that one way to estimate
the dissipative influence of smaller-scale motions is to retain the same rep-
resentation of the frictional force

F =ApApu+ AL0,u

where A, and A}, are respectively the vertical and horizontal turbulent vis-
cosities, of much larger magnitude than the molecular value, supposedly
because of the greater efficiency of momentum transport by macroscopic
chunks of fluid. Notice that A, # A is therefore natural in geophysical
framework (see [[Lf]).

This paper is thus devoted to the analysis of the so-called “rotating fluid
equations”, consisting in the three-dimensional anisotropic Navier-Stokes
system in which a constant coefficient penalization operator has been added
to account for the Earth rotation.

e We consider the motion in a bounded domain
w=wp x [0,1]

where the bottom and upper surface of the ocean are assumed to be flat at
z=0and z = 1 and where wy, is the horizontal domain to be studied.
As boundary conditions on the upper surface, we enforce

(12) U3|z=1 = 0,

azuh|z:1 =X,

where X is a given stress tensor, describing the wind on the surface of
the ocean. Notice that ([l.2)) is a rigid lid approximation since we assume
that the upper surface of the ocean remains at z = 1. This is a drastic, but
standard simplification, since it is actually a free surface, and a moving in-
terface between air and water, which has its own self consistent motion. The
justification of ([[.9) starting from a free surface is open from a mathematical
point of view. Nevertheless, from a physical point of view, the simplification
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does not appear so dramatic, since in any case the free surface is so turbulent
with waves and foam, that only modelization is tractable and meaningful.
Condition ([.9) is a simple modelization which already catches most of the
physical phenomena (see [Lf]).

At the bottom we use the Dirichlet boundary condition

(13) U|Z:0 = 0,

which is a braking condition at the interface ocean/earth’s crust.
Note that, for the sake of simplicity, we do not take into account here the
topography of the bottom. The topographic effects should actually modify
the Ekman boundary layer and consequently the limit equations, even if the
variations of the bottom are small (see [l] and [§] for instance).

In order to simplify the study and focus on the wind influence, we also
neglect the effects of the lateral boundary conditions by considering
the case when wy, is the two-dimensional torus. Of course such an assump-
tion is not physically relevant. It is well known for instance that the lateral
boundary layers, called Munk layers, play a crucial role in the oceanic cir-
culation, in particular in the western intensification of currents.

1.2. The dominating influence of the Coriolis force : a formal

asymptotics.
e We will study the following asymptotic behaviour
U
— =€e—0,
(1.4) LO
: Ap LA,
=v—0

UL~ 7 pUD2
where I and D are the typical horizontal and vertical length scales, and p
denotes the (constant) density of the fluid. In other words, we will consider
the following system

1
(9tu—i—(u-V)u—|—EegAu—Ahu—yazzu—l—VpZO
V-u=0,

Such a scaling of parameters seems convenient for instance for the
mesoscale eddies that have been observed in western Atlantic. One has

indeed

(1.5)

U~ 5cm/s, L~ 100km, D ~4km and Q~ 1074571
which leads to the following value for e
e=5x107".
Possible values for the turbulent viscosities given in [[[q] are
Ap ~107em? /s and A, ~ 10em? /s

so that
v=1073.
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As mentioned above, we will supplement this equation with the following
boundary condition

aZu‘ZZI = /307

where (3 is the typical size of the scaled forcing and o is of order one.

e The first step in the study of rotating fluids is to verify that the only
way to control the Coriolis force as € — 0 is to balance it with the pressure
gradient term. Hence in the limit, e3 A u must be a gradient

—int

€3 N\ Upean = _vp

which leads to

—int _ 1
Umean = vhp

where the limit pressure and thus the limit velocity are independent of z.
In particular, 4", is a two-dimensional, horizontal, divergence-free vector-
field. The fluid being limited by rigid boundaries, from above and below, the
divergence-free condition leads indeed to us = 0 (at least to first order in €).
In other words, all the particles which have the same x; have the same
velocity. The particles of fluid move in vertical columns, called Taylor-
Proudman columns. That is the main effect of rotation and a very strong
constraint on the fluid motion.

As the domain evolution is limited by two parallel planes, the height of
Taylor-Proudman columns is constant as time evolves, which is compatible
with the incompressibility constraint. We can then prove that the columns
move freely and in the limit of high rotation the fluid behaves like a two-
dimensional incompressible fluid. Integrating the motion equation ([L.3)

with respect to z and taking formal limits as € — 0 leads indeed to
ataigéan + (aigéan ’ vh)ﬁ:ﬁéan + Vip = Ahﬂ%ﬁan?

Vh-ﬂmt =0.

mean

(1.6)

Note however that on the boundary of the domain, where the velocity is
prescribed, the z independence is violated. That leads to vertical bound-
ary layers modifying the limit equation ([L.§), which will be investigated in
the rest of the paper.

e Before starting with the precise study of these boundary layers, let us now
describe what happens for the three-dimensional part of the initial data, i.e.
the part of the initial data that does not satisfy the geostrophic constraint.
The dominant process is then governed by the linear Coriolis operator

L:ueVy—Ples Au) €V,

where Vj denotes the subspace of L?(w) of divergence-free vector fields hav-
ing zero flux both through the bottom and through the surface

Vo={ueL*[0,1]xT? / V-u=0and U|,—0 = Ug|,—1 = 0},
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and P denotes the orthogonal projection onto Vy in L?(w). Notice that in
general, P is different from the Leray projector on divergence-free vector
fields in L2.
The equation
eu~+ Lu =20
turns out to describe the propagation of waves, called Poincaré waves, with
the following dispersion law relating the pulsation A; to the wavenumber &

k‘37'('

A = — .
VIkn|? 4 (mk3)?

For the sake of completeness, we recall here - essentially without proof -
some fundamental properties of the Coriolis operator L For a detailed study
of these spectral properties we refer for instance to [E]

Extending any u € Vg on [—1,1] x T? as follows

(1.7) up(Th, 2) = up(n, —2)  and uz(wp, 2) = —uz(wn, —2)

(which is compatible with the incompressibility constraint V -u = 0) we
obtain a periodic function, so that it is possible to use some Fourier decom-
position.

Setting
(
k) = iko + k
nl( ) 27T|k‘h|(z 2 + 1>‘/€)
ng(k) = 2T (—ik1 +kaXk)  if Ky, £ 0,
ng(k) =i il
( 2m\/|kn|? + (mks)?
and (k)
sign(ks
k) = o\
n1 (k) om 1
v else,
na(k) = 27
ng(/{?) =0
what can be proved actually is that the family (Ny) defined by
ny (k) cos(mksz)
Nk = eXp(ikﬁh . :Ch) ng(/{?) COS(TI’ng)
ns(k) sin(mksz)

is an hilbertian basis of V| constituted of eigenvectors of the linear penal-
ization
k‘37T

VIkn|? + (wks)?

Thus the three-dimensional part of the initial data generates waves, which
propagate very rapidly in the domain (with a speed of order ¢~ !). The time
average of these waves vanish, like their weak limit, but they carry a non-zero
energy.

(1.8) P(es A Ni) = i AN with A\, = —
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To handle with waves we therefore use some filtering method introduced
independently by Grenier [[[(] and Schochet [R(]. Conjugating ([.5) by the
Poincaré group leads to

tL tL

o (o0 (12 1) o (") Q) ) =0,

or equivalently, setting u; = exp (%) u,

tL tL tL
Oyur,—Apur—v0,,ur+exp <—> Q (exp <——> U, exp (——) uL> =0.
€ € €

Note that u can be retrieved from wuj, thanks to the formula

tL t
U = exp (—?> uy, = Z(Nk|UL> exp (—ig)\k> Np.

The first order approximation, i.e. the envelope equation, is then
obtained by taking limits in that filtered system :

(1.9) ouu" — Apup™ + Q(u, uf™) = 0

where Q is defined as some projection of Q on the resonant modes of the
linear penalization L. The oscillatory profile u?" thus satisfies a three-
dimensional parabolic equation, with special properties because of the rare
occurence of wave interactions (see for a detailed study of the limiting
nonlinearity and the global wellposedness of the limit system.)

Note that the interaction between two Poincaré waves does not create
z independent field, meaning that the limit 2 independent field a', is
completely decoupled from the waves (see [[f] for a simple proof of this result

based on compensated compactness).

2. GENERAL STRATEGY AND MAIN RESULTS

The goal of this paper is to study the influence of the wind forcing on the
motion, in particular when this forcing has fast oscillations.

As usual in singular perturbation problems, the first step is to consider
the linear penalization problem, or in other words study the waves produced
by the Coriolis force. Our objective in this paper is to determine particular
solutions satisfying the boundary conditions, and to understand if the effects
of the forcing are local (in the vicinity of the surface) or global (in the whole
fluid).

We are thus interested in the following linear system

1
Ou+ —Ples Au) — Apu — v0,,u =0,
€
V-u=0,

(2.1)

supplemented with the boundary conditions

(2 2) Uz=0 = 0,
. u3|z=1 = 07 azuh|z:1 = ﬁ0-7
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where (3 is a positive number and o is some smooth function, periodic in
and almost periodic in t/e.

In order to simplify the presentation, we will assume in all the sequel that
o has only a finite number of Fourier modes in space and time, which is not
a restriction in the linear case since one can use a superposition principle.
We assume that the parameter § satisfies the following condition

(2.3) 3(040,041) S RQ, op < 5/9, o) > 2/9, 0= O( —ao al) .
Our main result is the following:

Theorem 2.1. Let v € L?(w). Let 0 € L®(Ry; L2(w)) such that

t CEh Z Z :U'akh

kep| <N peM

where M C R is a finite set.
Let u be the solution of (R1), B-). Assume that (R.3) is satisfied.

Then as €,v vanish, we have
t
u(t) — [exp < L) it 4 Stat} — 0
€

m Lloc(R+, L?(w)), where —ant is the solution of the envelope equation (5.14),
and u*™9 is a singular profile, due to resonant forcing on the modes p = £1,
kn = 0; by definition, u*™9 = w90 4 4591 where w90 (resp. us™9l)

is given by (5.20) (resp. (E10)).

Remark 2.2. (i) That result extends previous works by Masmoudi [[4] and
Chemin, Desjardins, Gallagher and Grenier [|]. They have indeed studied
analogous boundary problems for rotating fluids, but have used in a crucial
way a spectral assumption on the forcing modes, which ensures that the
forcing is non-resonant, or in other words that the boundary layers remain
stable.

(ii) If the horizontal viscosity, say «, did also depend on e, it would change
neither the method of proof, nor the nature of the convergence, at least in
the linear case : we would just get a limit system with (possibly evanescent)
horizontal viscosity lim._g a.

Indeed, as we consider some horizontal domain wy, without boundary and
the linear operator has comstant coefficients, there is no coupling between
horizontal modes. We can then work with fized ky. The horizontal viscosity
induces then some dissipation mechanism with rate o|ky|?, the limit of which
is trivial.

On the contrary, because of the boundary conditions at z =0 and z =1,
there is a strong coupling between the vertical modes. The FEkman pump-
ing obtained in the asymptotics € ~ v is the expression of this coupling. It
corresponds in some sense to a result of non commutation between the pe-
nalization %L and the vertical dissipation v0,, supplemented with suitable
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boundary conditions at z = 0 and z = 1. More precisely, it is obtained as
the limit

lim <e%yf“)zze*%> .
(iii) If v = O(¢), then condition (R-) can be relaved into
J(ap,a1) €R?, a9 <5/7, a1 >2/7, =0 (1/70‘060‘1) ,

for technical reasons explained in the proof page 3.

e~V

The approximation of the function v obtained in the proof of Theorem
is actually much more precise than the mere function @7*. Indeed, we
will need to build boundary and corrector terms, which are all small in L?
norm, and thus do not play a role in the final convergence result, but are

necessary in order that equation (R.I]) is approximately satisfied.

e We have seen in Remark R.2(ii) that, at least in the linear case, the hori-
zontal viscosity is essentially a silent variable, in the sense that one has just
to take limits in the dissipation factor a|ky|?. Then, by a simple change
of time variable, one can always come down to the case when the vertical
viscosity is of the same order as the Rossby number. Setting

a(t,z) = u ((5)1/2 t,x)

Oyt + ——— Lit — (ev) /20,11 — (5>1/2 Apit =0
(ev)1/2 v

Therefore the case when v ~ € is the most relevant. Formally both other
cases can be deduced from this one, by considering either the asymptotics
t — oo (case € < v), or the asymtotics t — 0 (case € > v). That means that,
in the case when € > v, the effects of the boundary terms, even damped by
the penalization, remain localized in the vicinity of the surface and thus do
not contribute to the mean motion

lim <e%uazze_%> =0.

€,v—

we get indeed

e~V

In the case when v >> ¢, the vertical dissipation damped by the penalization
induces a strong relaxation mechanism, so that we expect the solution to
be well approximated, outside from some initial layer, by a “stationary”
solution to the wind-driven system. That initial layer should be of size
O (\/5) and the relaxation should be governed by the Ekman dissipation
process (B.14). Note that in that case
tL tL
eliuril <eTVBZZe*T>

does not make sense.



RESONANT WIND-DRIVEN OCEANIC MOTIONS 9

Remark 2.3. In the nonlinear case, the same argument cannot be directly
applied since the contribution of the convection term and of the horizontal
dissipation will be different depending on the asymptotic value of €/v. Nev-
ertheless, we expect to have the same balance between the two mechanisms,
or in other words the same limit for

ehurilo <e%yazze_%> .

In the case when v > €, that limit is not defined and the interaction of
both mechanisms produces a strong relaxation process leading to some initial
layer.

e As the evolution equation is linear, we will further use some superposi-
tion principle, meaning that we will deal separately with the forcing and
with the initial condition. More precisely, we will consider on the one hand
the wind-driven system

1
Ou+ —Ples ANu) — Apu — v0,,u = 0,
€

V-u=0,
(2.4) U= = 0,
u|z:0 = Oa

U3|z=1 = 0, azuh|z:1 = fo.

For that system, we will construct an approximate solution constituted of
a boundary term uP’! localized near the surface, and of a singular term
191 in the case when the forcing is resonant (in a sense that will be defined
in the next section). The convergence of the modes such that |p # 1] is then
proved using a somewhat soft argument, which can be applied with a crude
approximation. Concerning the quasi-resonant modes, for which |u| = 1
and kp, # 0, the situation is more complicated, and we have to build several
correctors before reaching the adequate order of approximation.
On the other hand, we will study the initial value problem

1
Ou+ —Ples Au) — Apu — v0,,u =0,
€

V-u=0,
(2.5) Ujt=0 = 7,
u|Z=O = Oa

uzjz—1 =0,  Ozup|—1 = 0.

Here we will use, following [[f], an energy method which requires to obtain a
very precise approximation. A quantitative result about the required preci-
sion is given in the stopping condition below (Lemma [). The approximate
solution is actually obtained as the sum of two interior terms «™ that we
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seek in the form
it — Z clNlefi)\lé
coming from the analysis of the linear penalization as an operator of L2,

and two boundary terms ©?%0 the form of which will be determined in the
next section by a careful study of the boundary layer operator.

Remark 2.4. Of course, in the nonlinear case the superposition principle
does not hold anymore, and both systems (2.4) and (.4) will be coupled.
However the construction of the boundary layers (which are obtained essen-
tially by a linear process) can be extended in that case.

The difficult point is to prove the convergence of the approximation, in
particular when the (resonant) forcing creates some singular profile which
18 not localized in the vicinity of the surface, and thus is expected to modify
strongly the (nonlinear) convection. For a study on that topics we refer to
our forthcoming paper [f].

The next sections are then devoted to the construction of ug,,. We start
with a precise description of the boundary layer operator B in Section 3.
We then build, in Section 4, the approximation and prove the convergence
for the (possibly resonant) wind-driven system (R.4). For the sake of com-
pleteness, we finally study the system (R.§) which has already been dealt
with in a number of mathematical papers. Let us recall that in both cases
we need a refined approximation with many orders. We have then to iterate
some process giving the successive correctors. Note however that we are
not able to really obtain an asymptotic expansion leading to a more accu-
rate approximation (in L? sense). At each step of the process the order of
the resonances involved in the estimates is indeed increased, so that it is
not possible to obtain convergent series. For more precisions regarding that
point, we refer to the proof in Section 5.

3. THE BOUNDARY LAYER OPERATOR

We recall that the boundary condition at the surface is given by (R.9) :

Sun(t,xn) = 0vn(p, k) exp (wé) exp (ikp, - zp) -
ok,
In the same way, as the Coriolis operator generates waves oscillating at a
frequency — A /¢, from the Dirichlet boundary condition we deduce that the
boundary term at the bottom is of the form

A ot .
Son(t,xn) = don(p, k) exp (w;) exp (iky, - xp,) .
M?kh

Actually, SO,h depends slowly on time, but this will be taken into account
later on.
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Thus it is natural to seek the boundary terms as a sum of oscillating
modes, rapidly decaying in z. Our goal in this paragraph is to characterize
these modes, or in other words to describe the propagation with respect to
z of the boundary conditions

Vjz=0 = O0,h,  O2Vp|a=1 = BO1h -
We will use the following Ansatz
v(t,x) = 0 (t, ) + vl (t,z)
with
: : ¢
J(t — J k- i
v (¢, z) Zk:v (1, kn; ) exp <Z€M>
HRR

where p and ky, are the oscillation period and horizontal Fourier mode.
We further seek v°(y, ky,) and v'(u, ky,) in the form

00, ks ) = 00, k) exp(iky, - x5) exp <—)\\/%> ,

vl (1, ki ) = ' (1, kon) exp(iky, - xp) exp (—A“ ﬁ))
so that they are expected to be localized in a neighbourhood of size O(y/ev)
respectively near the bottom and near the surface. Note in particular that,
with such a choice, v° (resp. v') introduces only exponentially small error
terms on the surface (resp. at the bottom).

Plugging this Ansatz in the system (R.1]) we get actually

k1koty — k3o

(3.1)

iy — N20y 4 k20 — Uy + ev =0,
pur 1T €ERRUL 2 T € \2 —euk,%
(3.2) . oA 2~ 2 A N _k1k2@2 + k?%@l
- A k =0
102 V2 + €Rp V2 + V1 + €V 2o euk,% ,

\/E_V(iklﬁl + ikz@z) + Avg =0.

which expresses the balance between the forcing, the viscosity, the Coriolis
force and the pressure.

Denote by Ay the matrix corresponding to (8.9)

k1k k2
Ax(, k) = A — evk; A —evk;
AV R 14 evk? 2 4 e evki ko
_ T2 I ek M2
A2 — 61/l<:,21 H h N2 eyk%

Classical results on boundary layers are then based on the fact that |u| # 1,
which ensures that the matrix
w1
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is hyperbolic in the sense of dynamical systems, i.e. that its eigenvalues
have non zero real parts. This feature, as well as general properties of the
system, is therefore stable by small perturbation. The method consists then
in neglecting the perturbation, i.e. the pressure and horizontal viscosity
terms and to compute a solution to

ov+esANv—vd,v=0

with suitable boundary conditions.
Now, if |u| = 1, the matrix
w1
—i p

admits zero as an eigenvalue, and we expect its behaviour to be very sensitive
to perturbations. Actually we will distinguish between two cases

e cither kj, # (0,0) and we will prove that the same type of behaviour
as previously occurs, with the difference that the decay rate A of the
singular component is anomalously small. We will thus develop a
general method, which can be used independently of the size of A
(the classical method fails since the error depends on 1/A?).

e or k;, = (0,0) and we have a bifurcation. The solution v is not
localized anymore.

Case when k;, # (0,0).

e Let us first introduce some notations in order to define an abstract
framework to deal with. For the sake of simplicity, we omit here all the
parameters u and ky,.

If X is such that det(Ay) = 0, then there exists w)y such that

(3.3) A)\w)\ =0.
In other words the vector fields WY and W defined by
(3.4)
0 WA . . t z
Wi(t,x) = \/;_Vikh w0, exp(iky, - xp) exp(wg) exp <—)\ﬁ>
Wi(t,z) \;\G—Vw)\ exp(iky - xp) e p(iut)e p< )\(1_2)>
y L) = h*Th)eX —)€Xp | —
A —E—ikh W) € Vev

are exact solutions to (R.1)) satisfying respectively the horizontal boundary
condition

W)(\],h\z:o = wxexp(iky, - vp) exp(ip-),
A : t A
82W>(\),h|z:1 = _ﬁw)\exp(lkh - xp) exp(zlug) exp <_ﬁ

)

N— 1
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and
. ot
O W pjsm1 = wrexp(iky - xp) exp(in ),
Vev t

W)%,h\z:O = TwAexp(ik:h - xp) exp(iug) exp <_ﬁ>
A

We have moreover the following estimates (provided that N 1)
(3.5)

ev 1/4
WY =O0(1) 1 (mt,()), WA =0 <(V> > |
LOO(R+,L2(Q))

1/2 evn 3/4
Wi=0 ( & > . Wl=0 ( i > :
’ (52) pe®e @) (5e) Lo R+ L2()

We intend to build one particular solution to (R.1)) satisfying the horizontal
boundary condition

Vp|2=0 = 00,h;
0:Vp|z=1 = BO1,p-

Hence, we only have to find (for all y and kp,) some wy- and wy+ constituting
a basis of C2.

e In order to determine some suitable wy,- and wy+, we have to get some
asymptotic expansions of the eigenvalues and eigenvectors of Ay (u, kp,).
In view of the previous paragraph, at leading order, we have

A = (z’u I A2 w—_l)\2> +o(1)
so that
det(Ay) = (ip — N*)? +1+0(1) =0
for (A\7)2 =i(u+1) +o(1) or (A\1)2 =i(u — 1) + o(1). We further have
wy- = (1, —i) + o(1) and wy+ = (1,7) + o(1)
For |u| # 1, we choose A~ and AT to be the roots of det(A)) = 0 with non-

negative real parts. The previous asymptotic equivalences are then enough
to prove that

det(wy—,wy+) = 2i 4+ o(1)
from which we deduce that (wy—,wy+) is a (quasi-orthogonal) basis of C?,

and that we have uniform bounds (with respect to € and v sufficiently small)
on the transition matrix P and its inverse.
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For u =1 we expect A\~ to be given by (A\7)? = 2i + 7~ with n_ = o(1),
and AT to be given by (A\*)? = nT with n* = o(1)

. 2 2 evki ks . 9 9 evky ko
det(A)\) = <’L,U, — )\ +€]€h + )\2—761/]{]21> (Z/L — )\ + Ekh — m

(oM N (ks
)\2—61/1{,% )\2—euk,2l

kik kik
:(—i—n—+eki+6” . 2) (—i—n_—i—eki—ey ! 2)

2% 2%

evk? evk?

from which we deduce that

1
N = ek% + Zeuk,% + o(e)

i o vkl
"7 = Ekh + 27/,'74» + 0(\/5) + 0(6)?

and thus there exists a constant C', depending only on kj, such that
Clkn) ™" < [N (L kn)| < C(kn),
Clkn) e+ Ver) 2 <M1, kn)| < Clhn) (e + Ver)' /2.
Plugging these expansions in the formula of Ay leads then to
wy- = (1, =i+ O(e)),
wy+ = (1,7 + O(Vev) + O(e))

(3.6)

In particular we have
det(wy—,wy+) = 2i + O(e) + O(Vev)

from which we deduce that (wy-,wy+) is a (quasi-orthogonal) basis of C?,
and that we have uniform bounds (with respect to € and v sufficiently small)
on the transition matrix P and its inverse.

For 4 = —1 we have in the same way

57) Clkp) e+ Ver) 2 <IN (=1,kp)| < C(kp)(e + Ver)'/?,
. C(kn) ™" < M (=1, kn)| < C(kn)

and

Wy- = (17—i+0(\/6—y)+0(6))7 W+ = (17i+0(6))
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from which we deduce uniform bounds (with respect to € and v sufficiently
small) on the transition matrix P and its inverse.

e We then define v°(u, kp,) and v!(u, kp,) by
(38) ok x)exp <WE> — (ol W (1) + W (1, 2))

where Wi is defined in terms of wy by (B.4) and the coefficients o’ and ozi
are defined by

(3.9) (o, ) = P76, (1, k).
Case when kj;, = (0,0).
That case is strongly different since there is no term of higher order in

B2 - ,
fip— A -1
A= < 1 ip— /\2>

meaning that when |u| = 1 we cannot find a basis of eigenvectors (wy—, wy+)
with ®(A7) > 0 and R(AT) > 0. One of the eigenvalue is necessarily 0, and
thus the corresponding solution has no decay in z. In other words we do not
expect the boundary terms to be localized in the vicinity of the boundary
uniformly in time.

For |u| # 1 we use exactly the same arguments as previously and define

97 (u,0) by formulas (B.§)(B.9).
If 4 =1 we have
A" =2iand At =0
with
wy- = (1, —1) and wy+ = (1,17).
Define as previously W?_ by (B4), and aft by (B.9). Setting

[0°(1,0; ) + v'(1,0;z)] exp (ﬂ)

€
1 t
=" Wi_(t,2) + Bal Wi_(t,z) + (oz?r +Balz) | i ] exp (’Lg)
0
we can check that it is an exact solution to (R.1]), which further satisfies the

required horizontal boundary condition.
We then define

1 t 1 t
W>(\]+(1,o): (Z) exp <ZE>7 W§+(1,o): é Z exp <Zg>

so that formula (B.§) is still satisfied.
Note that the vertical component of the linear profile is identically zero.
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If 4 = —1 we have in a similar way
AT =0and AT = -2
with
wy- = (1,—4) and wy+ = (1,7).
Denoting by I/V)(\)+ and W>{+ the vector fields defined by (B.4), by

1 t 1 t
Wg, 1oy = |t ] exp|—i-], Wj, 1oy = |~ | zexp | —i-

we define ©°(—1,0) and 9'(—1,0) by formulas (B.8)(B.9) and we can check
that it is an exact solution to (R.I]), which further satisfies the required
horizontal boundary condition.

With that definition of the boundary layer operator B, we immediately
get the following continuity estimates :

Lemma 3.1. Let 0,01, be some rapidly oscillating 2D fields (with finite
numbers of horizontal Fourier modes and oscillating modes). Define

(3.10) v = B(don,01,n) = Z Z Zai (s ke )W A:t(,mh)

w,kp, j€{0,1} =+

where &, (11, k) is given by (5-9).
Then v can be decomposed as
V=10 + 7+ v
with
(3.11)
U 1 3 T
1onll 2@y + (ev) 2 [1BsllL2(w) < C [(W)‘*H(So,h\lm(wh) + B(ev) tl0nnll )|

1 3
9% 1 1
(6—}—\/5) ”(SOhHHl (wp) +ﬁ< +\/—> Hél,hHHl(wh) R

[0rll 2y < C

3 5

€V 1 €V 1
<€+\/€_I/) ”50,hHH1(wh) +ﬁ<6+\/e_y) Hél,hHHl(wh) ,
103" | 22wy < C (801181 ) + BlOLAN 1 () s 057 =0

Remark 3.2. The constant C' in the estimates above depends on the val-
ues of ju and ky. In the special case when (p,kn) € {(=A@, ks) kn)s k =
(kn,k3) € Z3} , the inequality for v can be slightly refined. Precisely, using

193] 22wy < C
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estimate (.3) in the Appendiz, we obtain in this case that for all a > 1,
there exists a constant Cy, > 0 (independent of kp, ks) such that

1/2
. 2
a2 < C@)™ |37 k™ [Son(=A ki)
keZ3
1/2
. 2
+ OBe)?t | S [k (51,h(_xk,kh)( ,
keZ3
and
1/2
. 2
Balliey < Gl | 37 k1 Son(=us k)|
keZ3
1/2
. 2
+ Cﬁ(eu)3/4 Z ‘/{?’a+5‘51,h(—)\k,kh)‘
keZ3
Proof. The profile v*™9 defined by
059 :Z Z Biad (u, O)Wio(u,O)
Jj po=l1
1 t
= (a9.(1,0) + Bal (1,0)z) | i | exp <’LE>
0
1 t
+ (a%(=1,0) + Bak (—1,0)2) | —i | exp <—i—>
0 €

obviously satisfied the third estimate in (B.11)).
We then split v — v¥"9 according to the size of the boundary layers

0=3030 3 G ) W

kn J po#l

U= Z Z Z ﬁja{;(u, kh)Wg(’(u7kh)

kn#0 j po=1

By definition of oz(];(,u, kp) and Wg(, (ukn)? WO then obtain the estimates

_ _ 1
Jonll 2 + ()22 < € (@) 100l + B 161 1l
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for the classical boundary layer, and

Vet (en)t!

198l 22 (W) + WH%HL?(M) <
c 1/4 . 3/4
c <m> 160,11l F11 (wn) + B <m> 01,1/ E71 (wp)
for the quasi-resonant boundary layer. U

Definition 3.3. Assume that the wind-stress o is given by
o(t,en) =Y 6, b e e
kp n

o We define the resonant part o,.s of the wind stress by

Gres i= 4. (1,0) C) exp <z£> +o_(1,0) <_12> exp (-{) ,

where (o (1, kn), 04 (1, kn)) = P, kn) " & (1, kn), Pp,kp) is the matriz

(Wx= (k) s W+ (k) and wy s defined by (B.3).
o We will say that a windstress ¢ is non-resonant if o..s = 0, or in
other words, if it does not generate any O(3) singular profile.

Notice that if the wind-stress is non-resonant, then
0
[B(vp, o)z < C.
Indeed, the singular profile reduces to

1

1
‘ t t
v = a9 (1,0) [ i | exp (%—) +al(=1,0) | =i | exp (‘i‘>
0 ‘ 0 ‘

and the third line in equation (B.11]) becomes

™ lz2 < Cllvoplla wp)-

4. STUDY OF THE WIND-DRIVEN PART OF THE MOTION

4.1. Some stability inequality for the wind-driven system (R.4).
As mentioned in Section 2, for the part of the wind-driven system (B.4)
corresponding to the modes y # +1, we will only need a rather crude ap-
proximation of the solution. We have indeed the following
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Proposition 4.1. Denote by u the solution to (.]) and by uep, any ap-
proximate solution in the sense that
1
Ou+ —Pleg Au) — Apu — v, ,u =1,
€
V. -u=0,
Ujt=0 = "¢,
U3|2=0 = 0, Up|z=0 = €70,
u3|z:1 = Oa azuh‘zzl = BO- + m,
with n — 0 in L2([0,T] x w), n; — 0 in L*(w) and no, v3/*ny, €dpmo — 0 in
L([0,T] x wy). Then as e,v — 0,
1w = app || oo (j0,17,22(w)) — 0,
[Vh(u— uapp)HL2([0,T}xw) + V|0 (u - uapp)”LQ([O,T]xw) — 0.
def

Proof. e The first step consists in building a family w such that @y, =
Ugpp + w satisfies

1
Ou + —P(es Au) — Apu — v0,u = 17,
€
V-u=0,

u‘t:() = ﬁta

U3|z=0 = 0, Up|z=1 = 0,

(4.2)

uzlo=1 =0, Orup.—1 = Bo +m.

with 7; — 0 in L?*(w) and 7 — 0 in L2([0,T] X wp).
In order to do so, we just apply Lemma [l] in the Appendix with

So.n = —€no, o3 =0 and §; = 0.

We recall that we work with a finite number of horizontal frequencies kj,, so
that all Sobolev norms in wy, are bequivalent to the L? norm.

A simple computation allows then to establish all the properties (£.9).

e The convergence is then obtained by a standard energy estimate. Com-
bining (.J) and (R.4), and integrating by parts lead indeed to

1 ~ t ~ t ~
1= )13 + [ 1900 = ) s+ [ 19— )

t
< mm;wy+4\m—awwwwmwp@ws

DN | =

t
+géuw—awmm]@wmwwmmm@ww

e To conclude we therefore need to estimate the trace (u — tapp)p|=1 in
L*(wp,) in terms of the H! norm of u — @gpp. By Sobolev embeddings and
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the Cauchy-Schwarz inequality, we have
V1/2||(U - ﬂapP)h\z:lH%?(wh) < Cllu— zlaumv||%2(w) +v[|0:(u — aapp)”%%w)

Plugging that estimate in the previous energy inequality, we get
1 - 2 ! - 2 v [t ~ 2
5”(“ — Tapp) (t)|72 + ) [Va(u = tapp) || 72ds + ) ) IVa(u = tapp) | 72ds
il + 5 [ Villagds + 072 [ Tmlagds
=g lllirzw) Ty f 1MLz w) o I en)

t
e /0 (1 = Tiapy) ()20

using again the Cauchy-Schwarz inequality. We conclude by Gronwall’s
lemma

1 ~ t ~ t ~
100 = ) Ol + [ 1930 = ) s+ v [ [V = gy

1~2 2C 1t~2 2C (t— 32t 2 20 (t—
< llza e t+§/0 Il 72>~ ds + v o lmlz,e (=) s

which proves that u — gy, converges to 0 in L{ (R, L*(w)). Theorem

will be proved in the case when v = 0 if we are able to build some
approximate solution ugy, that converges strongly to 0 as €, — 0. U

4.2. The approximate solution in the non-resonant case. In order
to obtain some approximate solution to (2.4) (in the sense (1)) of the pre-
vious paragraph), we will essentially need to construct the boundary layer
term and some small corrector to account for the vertical component of the
boundary condition. Of course that process will be slightly different if the
forcing is resonant, i.e. if the boundary term B(0,0) is not localized in the
vicinity of the surface. Thus let us first deal with the nonresonant case.

e We define with the notations of Proposition B.J]
WPPL = B(0,0 — 0es) = aPP1 4 @B

Since we assume that o has a finite number of horizontal Fourier modes ky,
and of oscillating modes i, by Lemma B.1], we have

_BL,1
[aE5 20y < ClollzanBlen)*’,
b /4,

u3 2wy < Cllollr2(w,)8(ev)
and for the modes with |u| =1,

3/4
B ev
I ) < Ol (5 55)

5/4
~BL,1 €V
s lh%méCHal!LaM(ﬁ> |
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It can be checked that hypothesis (.J) ensures that the right-hand sides of
the above equation are all o(1) Furthermore, using the explicit formula for
B, we get, for the classical part of the system (i.e. the modes pu # +1)

52 115 ) = O (Bev) and [[Ostig Y | s () = O(BY)
||u3|z s (o) = O(B(ev)™) and ||3tﬂ3|z’:o||Hs(wh) = O(B(ev)™),

and for the quasi-resonant part of the system

N B 12
g 115y = O(B(er)"/?) and [0pitg) ! | o) = O <ﬁ \D

125 sy = O(B(e)™) and 1055 |1 ) = O(Ben)™)
_BL1 _BL,1
3lz=1" U3|z=0
conditions of the stopping Lemma [I] in the Appendix as soon as v = o(1),
which is always ensured by hypothesis (2.3). We denote by w**°P the function
defined in Lemma [ with

for any integer N. As a consequence, @ and u P L1 o satisfy the

don =0, 01, =0
S — —gBLl _gBLL s oBL1
0,3 — \z 0 3|z=0’ 1,3 — \z 1
~BL,1
3[z=
Lemma . We therefore introduce some corrector v to restore the zero-
flux condltlon. We first define its vertical component

yintl _ _aBL,1
3 - 3|z=1

The term g, ", on the other hand, does not match the conditions of

2,

then its horizontal component in order that the divergence-free condition is
satisfied

int,1 BL,1
Uznt, :vh(Ah) 1 3‘Z L

Note that for kj, = 0, v"""! is identically zero. The fact that vy 7~ # 0 means
that a small amount of fluid, of order /evd; 3, enters the domain (or the
boundary layer, depending on the sign of the coefficient). This phenomenon

int,1

is called Ekman suction and vé"t’l is called Ekman transpiration velocity.
This velocity Will be responsible for global circulation in the whole domain,

of order (3 (ey) but not limited to the boundary layer.
In any case, we get easily that

[0 1o (10,00, 175 (w)) = O(B(ev

1/
1000 | Lo (10,00),22(w)) = (5\/7>

e If there is no quasi-resonant mode |p| = 1, we then claim that gy, =
aBll 4 wstoP satisfies the required conditions. We indeed have clearly

2

Uapp,3|z=0 = Uapp,3|z=1 = 0
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by definition of w*t°P. Notice that in this case @%F = 0 and v""»! = 0. We
further have

azuapp,h|z:1 — po =0,
”uapp,h\ZZOHLQ(wh) = O(ﬁ(ey)N) and ”atuapp,h|z:0”L2(wh) = O(ﬁ(gy)N)
for all N. We also have for all ¢t > 0
[tapp (D) |2y < 1855 (0|20 + [P (0|12 = OB(er)**) = o(1).

It remains then to check that the evolution equation is approximately
satisfied. We have

1
Orapp + E]P’(eg A Uapp) — Apliapp — V02 2Ugpp = O(Vﬁ)LQ([O,T]Xw) =o0(1)
supplemented with some initial condition

Uapp|t=0 = O(ﬁ(ey)3/4)L2(w)'

We therefore apply Proposition [.1 and conclude that ugp, has the same
asymptotic behaviour as the solution of
Ou + %P(eg Au) — Apu — vd,u =0,
V-u=0,
(4.3) Uj—g = 0,
uglz=0 = 0,  Up|z=0 =0,

uzjz=1 =0, Oxup|.— = Po.

e For the quasi-resonant modes |u| = 1, the influence of the forcing is much
more extended inside the domain. In particular, the defect

. 1 . .
) :at,vmt,l + 263 A ,Umt,l _ Ahvmt,l

— Z Z <ZH + |k:h|2> @mt’l(,u, kp, z)eikh'mhew%
€

pu==x1 ky
~int,1
1 _1}2 (M?khaz) i -
- E E ~int,1 tkp-xp S
+ € Uy (:U’a kh’z) € €
p=%1 ky 0

does not converge strongly to 0 in L? norm. It is however expected to have
rapid oscillations, and thus to converge weakly to 0. The standard method
to deal with such a problem consists then in building some corrector which
will be small in L? norm in contrast with its time derivative which has to
compensate the previous defect.

More precisely we will use the small divisor estimate stated in Appendix B.

For K > 0 arbitrary, denote by 5ui£t’1 => wle_ié)‘l Nj the solution to

. 1 . ) )
Bouttt + —P(es 1 Sult Y — Aputttt — vd,out = —Py (),
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supplemented with the initial condition

int,1
5uK|t:0 =0.

The notation P stands for the projection onto the vector space generated
by {Ny, |l < K7}
In other words, for |I| < K, 1y is the solution of
By + |2y + 0/ |I3] 2y = —e e (N|5)
where v/ = m2v. Direct computations give for Ij, # 0, p = £1,

AN .2 l
Up, t71(:u’a lh’ Z) = 163(1“, lh)ﬁ’

~int,1

U3 (//J,lh, Z) = 33(:“” lh)Z,
where
N Ozl (,u lh)lh s WHEp
03, 1p) =i p
b ) =) B2

with the same notations as in the previous section. We recall that

M (e, k) |72 < C(Wer + )71

Moreover,
hey |l ? !
N; i YhTh =g —-1)%1
| \l:fzz ’ TR
(4.4) )
—il2\ 0 if {3 # 0,
N || ity | et ) = ] 1
0 5 158

where |I|? = |I5|? + (nl3)?. We thus have
e + (|1 |* + v'|l3 [ )ady

(49 L Bk () P o) o
€ 27 ? m|l)ls In]

p==1

Notice that by truncating the large frequencies in [, we have introduced a

. . . int. 1 ; . . .
source term in the equation. Precisely, du};” +o"h1 is a solution of equation

(B1)) with a source term equal to
(£ — PX) + (BT — PgY).

The term ¥ — P belongs to Vbj- by definition of P, and thus for all u € Vj,
we have

/u)(z—]}»z)-uzo.
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As for the remainder term PY — Pg>, since the horizontal frequency kj, is
bounded, we have, according to formulas ([.4)

v _
HPE - ]P)KEHLOO((O,OO),L2(W)) < Cﬂ\/gK 3/2,
(4.6)
L Pz —pis <cpl g
WH — PrX| oo ((0,00), H-1 () < ﬁ\ﬁ :
The ﬁrst estimate in ([[.6]) will be useful when v is not too large, for instance
. On the other hand, we have, for all u € L2 ([0, 00), H!(w) N Vo))

loc

//PE PrX)-u < lullzeo.nm ) IPE = PrXl| Lo ((0,00), 51 ()

Lo 5
%K P2Vl L2 0.0y ()

Thus, using a slightly modified version of Proposition [i.1], when v is large,
it is sufficient to take K such that

B

Ve

We now apply Lemma [}; notice that all the terms s(p,1) in PX are such
that |u| = 1, ks # 0 ans thus satisfy, with the notations of Lemma [

IslZe < > > WP Ps(u P

<K pe{-1,1}
< 2V 2r | Apt 2
< CE- Y Y e ()]
<K pe{-1,1}

< CﬁzszH'
€

< OB

K™% = o(1).

Thus, we get, for all 7 > 0
180" 2r ) < CBler)2 K™,

For further purposes, we have to choose K such that the H® norm of w%‘t
is o (\/5) for some r > 3/2, and such that at least one of the right-hand
sides in (f.§) is o(1) as €, — 0. Indeed, the remainder term (P — Pg )X
will eventually be included in the remainder term 71 of Proposition [L.1. We
distinguish between the cases when v is large (say v > €) and v is small
(say v = O(e)), which yield different values for K.

- If v = O(e), we choose K so that

ﬁVQK*”:ﬂV?wwﬂK”%
€ €

for some r > 3/2, which yields

K = (ev) 2077,
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With this choice, we have

r+% r+%

”]P’E ]P’KE”L2 \/7”(511,”” ! HHr(w) < Cﬁyl_Q(H—?) € 2(r+2) ;

hence we can take § = O(r~%¢™) as long as a9 < 5/7 and ag > 2/7.
Notice that when v = O(e ), hypothesis (2.3) ensures that we can find such
a couple (ag,a1). We then choose rg > 3/2 such that

and we have

(7 IPE — Py, \f 180 gm0y = of1):

- Else, we choose K so that

1 1% 1
ﬁ—K_5/2 :ﬁ _(ey)1/2K5+§
Ve €

for some s > 3/2, which yields

K = (v/e) +is
In this case, the same calculations as above show that we can take § =
O(v~=?€*) as long as oy < 5/9 and a3 > 2/9. We emphasize that this
method remains valid when v = O(e), but gives a more restrictive condition
than the previous one. Moreover, when v > €, hypothesis () ensures that
there exists ap < 5/9 and a; > 2/9 such that = O(v=*0e*).
With «p, a; fixed, we then choose rg > 3/2 such that

ro + %
1—ag— > 0,
* T o +3
ro + %
— >0,
2(ro +3)
and we have
(48) T IPE-PR 0oy | LI N ooy =000
\/_
e Because of the terms v""! and 5umt ! , the horizontal boundary condi-

tions are no longer satisfied at z = 0. Thus, we construct another boundary
layer term, which we denote by duP™1!, such that

BL,1 __ int,1 int,1
ou = B(-v Uhlz= o~ ou K h|z= 00 0)-

We decompose suPb! into suPll = §aPh! + suPl! as in Lemma B.T]; the
term duP! is due to the modes ky, # 0, |u| = 1, and thus depends only on
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vbl since | M| < 1 if ky, # 0. Notice that there is no term dv*™9 because
mt 1(,u,lh, ) = 0, ?f}l =0 for lh =0.
According to the estimates (B.11]) and Remark B.3, we have, for all r > 1,

1

; (9% in
o o < Cl ine (o ioars )+ OO ()

€+ (ev)1/?

< Cle)P 1 Chr(an) o) o,

3

in eV in
H5U§L’1HL2(UJ) < o t’lHL2(w) <W> + Cllduye s (er)?
r+§
< Cev)® + Cﬂu(ey)3/4(y\/g)_T+23.

Thus, choosing for instance r = r0 — 1/2, we infer that du”™! vanishes in

L? norm. According to ([.§), there exists a constant C such that

C v
e © v
Gen] < |13]2 \/:B’

so that duP! is an approximate solution of equation @), with an error

term of order
\/Eﬁ(ﬂ/)l/4 < Ceimayi %
€

according to hypothesis (R.J); we recall that by assumption, o/f > 1/4 and
oy < 7/12, so that the error term is always o(1) in L2
Furthermore, 6uB‘L’11, 5u§?L1

the hypotheses of Proposition [i.] and Lemma [ respectively. Moreover,
H&igﬁf’:loHLz(wh) < C\/eyﬂéumt 1HHT0 4 C\/G—VHUmt’luL2-

are exponentially small, and thus satisfy

Thus, by definition of the truncation parameter K, 5u e ’1 satisfies the
hypotheses of Lemma [l

We now consider o4 |L which is due to the modes p = £1, k;, # 0 in

0’
vi"h1s we have
”(Sus\z 0”L2(wh) C( )1/4+\/—|’Umt’1”L2 < Cﬁ(eu)3/4.
Hence 5u | o does not match the conditions of Lemma [l and we need

to construct addltlonnal correctors dv"hl 5% mt ', We do not go into the

details of the construction, since it is rlgorously analogous to the one of vt

int,1 . il s s
and dujy, " ; for instance, v is given by
int,1 ~BL, 1
6vém’ = —(1 - z)ou, 3o
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so that

160" | L2y < CB(ev) "
Thus a factor (ev)/4 is gained by replacing v by Jv™%!; as a consequence,
the trace at z = 0 of the vertical component of the atypical boundary term
at the next order, namely 62aP%1, is of order

1/4

(9% in
W\/_Jr\ﬁ”&) P2 =0 (Bev),

so that the conditions of Lemma [l| are now met.
Thus, we slightly modify the definition of the function w**P given by
Lemma [, so that the boundary conditions are now

dop =0, 01,=0

L1 _BL1 BIL,1 _BL1 BL,1 BL,1
P 7 S AN, B0 Vet ' 1) P Vet

o3 = —u> 613 = —abll — 5y
0,3 = TH3]2=0 3|2=0 3lz=00 ‘1,3 T TH3=1 3lz=1 3|2=0

where we have denoted by §2uB%! the boundary term due to the construc-
tion of the additionnal corrector terms dv™™! + 52u1[?t’1.
e We then claim that
Ugpp = uBL1 + wstop + pint:1 + 5u§?t’1 + SuBL1 + Syint:1 + 52ul';(lt71 + 52, BLA
satisfies the assumptions of Proposition [L.1. We indeed have clearly
Uapp,3|2=0 = Uqpp,3|z=1 = 0
by definition of v, §v™! and w. We further have, for all N > 0
N
Hazuapp,mz:l - ﬂUHLQ(wh) = O((EV) )’
N N
”uapp,h\z=0”L2(wh) = O((ev)™) and Hatuapp,h\zz(JHL?(wh) = O((ev)™).
We also have for all ¢t > 0

ltappllzzy < C (@)Y + Blen) 2 (i) 5075 ) = o(1).

By definition of the different terms, the evolution equation is approxi-
mately satisfied, up to an error term of order o(y/7) in L*°((0, ), H!(w)),
and another one of order o(1) in L2((0,T) x w).

We therefore apply a variant of Proposition .1 and conclude that Uapp
has the same asymptotic behaviour as the solution of

Oru + %P(eg Au) — Apu — vd,u =0,

V-u=0,

(4.9) ujp—o = 0,
u3|z=0 = 0,  Up|z=0 =0,
ugz—1 =0, Ozup,—1 = fo.

Thus the solution of (.9) vanishes in L? norm as e,v — 0 with (e,v, 3)
satisfying (R.9).
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4.3. Construction of the singular term u*"9!. We have seen in section
f that the boundary operator has a very singular behaviour on the modes
(y kp,0,7) with kp, = 0 and po = 1. In particular it creates unbounded
terms in the whole domain in infinite time (¢ ~ 1/v.) For finite time,
what is observed is a boundary layer of size O(v/vt), corresponding to the
propagation of boundary data according to the heat equation.

e We thus start by solving exactly the corresponding part of the equation.
We proceed in two steps. We first build some profile v9:! satisfying the
boundary conditions

1 1
. t 4
vl = Bo (1,0)z [ i | exp <z—> +po_(=1,0)z | —i | exp <—i‘>
0 € 0 ‘

where the coefficients o4 (£1,0) are given in terms of o by (B.9).

The second step is then to determine - using explicit computations - some 2D
corrector @*"9! (depending only on ¢ and z) to match the initial condition :

(asing,l + vsing,l)ltzo =0

Note that @*"9! will be also very large (since 3 >> 1 in general), meaning
that the resonant forcing destabilizes the whole fluid.

Let us first remark that, for the 2D vector field @*"9! (depending only
on t and 2), (R.1) can be rewritten

. 1 .. .
ataszng,l + _ﬁszng,l Aeg — Vazzaszng,l —0.
€
As we further have

—sing,l —sing,l __
u\zzO =0, 9. |z=1 0,

we can decompose @591 according to the following family
sin(Zk3z) sin(k3z)
M = isin(ékgz) M, = —z‘sin(()gk:gz) with k3 € 2Z + 1.

We obtain the following decomposition for v*"9:1 in L2([0, 1])
2\,
~1)/2
> ((,m) (~1)s1/ Ba+(1,0)> M,

k3
2 2
+ ((—) <—1><’“3‘”/2ﬁa_<—1,0>> M,
ksm 3
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and thus

. 2 2 kg —1 't
(1) = —p Y (@7) (=1) 5T 04 (1, 0) My exp(—i — vi3)
k3

2 )2 - t
+ ( > (=)™ o (—1,0)Mj, exp(i= — vk3t).

We then check that the vector field
(410) w5l _ gsing,1 + v5ing,1

satisfies exactly both the evolution equation (P.J) and the “bad” part of the
boundary conditions.

e We then establish an approximation of “boundary layer” type.

The solution computed in the previous paragraph is exact, but the cor-
responding formula does not give precise informations on its asymptotic
behaviour as € and v tend to zero. We are thus interested in deriving some
approximation of “boundary layer” type, where the main term does not
depend neither on €, nor on v.

As mentioned previously, the singular component ©5"9:! of the velocity is
a 2D vector field (depending only on ¢ and z), so that (R.1) can be rewritten

sing,

. 1 .. .
atuszng,l + _uszng,l Aes — Vazzuszng,l = 0.
€

e As there is no more pressure in the equation, it can be filtered by a
simple change of unknown :

' L (1 1 A
uzzng,l _ = i |using,1 i efig 4= — ‘using,l —i el%
2 0 2

o~

A straightforward computation leads then to
8tusng’1 — V@zzusng’l =0,

which is nothing else than the heat equation with small conductivity v.
It is supplemented with the boundary condition

1 1
uizrzgzo = 0, 8,211/2@‘2‘11 = /30'+(1,0) Z —|— /30‘7(_1’ O)Z _Z ,
0 0
and the initial condition
using -0
L|t=0 —

e Standard results on the heat kernel show therefore that the boundary
effects will remain localized (in L? sense) in a layer of size O(v/vt) near the
surface.
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Seeking azusng " in the form of a self similar profile

; 1—2
o uszng,l _ < >
zYr, ® \/V7t

1
X (X) = ¢(X) =0,

we get indeed

from which we deduce that

and

We then have
BV2

Ooui" M (t,2) = == | 04 (1L,0) [ i | +0-(—1,0)z | —i

VT 0 0

~ B0Ores <1_ﬁtz>_l exp <—i (1;\/1/_:)2)

and thus using the bottom boundary condition

—_
—_
—
+
8
Cb\
»h\)
a
h<

. z .
u?ng’l(t,z):/ Bzusng’l(t,z')dz',
0

we deduce that usng’l is exponentially small outside from a layer of size

O(WVvt).

5. STUDY OF THE DISSIPATING PART OF THE MOTION

This section is dedicated to the rest of the proof of Theorem P.1 Ac-
cording to the preceding section, there remains to define the term wu?richiet,
which is an approximate solution of (P.1)), supplemented with the following
boundary conditions

Dirichlet __ 0 Dirichlet __ 0
=0, =

Uh|z=0 U3|z=0
Dirichlet Dirichlet
Dupemy =0, uz 77 =0,
Dirichlet __
Ujt=0 =7

This point has already been investigated by several authors, see for in-
stance [f]: the idea is to construct an interior term, denoted by u“, which
satisfies the evolution equation up to error terms which are o(1), and a
boundary layer term, denoted by u””, which restores the horizontal bound-
ary conditions violated by the interior term. We emphasize that in order
that the equation and the boundary conditions are satisfied up to sufficiently
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small error terms, we need to build some second order terms in both u™*
and uBr.

The organization of the section is as follows: in the spirit of the third
section, we first define an operator U, which allows us to construct an interior
term, given arbitrary vertical boundary conditions. Then we explain how
to choose the boundary conditions for the boundary layer term and the
interior term in order to retrieve (B.2). In the last paragraph, we build one
additionnal boundary layer term, and we prove Theorem P.1 thanks to an
energy estimate.

Throughout this section, we use repeatedly the following norm: if § €
L>®([0,00) x [0,00), L?(wp,)) is such that

St = 5 Sy,
|kp|<N ks€Z

then
1/2

~ 2

6t s == { > D Iksl®

|kp|<N ks€Z

5.1. Construction of the operator U. Let ;3 and dp 3 in L*°([0, 00) x
[0,00), L?(wyp,)) be such that

(51) 6i,3(t, T, ,Ih) = Z Z 8@.73(_)\]9, kha t)eik,‘hmhe—i}\k’r,
|k‘h|§N k3€Z

and let v € V. In practice, the functions d;3 and dg3 will not be arbi-
trary, and will be dictated by the expression of boundary layer operator
constructed in the third section. In fact, we will see that 6;3 = 0, so that
the expression of 4" below is simpler, but we have preferred to keep an
arbitrary value for 6; 3 = 0 in order not to anticipate on this result.

We define the operator U by

U(7; 60,3, 01,3) = u™,

where u'™ is an approximate solution of equation (P.1) and satisfies the

following boundary conditions

(5.2) u:if|1§=1 = \/551,3’
(5.3) ujfl_y = Vevdos,
(5.4) uffty = 7 +o(1).

We emphasize that conditions (5.9)-(F.3) will be satisfied exactly (without
any error term). Of course the above conditions are not sufficient to define
the term 4" unequivocally. We merely define here a particular solution of
this system, which is sufficient for our purposes; the construction is very
similar to what has been done in section [.
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The explicit construction of u"™ requires three steps: first, we exhibit a
divergence-free vector field v"*? which satisfies the vertical boundary con-
ditions (p.2)-(b.3), but not equation (R.1), and then we define a function
du™V which satisfies homogeneous boundary conditions, and such that

(55) uint - ﬂint + 6uint,0 + vint,(]

is an approximate solution of (2.1]), supplemented with the initial condition
(p-4). As usual in this type of problem, we first assume that @™ is the
preponderant term in u™, and thus we begin by deriving an equation for
the corrector term 6u™ involving @™. Ultimately, this will allow us to write
an equation for 2. In the third step, we prove that the function éu’™ thus

defined is of order O(y/ve) in L2

e A natural choice for v ig

(5.6) { Vi = e [8157 + So(1 - 2)],
v = VAL (B0 — s

(Note that v is not uniquely determined by (5.2)-(5.3)). We denote by
801, kp,, t, ) the Fourier coefficient of v™0, that is

"0t ) = Z "0, Ky, t, 2) exp(iky, - zp,) exp <zé,u> .
wokn ¢

Note that the Ekman suction at the bottom has a very important effect
in the energy balance. The order of magnitude of v [ |VuBL|? in the Ekman
layer is indeed O(\/g ), so that the Ekman layer damps the interior motion,
like a friction term. This phenomenon is called Ekman pumping. We
therefore expect that the limit flow of ([L.§) in the high rotation limit is
not determined by the formal equations ([.)) and ([.9) but by dissipative
versions of these equations.

e As in the previous section, we seek

. ot
T Z Cl(t)e_l)‘lle,
lez3
. ot
Suint0  — Z 5cy (t)e_l)‘lZNl,
lez3

so that
1 ) )
[&t +-L—v0,, — Ah] (@™ + sut0)
€

= 3 dualt) + e(t))eNEN!

lez3

+ 3 (il + V) () + Ser(t))e N ENE.
lez3
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On the other hand,
1 )
|:3t + —e3 A —v0,, — Ay, im0
€

= Z [@f}mt’o(ﬂ’ kn,t,z) + |]€h|2{)int,0(#, kn, 1, z)] e“fh'l“heiuﬁ
M?kh

1 g iy wn int
+ = 2 :Z/M}”Lt’o(,u,,kh,t, Z)ezkh Th ol
€
lu‘ykh
—iko

(013 — 00,3) (its ks t) [~ ik, -z it
B U Bt

In order that @™ + 6u™0 4+ 0 is an approximate solution of ®3), we
project both equations on N for I € Z2, multiply by exp(i)\lé), and identify
each term. We further apply the following rules in order to determine the
equations for du™0 and a@™t:

e all the terms which do not have fast oscillations and are of order
O(0;.3 \/g) become source terms in the equation on ¢,

e all the terms which are either o(d; 3 \/g ) or oscillating at a frequency
1/€e become source terms in the equation on d¢;.

We work with a fixed I € Z3. Recall that v"*? has no purely vertical
component, i.e. 50 (y, 1, ¢, 2) = 0if I}, = 0. Thanks to formulas ({4), the
equation on ¢; reads

(5.7)

2 2. v |l Ts I3 ¢
e +|ln Pt |13 2 = —\/E%W {50,3(—>\l,lh,75) - (=1) 351,3(—>\1,lh,t)} ;

supplemented with the initial condition
(5.8) a(0) = (Nilv)
and the equation on d¢; is

(5.9) deder + ([Inf* + v'|Is]*)dc

= 3 (M@t 2) + PO 1, ) S
HFE—N

\/7 Z 503 //J,lh, ( )351 3(:U‘alh’ ) «

BFE=N
plln] | Liz=o i(+p)d
( ST TR '

For the time being, we do not specify an initial condition for d¢;. Indeed, we
shall see that it is convenient to choose another condition than — (N, v™:0),
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in order to use the decay of 5j73(u, lp,t) with respect to ¢. This choice will
be precised in paragraph .4

As in the previous section, we truncate the large frequencies in d¢;. This
creates an error term in the evolution equation, which is of order

v 1
o(Vims),

where A is the truncation parameter, to be chosen later on. We set
int,0
5u’£ = Z Z 5ClNl-
In |i3|<A
e We now apply to 5uzlt’0 the small divisor estimate stated in Lemma [
in the Appendix with

5 ’l ’t - (-1 138 al at l 1 =
s(u,l,t) = _\/g 0,3(#, ln, 1) — (=1)5613(4, I )<1l;£ 1]l s 0>,

o eI TP

and we merely include the terms

A IN —l 3
— Ve ol t) = (<1)251 51 1n, )] 113¢°7|r|}5||z3

R R l
_ \/5 |:at50’3(lu’ lh7t) — (—1)l38t6173(1u’5 lhat)i| 1l37£0 7T||Z}Tl|3

in the remainder 7 of Proposition f.. We deduce that if r < 2,

i CAYVEer Y {116;3(0)la + 116;3()l1}
j

[|du'y

IN

)|z ()

t
T cM@z{ | 1oiala ds + sup ucsj,g(s)\u}
- 0
J

s€[0,t]

int,0
+ 0wy, Zoll e w)-

We now choose A such that

cwn ATV
ie. A= e 12 We infer that the error term in the evolution equation is of
order e'/*1/2 in L*®([0,T), L*(w)), and that

16w | oo o2y < OV sup (163(1)]la
j t€[0,T]

T
IR / 106, 5(5) |4 ds
~ Jo
J

int,0
+ H(Su%t:QHHQ(w)-
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5.2. Choice of the boundary conditions for v?’ and u™. We now

explain how the boundary conditions are chosen. As before, we work with
kp, fixed. Also, since the boundary conditions are all almost-periodic with
respect to the fast time variable t/e, we work with a fixed frequency u € R.
Note that this decomposition is allowed by the linearity of the equation.
We set
uPt = B(6o.n, 01,1,
where the boundary conditions dg 4, 01 4 are yet to be defined.

In order to match the boundary conditions (2.4) with ¢ = 0, we must
take uPL and u™™ such that

(WP i)y = of6),

0: (u, ™ +uj™) .y = 0(d),
(), = ofew0).
(qu + ué"t)lzzl = o(\/evd),

denoting by 0 the order of magnitude of §;, in a sense to be precised later
on.
We now examine each of the boundary conditions independently.

e At z =0, the horizontal boundary condition yields

3 ni(k)\ _
(5.10) 00,1 (1 kny 1) + Ly, c(t) <n2(k)> =0.
Since kj, is fixed, note that for all u € R, there exists at most one
ks € Z such that A\, r, = —p, and thus the expression above is

well-defined.

e Let us now tackle the vertical boundary condition at z = 0. Ac-
cording to the third section, the vertical component of u?L at z =0
depends on d j,. Precisely, we recall that

0

. Qg . .

U:?L(Na kh)|z:0 =Vvev E —)\i (ik1wys 1 + ikawyx 2),
+

(up to exponentially small terms), and

(a2, a%) = P~ oo (. kn).
As a consequence, in order that the vertical boundary condition at
z = 0 is approximately satisfied, we choose

0
2 g . .
(511) (50,3 = - E )\—i(lk‘lw)\i,l + ’Lk‘g’w)\:l:g).
+

o At z =1, 8zuzm is identically zero by construction of the operator
U, and thus we infer d; ; = 0.

e Concerning the vertical component at z = 1, the calculation is the
same as before. Since ¢ 5 = 0, we deduce that d; 3 = 0.
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The above relations ()—() allow us to write ¢ in terms of #;y,;. Con-
versely, the equation (f.7) on 4™ depends on 09,3, and thus on dp 5, through
the operator B. In other words, there is a coupling between the boundary

condition at the bottom for uP%, and the equation satisfied by ™. Since

u™ is the only non-vanishing term in L? norm, we choose (as is usually
done in the rotating fluids literature) to write an explicit equation for @,

and to express uP in terms of @™,

5.3. Derivation of the equation for 4. We now compute the Ekman
pumping term, that is, the right-hand side in the equation satisfied by cg
(see (5.7)). Notice that if k € Z3 and kj, # 0, then |\g| # 1. In other words,
the source term in (5.7) involves only the part a@PL of the boundary layer;
precisely, with the notations of section J, the decay rate of uBL(t, A\, kp,) is

()2 =i (=T 1) +o(1),
which yields (remember that %(Af) > 0)

)\f =+/1+ Ayexp <:Fz%) +o(1).

Moreover,
(@2,08) = Pl [=er(t)(ni(k), na(k))]
= —cr(t)(n(k),ny(K)),
where
(n—(k),ne (k) = P~ (na(k), na(k))
- %(nl(k) + ina(k), ny (k) — ina(k)) + o(1).
Replacing these expressions in the formula giving dg 3, we infer
00,3(= ks ks t) = cx(t) > n‘;(ak) (ik1wxe 1 + ikawye 2).
ce{-1,1} "k

We deduce that ¢ satisfies a linear evolution equation with a damping term,
namely

dey,

14
(5.12) B8 e+ v lhaPe+ [/ “ vt =0,

where
kh n4 k . .
Ap = 1,20 zlr!k‘\z > ,\,(f )(Zklwxi,l + ihaty o).
T

An estimate of R(Ay), where R(z) denotes the real part of a complex
number z, is computed in Remark .3 below. Using Duhamel’s formula, we
deduce that

513 laol < exp (—t (Il 4k + D000 ) ) [0

We deduce the following Lemma:
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Lemma 5.1. Assume that v € Vo. Then there exists a unique solution

ai™ e LSS (R4, Vo) N L2 (R, Hl (w)) of the envelope equation
—int —int v —int] _

(5.14) ouy" — Apuyt + \/ESEkman [u%1 ] =0,

—int _
ULjt=0 = 7>

where the Ekman pumping term Sgiman 1S defined by

SEkman [a?t] = Z Ak<Nk,ﬂTt>Nk
keZ3

Hence, in the rest of the section, we take

(5.15) ck(t) = Jx exp (— <|kh|2 + \/?‘%) 75> :

By doing so, we have neglected the vertical viscosity term v9?.

Remark 5.2. (i) Notice that with the scaling we have chosen for the wind-
stress, there is no Ekman pumping due to the wind. Indeed, the Ekman
pumping term is of order \/ev(3, which vanishes as e,v — 0 according to

hypotheses (2.3).
(ii) We emphasize that the operator Sggman constructed above depends

on v and € through the matriz P, the vectors wy+ and the eigenvalues )\If.

However, it is useful, for later purposes, to compute the leading order terms
in Ay, which amounts to deriving an equation for the limit of the term u'™

as €, v vanish. Hence we now compute the limit of A as e,v — 0.
Recall that n1(k) and ny(k) are given by (I.§). Thus, at first order,

|k ny (k) —iona(k) .
Ay = k1 — ok 1
k 2| k2 2. 2)7 (k1 = okz) + o(1)
oce{-1,1}
- |kp|? [ 1— g
8v2m2|k|2 [V1+ Ak
= R+ il + o(1)
where Ry and I, are real numbers given by
1—=X2 [ 14\, 1— Mg
5.16 Ry = k + > >0
(516) ’ 8v/2m? (\/1—)% VI+ g
1-=X [/ 14X\ 1—)\k>
5.17 I, = £ - :
(5:17) . 8v/272 <\/1—>\k I+
Recalling the definition of A\, we deduce that
|n|?
k>

14+ Mg
V1=

(1—14)+ (1+ z)] +0(1)

R, >C

and thus )
R(Ay) > ol
kP2
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for €,v small enough.

To conclude this paragraph, we now give estimates on the boundary con-
ditions dg 4, 00,3 in the norm || - ||,.

Lemma 5.3. Assume that 8,803 are given by (B10)-(.11)). Then the

following estimates hold

1/2
mems<ZMﬂHWmmﬁ < Clh s,
k

and
160,3(O)[ls < 100, () ls+1 < ClIVI 42 ()

Proof. The bound on g, is easily deduced from inequality (5.13) together
with formula (p.10) and the Cauchy-Schwarz inequality. Concerning the
other bound, let us recall that if 4 = — )\, for k € Z3, then the decay rates
AE (=g, kp,) satisfy

Plugging this estimate into (f.11]) yields the desired inequality. O

5.4. Estimates on the boundary layer and corrector terms. Now
that 4" is rigorously defined by Lemma 1], we may define the other terms
0 50 and wBL0. We have gathered in this paragraph some esti-
mates which are needed in the proof of Theorem .1. Before deriving theses
estimates, let us emphasize that equation (B.1) supplemented with homoge-
neous boundary conditions at z = 0 and z = 1 is a contraction in L?. As
a consequence, it is sufficient to prove the Theorem for arbitrarily smooth
initial data. Thus, without any loss of generality, we assume from now on
that the initial data - only has a finite number of Fourier modes, that is

Y= Z Z YN,
[k | <N [k <K

and we do not keep track of the regularity of v, since all H" norms are
controlled by the L? norm (with constants depending on N and K).
e The boundary layer term of order zero, denoted by uB”, is defined by
uP0 = B(6o,0),

where &y 1, is given by (5.10). Thus we deduce that the decay rates A (y, k)
in the boundary layer term «2%0 are all of order one. Consequently, accord-
ing to (B.11]), the boundary layer term @50 satisfies

a7 0 ()| 2wy + (€)™ (as ™0 ()| 2w

C[|80,1 (E) | 111 () ()4
Cllvl 2wy ()2,

(5.18)
(5.19)

IN

IN
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Moreover, the definition of ¢, entails that %0 is an approximate solution
of (B.1)), with an error term (due to the fact that ;¢ does not vanish),
which is bounded in L?(w) by

C(GV)1/4 HataiLntHL%[o,T}xw)

T 1/2
~ 1% v
Clen (3 [ 12 (Il + 2 AuP) e (—c\ﬁt) dt)
A 0 € €
172
< @ [t ol

< C((er)* 0172,

IN

Thus we may include the corresponding error term in the function n of
Proposition [L.1].

Notice that the Dirichlet boundary condition at z = 0 also generates a
bounded vertical profile, namely

A 1 N . sign(ks)
vszng,O(t7x) — _2_ Z C(O,O,kg)(t)eZ81gn(k3)g 7
g k3eZ* 0
sign(ks)
LS st ()
2 kacZ* 0

sing,0

Exactly as in paragraph [L3, we then define a corrector @ and a

function
(5 20) uSingvo — ﬁSing70 + vsing,O
such that

. 1 . .
at,aszng,o + Zeg A ,aszng,O _ Vazasmg,o =0
€

~sing,0 _ sing,0
U= = "Y=0 >
—sing,0 __ —sing,0
U,y = 0, 8zu|z:1 =0.
We have
sing,0
w2 oo ((0,00), 22 () < ClIVIL2(w)
and

[0 (1) || 12wy < Cllvl L2 () (V).

e The term v is given by (5.6), in which 01,3 = 0 and dp 3 is defined in
(B-10)). As a consequence, v""0 satisfies the estimate

[0 2w) < Clloos(t)] 12wy (€)'
(5.21) < Ol 2y ().
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e At last, the term du is given by equation (5.9). As stated earlier, we
choose a special solution of (f.9) in order to keep track of the exponential
decay of dp 3. Indeed, we have, for all k € Z3 \ {0},

O o (T \EAk) P> e 0.

oce{-1,1}

Thus we choose for ¢, |I| < A, the special solution constructed in Remark

in the Appendix. With this choice, we obtain

int,0
1603 ()| > <
1/2

1+ |k3|)? v
061/4V1/2 Z ( | 3|) 5 |’Wg|26Xp <_2\/E§R(Ak)t> ’
keZ? @ — \/e—u\S(Ak)\‘

where $(z) denotes the imaginary part of a complex number z. According
to Remark p.9, S(Ax) = I + o(1), and thus, using the explicit formula for
I}; derived in Remark p.2, S(Ax) = O(1). Moreover, since 4, = 0 for k large
enough, we deduce that

1 1
S I(Ay)| >
‘kg‘g \/67’\5‘( k)’ — 2’k3’3

for €, small enough and for all & such that 4 # 0. The above estimate
then becomes

(622) 18Ol < CM ] g2 exp <‘\ﬁ t> |

5.5. Conclusion: proof of Theorem R.1 when ¢ = 0. The idea is to use
the construction of the previous paragraphs in order to compute an approx-
imate solution of the evolution equation (R.1]), which satisfies the boundary
conditions up to sufficiently small error terms. The order of approxima-
tion required on the boundary condition is quantified by Lemma [l| in the
Appendix, and thus we build interior and boundary layer terms until the
conditions of the Lemma [l| are met.
Let us now explain the construction in detail.
e First, we set

uO — uint + using,(] + uBL,O7
where '™, 4590 and w0 have been defined in the previous paragraphs.
We have seen that «° is an approximate solution of the evolution equation
(B.1), with error terms which are all o(1) in L?. We now evaluate the error
on the boundary conditions. Indeed, setting v’ := u — u°, we have proved
that v/ is an approximate solution of (R.1), with some boundary conditions
do, 0}, namely

_ s ’ _ 5
Uh|z=0 = 50,ha aZuh|,z:1 - 51,h’

!/ _ s / _ s/
Ug|.—o = 0,3 s,y = 01
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Thus we have to estimate v := u/,_,, together with the terms 4§, d].

|t=0°
3 3 —znt sing,0 _ 3
First, since @ lteo =7 and Uy = 0, we obtain
_ BL ,0 int,0 int,0
(5.23) v = UZp — Vo — U

where uﬁibo, rft(? and 5u‘ " ’0 satisfy the estimates (5.1§), (5.21), and (p.22)
respectively. Thus, remembering that v has a finite number of Fourier
modes, we have

17 ll2 < C <H’yHL2 ()4 + ||| p2 (ev)/? + H’Y”L?EUA‘VUQ) .

Then, by construction of the operators & and B, the horizontal remainder
boundary term at z = 1 is exponentially small: indeed, we have 821%@:1 =
0, and consequently,

Ga)  H=-Y Y

kah 06{7171}

€v

pu ikh-:l?hel',ué .

0)‘0
o\/a

We infer that

629 1050 < Coxr (-2 0=) X % Hoal-Mubn 0P
[k <N |k3|<K
< Cldonl? ~ :
< Clonalew (=)
Similarly,
b . .
(526) .= % agVA_j—”ikh.ww«ae@kh-rhewz,
w,kp oe{—1,1}
and thus
C
(5.27) 18,5l < CVaex» (~ =) Iouala
The treatment of the vertical boundary condition at z = 0 is easier.
Indeed, since §; = 0, we have 56 3 = 0, because
(5.28) 03 = Z Z zkh Wyoe \/aemh Theliite = (),

w,kp ce{—1,1}

There remains to compute Jj, ,; because of the terms 5ufft’0 and v"t0, Son
is the largest term of all. Precisely, we have

(5:29) () = = |urly®) +duli_o(t)

d0,3(10, kn,t) :
= v 3 ity 03U D) i it

1,k #0 [on

(5.30) =D bep(t)eitnrres Ny (K),

kn |k3|<A
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and thus there exists a constant ¢ > 0 such that for all ¢ > 0

166l < C (Verldos®)llo + 15y (1))

Ce* 1 2||y|| 2 exp <—c\/§t> .

Now, the remaining boundary terms 0} ,,d] 3,d) 3 are all of order ofe)
according to (5.25))-(F.2§). Notice furthermore that by construction,

/ 83=0 forj=0,1.
Wh

Consequently, & 5, 9] 3,0 3 all match the conditions of the stopping Lemma
.

e We now have to continue the construction with the “bad” part of the
remaining boundary conditions, i.e. 567 n- Let us define the boundary layer

term

IN

suPH0 = B(5.1,,0).
According to (B.11),
16uBE0 oo (10,00).22(w)) < C )46 4llo < C€Y203/4 |7 2,
and duPL0 is an approximate solution of equation (B.1) with a o(1) error
term. Moreover, notice that for all ¢t > 0, for all s > 0,

BL, >
I8y 5 (Ol 72 ) < O 401172 exp (—c@) .
We deduce that for all 7' > 0,

€\ 1/4
8w Sl 0,15y < C vl (£) 7 = ofe).

Thus 5u§é’00 satisfies the hypotheses of Lemma [ Additionnally, 5uB;i’10 is

exponentiaﬁy small, and thus also satisfies the conditions of Lemma ‘ﬂ
e We now define the approximate solution 1y, by

int ~BL,0 ing,0 BL,0 t,
Ugpp = u"" +u” " + w0 4 fu” "+ wP

where w*' is defined by Lemma [[] with the remaining boundary conditions.
By construction, ugp, is an approximate solution of the evolution equation

(B.0)), with
Uapp|t=0 = U|t=0 + 0(1)7
and ugp), satisfies homogeneous boundary conditions at z = 0 and z = 1. By
a simple energy estimate analogous to that of Proposition [, we deduce
that
[ = wappll oo (0,7),L2(w)) = 0 VI > 0.

sing,0

Since all the terms in wugp, except 4" and u are o(1) in L? norm,

Theorem is proved.
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Remark 5.4. The proof of Theorem [.] for o = 0 is valid for all ranges of
e,v such that e,v — 0. In particular, we do not assume that v = O(€). How-
ever, in the case v > ¢, all the modes such that kp # 0 in ﬂiL”t are of order
exp(—cy/v/et), and vanish exponentially for allt > 0. Thus the effect of the
heterogeneous horizontal modes of the initial data vanishes outside an initial
layer of size \/E/—l/ On the other hand, the modes corresponding to kp = 0
are not damped, and give rise to the singular profile u¥9°. Eventually, for

t> \/e/v, we have

ult) = Y A0,0) No,0ks) + 0.
kseZ*

6. CONCLUDING REMARKS

The previous study allows to characterize the linear response of the ocean
to some wind forcing, which admits fast time oscillations and may be reso-
nant with the Coriolis force. In addition to the usual Ekman layer, we have
exhibited another - much larger - boundary layer, and some global vertical
profile. Note that these effects do not modify the mean motion (i.e. the L2
asymptotics) when considering moderate times, say for instance ¢ << %

The destabilization will appear for longer times. If the forcing is resonant,
the penalization by the Coriolis force has no averaging effect on o,.s and we
are brought back to the study of a heat equation with small conductivity v.
The point is therefore to study the long time behaviour of this equation, for
which the vertical profile is a stationary solution, and a global attractor.

6.1. Nonlinear stability of the singular profile v*™9. In order to take
into account more physics in our model, the first point is to understand the
nonlinear response of the ocean to the same wind forcing. In other words, we
are interested in the asymptotic behaviour of the full Navier-Stokes-Coriolis
equation ([.§)(R.J) including in particular the nonlinear contribution of the
convection.

In the case of a non-resonant forcing, the asymptotic motion of the fluid
is obtained by some filtering method : there is indeed two time scales, a
rapid time scale at which the fluid oscillates according to the modes of
the linear penalization, and a slow one which characterizes the nonlinear
evolution of the wave envelopes. The boundary effects do not play any role
in the nonlinear process since they are localized in the vicinity of the surface.
They contribute to the envelope equations only by the Ekman pumping. In
the case of a resonant forcing, the boundary effects - which are not expected
to be localized in the same way - could play a different role.
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In a forthcoming paper [f], we investigate in particular the role of the
stationary profile

1 1
v = Boy(1,0)z | i ele + Bo_(—1,0)z | —i e e
0 0

The first observation is that it is also a stationary solution to the nonlinear
equation ([.§). We indeed check that the convection term

(vsmg i v)vsmg _ (?}ng . vh)vsmg + U;mgazvsmg —0.

We are then able to prove that v is nonlinearly stable in the sense that

solutions to ([L.3)-(R.9) with

o =0.(1,0) (1) i +o_(~1,0) (_12> e it

remain close to v* in a suitable norm and on a time interval independent
of €,v.

The difficulty here comes from the fact that we have no uniform a priori
bound on u. The energy estimate on u has indeed a source term - coming
from the surface boundary condition - which is of order O(8v/?|s|). The L?
bound on u is therefore exponentially increasing, with a rate depending on ¢,
v and 3. Instead of a priori estimates, we have thus to use loop estimates,
and to conclude by some Gronwall’s argument.

6.2. Towards a more physically relevant model. The present theory
of the wind-driven circulation of a fluid of uniform density is actually inade-
quate to capture the velocity structure of the oceans. We indeed expect the
wind forcing to modify in depth the circulation. The profile arising from the
resonant part of the forcing and the Ekman pumping are not enough to get
a relevant description of that vertical structure.

We will mention here many phenomena that have been neglected in our
study and which seem to be crucial to obtain realistic models.

e we first need to consider the variations of the Coriolis parame-
ter, keeping at least the (G-plane approximation :

Q=f+py

where y is the coordinate measuring the latitude. Such a spatial de-
pendence of €2 is necessary to derive Sverdrup’s theory of horizontal
transport, which is still one of the foundations of all theories of the
ocean circulation (see [L7] for instance).

From a mathematical point of view, we refer to [[][d] and refer-
ences therein for some preliminary studies on inhomogeneous rotat-
ing fluids.

e the vertical structure of the ocean cicrulation is also related to the
variations of the density p, the so-called stratification of the oceans.
The theoretical works of Rhines and Young [[[§] have brought some
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understanding about geostrophic contours, potential vorticity ho-
mogeneization and their role in shaping the pattern of circulation.
Luyten, Pedlosky and Stommel [[L3] have then developed a theory for
the full density and velocity structure of the wind-driven circulation
by going beyond the quasi-geostrophic approximation to consider the
important effect of the ventilation of the thermocline which occurs
as oceanic density surfaces rise to intersect the oceanic mixed layer.

However, to our knowledge, there is no mathematical contribution
on that topics, the first difficulty being to determine some suitable
functional framework to deal with the inhomogeneous incompressible
Navier-Stokes equations. We refer to [B] and [[IZ] for more precisions
on the inhomogeneous incompressible Navier-Stokes equations.

e we finally have to take into account the bottom topography which
may have an important contribution to the mean circulation as
proved for instance in [f] or [§].

The crucial point to understand these features from a mathematical point
of view is to get a description of the boundary layer operator which is not
based on the Fourier transform, but on the spectral decomposition of the
Coriolis operator. The Coriolis penalization becomes indeed in the two first
cases a skew-symmetric operator with non-constant coefficients (depending
on 2 and p). We therefore have to develop new tools to obtain the asymp-
totic expansions in a more abstract and systematic way.

APPENDIX A : THE STOPPING CONDITION

We have postponed here the statement and the proof of the stopping
condition since it is just a technical result (based on straightforward com-
putations) which is used in several places (Sections 4 and 5).

Lemma 1 (Stopping condition). Let &y, ;1 € L°(R*, H?(wy,)) be two fam-
ilies such that

/(51,3 — do,3)dxp =0
and
26 l110an) = O 1ill13(0n) — O and 96l 3y — O a5 € — 0
Then there exists a family w € L®(R*, L2(Q)) with V - w = 0 such that
W,—g = 00, W3|—1 = 01,3 and O, wp|,—1 = O1,p
and satisfying the following estimates

— 0 ase— 0.
L3(Q)

1
2@ — 0 and ||9w + —Lw = vd..w — Apw

Proof. Here we have to build a family w € L>®(R*, L3(Q)) with V-w = 0
such that

W= = 00, W3|z=1 = 01,3 and O, wp|,—1 = 01 -
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Of course it is not uniquely defined. We just want to obtain one such family
satisfying further suitable continuity estimates.

Given any two-dimensional vector field wy,, we get a divergence- free vector
field by setting

ws(en, 2) = ws(en, 0) — / (O + Dgws)(n, #)d2 .
0

In order that the boundary conditions on w3 are satisfied, the only condition
on wy, is therefore

1
/ (O1wy + Oows)(xp, 2")d2" + 61.3(zp) — do3(zp) = 0.
0

We therefore choose

wy (xh, 2) = 00,1 (xn) + 61,1 (zh)z + Ord(an)2(1 — 2)7,
wa(xp, 2) = do2(xn) + 61.2(zh)z + Oadp(an)2(1 — 2)°,

with

1 1
Vi, - 0o,n + §Vh “O1h + EAW + 613 —603=0.

Standard elliptic estimates give for any s > 0

(91 541 (wp) < CUI00ll s ) + 101 1Es (@)
Therefore
lwllg20) < CUoll a3 w,) + 101l H3 ()

so that, using the assumptions on dg, 01,

w2 () — 0 as e — 0.

Furthermore, since w is given in terms of dg,d; by linear relations with
constant coefficients,

[0cwl| 2y < CUIOkoll 1 (wp) + 10661 | 1 (w))-

We conclude, using again the assumptions on &y, d; that

—0ase—0.

1
ow + —Lw — vd,,w — Apw
¢ L2(Q)




RESONANT WIND-DRIVEN OCEANIC MOTIONS 47

APPENDIX B : THE SMALL DIVISOR ESTIMATE

We recall here the by-now standard arguments used to obtain some es-
timate for the solution to fast-oscillating linear equation with non-resonant
source terms :

1
(6.1) ow + ~P(w) — vAw — vd:w =%
€

where the horizontal Fourier mode [}, is fixed and

_ llhmhz Z ,U,,k‘t €Nk

k3€Z
HE=A

We further assume that the frequencies p belong either to {—X;, I3 € Z3},
or to some finite set M. The integer k in the right-hand side above stands
for (Ip,, k3).

The small divisor estimate is the following:

Lemma 2. Let w be the solution of ([6.1), i.e. for alll = (I,13) with I3 € Z,
Bewr + (| * + V'3[ = ) s(p, 1,t)efBtAe
BFE=N

Then there exists a constant C' such that for all t > 0, r > 0, for all
K > 0, we have

IPrw)larw < Ce{llsp=ollrx exp (=(1lf* +v'E)t) + [Is()llrx }

t
+ Ce/ |0¢s(w)]|r, ik exp (—(|lh|2+1/l§)(t—u)) du
0

+ Ce sup ||s(u)|,x
u€[0,t]

+ P rwj—oll g (w)>
where the norm || - ||» k is defined by

lsOIF = > > kPP Is(= L)

[|<K k3€Z
k3#l3

+ Z Z 1 + 1|u|:1‘l‘4) ‘”27"8(”’[70’2.

1<k nert
BFE—X

We recall that the notation Pg stands for the projection onto the vector
space generated by Ny for |k| < K.

Proof. For all K > 0, define

WK = IP’Kw = E wlNl.
kI<K
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We deduce from Duhamel’s formula that
lwi(t)] < |wi(0)] exp(—(|in]* + v'13)t)

(6.2 / S (L) exp(— (Il + V)t — w) du.
HFE—=N

Integrating by parts, we get

t
/ s(p, 1, w)e" N E exp(—(|l]* + VI3)(t — u)) du
0

|s(p, 1, t)| +

ﬁ‘s(u,zh, 0) e E5)t
1+

t
/0 (128 [? + V'3 1*) s (s, L w) | exp (= ([i | + V') (¢ — ) du

< ¢
N+ pl

€
N+ pl

t
€
+ 7/ Aus(p, L, w)| exp(=(|In|> + V'I3)(t — w)) du.
By O\U(M )| exp(=(|in] 3)(t — )
Plugging this inequality back into (.9), we deduce that

)] < Jun(0)] exp (= (| + v13)1)
+Ce Z ’S M?lat

oy A+ 4l
7l7

ice Y “ 2O (= (2 + v 22)1)
BFE=N +u

—i—Ce/O Fy(uw) exp(—(|ln]* + V'B3)(t — ) du,

where
R = S s L, u)|
|\ + pf o
pFE=A
1
+ (WP V1) Y |s (g, 1, )]
Lo, Pt

There remains to derive bounds for quantities of the type

1
Z m|5(%l,u)|-

BFE=N
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Remember that either y = — A for some k = (I, k3) € 73 with ks # —la,
or i € M, where M is a finite set. Thus

2

HFE=AL

2 2
¢ Z |k3| )\ |2| ( Akal’u”
ks#l3

+C Z 2!8 (1, L) .
# >\l

IN

Notice that the function I3 — A; is monotonous for I, fixed. Hence |\; — A\g|
is minimal for k3 = I3 £ 1. Consequently, is is easily checked that for all
l3 €Z,
k|3

M-t < ol

=l < o
Moreover, if ¢ € M, then either u ¢ {0,1,—1}, and then p is not an
accumulation point of sp(iL); in this case

’)‘l - M’_l < Ca
or y =0, and then
Nt <O— 4
lls]’
or 1 € {1,—1}, and then
l2
(6.3) SYHE yea
|1

Gathering all these results we get

()] < Jwn(0)] + CeD](t)

(6.4) / D} (u) ex p< <| ’;'2 +u’l3> (t—u)> du,
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where the constant C' depends on ky (C = O(|kx|?)) and

1/2
DY) = D ksPls(=Ak L0 exp (— (I + VI3)E)
k3
+ Z (1 + 1|u|:1|l3|2) |S(:U’a l’0)| €xXp (_(|lh|2 + Vllg)t)
HEM,
mFE=X
1/2

+ DY R Pls(= Ak 1)
k3

+ Z (1 + 1|M|:1\13‘2) (s, 1, 1)]

nEM,
BFE=XN
and
1/2
Dll(u) = Z’k3’8‘ats(_)‘k7lvu)’2
k3
D (1 LaliaP) s L)
j pneEM,
BFE=N
1/2
+ (WP + V1) D ksl ls(=Aw, L u)
k3
+ (P V0P Y (U Lzl s, s w)].
pneM,
HFE=A]
The estimate of Lemma [ follows. O

Remark 6.1. Assume that the Fourier coefficients of s have exponential
decay with respect to time, meaning that for all (u,l), there exists ro(u,l) €
C, and ¢(u,l) € C with nonnegative real part such that

s(u,1,t) = ro(p, 1) exp(—c(p, 1)?).
Then provided the sequence ro(u,l) is sufficiently convergent, a special so-

lution of (b)) can be built, which preserves the exponential decay property.
Indeed, for alll € Z3, set

wi(t) = Y rolp,l)
HFE=AL
Then it can be readily checked that w is a solution of (@), and moreover

1
’wl(t)’ < GH;M ’)‘l +u— e%(c(u,l))\ ‘TO(M7 l)‘ exXp (_%(C(M7 l))t) :

exp (i(N +p)g — e, D)t)
A — e, 1)+ |12 + v]lsf
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