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Abstract

In this work, we give a new variation of constants formula for some
partial functional differential equations with infinite delay. We assume
that the linear part is not necessarily densely defined and satisfies the
known Hille-Yosida condition. When the phase space is a uniform fading
memory space, we establish a spectral decomposition of the phase space.
This allows us to study the existence of almost periodic solutions when
the equation has a bounded solution on the half line RT.

Key words and phrases: Hille-Yosida operator, integral solutions,
variation of constants formula, uniform fading memory space, almost pe-
riodic solutions.

1 Introduction

The aim of this work is to establish a new variation of constants formula and
the existence of almost periodic solution for the following partial functional
differential equation with infinite delay

{éitx(t):Ax(t)—l-L(wt)"i‘f(t)v t=>0, (1)
r9 =¢¢€ B,

where A : D(A) — X is a nondensely defined linear operator on a complex
Banach space (X, |.|), B is a normed linear space of functions mapping (—oo, 0]
into X and satisfying some fundamental Axioms which are introduced later, z;
is an element of B defined by

xt (0) =2 (t+6) for 6 € (—o0,0],

L is a bounded linear operator from B into X, and f is a continuous X-valued
function on R*. We assume that A is a Hille-Yosida operator, which means
that A satisfies the following assumption:

(H;) there exists w € R such that |w, +00[C p(A), and

sup|(A — w)" (AT — A)™"| < o0,

A>w
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where p(A) is the resolvent set of the operator A. We will use this variation
of constants formula to establish the existence of almost periodic solutions for
equation (1).

Variation of constants formulas for partial functional differential equations
plays an important role to study such equations, for more detaisl about this
topics, we refer to [24] and [13] . Recently, in [4], the authors established a
new variation of constants formula for neutral partial functional differential
equations. This formula has been used to get some behavior results for the
solutions. In this work we will use the same method used in [4], we establish
a new formula for partial functional differential equations with infinite delay
whose linear part is not necessarily densely defined. One subject of this work is
to use this formula for the existence of almost periodic solutions. More precisely,
we establish the equivalence between the existence of an almost periodic solution
for equation (1) and the existence of a bounded solution on R*. Recall that in
[14], and [16] the authors established a new variation of constants formula for
equation (1), where A is densely defined and generates a strongly continuours
semigroup on X. In what follows, we give an outline of this formula. Let
x¢(0, @) be the mild solution of equation (1). The authors proved that x(o, ¢)
is represented by this formula

t
zi(o,0) =U(t —o)p + nlirgo U(t—s)T"f(s)ds, fort> o, (2)

g

where I'" f (s) is defined by

_ 1
(I"f () (6) = { (M DFQ) s ~5<0<0

and (U (t)),s is the solution semigroup of equation (1) with f = 0. The authors
used the formula (2) and they established the existence of an almost periodic
solution of equation (1) if there is at least one bounded mild solution on R*.

This work presents an extension of the works [14] and [16]. We prove that
the density of D (A) is not needed to get a new variation of constants formula.
Where B is a uniform fading memory space, we establish a spectral decompo-
sition of B which allows us to study the existence of almost solutions.

The problem of finding periodic and almost periodic solutions of differential
equations has been studied by several authors we refer to [5], [10], [15], [16],
[17], [20] and the references therein. We recall some elementary results about
differential equations in finite dimensional space. If we consider the following
ordinary differential equation

%w):Bx(tHg(w, LR, (3)
where B is a n X n matrix, and ¢ is a continuous function from R to X. Bohr
and Neugebauer poved if f is almost periodic, then the existence of a bounded
solution on R* of equation (3) is equivalent to the existence of an almost pe-
riodic solution of equation (3), for more detais, we refer to [10]. Bohr and
Neugebauer still holds for functional differential equations in finite dimensional



space and with finite delay: the existence of a bounded solution is equivalent to
the existence of periodic or almost periodic solutions. Since for such equations,
the solution becomes compact when t > r, for more details, we refer to [11]. The
compactness is not true when the delay is infinite. In [23], the authors showed
that the compactness remains true for partial functional differenial equations
with infinite delay. For partial functional differential equations, the phase space
B should be uniform fading memory space in order to get ”"best” information
about solutions.

This work is organized as follows: in section 2, we give the fundamental
definition of the phase space B and we recall some results about the existence of
solutions of Equation (1). In section 3, we establish a new variation of constants
formula of Equation (1). In section 4, we study the spectral decomposition of the
phase space. In section 5, we study the existence of almost periodic solutions.
The last section is devodted to study the existence of almost periodic solutions
for Lotka-Voltera model with diffusion.

2 Preliminary results

In this work, we employ an axiomatic definition of the phase space B which has
been introduced at first by Hale and Kato [12]. In the following, we assume
that (B, ||||) is a normed space of functions mapping (—oc, 0] into X satisfying
the following fundamental axioms:

(A): There exist a positive constant IV, a locally bounded function M (-) on
[0, +00) and a continuous function K (-) on [0, +00), such that if z : (=00, a] —
X is continuous on [0, a] with z, € B, for some o < a, then for all t € [0, a],

’L) T € B;
i1) t — x; is continuous with respect to ||-|| on [o, al;
i) Nz (8)] < o]l < K (t—0) sup [z (s)|+ M (t - 0) ||z

o<s<t
(B) : B is a Banach space.
We assume that

(D1) : if (¢n),>( s a sequence in B such that ¢,, — 0 in B as n — 400, then
for all 6 <0, (qun_(H))nZO converges to 0 in X.

Let C ((—00,0],X) :  be the space of continuous functions from (—oo, 0] into
X. We suppose the following assumptions:

(D2) : B C((—0,0], X),

(D3) :  there exists A\g € R such that, for all A € C with ReA > A\ and z € X,
we have that ez € B and

Ko := lle*=]l
0: sup < 0,
Re A>M\g, zeX ’JZ|
z#0



where (ez) (0) = e*x, for 6 € (—o00, 0] and z € X.

In the whole of this work, we assume that A satisfies the assumption (Hy).

Lemma 1. [7, Example 14.5, Proposition 14.6, pp.319-320 | Let Ay be the part
of the operator A in D(A) which is given by

{ D(Ayg) = {ze€D(A): Az € D(A)},
Apxr = Ax.

Then Aq generates a Co- semigroup (To(t))e>0 on D(A).
The following definition and results are taken from [2].

Definition 2. [2/ A function u : R — X is called an integral solution of
FEquation (1) on RT if the following conditions hold
a) u is continuous on R,

b) u0t2¢7
c)/u(s)dsGD(A),fortZO,
0

d)u(t):tb(O)—i—A/Ou(s)ds—i—/oLusds—i—/of(s)ds,fortZO.

If the operator A is densely defined, then the integral solution coincides with
the mild solution given in [14].

Theorem 3. [2, pp. 336] Assume that B satisfies (A) and (B). Then for all
¢ € B such that ¢ (0) € D (A), Equation (1) has a unique integral solution
u(., ¢, L, f) on RY given by

To () 6 (0) + AETOO/:TO (= AR\ A) [Lus + f(s)]ds , £ >0,
o(t), t<DO0.

u(t) =

A continuous function u on R is said to be an integral solution of Equation (1)
on R | if us € B for all s € R and

u(t)=To(t—o)u(o)+ lim tTo (t —s)AR (N, A) [Lus + f (s)]ds, t > o.

A—+o00 J

3 The variation of constants formula

Let By := {d) eB:¢(0)eD (A)} be the phase space corresponding to equa-
tion (1). Define U (t) for ¢t > 0 by

U(t)¢:ut(a¢,L)v d)eBAv

where u (-, ¢, L) is the integral solution of equation (1) with f = 0.



Proposition 4. [2, Proposition 2] (U (t)),s, is a Cy-semigroup on Ba. That’s
a) U(0) = Id, -

b) U(t+s) =U(t)U(s), fort,s >0,

c) for all ¢ € Ba, t — U(t)¢ is continuous.

Moreover, (U(t))i>0 satisfies the translation property

9):{ Ut+60)p(0), t+6>0

Ut)¢) ( o(t -+ 0), t46 <0.

In order to establish a new variation of constants formula, we follow the same
approach used in [4]. Before we need to recall the following results.

Lemma 5. [2, Proposition 5] Let B satisfies Axioms (A), (B), (D1) and (D3).
Then the infinitesimal generator Ay of (U (t));> is given by:

B ¢ € Cl((—00,0],X)NBa:¢ €Ba, »(0) € D(A) and
b(Av) = { ¢/ (0) = A (0) + L (9) }
Avd = 4.

By Axiom (D3), we define for each complex number A such that Re(\) > Ao,
the linear operator A (A) : D (A) — X by

A()\):)\I—A—L(e’\'l).

Consider the space X := B4 @ (Xo), where (Xo) = {Xoz : z € X} and Xoz is a
function defined by

a0 ={ 0§ 55"

Then X endowed with the norm ||¢ + Xoz| = ||¢|| + |z| is a Banach space.
Theorem 6. Assume that B satisfies Azioms (A), (B), (D1), (D2) and (D3).
Then the extension Ay of the operator Ay defined on X by
{ D(4r) = {6€Ba:d € Ba, and 6(0) € D(A)},
Ao = ¢+ Xo(40(0) + Lo — ¢/ (0)),
is a Hille-Yosida operator on X.

For the proof we need the following fundamental lemma.

Lemma 7. There exist wy > Ay and M1 € R such that, for A > w1, we have
a) A (N) is invertible and ‘A (/\)_1‘ < Mo

I

b) D (ANU) =D (Ay) & (e*), where

<e)"> :{ Ny ixe D(A)}.

¢) )\Gp(;l?]), and for n € N*, (¢,x) € By x X, one has

R </\, 21})" (6 + Xoz) = RO\ Ap)" ¢+ R (A, Ay)™™! (e)" AN :c) .



Proof of the lemma.
a) For A > @ := max{0,wp, Ao}, one has

AN =M= A= L(NT) == 4) (- RO A) L (),

and
Mo |L| MoKy |L]
ROA)L(eve)| < T200ovel < 2L el e X
Consequently
M _
R(MNA)L (e I)‘S)\_w0<1, forall A > w; :=w+ M,

where M := MoKy |L|. We conclude that the operator (I —R(NAL (e)"I))
is invertible, and

’(I_R(A’A)L(GXI)Yl‘ 1= |R()\,;)L(6A'I)| = )\—)\w_obf)M'

Consequently, A ()\) is invertible for A\ > w; and

Mo
—

AW <

b) Let A > w; and (e*z) € D (Ay) N <e>">. Then Az = Az + L (e*z), with
x € D(A). That is
ANz =0.

Since A () is invertible for A > wy, we conclude that D (Ay) N (e*) = {0}.
On the other hand, let i) € D (21;) and 1 given by

b=+ a0 (40 (0) + L - ' (0))

Then,

AY(0)+ L = AD(0) + L+ AAN) ™ (4(0) + L — '(0))
+ L (A (A9(0) + L ¥/(0)) ).
A(0) + L = ANAN) ™ (4(0) + L ~ '(0))
FAAMN) T (4(0) + Lib = 5(0))
= J0)+ AN (AD(0) + L — ¥(0) ),
= ¥(0).

Hence ¢ € D (Ay), which implies that D (21}}) =D (Ay) @ (e).

c) Let A > wy and ¢ € X. Then ¢ = ¢ 4+ Xoz for some 1) € By and z € X. We
seek for 6 = p+era € D (ANU> such that ()\I — ANU> ¢ = 1), where ¢ € D (Av)
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and a € D (A). We have ()\I — A}}) (¢ + eNa) = ¥ + Xoz, which is equivalent
to find (a,¢) € D (A) x D (Ay) such that

{()\IAUW = 9,
AN a = =

-1
For wy large enough, it follows that, </\I — AU> exists for A > wy, and

N\ -1
()\I - AU) (¥ + Xoz) = (M — Ap) o+ ed A (N
Consequently, for n € N*, we have
R (», Z;)" (¥ + Xor) = RO AD)"$ + R\ Ap)" ™ (& A ()71 ). O

Proof of Theorem 6. Since Ay is the generator of the semigroup (U(t)¢>0)
on By, by Hille-Yosida’s theorem [19] there exists a positive constant M such
that 3
sup  [(A—w1)" R\, Av)" |5,y < M.
neN, A>w;

By Lemma 7, there exist w; and M; > 0 such that

sup

(A—wl)”R(A,ZQ)"’ < M. 0
neN; A>w;

Lemma 8. The part off/l\(; mn D (;1\(;) is the operator Ay.

Proof. From Lemma 5, the operator A, generates a Cp-semigroup on B4, by

Hille-Yosida’s theorem D (Ay) = Ba. Since, D (Ay) C D (A\Z]) C B4, then

D(4y) = D (Ay) = Ba.
Let C be the part of ;17] in D <;1?]>, which is defined by
{ D(©) = {¢eD(Av): Avo e Ba},
Co = Ayd.

Then, D(Ay) C D(C) and Ap¢ = C¢ for all ¢ € D(Ay).
Conversely, let ¢ € D (C). Then

{ ¢ € Cl ((_0070]7X) mBAv Qb/ € BA,¢(O) € D(A)v
¢’ + Xo (A9 (0) + Lo — ¢/ (0)) € Ba.

By assumption (Dg), it follows that

{ ¢ €D (Ay) and ¢ (0) = A6 (0) + Lo,
Co=d.



From which we conclude that C' = Ay. O

Consider the following evolution equation

d —
gf(t) = Ap&(t)+ Xof (t), fort >0
£0) = dex

Definition 9. A continuous function & : [0,400) — Ba is called an integral

solution of Equation (4) if
t —~—
a) / &(s)dse D <AU), fort >0,
0

gyt ¢
b)f(t):gi)—}—AU/O§(s)ds+/0ng(s)ds,fort20.

Theorem 10. Assume that (Dy), (D2) and (Ds) hold. If u is an integral
solution of Equation (1), then the function given by £ (t) = ug, t > 0, is an
integral solution of Equation (4) for ¢ = ¢. Conversely, if £ is an integral

solution of Equation (4) with ¢ = ¢, then the function u defined by

_JE@)(), if t=0
“(t)_{eb(t), if t<0

is an integral solution of Equation (1).

(4)

Proof. Let ¢ € B4 and u be the integral solution of Equation (1). Define
5: [0,00) —)BA by

& (t) =uy, for t > 0.

To compute the integral in B in terms of the integral in X, we need the following
lemma.

Lemma 11. [2] Assume that (D) holds, and F : [0,T] — B is continuous,
then

</0TF(S)ds> (0)—/OTF(S)(6)ds, for 6 < 0.

By Lemma 11, we have

Then

A{,( Otg(s)ds> = ui—p+Xo <A/0tu(s)ds+L</0tusds) —u(t)—ng(O)).

8



Since u is an integral solution of Equation (1), it follows that

u(t):qﬁ(O)—i-A/Otu(s)ds—i-L(/Otusds> +/Otf(s)ds.

This implies that

ot ¢
§(t):¢+AU/O§(S)ds+X0/Of(s)ds,fOTtEO.

Consequently § is an integral solution of Equation (4)

. Conversely, let ¢ be
an integral solution of Equation (4) for ¢ = ¢. Then ¢ satisfies the following
translation property

g(t)(e):{ §(t+0)(0), ift+60>0,

ot+6), ift+6<O0.
In fact, for t + 60 > 0,

t

U©)6)©)+ lm_ | (U (= 9)AR (A Av) Xof (5)) (0) ds.
Then

tim | (U(t+0—s) AR (A,A}) Xof(s)> (0) ds+
JJim ;9 (U (t—$)AR ()\, A?,) Xof (s)) (9) ds.

t+6
£ (0) = (U (t+0)6) (0)+

Since
t

o (U (t—s) AR <)\, %) Xof (3)) (6) ds

t

lim
A——400

= lim_ y ()\R ()\, 217,) Xof (s)) (t—s+0)ds

L —s ~1
)\ETOO t+ee/\(t HONA (V) f(s)ds
=0.
Which gives that
40 .
£(0)(6) = (U (t+6)9) (0) + T | (U (t+0—s)AR (X A) Xof (5)) (0) ds
— £ (t+6)(0).

If we consider the function

Then & (t) = u; for all £ > 0 and

— t t
Ut:¢+AU(/ Usd8>+/Xof(8)ds, for t > 0.
0 0

This implies that u is an integral solution of equation (1).



Theorem 12. Assume that (D1), (D), and (Ds) hold. Then the integral so-
lution x of Equation (1) is given by the following variation of constants formula

z=U@{)¢+ lim tU(t—s)an(Xof(s))ds,tzo, (5)

n—-+oo Jq
— -1
where B, =n (n[ — Au> .

Proof.
This theorem is a consequence of Theorem 10
and the following lemma.

Lemma 13. [21] Let C be a Hille-Yosida operator on a Banach space Y, and
a:RT =Y be a continuous function. Consider the following problem

{jtx(t) = Cx(t)+a(), t>0,
z(0) = myeY.

If xo € D (C), then there exists a unique continuous function x such that
t

a) /x(s)dsED(C),tEO,

0
b)x(t):xo—i-C/O:U(s)ds—i—/Oa(s)ds,tZO.

Moreover, x is given by

t
x(t) =5 (t)xo+ lim So(t—s)Cra(s)ds, t >0,

A——+o00 0

where Cy := A(A— C)™" and (S, (t))i>0 is the Co-semigroup generated by the

part of C in D (C).

4 Spectral decomposition of the phase space B4

Let Coyo be the space of X-valued continuous function on | — oo, 0] with
compact support.

(C) : If a uniformly bounded sequence (¢n),cy in Coo converges to a
function ¢ compactly on (—o0, 0], then ¢ is in B and ||¢, — ¢|| — 0 as n — oo.

Let (So (t));>( be the strongly continuous semigroup defined on the subspace
By:={6€B:6(0)=0)
by

soae={ o0 L0

10



Definition 14. Assume that the space B satisfies Azioms (B) and (C), B is
said to be a fading memory space, if for all ¢ € By,

So (t) o — 0 in By.
t—o0
Moreover, B is said to be a uniform fading memory space, if
S0 (t)] — 0.
t—o0

Lemma 15. [13, pp 190] The following statements hold:
a) If B is a fading memory space, then the functions K (-) and M (-) in Aziom
(A) can be chosen to be constants.

b) If B is a uniform fading memory space, then we can choose the function K (-)
constant and the function M (-) such that M(t) — 0 as t — co.

Proposition 16. [13] If the phase space B is a fading memory space, then the
space BC ((—o0,0], X) of bounded continuous X -valued functions on (—o0,0]
endowed with the uniform morm topology, is continuous embedding in B. In
particular B satisfies (Ds), for Ao > 0.

In this section, we assume that
(Hg) :  Tp(t) is compact on D (A), for each t > 0.

(H3) : B is a uniform fading memory space.

Let V be a bounded subset of a Banach space Y, the Kuratowski measure of
noncompactness « (V') of V is given by

' d > 0 such that there exists a finite number of sets V1, ..., V,, with
o (v) = inf diam (V;) < d such that V C @11/1- :

and for a bounded linear operator F' on Y, we define |F|, by

|Flo =inf{k>0: a(F(V)) <ka(V), for all bounded set V of Y} .
For a Cop-semigroup (5 (t));>¢, we define the essential growth bound wess (S) by

1
Wess (S) = tllglog IOg |S (t)‘a :

Theorem 17. [5] Assume that B satisfies Azioms (A), (B), (Dy) and As-
sumptions (Hg), (Hs) hold. Then

wess (U) < 0.

From [9, Corollary IV.2.11], it follows that
{Aeo(Ay) :Re(N) > 0}

11



is a finite subset and B4 is decomposed as follows:
Bas=SdV,

where S, V are two closed subspaces of B4 which are invariant by (U (t)),~-
Let US (t) be the restriction of U (£) on S. Then there exist positive constants
N and p such that

|US (¢) || < Ne " ||g||, for all ¢ € S.

V is a finite dimensional space and the restriction UY (t) of U (¢) on V becomes a
group. Let II° and ITY denote the projections on S and V respectively and d =
dimV . Take a basis {¢1, ..., 4} in V, then there exists d-element {t1,...,1%q}
in the dual space B of By, such that (¢;, ¢;) = d;;, where

s [ 1 ifi=j,
9T 0 ifd £,
and ¢; = 0 on S, where (-,-) denotes the canonical pairing between the dual

space and the original space. Denote by ® := (¢1, ..., ¢4) and ¥ the transpose
of (¢1,...,%4), in particular one has

< \I/, (I) >= ]IRd 5
where Ipq is the identity d x d matrix. For each ¢ € B, I[IV¢ is computed by:
Ve = (¥, ¢)
d
=" (¥, 0) ¢i.
i=1

Let ¢ (t) := ({1 (t),...,Ca (1)) be the component of ITVz; in the basis vector ®.
Then
I, = @ (1), and ¢ (1) = (¥,2,) .

Since (U v (t)) >0 18 @ group on a finite dimensional space V, then there exists
a d X d matrix G such that

UY (t)p = ®eC (U, 0), forallt € R and ¢ € V),

this means that
UY (t) ® = @, for all t € R.

For n > wy and i € {1,...,d}, we define the functional 2 by
<;v7*f,$> = <¢Z,§; (Xox)>, for all x € X.

Then, a7} is a bounded linear operator on X with |z}'| < KoM [¢;|. Define
the d-column vector z as an element of £(X,R%) given by the transpose of
(:U*l . aj*d). Then, foralln > 1,z € X

mnotrn

(x) ) = <\I/,B; (Xox)> and sup |z, < KoMy sup || < oo.

n>wi =1

goeey

12



Theorem 18. The sequence (x},),,~, converges weakly in L(X, RY), in the sense
that -

(xy,x)y — (2", z), forallx € X.
n—od

Proof.
We need the following fundamental lemma.

Lemma 19 (Banach-Alaoglu-Bourbaki). Let Y be a separable Banach space
and (Kp),>q be a bounded sequence in Y*. Then there exist K € Y™ and a
subsequence (Kn,),~q such that

(Kny, ) P (K,x), forallz €Y.

Let Y; be any separable closed subspace of X. By Lemma 19, the restriction
(x?{o ) of (z7,),,¢ in Yo has a subsequence (mZﬁ) such that
n>0 = k>0

lim (a30,y) = (2%0,y), forall y € Yo,
Y*

n )nzo
We proceed by contradiction and assume that there exists a

of (z¥") J

such that %11/92 — xi/o weakly in Yp, with
Yo £ wi/o . To conclude we need the following lemma.

where zY0 € Y. We claim that the whole sequence (x

in Yy to Yo .

converges weakly

subsequence (anJC)

k>0 n>0

k—o0
Lemma 20. For any continuous function h : RT™ — X one has:
t

t —
lim [ UY(t—s)1Y (Bn (Xoh(s))> ds=® lim [ e (2% h(s))ds.

Proof of the lemma.

T (t — ) 1Y (EZ (Xgh(s))) ds

n—oo 0

n—oo 0
t
= lim [ ®el=9)C (z* h(s))ds,
n—oo 0
t
= ®lim [ G (2% h(s))ds O

Let h () =y for any y € Yy. Then
t . t v
/ et=9)G <xY0 ,y> ds = / e(t=9)G <x1° ,y> ds, for any y € Y.
0 0

This is true if and only if <xY0*,y> = <x¥’*,y>, for all y € Yp. Which gives a

contradiction. Consequently the whole sequence <x2{0 ) converges weakly in
n>0

L(Yy,RY) to 0.

13



Let Y7 be another separable closed space of X. Then the restriction (a;?) .
n>

of (z},),,50 in Y converges weakly to some z¥1 € Y}*, and we get that z¥0 = 27
in YoNY;. Since ($;)n20 converges weakly in Yy N Y7, and by the uniqueness of
the limit we obtain that 2¥o = z¥1 in Yy NY;. Let z* be the operator defined

by
(x*,x) = <xY*,$>,

for any separable closed space Y of X such that x € Y. Then x* is well defined
and belongs to £(X,R?). Moreover,

(xy,z) — (%, x), for all z € X. O

n—oo

Consequently, we get the following.

Corollary 21. For any continuous function h: [0,T] — X, we have

t N t
lim UY (t—s)I1Y (Bn (Xgh(s))) ds = <I>/ eU=9C (2% h(s))ds, for all t € [0,T).
Theorem 22. Assume that (A), (B), (D1), (D2) and (Hz) hold. Let u be
an integral solution of Equation (1) on R. Then ¢ (t) = (V,uy), t € R, is a
solution of the following ordinary differential equation

C(t) =GC(t)+ (", f (1), t €R. (6)

Conversely, if f is bounded and ¢ is a solution of (6), then the function

(1 6)+ 1 " US (4 - )1 (B, (Xof(5) s)o o

n—-4o00 0o
is an integral solution of Equation (1) on R.

Proof.

Using the variation of constants formula (5), we obtain that for ¢t > o

t

(U, z;) = (\I!,U(t—a)a:c,>+<\11, lim U(t—s)(BVn(Xof(s))>ds>,

—
n—i—ooa

= 9 (W) + lim 6 <x11 (1’371 (Xo f(s))) > ds,
Jo

= e=0G (W ) + lim [ e=9C (2% f(s))ds,

¢ o

= 0 W) [l (o (5) ds.
This means that ¢ (t) = (¥, zy), ¢ R is a solution of the ordinary differential
equation (6). Conversely, if we assume that f is bounded on R, then For-
mula (7) is well defined, since the restriction of the solution semigroup on S is
exponentially stable. Let y be defined by
t —~—
y(#):= lim [ US(t—s)IS (Bn (Xof(s))> ds for t € R.

A—+00 ) _ oo
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Then for t > o,

US(t— o)y (o) + nﬂinoo/g US (1 — )15 (B, (Xo(s))) ds

~ i </U US (¢ — )15 (B, (Xof (s))) ds +

n—+oo \ J_ o
/0 US (t — 5)IIS (an (Xof(s))> ds) ,

= y(t).
(8)

Moreover, the solution ¢ of Equation (6) is given by

t

C(t) =% (o) + / =G (2% f(s))ds, for t > 0.

g

Corollary 21, gives that

n—oo

OC (t) = 0= () + lim ‘v (t—s)IY (B“n (Xo f(s))> ds, for t > o,
and

oC (1) = UY (t — o) ®C (0)+ lim n/t UY (t — )11 <EZ (Xof(s))> ds, for t > o.

N )
Set £(t) = ®C (t) + y (t) on R, by (8) and (9). We obtain that

€)= Ut=0)(@C(o) +y(o)
+ lirr;on/ U (t—s) [IIV +119] (E (Xof(s))) ds, for t > o,

n—

= U(t—o0)¢ (0)U+ JLHQO/;U (t—s) (an (Xof(s))> ds, for t > o.

From Theorem 10, we conclude that the function

<<I>C(t)+ im [ U (t — s) IS (an (Xof(s)))ds> (0)

—
n—-+00 — o0

is an integral solution of Equation (1).

5 Almost periodic solutions

Recall that a continuous function v is called almost periodic if and only if the
subset {v;, 7 € R} is precompact in BC (R, X), when v, is defined by

vr(s)=v(r+s) forall s € R.

In this section we assume that

(H 4) f is almost periodic.
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Theorem 23. Assume that (A), (B), (Dy), (D2), (Hz), (Hs3) and (Hy) hold.
If Equation (1) has a bounded solution on R, then it has an almost periodic
solution on R.

Proof.
Since f is almost periodic, then ¢t — (x*, f (¢)) is also almost periodic.

Lemma 24. [10, pp.86] Let D be a d x d matriz and g : R — R™ be an almost
periodic function. Then the following ordinary differential equation

¢(t)=Ds(t)+g(t), t € R,

has an almost periodic solution on R if and only if it has a bounded solution on
RT.

Consider the reduced ordinary differential Equation (6) associated to
Equation (1). Let u be a bounded solution of Equation (1) on RT. Then

(W, uy) is a bounded solution of equation (6) on RT. By Lemma 24, we deduce
that the ordinary differential equation (6) has an almost periodic solution (,
and from Theorem 22, the function x given by

t —_—
2 (1) = <<1>g () + lim US (t — 5)IIS (Bn (Xo f(s))) ds) (0), t € R (10)
is a bounded integral solution of Equation (1) on R. To complete the proof, we
will show that the function

fotim [ US (t — s)TIS (E;(Xof(s))) ds

—
n—-+0o0o — 0

is almost periodic. Let (7,),,~, be any real sequence. Then it possesses a
subsequence (7, );~o such that f (t + 7., ) converges uniformly on R to some
function h. By dominated convergence Theorem, we can that

t+my,

lim US (t + my — s) IS (B; (Xo f(s))) ds

—
n—-+400 — o

converges in k uniformly for ¢ € R to the following function
t —_—
t— lim US (t — ) 115 (Bn (Xgh(s))) ds,

—
n—-+o0o — 0

this property holds for every sequence (7,,),,,~o- This implies that the function
¢ given by (10) is almost periodic. O
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6 Application to the Lotka-Voltera model

In order to illustrate the previous results, we consider the following Lotka-
Voltera model with diffusion, which has been studied in periodic case in [5]:

o 2 0
av(t,f) = sﬂv(t,é)—i—a/ n@)v(t+0,x)dd+ F (t,z),t>0and 0 <z <,
v(t,0) = v(t,m)=0,1>0,

v (0, ) vo (0,2), —00<0<0,and 0 <z <,

(11)
where a is a positive constant, 7 is a positive function on (—o0, 0], vg : (—o0, 0] X
[0, 7] — R is a continuous function. We assume that F': Rx [0, 7] — R is almost
periodic function in ¢ uniformly with respect to z € [0, 7], which means that
for each € > 0 there exists [ > 0 such that every interval of length [. contains
a number 7 with the property that

sup |F(t+1,z)—F(t,z)| <e.
teR, z€[0,]

Let X := C([0,7];R) be the space of continuous function from [0, 7] to R
endowed with the uniform norm topology. Consider the operator A : D (A) C
X — X defined by

{ g(A)j{zeCz([O,W];R):z(O):z(w):O},

Lemma 25. [7] A is a Hille-Yosida operator on X .

This lemma implies that Assumption (H;) is satisfied. Moreover,

D (A) ={y € C([0,7;R) : ¢ (0) = () = 0}.
In [5], the authors have chosen the following phase space B = C, v > 0 where

C, = {qb €C((—00,0];X): elim e’ (0) exists in X}
with the following norm

loll, = sup e |¢(6)], forg € C,.
—00<0<0

Lemma 26. [13] The space C., for v > 0 is a uniform fading memory space
satisfying (D1) and (Ds).

We make the following assumptions as in [5].
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(E1) : n(-) e is integrable on (—oo,0].

(E2) : elim ey (0, x) exists uniformly for x € [0, 7], and
Vo (07 0) = Vo (07 ﬂ-) = 0.

We define

{ (x) f 0)(x)db, x € 0,7, ¢ € B,
f@) () =F(, ) tZO z € [0,7].

Then L be a bounded linear operator from B into X, and f : RT — X be a
continuous function. If we put

{U()() v (t,
¢ (0) (x) = vo

Then, Equation (11) takes the following abstract form:

t,x), t >0, x € [0, 7],
0,2), 6 <0, x €[0,n].

{ %u = Au(t) + Lug + f(1), t >0, (12)
uy = .

Let Ap be the part of A on D (A) given by

{ g(A)T {zeC*([0,7];R) : 2(0) = 2 (r) = 2" (0) = 2" (x) = 0} ,

Ap generates a compact Cop-semigroup on D (A) and Hypothesis (Hy) is satis-
fied.

(E3) :  There exists d € (0,1) such that 0 < afi)oo n(0)dl <1—d.

Theorem 27. [5, pp 279] If (E1), (E2) and (E3) hold, then Equation (12)
has a bounded integral solution on RY. Moreover, if F is w-periodic in t, then
Equation (12) has an w-periodic integral solution.

Since F' is almost periodic in ¢ uniformly for x € [0, 7|, then the function f is
almost periodic from R to X. Finally all conditions of Theorem 23

are satisfied. Consequently we establish the almost periodic version of
Theorem 27.

Theorem 28. Assume that (E1), (E2) and (E3) hold. Then Equation (12) has
an almost periodic solution.
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