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EXISTENCE OF TRAVELLING-WAVE SOLUTIONS AND LOCAL
WELL-POSEDNESS OF THE FOWLER EQUATION

BORYS ALVAREZ-SAMANIEGO AND PASCAL AZERAD

ABSTRACT. We study the existence of travelling-waves and local well-posedness
in a subspace of Cg (R) for a nonlinear evolution equation recently proposed
by Andrew C. Fowler to study the dynamics of dunes.

1. INTRODUCTION

1.1. General setting. Dunes are land formations of sand which are subject to
different forms and sizes based on their interaction with the wind or water or some
other mobile medium. In the case of dunes in the desert their shapes depend mainly
on the amount of sand available and on the change of the direction of the wind
with time (see Herrmann and Sauermann [ff]). Some examples of dune patterns are
longitudinal, transverse, star and Barchan dunes, however, there are more than 100
categories of dunes.

An interesting topic is to try to understand if the shape of a dune is maintained
when it moves. With regard to Barchan dunes, for example, Herrmann and Sauer-
mann [E] have given some arguments, mainly related with the fact that Barchan
dunes constantly lose sand at the two horns and tend to disappear if these dunes
are not supplied with new sand, against the hypothesis that Barchan dunes are soli-
tary waves. Recently, Durdan, Schwammle and Herrmann [2] considered a minimal
model for dunes consisting of three coupled equations of motion to study, from a
numerical point of view, the mechanisms of dune interactions for the case when a
small Barchan dune collides with a bigger one; four different cases were observed,
depending only on the relative sizes of the two dunes, namely, coalescence, breeding,
budding, and solitary wave behavior.

In this paper, we are concerned with the following evolution equation proposed
by Fowler (see [{], [{] and [f] for more details) to study nonlinear dune formation:

2 “+oo

4 1) + a% |5 (.t) - %(m,t) +/O 5—1/3%(95 —g0dgl =0, (1)
where v = u(z,t) represents the dune amplitude, z € R, and ¢t > 0. The second
and fourth terms of equation ([L.1]) correspond to the nonlinear and nonlocal terms
respectively, while the third term is the dissipative term. To the authors’ knowledge,
ours is the first study to report a rigorous mathematical proof of the existence of
travelling-waves for dune morphodynamics. The authors hope that these results
could be of interest for geographers, geologists, oceanographers and others.

2000 Mathematics Subject Classification. 47J35; 35G25; 76B25.
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1.2. Organization of the paper. In Section We study the existence of travelling-
wave solutions to equation (m) The main result of this section is Theorem E
which implies that there exists a travelling-wave solution u(z,t) = ¢(z — ct) to
equation (E), for n in a neighborhood of zero, where ¢ € C}(R), and ¢ > 0; the
idea of its proof is to use the implicit function theorem on suitable Banach spaces.
Then, by a scaling argument we extend this for any n € R.

Section E is devoted to proving local well-posedness (LWP) for the integral equa-
tion associated to the initial value problem (IVP) for equation ([L.]). Inspired by
the regularity of the travelling-wave obtained in Section 2, we consider a suitable
subspace of C}(R). Our main result of this section is stated in Theorem B.1; it gives
local-in-time existence of the solution of the integral equation associated to the IVP
(B-1), with initial data u(-,0) = uo(-) belonging to the subspace X of C{(R), where

X :={f € C}(R); f is uniformly continuous}.

1.3. Notations. - We denote by R and C the sets of all real and complex numbers
respectively. N denotes the set of all natural numbers.

- We denote by C(c1, ca, . ..) a constant which depends on the parameters c¢1, co, . . .
C is assumed to be a non-decreasing function of its arguments.

- The norm of a measurable function f € LP(Q), for Q a subset of R, is written
17 p) = Jo lfIPdz for 1 < p < +oo, and ||f||r=(a) = ess supg|f|. The inner
product of two functions f,g € L?(Q) is written as (f,g) = [, fgdz. We will often
omit set 2 when context is clear.

- We denote by f = Ff the Fourier transform of f (F~! and ~ are used to de-
note the inverse of the Fourier transform), where f(¢) := \/% Je % f(z)dx for

f € LY(R) (it follows that Frg=+2nfgfor f,g€ L(R)).

- The Schwartz space of rapidly decreasing functions on R is denoted S(R).

- We denote A := (1 —92)/? and H*(R) (s € R) the usual Sobolev space H*(R) =
{u € §'R), ||u||gs < oo}, where ||ullg= = [|A%u 2.

-Let Q CR. C°Q) = C(Q) is used to denote the space of all continuous complex-
valued functions on Q. Moreover, C*(Q) = {u : Q — C ; w,u/,...,u®) €
C°()}, for k € N. We write C*°(£2) to denote the set of infinitely differen-
tiable complex-valued functions on Q. Similarly, we use the notations C°(;Y) =
C(2;Y),C*(;Y),C>=(Q;Y) when functions take values in the Banach space Y.
- We write C(R) to denote the space of all continuous complex-valued functions
defined on R which tend to zero at infinity.

- We denote by Cy(R) = Cp(R) the space of all bounded continuous real-valued
functions on R with the norm || - ||~. Moreover, for every k € N, we write

CER):={f€C*R); f,f,....f® € Co(R)},

where || flox := S [f@|re, for all f € CF(R).
-If X and Y are two Banach spaces, we denote by £(X,Y") the set of all continuous
linear mappings defined on X with values in Y7; if X =Y, we denote by £(X).

2. EXISTENCE OF TRAVELLING-WAVE SOLUTIONS OF THE FOWLER EQUATION
We begin this section with some notations and preliminary results. We define

V() 1= X(0,00) (@) 273 forall z € R, (2.1)
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where Yy 4 is used to denote the characteristic function of the set A. We also define
glu] == v * 9, u. (2.2)

We note that, since ¢ € S'(R), it follows that for ¢ € S(R), one has that ¢ x
p e CR)NS'(R ) and 7,/1/\425 = V2mpd (see Rudin [§]). Then, for ¢ € S(R),
glel(:) = ¥ x dpp(s) = f+oo “1/30,0(- — €)d¢. Next lemma gives the Fourier
transform of function .

LEMMA 2.1. For the function 1 defined by @) we have

90 = = (3) (5 ~ 1 son(@) e 23)
where

) ={ 1 eSO

and I is the gamma function.

Proof. We define the function v, (x) := X(0,n) (z)z=1/3, for all z € R, and n € N.
It is not difficult to see that v, — 1 in §’'(R) as n goes to infinity. Let ¢ € S(R).

Then
- _ cos(&x) " sin(&x)
() = = / / e i /0 e o(a)da
B _ cos(u) . [™ sin(u)
= \/ﬂ/ 2/3 / /3 du—z/o YE du}p(m)dw.
Since

+oo 1 2 0 i 3 2
/ Sdr=5T(5), and / it = %F(ﬁ)’
0 L 0 !
it follows that -
~ nT ,—iu _
’:c 2/3/0 Wdu w(x)} < Cla|™3|p(x)],

for all n € N, and = € R. Therefore, the dominated convergence theorem implies
that

2 2
This completes the proof of the lemma. (]

lim (¢, ¢) \/—/ x T (2 (—*Zﬁsgn( ))@(x)dﬂf-

REMARK 2.1. Let s € R. If u € H*(R), one can define g[u] through its Fourier
transform by
V3

lul() =T () (S san(€) + 5 ) a(e), (2.4
for almost every € € R. Thus, if u € H*(R), it follows that glu] € H*~Y3(R) and

lg[ulll o175 <F( )”UHHS

In this section we consider the following, more general, version of equation ([L.1)):

Owu(z,t) + Oy (% —Oyu+n g[u])(m,t) =0, (2.5)
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where 7 € R. We will show existence of travelling-wave solutions to equation (R.5),
for any n € R. First, we consider the case n = 0. For any d € R (see Johnson [[])

walz, t) = 3[1 — tanh (%(z - gwﬂ (2.6)

)

is a solution to equation (R.§) with n = 0.
REMARK 2.2. Let A > 0. We define

1 r t
= —ul—=-,— > 0. .
up(z,t) /\u(/\, )\2), for xeR, and t >0 (2.7)

It is straightforward to check that if u is a solution to the equation

2
Orula,t) + 0. (S = Do+ X glu] ) (2, 1) = 0, (2.8)

then uy satisfies equation @) Hence, if ¢ is a travelling-wave solution of equation
with speed c, then ¢r(-) = 3¢(1-) is a travelling-wave solution of equation
with speed ¢/ \.

We define, for ¢ € R, the functions

2

ge(z) := c(l — tanh (%:c)), and h.(z) :=g.(z) = f%sech2 (gx) (2.9)

REMARK 2.3. Letc € R. We see that g[g.| = I +12, where I; := 1;%h. forj=1,2,
with 1 == P-X(0,1), and P2 1= VX (0,400)- Now, we state some immediate properties
of the function g[g.|.

a.) Let p > 3. Since 1 € LY(R), and 1o € LP(R), it follows from the Young
inequality for convolution that glg.] € LP(R).

b.) Furthermore, g[g.] € Coo(R). In fact, it follows from the dominated convergence
theorem that I is continuous and Iy(x) — 0 as |z| — oo. Moreover, Holder’s
inequality and the dominated convergence theorem imply that

+oo dic(n
Lx) < C(C)(/1 wdé)m — 0, as |z — +oo.

The continuity of Iy is shown similarly to the continuity of I.

Let ¢ € R. In the sequel, we will consider the following spaces:

X=% = {@GC,}(R) : /@'hédsz},
X=% = {g+e: pex},
where [| - x = || - [[c1. One sees that (X, - [|x) is a Banach space.

REMARK 2.4. Assume that ¢ € C}(R). By integration by parts one has that

o 1 [t 1
slile) = [ apde—dt+ee--3 [ gree-gi @)
Then g[p] € Cy(R). Moreover,
lglelllLe < C llellcy- (2.11)

Hence, if ¢ € %, it follows from Remark B.3b.) above that g[¢] € Cy(R).
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Suppose now that u(z, t) = ¢(z —ct) is a solution to equation (2.5), where ¢ € X.
2
Then —c¢’ + d%(% — ¢’ +ng[¢]) = 0. Thus, a sufficient condition to guarantee that
¢ satisfies the last equation is

E(n,¢) = Fe(n,¢) = cd — o + ¢' —nglg] = 0. (2.12)

We denote by 7. the function given by 7.(z) := ¢ — gc(2) = ¢ tanh(§z), for z € R.
We now define the function G = G,, which is well defined on R x X by Remarks

E and @ above, as

G:RxX — GC(R)

2

() = Gnp) =Tep — % +¢" = ngle]l —nglge)- (2.13)

Assume that ¢ = ¢ + g. € X. Since F(0, g.) = 0, it follows that F(n, ) = G(1, ¢).
Hence, ¢ satisfies equation () if and only if ¢ verifies the equation G(n, ¢) = 0.

The following theorem implies the existence of a travelling-wave solution, u(z,t) =
$(z — ct) with ¢ > 0 and ¢ € X, to equation (E) for n in a neighborhood of zero;
its proof uses the implicit function theorem.

THEOREM 2.1. Suppose ¢ > 0. Then there exist §,59 > 0 such that for every n €
(—9,0), there is exactly one v, = @, . € X for which ||gy,||x < do and G(n, ¢,) = 0.
Moreover, the mapping n — ¢, is a C°°-map on a neighborhood of 0.

Proof. Let ¢ > 0. The mapping G = G, is defined on the Banach space R x X
taking values in the Banach space (Cp(R), || - ||z ), and satisfies G(0,0) = 0.

We now claim that 9;G and 092G exist as partial F-derivatives (Fréchet deriva-
tive) on R x X and that the partial F-derivative 92G(0,0) : X — C(R) is bijective.
In fact, let us take (1, ¢) € R x X. One can see that

1 G(n, ) = —(9lel + glge)):

and

G (1, 9): = (e — @) - +0y - —ng[]. (2.14)
Then 01G(n, ¢) € £(R, Cp(R)), and 3:G(n, ¢) € £(X, Cp(R)). Moreover, we obtain
that |01G(n, @)l er,co@) < C - (lellor + llglgelllne), and [[02G(n, ©)[ e(x,c,®)) <
C - (14 5|+ |7 — ¢||L=), where we have used inequality (R.11). Hence, 8;G,9.G
exist as partial F-derivatives on R x X.
We will now show that the partial F-derivative 9,G(0,0) = 7. + 0, : X — Cp(R) is
bijective. We begin with the injectivity; we emphasize here that the definition of
the space X C C(R) was chosen to ensure the injectivity of the mapping 9.G(0, 0).
Let f be an element of X such that 7.f + f' = 0. By solving the last ordinary
differential equation, one gets

F@) = f(0) - e~ ST mds — £(qy . sech2(§x).

Since f € X, it follows that

[ @t =505 [0 —o.

Then f(0) = 0, and therefore f = 0.
We will now show that the mapping 92G(0,0) is onto. Let y be an element of
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Cy(R). By the method of variation of parameters, we obtain that the function

M@:m@+u@/y@@ (2.15)
0 le(s)
is a solution to the equation 7.g + ¢’ = y, for any A € R, where [, := *c%hc =

sechQ(gz). We will prove that g € X for a suitably chosen real number \. First, we
remark that there exists a unique A = A, . € R such that [ ¢’hldz=0. In fact take

A= ﬁ/[(héﬁ(x) /Om ;L/C((SS))dsnLy(x)hf:(z)}dz, (2.16)

where we note that

/W m<_/mw aq(ﬂm@mzﬁ

< é”y”Lw sinh®($x) | (71 +cosh(cs)d s
2 2

and

cosh6 %:I:

HyHLoc/[c|x|sech (2 )—l—QSechQ(ng)}dm < C)|yllL=-

It remains to show that g given by (R.15) and (R.16) belongs to Cf(R). It is
immediate to see that g € C (R), we need to show that g is bounded. We have that

sec ; sech % 1+cosh o) + cosh(cs))ds
|

< |yl (——=—— + —|tanh )<c ~.

< lylls (Hcosh(cz>+c| anh(c2)]) < C(@)]lylc

Then g € Cy(R). Moreover, since g satisfies the equation 7.9 + ¢’ = y, it follows
that g € Cf(R). Hence, g € X. Therefore, 92G(0,0) is a surjective mapping.

It is not difficult to see, by using inequality (), that G, 0:G and 0>G are
continuous on R x X. Then, the implicit function theorem implies the first part of
the theorem. Furthermore, from (.13) one can see that function G is quadratic in
¢ and linear in 7, therefore it is not difficult to verify that 97 ;G(n, ¢) is independent
of (n,¢) € Rx X, for all i, j € {1,2}. Hence, 8} ; G(n,¢) = 0forall k > 3, where
i1,..., i € {1,2}, and (n,¢) € R x X. Finally, the second part of the theorem is
then a consequence of the fact that the mapping G is a C*°-map on R x X.

O

COROLLARY 2.1. Let n € R and ¢ > 0. Then there exists \g = Xo(n,¢) > 0
such that for every d € ()\ ,+00), there is a travelling-wave solution ¢ € C}(R) of
equation (B.4) with speed d.

Proof. By Theorem B there exists A\g > 0 such that for every A € (0, )\g), there is
a ¢ = drne € CLR) such that u(z,t) = ¢(z — ct) is a solution to equation (2.§).
Now we can see, by using Remark 2.9, that ¢(-) = $6(+) is a travelling-wave
solution of equation (R.§) with speed ¢/A. O
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3. LocAL THEORY IN A SUBSPACE OF C}(R)

In Section E, we proved the existence of a travelling-wave solution wu(z,t) =
¢(x — ct) to equation (@) for any n € R, where c is an appropriate positive number
and ¢ € C}(R). Motivated by this last result, we will consider in this section the
local well-posedness theory for the following initial value problem (IVP)

Bpu(x,t) + 0 (3u” — Dpu + glu]) (z,1) = 0, a1

U(O) = U, ( . )
where g[u] is given by (R.Z), and ug belongs to a suitable subspace of Cf (R). The
Cauchy problem associated to the IVP (B.1]) for initial data ug € L?(R) was recently
studied by Alibaud, Azerad and Isébe |

3.1. The Linear Equation. First, we consider the linear part associated to the

IVP (B.1), namely

Opu(x,t) — O2u(x,t) + Opglul(x,t) = 0, (3.2)
u(0) = uo. '
By formally taking the Fourier transform of the last expression, we get
a(€, 1) = K(& t)io(€), (3.3)
where
K(¢&,t t[g%—€* (a+ib sgn(8))] (3.4)

t)=e"
for ¢ € R and t > 0, with a := 1T(2) and b:= —%2T(2). For € € R, we define
B (&) := (a +ibsgn(€)). (3.5)
We note that [®(&)] =T(2), for all £ € R.

REMARK 3.1. For every t > 0, the kernel K(-,t) is not a nonnegative function.
More precisely, for every t > 0, there exists x € R such that K(x,t) < 0. This
fact implies, in particular, that the IVP @) is non-monotone (see ] for more
details).

For ¢t > 0, we define the operator E(t) by

{ E(t)p(x) = \/%(K(,t) *@)(z), for t>0 and z € R, (3.6)
E(0)¢ = ¢,
where ¢ € Cy(R) (see Lemma below). Now, we define the following spaces
Y = {ge€ Cy(R);g is uniformly continuous} ; (3.7)
X = {f e ClR);f is uniformly continuous}. (3.8)

One can see that (Y| - |lc,®)), and (X, | - [lci®)) are Banach spaces and that
X — Y. In Sub-section we will show local-in-time well-posedness of the IVP
(B-1), with initial data ug € X.

The following lemma contains a calculus result.

LEMMA 3.1. Let h: R — C be a function which satisfies the following conditions:
i) he LI(R) N Coe (R) 1 C2(R\ {0});

ii.) »' € LY(R), |V (z)] — 0 as |z| — +o0o. Moreover, there exist lim, o h'(z) =
R(0%), and hmﬂo B (z)=hn07);
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iii.) h” € L'(R).
Then h € LY(R) N C(R), and

s < /2 Wil + 1907) = 107+ 1] (39)

Proof. Since h € L'(R), it follows from the Riemann-Lebesgue lemma that h €
Co(R). After using integration by parts twice, we see that

R 1 oo et R'(0F) — K'(07)
0= 7zl oG T

Expression (B.9) follows from the last equation and from the fact that ||A] g~ <

=Rl O

REMARK 3.2. It is well-known that WH1(R) C Cw(R) N AC(R), where AC(R)
denotes the space of all complez-valued functions, which are absolutely continuous
on R. Therefore, it follows from Lemma @ above that if f € W2L(R), then

feLYR)NCsx(R) and
. 2
1l < \/;[Ilfllu + ||f”||u] (3.10)

REMARK 3.3. Suppose now that t € (0,1). Since

Lo
K(ot) = ——= / i HIE €0 g

}, for £ #0.

I it 20)E o[- R(O)] o~ (1=t NP0 () g
T ;
it follows that
K(x,t) =t Y2 (K (1)« G(-, 1 — t1/3)) (t72), for z €R, (3.11)
where .
G(,1—t/3) = \/_Q_Fffl(e*(lftl/d)f“/d(aﬂb sgn(€)) (). (3.12)

The next three lemmas are elementary calculus results which will be used in the
sequel.

LEMMA 3.2. Suppose that a > —1, and 8 > 0. Then
I(a, 8) := / g0 dg = O(a)pF T,
Proof. The assertion of the lemma follows from the fact that

I(a, ) = =@+ / 7l dr.

LeEmMA 3.3. Suppose that « > —1, 3 >0, andt > 0. Then

I .1) = [ l¢7e 9P dg < Ca, ) [ #7704 F ],
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Proof. Tt is elementary to check that &2 — 3¢/3 > —2%63 for all ¢ € R, and
€2 — BEY3 > ¢2/2 for € > (28)%/2. Then

(2ﬁ)3/2 4 33 +00 t 2
sy < of [ st [ eviead
0 (28)%/2

T oNg e
oot [ () e ]

where in the last inequality we have used the fact that a > —1. The result now
follows. 0

IN

LEMMA 3.4. Suppose that g € WHLL(R), and | € L*¥(R). If f := g * 1, then
fe CHR)YNWL>®(R), and f'(z) = (¢’ *1)(z) for all x € R.

Proof. Since g € L*(R) and [ € L*(R), it follows from Young’s inequality that
f € L*(R). Moreover, since |f(z + h) — f(x)| < |lg(- + h) — g(-)||z1]]l]| o= for all
x € R, and ||g(-+h) —g(-)||z1 — 0 as h tends to zero, it folows that f € C(R). Let
z € R. Since WHH(R) C AC(R), we see that

‘fw+h) f(x )7/

g'(x— y)l(y)dy‘ =

[ [} v m =gty
<o / 16 tH) — Ol — 0 88 h—s 0,

where the last expression is a consequence of the dominated convergence theorem.
O

The following five lemmas provide more explicit estimates than the corresponding
results mentioned in [ﬂ] The next lemma gives an upper bound, which goes to
infinity as ¢ tends to 1, for ||G(-,1 — t'/3)||;1» when t € [0,1).

LEMMA 3.5. Let tg € (0,1). Then, for all t € [0,t0], the function G(-,1 — t'/3)
given by belongs to L'(R) N Co(R). Moreover,

|G(1 = tY3) | < C[(1 =334 1 (1 —£/3)=3/4 < 0. (1 —1/*)~¥4, (3.13)
for all t € 0,to], where C is a positive constant independent of t.

Proof. Let t € [0,1). We define g(¢,t) 1= e~ (1=t ®©) for ¢ € R. Tt follows
that g(-,t) is continuous. Furthermore,

Deg(€,1) = 5 (1~ /)€ /3p(g)e (=D 2O | for ¢ 0, (3.14)
Then [9¢g(&,t)] — 0 as || — +o00, and Jeg(0T,t) =0 = deg(0~,t). Moreover,

Poen) = [ 50— Heage) + (S0 -1 ) ]
xe~(=t/NEe©) g4y EF£0.

)
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We see that g(-,t) € Coo (R)YNC?(R\{0}). In addition, ||g(-,t)||z1 = C-(1—t/3)=3/4,
and ||9¢g(-,t)||r = 4. Furthermore,

|\5§g(',t)||L1 < C. (1 —tl/g)/|§|_2/3€_(1_t1/3)af4/3d§

O (1 - $13)2 / €231/ ag"? e
S C- (1 7t1/3>3/45

where the last inequality is a consequence of Lemma @ above. The result now
follows from Lemma EI O

Lemmas B.q and B.d below provide estimates for ||K (-, t)||1 and |0, K (-, t)]| L1,
for any ¢t > 0.

LEMMA 3.6. Suppose that t > 0. Then the function K(-,t) € L'(R) N Cu(R), and
1K (- 8)||p < C- (1 + 2377, (3.15)
where C' is a positive constant independent of t.

Proof. Let t > 0. Tt follows from (B.4) that

DR (1) = ~t[26 — SR R(61), for & £0,

and
N 2y .

RR(EH =] ~ 12— 50 + 226 - S8 P0)] MR(E ), fore#0.
Then K(-,t ) O (R) NC2(R\ {0}). Moreover, [9¢K (€,t)] — 0 as [¢] — +o0, and
deK(0F,t) =0 = d: K (0~,t). Furthermore,

+oo
2 (. _ ~t[e?—ag"?] pat 1
1RGOl =2 [ et g < oedetr 2],

where the last inequality is a consequence of Lemma @ Again using Lemma ,
we see that

”aEK('vt)HLl < C[1+t1/3+te%a3t}a and
12K ()| r < CIVE+E/S 4170 4 (t +12)exr ] < C[VE+ t2e2 Y.
Lemma @7 applied to h(-) = K(, t), implies that

1
1K (8| < C[— + t%%aﬂ, for all ¢ > 0. (3.16)

Vi
Suppose now that ¢ € (0,1). Then
1 y
/|K(z,t)|dz %/‘K(,l)* —t 3)‘(z/\/_)das

2\1 Q}K('J) *G(+, 1 *tl/g)}(y)
Jasy T

CK(CDGE1 =30, (3.17)

dy

IN
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where the first equality above comes from (B.11]). From the fact that e~ (1=#"/")ag"* <

1, for all h € [0,1), ¢ € R, and equation (B.14) we have that |G(£,1 — h1/3)| < C,
and |9:G(£,1 — hY/3)| < C|€|'/? for all ¢ € R. Now, from Lemma B.3, we obtain

IR CDGC R s < KGO 1~ )
HIOK ()G (L= B2 + |K (4, 1)8G(, 1 = B2 < ) (3.18)
for all h € [0,1). The assertion of the lemma now follows from (B.14)-(B.19§). O
The following result gives an upper bound for ||0, K (-, ¢)||» when t € (0,1).

LEMMA 3.7. Lett € (0,1). Then, K(-,t) € LY(R)NCYHR)NWL>(R). In addition,
0K (-, t)(x) = t7H(0,K (1) * G(-,1 — t1/3))(t’1/2x) for all x € R, 0,K(-,t) €
L'(R) N Cx(R), and

ol < G gy _41/3y-3/
10K (-, t)[ S\/E[(l t1/2)3 % 4 (1 — ¢1/3) 734, (3.19)

where C' is a positive constant independent of t.

Proof. Let f denote the function given by f(§) := §K(§, 1) for all £ € R. Then
f € Coo(R) N C%(R). Furthermore,

76) = [1 - (26 - 260 Kie. 1), for €40,
and
71(6) = {[-ae+ e 0(0)] - [1-€ (26~ 5 00(0)) | 6 - s 0(0)] (e ).

for ¢ # 0. By using Lemma B.3, it follows that || f||z: < C, |f'|: < C, and
lf"lLr < C. Moreover, |f'(£)| — 0 as || — +o00, and f'(07) =1 = f/(0~). Thus,
Lemma B.1] implies that 0, K (-, 1) € Co(R) N L' (R). Therefore, using Lemma

we have that K(-,1) € WH1(R). Let t € (0,1). Lemma B.d implies that

|G-, 1 —tY3) || < C - (1 —t1/3)73/4, (3.20)
Thus, applying Lemma B4 to equation (B.11)), taking into account (B.2(), one
sees that K(-,t) € C*(R) N W1>°(R), and 9, K (-, t)(z) = t (0, K(-, 1)« G(-,1 —
t1/3))(t=1/2z) for all z € R. Furthermore,
0Kl = €72 [ 10K (1) 5 Gl 1= ) )y
< Ct—1/2[ t1/3)3/4 + (1 - 1/3)73/1],
where in the last step we have used Young’s inequality and Lemma @ (I
Next lemma will be useful to study |0, K (-,t)||z1 for t > to, where to > 0.

LEMMA 3.8. Suppose that t > 0. Then, 8zK(~ t) € LY(R) N Cx(R), and

18K (1)1 < C[= +t2627“ t} (3.21)

where C' is a positive constant independent Of t.
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Proof. Let t > 0. For £ € R, we define h(¢,t) := €K (€,t). Then

oen(e.t) = [1 - 1(26 — Sete©) | K0, for €£0,
and
o2nie.) = —+{ [se - S i) + [1-1(22 - Setae)] [pe - Setee)] (e 0.

t) € Co(R) N C*(R), |0ch(&, )] — 0 as €] — +o00, and

for £ # 0. We see that h(,
,t). Moreover, by Lemma @, we have that

Deh(0F,t) =1 = ch(0~
1A )l
1Och(-, )l < c[i T Hest ], and
$1/2 " 4176
1O2h(, ) < 0[1+t1/3+t2/3+(t+t2)e%a3t]

IN

C[l —l—e%ast},
t

The proof of the lemma is now completed by applying Lemma @ (I

The next result provides a unified upper bound for ||0, K (-, t)|/ 1 for any ¢t > 0,
which takes the best of the corresponding bounds obtained in Lemmas @ and

LEMMA 3.9. Suppose that t > 0. Then the function 0, K(-,t) € L*(R) N Cso(R).
Moreover,

0, K < C’[— 4 2o 1, 3.22
[0z (-, £)] 1 i (3.22)
where C' is a positive constant independent of t.

The following lemma will be used in the proof of Lemma below.
LemMA 3.10.

lim |K(-1)*G(-,1— hl/g)‘(y)dy =0, wuniformly in h € [0,1). (3.23)
A—+o00 ly|>A

Proof. We recall that

N N 1 1/3\¢4/3
K(£,1) = 6—[52—64/3‘1’(5)]7 and G(&,1— hY/3) = e~ (1= P0(g)
€ (€ 1- 0 = ——

From (B.1§) we see that
[ KD Ge 1= 1) )y
ly|>A

< ( /W 1 f})é ([0 PIKC D601 -0 Pay)

C A C”
K(1D)G(,1 = hY3) | <
This concludes the proof. (I

The next lemma shows that (E(t)):>¢ is a C%-semigroup on the Banach space
Y and also on the Banach space X.
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LEMMA 3.11. i.) If ug € Cp(R), then u(t) := E(t)ug € Cp(R) for every t > 0. In
addition,

IE®) |l ecymy < C- (1+ 239, for all t > 0. (3.24)
Moreover, (E(t))i>0 is a C°-semigroup on Y.
ii.) (E(t))i>0 is a C%-semigroup on X. Furthermore, (3.2]) remains true if the
space Cy(R) is replaced by C}(R).
Proof. i.) Let ug € Cp(R), and ¢t > 0. Since u(x,t) = E(t)up(z) = \/%IK(:L' —
y, Huo(y)dy, it follows that

3
lu()l|z < —=lluollz K (D)1 < C- (14 263 fug| =,

|
\/_
where the last inequality is a consequence of Lemma E Moreover,

l[uoll =
V21
Thus, we have proved that if ug € Cy(R), then u(t) € Cp(R) for all ¢ > 0. In
addition, one can see that E(t + s)¢ = E(t)E(s)¢, for all t,s > 0, and ¢ € Cp(R).
Suppose now that t = 0, ug € Y \ {0}, and h € (0,1). Since K(0,h) =
\/% [ K(z,h)dz = 1, and using (B.11]) we have that

|u(z, h) — up(z)| = \/%_ﬂ’ /K(z, h) (uo(x — 2) — uo(:n))dz’
= %‘ /ifl/? (K (1) G(-, 1= hY3)) (™22 (uo(x — 2) — uo(x))dz

lu(z + h,t) —u(z,t)| < |K(-+h,t)— K(-,t)]|zr — 0as h— 0.

Wors ’ / )% G(-,1 = hY3)) (y) (uo(a — yVh) — uo(z dy‘ (3.25)
Let ¢ > 0. By Lemma B.1d , there exists A > 0, such that for every h € [0, 1),
V2
/ (K1) GO, 1 = hY9) | (g)dy < s (3.26)
ly|>A 4||u0||Loo

Since ug is uniformly continuous, there exists 6 > 0 such that for all z,w € R,
if |z —w| < ¢, then |ug(z) — ug(w)| < vV2me/(2C|| K (-, 1)||11), (3.27)
where C' is a positive constant such that ||G(-,1 — h'/3)||p1 < C for all h € [0,1/2)

(see Lemma B.)). Let h € (0, min{%, 2—22}). Using (B.23)-(B.27), we get

lu(x, h) —uo()] < % " |K (1)« G(-, 1 — hY3)(y)|dy
m”f“’l) # G, 1= )| < e,

for all z € R, where the last inequality is a consequence of Young’s inequality.
Therefore,
%ir% [lu(h) — uoll~ = 0. (3.28)

We notice that if ug € Y, then u(t) = E(t)up € Y for all ¢ > 0. In fact, assume
t > 0 and let € > 0 be given. Since ug is uniformly continuous, there exists 6 > 0
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such that if |h| < §, then |ug(z + h) — uo(x)| < ev2n/||K(-,t)||L1, for any = € R.
Suppose |h| < 6, then

1
|u(z+h, t)—u(z, t)| < r / |K (y, t)|[uo(z—y+h)—uo(z—y)|dy < e, forall z € R.
I

Hence, u(t) is uniformly continuous, for all ¢ > 0.
Assume now that ¢t > 0, and ug € Y. It follows from (B.2§) and the semigroup
property that

On the other hand, for h > 0, one can see that
1
w(x,t —h) —u(z,t = —‘/K:I:— ,t—h)(u —u(y, h d‘
Ju( ) — ulz, 1)) N (z—y ) (uo(y) — uly, h))dy

< (ot = W)l u(h) = uol Lo

1
K
TWH
< O (L4 (t—h)2eF M) lu(h) — ugl| =,

where the last inequality is a consequence of Lemma B.6. Equation (B-2§) and the
last inequality imply that

lim ||E(t — h)uo — E( ~ = 0.

i 50— K)o — E (Dol = 0

ii.) Let up € X. By item i.) above, we already know that u € C([0,400);Y),

where u(t) = E(t)up for all ¢ > 0. We will now prove that d,u(t) € Cp(R), dpu(t)
is uniformly continuous, and limp_.g |Ozu(t + h) — Opu(t)||L~ = 0, for all ¢ > 0.
Suppose first that ¢ > 0. Then

‘u(:c—f—h,t}z—u(x,t) - \/12_7TK(',t) *ué(z)’
- \/%_ﬂ‘([{(,t) * uo(* + hfz _ uo())(z) — K(-,t) * ug(z)‘
< = [ gl ay

The dominated convergence theorem and LLemma @ imply that the last expression
tends to zero as h goes to zero. Then there exists
1

Opu(z,t) = EK(, t) *uy(z), forall z € R, and ¢ > 0. (3.29)

It is easy to see that the last expression is also valid if we only require that ug €
CL(R). It follows from (B-29) and Lemma B.6 that

18u(-, )| e < C - (14227 up|| g, for all ¢ > 0.

Using the fact that uf is uniformly continuous, (B-29), and Lemma ., it follows
that d,u(-, ) is uniformly continuous, for all ¢ > 0.

Finally, since (E(t));>0 is a C%-semigroup on the space Y and using (B.29), we
see that limp,_.o [|Ozu(t + h) — Opu(t)||L= = 0, for all ¢ > 0. O
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3.2. Local Theory in the Space X. In this Sub-section we will use the Banach
fixed-point theorem on an appropriate complete metric space to find a local-in-time
solution to the integral equation associated to the IVP (@) The following lemma
will be helpful during the proof of Theorem @ below.

LEMMA 3.12. Suppose that uw € C([0,T]; X). We define
/ K(-,t—s)x* —8 u?(-,8)ds, forte[0,T]. (3.30)

Then D € C([0,T]; X).

Proof. i.) Let ¢ € (0,T]. Now we first prove that D(¢) € X . In fact,

[D( D)L < sup, [Ju(:, Hcl/ K (-t = s)llLads
s€|0,
2 ‘ 2 Aa3(t—s)
< Cllullego,rx ; (L+(t—s)%ex )ds,

where the last inequality is a consequence of Lemma @ Then

ID( )|z < C" [[ull o.29:x) (1), (3.31)
where

vir) =r+ r2e77 %" for all 1 > 0. (3.32)
Moreover,
DG+ 008) = DO < [Tt s 00 ) — 30 5) s,

Using the fact that dyu(-, s)u(-, s) is uniformly continuous on R, for all s € [0, T7,
Lemma E, and the dominated convergence theorem, it follows from the last in-

equality that D(t) is uniformly continuous on R. Now we claim that there exists

%D (x,t) (in the classical sense), for all z € R, and

g—fu,w = /Oaz(m-,t—s)*%ffzﬁ(-,s))(w)ds

t
= / O K (-t —s) % %8Iu2(~,s)(z)ds, for all z € R.  (3.33)
0

We now establish the last claim. It follows from Lemmas @, @, and @ that
K(-,t—s)* $9,u°(-,s) € CY(R) N Wh>°(R), and

Op (K (-1t — 5) % %61112(-,5))(13) — (0,K(t—s) = %81112(-,5))(30), (3.34)

for all z € R and s € [0,¢). Moreover,

| D +h, t) — D(a,t) —/t 0, K (-t — 5) * %GZUQ(»S)@C“‘

7‘/ K Jrhth})L K(at*‘s),az[((.,tfs))*%&EUQ(',S)(ZE)dS

.(3.35)
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In addition,

H(K(-+h,t—s)—K(~,t—s)

h
K(+ht—s)— K(,t—s)
< HUH%‘([O,T];X) H 3 faxK(~,t—s))‘

— O K (-t — s)) * %8mu2(~, s)

I1o°

Ll

1 h
<o (gl [ 10+t = sy + 10K (ot = )1
) 1
SCHUHC([O,T];X) (m

where the last inequality is a consequence of Lemma @ The claim now follows
from (B.34)-(B.36) and the dominated convergence theorem.
It follows directly from (B.33) and Lemma @ that

102D (-, )| < Cl|ullg 0,2 £(1); (3.37)

+(t— 3)26%‘13“*5)) e LY((0,1),ds),  (3.36)

where ]
w(r) ==+ 127" for all 7 > 0. (3.38)
The fact that 9, D(-,t) is uniformly continuous on R can be shown similarly to the
analogous result for D(-,t), using Lemma B.J instead of Lemma .6
ii.) We will now prove that D € C([0,T]; X). Let ¢ € [0,T). We first assume
that A > 0. Then

ID(t+h) = D( )l < Li(t, h) + Lo(t, h),

where
Li(t,h) = /Ot||(K(-,t+h—s)—K(-,t—s))*%GIUQ(-,S)HLOOCZS, and
t+h 1
ILy(t,h) = / HK(-,t—I—h—s)*5811@2(-,3)”Lwds.
We see that t

1
H(K(-,t+ h—s)—K(t— s)) * 581112(-,5)““0
<Nl qoryx) IKCt+h—s) = K(,t=s)ln
< Cllullgqomxy 1+ T2€%a3T) € L'((0,1),ds),
where the last inequality follows from Lemma @ and the fact that h € (0,7).
Thus, using Lemma and the dominated convergence theorem we have that
t
1
L(t,h) = \/27r/0 [(B(h) = 1)E(t - $)50:u°(,5)]| ds — 0, ash | 0.
Moreover, using Lemma B.6 we get like in (B.31]) that
L(t,h) < C |lull&o,rysx) v(h) — 0, ash |0,
where () is given by (B.3d). Hence,
tia DG ¢+ ) = D( 1)z = . (3.39)
On the other hand, it follows from (B.33) that
0Dt + h) — 0pD(-, t)||pee < J1(t, h) + Jo(t, h),
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where
t

Ji(t,h) = /H(azK(-,tJrhfs)—8zK(~,t—s))*%8mu2(~,s)||mcds, and
0t+h 1

Jo(t,h) = / H@zK(~,t+h75)*§8zu2(~,s)HLoods.
t

It follows directly from Lemma @ that

h
LR <l ]Q 10,5 (-, 7)|

where y(-) is given by (B.3§). To estimate J; (t, k) we first extend 9, K for all times
in the following way:

| 0.K(-9), it s€[0,T],
H(:,s) '_{ 0, if s e R\ [0, 7]

We note that H € L'(R?). In fact, by Lemma B.9 we get

//W@ﬁ@méﬂ@K&MM®SCMH-

Then

IN

t
Tt 1) |W%®ﬂx)AH@K@T+M*@K@ﬂM@T

IN

HUH%([QT];X) // |H(z, 7+ h) — H(z,7)|dedr — 0, ash |0,

where the last assertion follows from the continuity of translations in L!(R?).
Hence,

lim [0, D(-,t + h) = 9 D(, )|~ = 0. (3.40)

It follows from (B.39) and (B.40) that limy, o | D(-, ¢ + h) — D(-,t)]lc; = 0.

The case when t € (0,7] and h < 0 can be shown similarly to the previous case.
This finishes the proof of the lemma. (I

The next theorem is the main result of this section, it states local-in-time exis-
tence of the solution of the integral equation associated to the TVP (B.1)).

THEOREM 3.1. Suppose uo € X. Then there exist T =T (|luollcz) > 0 and a unique
function uw € C([0,T); X) satisfying the integral equation

() = B(buo() %/O Bt — 8)0,u2(-, 5)ds, (3.41)

where E(t) is defined by (5.4).

Proof. Let M := 1+ 2|uo||¢c;. Let T > 0 be fixed. T" will be suitably chosen later.
We now consider the nonlinear operator A given by

(Af)(,t) := E(t)up(:) — %/0 E(t — 8)0.f2(-,s)ds,
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defined on the complete metric space

0} = {f € C(0, T X): sup |If(-D)lle < M}.
t€[0,T]

Let f € ©M. It follows from Lemmas and that Af € C([0,T7; X).

We will now prove that we can choose T = T > 0 small enough such that
A(@TIZI) C @7]{4. Suppose f € ©M. By Lemma we know that limy, o ||(E(h) —
Dugllg; = 0. Then there exists § = (||luollc;) > 0 such that if 0 < h <4, then
[E(h)uollcy < 1+ 3”“0”0;)- If T < 6, using Lemmas B.q and B.9, and (B.33),
we get

IANC Dl < 5 (1 + Blunlley)

1 t
+— K(,t—t + 0K (-t —t 2 ydt!
= | (Kt = )l + 10Kt =)L) o

1

fri 4
< — 1+3||’U,0|| 1) + M2C/ |:— +T2eﬁa T:| dr
2( Cb) 0 \/—

T

< 5 (14 3lluolley) + M>C (1),

|~

for all t € [0,T], where u(-) is given by (B.3§). Take Tt > 0 such that M2C u(Tt) <
51+ Jluollcy). Thus, if T € (0,min{s, T7}], then [[(Af)(-t)[c; < M for all
t e [0,7).

Finally, we will prove that there exists 7" € (0,T] such that A is contractive on
©M. Suppose that f,g € @74:1_ Let t € [0,7]. Then

(AN 1) = (Ag) (- Bl

t
= C/ (Kot =)o + 10K (-t = ) L2) 100 f2(t) = Oug® (1) || e alt!
0

t
<C [ (IKC =l + 10Kt = £)]12)
0

<[ ll0n(f (1) = gC e + 1) = gCt) | ool 02g (1) | oo ]t
<CM|f - 9||c([0,T];X) p(t)-
Taking 7" € (0,7 such that CM u(T’) < 1, it follows that A is a contraction on
©M. Therefore, the mapping A has a unique fixed point u € ©} which satisfies
equation (B.41)) with 7" = T'(|luollcp) > 0. The unicity of the solution of equation
(B-41) in the class C([0,7"); X) is a consequence of Proposition B.1] below. O

The next proposition shows the continuous dependance of the solutions of equa-

tion (B.41]) on the initial data.

PROPOSITION 3.1. Suppose that u,v € C([0,T]; X) are solutions of equation ([3.41)
with initial data ug,vo € X respectively. Then for all t € [0,T] we have

lu(,t) = v(- O)llcp < C(T)e™ [luo —voll ey (3.42)

where o := C'QB(%, 1) and C(T) == C"(T)(1 + 2CV/T), where C'(T) is given by
[B43) and C = C(T, |ullcqo,m:x), IVl c o, x)) s given by (5.47). Here B(-,-)
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denotes the beta function defined by
B(z,y) = /1 t"H 1 —t)v 1,
0
for ®(z),R(y) > 0.

Proof. Let t € [0,T]. We write w(-,t) := u(-,t) — v(-,t). Then
(-, Olley < 1B (wo = wo)llc; + W/Et—tau< )= E))dt ]
(3.43)
It follows from Lemma that
IE®)(uo —vo)llop < C'(T)|[uo — volley, (3.44)
where ‘
C(T):=C - (1+T?#T). (3.45)
Moreover, by Lemmas @ and @, we get
1 t
1 E(t —t")(0,u2(-, ') — 9,02 (-, '
5| [ Be— 00t - onitenar
< Mulleqori + [vlleqo,r:x)
a V2
t
/ (Kot =)L + 10K (-t = )| ) [[w(, ) [ cadt’
0
< C - (llulleqo.ryx) + lvlleqo.ry;x))
t 20 sha’(t—t') !
a3 (t—t Yy !
< [1+ (=) + m}uw( )l dt
[T w( ) e
<o [ 2% 3.46
<o == (3.46)
where
N P
C:i=C- (141237 (||lullcqoryx) + [Vl cqomx))- (3.47)

Thus, it follows from (B.43), (B.44) and (3.46) that

et #)ley
el < Do~ ol + € [ T g

Then
[w(-, )l < C(T)luo — voll ey
- [t - Y o)l

C C”T — 1+C/ 7d dt’

=+ / \/—t/ ( )HUO UO”C 0 \/t/TT :|
[w(-, 7]l

< C"(T)(1 +2CVT) )[wo = voll oz +02// mmdt'dr

:C(T)(1+2C\/_>HU07’UO||CI+C2 /Hw HcldT

The proposition now follows by applying Gronwall’s 1nequahty to the last expres-
sion. [l
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3.3. Future Work. Some interesting problems remain, though: the study of the
global well-posedness for the IVP (@) with initial data belonging to the space X,
and the nonlinear stability theory of the travelling-wave solution of equation (EI)
These two problems will be addressed elsewhere.
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