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Abstract

Let X be a discrete time contact process (CP) on Z? as defined by Durrett and
Levin (1994). We study the estimation of the model based on space-time evolution of
X, that is, T+ 1 successive observations of X on a finite subset S of sites. We con-
sider the maximum marginal pseudo-likelihood (MPL) estimator and show that, when
T — oo, this estimator is consistent and asymptotically normal for a non vanishing
supercritical CP. Numerical studies confirm these theoretical.

Key words: contact process, parameter estimation, supercritical process, sub-
ergodicity, marginal pseudo-likelihood, triangular martingale array.
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1 Introduction and description of the model

Consider a simple model of spread of a single species population evolving in Z2. Depending
on some biological parameters, the dynamics is determined by specifying, for each site
s € Z2, the conditional probability that site s will be in state X;;1(s) =y € {0,1} at time
t 4+ 1 given X;, the configuration at time ¢. State 1 (respectively 0) means that there is
a (respectively no) plant in s. In this paper we propose an estimator for the parameters
of the model, based on observations of X at instants ¢t = 0,...,7 on a finite and fixed
subset S of Z? and study the asymptotic properties of the estimator when the process is
non vanishing on S. Fiocco (1997) and Fiocco & Zwet (2003) considered the estimation
problem based on one observation at time ¢, when ¢ is sufficiently large.

We consider the discrete time version of the Contact Process (CP) as defined by

Durrett & Levin (1994). So, let us suppose that the transition probability at a site s and



at time ¢ is stationary in space and time and depends locally on z;_1(Ni(s)), the first
order neighborhood of the site s at time ¢ — 1, where Ny(s) = {u € Z* : ||s — u||, < d}.

Denote ds = Ni(s) \ {s}. The system evolves as follows:
a. Each plant alive at time ¢ dies with a probability v at time ¢ + 1,

b. If a plant in s at time ¢ survives, then for each v € Js it produces an offspring that is
sent to u at time ¢+ 1 with probability A (a surviving plant in s may produce 0 to 4

offsprings in ds); the reproducing events for different s and v € Js are independent,

c. If there is one or more offsprings sent in u at time ¢ + 1, or if a plant in u at time ¢

survives, then X;y;(u) = 1; otherwise X;y1(u) = 0.

Furthermore, events defined on (a) and (b) are independent in space and time.

This model depends on the parameter § = (v, ) and we suppose that 6 €]0, 1[2. Other
models are possible by defining different rules of evolution (cf. Durrett & Levin, 1994;
Griffeath, 1981). The methods developed here can be generalized to processes with non
invariant transition in space and/or in time.

Denote 7 = inf{t : X;(s) = 0 for each s € Z?} the extinction time of a CP starting
from a single occupied site. A CP is supercritical (Durrett, 1995) if there is a positive
probability for the species surviving forever, that is, P(7 = +00) > 0. Since the “all 0 in
Z?” is an absorbing state, we need a condition (I) of non-extinction of X on the domain
of observation S to make sense for the asymptotic study. This condition, presented in §3,
is verified for a non vanishing supercritical CP.

The paper is organized as follows. In section 2 we define the marginal pseudo-likelihood

(MPL) estimator of # and in section 3 we give a result which shows that the MPL allows



to identify the parameter. The consistency and asymptotic normality of estimator are
formulated in section 4. Proofs are postponed to section 6. Some numerical studies are

presented in section 5.

2 Marginal pseudo-likelihood (MPL)

Let x(T') = (wo,x1,--- ,x7) be T+ 1 successive configurations of X, S a finite subset of
7% and Sy = {u € Z* : Jv € S such that ||u — v||; < 1}. The estimator of 6§ we choose is a
value which maximizes a Marginal Pseudo-Likelihood (MPL) of x(T") observed on S;. The
idea of pseudo-likelihood is classic in statistic: gaussian pseudo-likelihood for stationary
field on Z¢ (Whittle, 1954), conditional pseudo-likelihood for a Markov field on a lattice
(Besag, 1974). Besag proposed a similar method for the estimation of parameters of a
simple statistical model for the spread of disease over a rectangular lattice of plants (see
the discussion of Besag in Mollison, 1977).

For A C S, and if x(B) is the configuration of X at time ¢t on B, denote Py (x¢, x¢11;0)

the transition-probability

Pa(es, wr41;0) = P(Xe41(A) = 241(A) | Xi(S1) = 24(S1))-

As the transition-probability for A = S is analytically intractable, as #(.5), the number of
sites of S, is large, we use a marginal pseudo-transition probability Mg (zy,x¢41;6) on S,
in order to estimate 0. Mg(z¢,w¢y1;0) is the product of Py (¢, w441;0) for s € I(wy, S),

where:



I(z,S) = {s € S such that z;(N1(s)) # 0}

Since 0 < P{S}(:Bt, x441;0) < 1 for any x411(s) when s € I(x¢, S) and P{S}(:Bt, x441;0) =0
or 1 when x;(Ni(s)) = 0 only sites of I(xz, S) are informative for 8. The product of these
marginal pseudo-transitions at consecutive instants defines the MPL. For s € S and A a
finite subset of Z?, denote m(zs, A) = Y. . 4 z(s), the number of sites of A occupied by
x¢. As the model is isotropic in space, the law of Xy 1(s) given z; depends only on ¢(zy, s),

a summary for z¢(Ni(s)), where :

c(xy, ) = (z4(s), m(xy,0s)) € C; = {0,1} x {0,1,2,3,4}. (1)

More precisely, X;11(s) conditionally to x; is a Bernoulli random variable:

Py (24, 20115 0) = play, 5;0) 7 (1 = p(ay, 5;0))7+1(),

with parameter 1 — p(zy, s; ) where:

p(ﬂft, S, 0) — ,Y:Et(s) 5m($t,88) ) (2)

d=7v+(1—-7v)(1—=A) =1— X+ A controls non-proliferation at time ¢ + 1 in s from a

plant present in s’ € ds at time ¢. Define

Ms(zt, w4 4150) = H p(xy, s; 0)1_““(5)(1 — p(xy, s 9))xt+1(5) (3)
se€l(x¢,S)



if I(xy,S) # 0, and M(0,0;0) = 1 otherwise.

The following property that states the dependency between the conditional variables
on different sites, will be useful for the calculation of the variance of our estimator. Denote
n =+ (1—~)(1—X)? the probability of non-proliferation at time (¢ +1) in the set {s, s’}

of a plant present in u € ds N s’ at time ¢, IsvVIs’ = (9s\N1(s')) U (0s'\N1(s)); then,

P(XtJrl({S) S,}) _ (O, O) | xt) _ ,Ym(:ct,{s,s’})ém(xt,stas’)nm(mt,asﬂas’)

It follows that for s # s’

Cov(Xy11(5), Xe1r1(8") | 2) = p(wy, 5;0) p(wy,550) [b(wy,5,550) — 1]

where:

5z} if s € Ni(s)\ {s}
b(l‘t, s, 5/; 9) = 572m(xt,Bsﬁas')nm(xt,asﬁas') if ¢ € N2(8) \NI (S) (4)
1 if s & Na(s).

In particular if s’ € Na(s), (X¢41(8) | 2¢) and (Xy41(8’) | 2¢) are independent.
Let us give the explicit expression of MPL based on observation of x(T") on S;. Denote

n(x;) the number of informative sites of the configuration z; on S:

T-1

n(ze) = 4(I(z¢, S)), and n(z(T)) = Z n(xt).

t=0



For ¢ € Cy, let n(xy, c) be the number of sites s € S with configuration c:

n(ze,c) =t{s € S: c(at,s) = ¢}, and n(z(T),c) = Zj:ol n(z, ).

Then n(x(T)) = 3 .40,0)?x(T),c). The normalized log-marginal pseudo-likelihood of

x(T') observed on S is:

1 T-1

_— log M :0).
T)) ; og S(ﬂﬂt,l‘tﬂa )

lT,S(X(T);e) = TL(X(

As S is fixed, we omit in most cases the subscript S; thus I(x) or M (z¢,x¢41;0) stand
for I(xy,S) or Mg(xy, xr41;60). In the same way, for a fixed x(T"), we will write n(T) for

n(x(T)), n(T,c) for n(x(T"),c) and I7(0) = I7,s(x(T);6). Using (3) we have:

~
L

sz):n(lT) S™ {11 = 2es1()] log p(r, 5:0) + w4 (s) loglL — p(ar, 5; )]} (5)
1=0 sel(xt)

i
=)

The maximum MPL estimator of § (or MPLE) is a value which maximizes the MPL,

07 = arg max Ir(0).

3 Marginal PL allows identification of ¢

In this section we show that Marginal PL allows identification of § under the condition

(I) of non-extinction of X on S :

(T) : Io = {x = (x4,t > 0) such that n(x(T")) — oo as T' — oo}.



In order to obtain this result we need to show that 7. are strictly positive for two linearly
independent configurations, where:

n(T, c)
n(T)

Te = limp_, o

Let Cf be the set of configurations on ANp(0) such that z(0) = 1. The following Lemma
states the positivity 7. > 0 for ¢ € C under the condition (I) and is a particular case
of a the subergodicity result (see Lemma 4 in section 6) useful to prove positivity of some

pseudo-information matrix.
Lemma 1 There exists a > 0 such that, Vc € C}, and Vx € I, we have w1, > o
Under (I) and for large T', 8 — Ip(0) allows identification of #. Indeed:

e if x(7T) realizes two linearly independent configurations ¢, = (uq,v,) and ¢, =

(up, vp), then 0 — I7(6) is an injective function;

e under (I), the probability that each configuration ¢ of C{ appears on S converges to

1 when T' — oo.
Remarks :

1. As a non-vanishing supercritical process is ergodic, with a spatially translation-

invariant limite law p (Durrett, 1995) satisfying jigy(1) > 0, it follows that 7. =

limy_, o an(TT? exists and is strictly positive.

2. Space and/or time invariance of the transitions model is not crucial in the proof of

the subergodicity result: a similar result can be proved for non translation invariant



models under some convenient condition that transition probabilities are uniformly

positive.

4 Consistency and normality of the MPL estimator

4.1 The results

Let f: U — R be a real function twice continuously differentiable on an open subset U of
R? and f (1)(9) the vector of first derivatives. The following result sets up the consistency
and asymptotic normality of the maximum MPLE 1 associated with (5). The proof is
postponed to section 6.

Let q(c;0) = P(X¢41(s) = 0| ¢(z¢, s) = ¢), and Ar(0,), Br(0,) the 2 x 2 matrices:

- (1)t
Ar(0,) = Z Z L [p ]m,se) (6)

o T (1_Q)
1 . P (@1, 5300) '[P (1, 5'; 60)]
P = am &, T s i)

with p(ay, s;0) given by (2) and b(zy, s, s';0,) by (4).

Theorem 1 Let 0, = (v,,\,) be an interior point of a compact © C]0,1[* and the true
unknown value of the parameter 6. Under condition (I):

(1) The mazimum MPL estimator is consistent:

lim HT = 90.
T—o0
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Figure 1: Evolution of the bias (solid lines) and standard deviation (multiplied by 100,
dotted lines) for the estimators of 7, (left) and A\, (right) for the supercritical CP with
parameters v, = 0.35, A\, = 0.25.

(2) This estimator is asymptotically normal,

n(T) [Ar(6,) + Br(0,)] "% Ar(6,) (Or — 0,) % Go(0, I)

where Iy is the 2 x 2 identity matriz.

5 Numerical studies

In this section we give some empirical results with S the 64 x 64 square lattice and
initial configuration ‘all sites occupied’. To avoid boundary effects we have used periodic
boundary conditions.

In Fig. 1 we present the evolution of the bias and the standard deviation of 44 and

10
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Figure 2: Histograms of 100 estimations of v, (left) and A, (right) for the supercritical
CP with parameters v, = 0.35, A, = 0.25.

Ap for T = 1,...,99 for the supercritical CP with parameters v, = 0.35, A, = 0.25.
Empirical study of asymptotic normality of estimators for a supercritical CP is based on
100 simulations with 7" = 99. Histograms are presented in Fig. 2. Asymptotic normality
is checked by using a chi-squared test at level 5% and defining 9 equiprobable classes.
Normality is accepted for 4 (resp. 5\) since x? = 1.7 (resp. x? = 4.4) and xZ 5(6) = 12.59.
We also compared the estimated theoretical standard errors 64, 65 and empirical stan-
dard errors s4, s5 for the supercritical CP with parameter v, = 0.35, A, = 0.25. The values
04,,0 5, are obtained from a single simulation with 1" = 4 by applying Theorem 1 where
A4(6,) (resp. By(0,)) are approximated by A4(fy) (resp. By(04)). The empirical standard

EITOIS S5,, S5, are empirical estimations obtained from the 100 estimations associated to

11



the 100 simulations. The results are presented in table 1. We note that, as expected, there
are few differences between estimated theoretical standard errors and empirical standard

errors.

0-'3’4 S'?4 0-5\4 85\4

Estimations | 0.0076 | 0.0079 | 0.0059 | 0.0064

Table 1: Theoretical and empirical standard errors of the estimators.

Finally, Table 2 gives the estimations of v, and A, for twelve CP with parameters
(Vos Ao) € (0.2, 0.4, 0.6) x (0.1, 0.2, 0.3, 0.4). In these simulations, T = 4 and 40% of

randomly chosen sites were occupied at time ¢ = 0.

A=0.1 A=0.2

Y ’3/4 5@4 )\4 5‘;\4 ’/L(4) ’3/4 5’@4 )\4 55\4 n(4)
0.2 ] 0.210 0.006 0.104 0.003 14598 | 0.189 0.006 0.193 0.004 15286
0.4 | 0.391 0.008 0.106 0.004 12402 | 0.399 0.008 0.188 0.005 13565
0.6 | 0.597 0.009 0.100 0.005 9224 | 0.607 0.009 0.206 0.008 10452
A=03 A=04

Y ’3/4 5’@4 /\4 (5’5\4 n(4) ’Ay4 (AT:M )\4 &5\4 n(4)
0.2 | 0.202 0.006 0.294 0.006 15761 | 0.198 0.008 0.400 0.008 15843
0.4 10394 0.008 0.305 0.007 14729 | 0.393 0.009 0.400 0.009 15106
0.6 | 0.596 0.009 0.292 0.010 11468 | 0.604 0.009 0.386 0.012 12402

Table 2: Estimation of the parameters and their standard deviation.

6 Proofs of Theorem 1

6.1 Proof of the consistency of O

Denote nj(x¢,¢) the number of occupied sites s € S at time ¢ + 1 with configuration

c(xt,8) = cat time t, I (z) = I(x)NA, n(x;) = §(I4(z¢)) and ny (T, ¢) = EtT:_Ol ny(x, ¢).

12



Lemma 2 For each subset A C S: Var [ZseIA(xt) Xpr1(s) | | < (13/4) - nA(zy).

Proof : This follows as (Xy+1(s) | x¢), (Xiy1(s') | @) are independent Bernoulli

variables when s’ & Ny(s), #(Na(s)) = 13 and Var[Xpp1(s) | @] < 1/4. ..., |
Lemma 3 Let c € Cy. If n(T,c) — oo when T — oo, then % 21 —q(c;0,).

Proof : We apply the following result: if (a,) is a sequence of real positive numbers

and b, = 3 ;_; ag then Y 2 88 < oo. For I(z,¢) = {s: s € I(x),c(x, s) = c}, let:

Cl600) = D o Xa(s) = [L—ale)]} for 1<t <T

St(c;i0,) = Y Gilc;6,), and Fr=o(Xy,t <T)

(S7(c;0,)) is a (Fr)-martingale. To prove the announced result, we apply Theorem 2.18

of Hall & Heyde (1980) with X1 = (7 (c;6,), Ur = n(T, c). It is sufficient to show that:

< 0.

By, (Ca(ci 00) | or)
2T

2 T,

This follows from lemma 2 since Ey, ([(7(c;0,)]* | #r—1) < (13/4) - n(zr-1,¢) ... .. [

To prove the consistency of Or, we apply Theorem 3.4.3 of Guyon (1995; see also

Dacunha-Castelle D. and Duflo, M., 1986). Let:

0 = 1=t {n Y et

K(0,,0) = Zc#w e X kie(00,0).

13



K(0,,0) have a single minimum at 6,: indeed, K(6,,0,) = 0, and K(6,,0) > 0 if 6 # 0,
since k.(6,,6) > 0 and from Theorem 1, 7. > 0 for ¢ € C7.

Denote Up(6) = —I7(0), the opposite of log-MPL. Then:

Ur(0) =~ 3 "EALBID 4o L0600y}

Since % 21— q(c;0,), it follows that:

limy_,  [Ur(0) — Ur(0,)] > K(0,,0) a.s. on I.

It remains to prove that there exists e, — 0 such that P,(limp_,.(Wr(1/k) < €)) = 1
where Wr(-) is the modulus of continuity of Ur(#). This is a direct consequence of the
compacity of © C]0,1[2 and the fact that ¢ is continuously differentiable. This completes

the Proof. |

6.2 Proof of asymptotic normality of O

We apply Theorem 3.4.5 of Guyon (1995) by verifying conditions (H1)-(H3) for the as-

ymptotic normality of the mimimum U,-contrast consistent estimator :

(H1) There exists a neighorhood V of 6, over which U, is twise continuously
differentiable and P,-integrable r.v. h such that for all a € V, U7(12)(a,a:)

< h(z).

(H2) There exists a sequence (a,) — oo such that J, = Var(w/anUy(Ll)(HO))

exists and satisfies:

14



(1) There exists J > 0 such that .J,, > J from a certain point on.

2) vandn PUP (6,) — N(0,1).

(H3) There exists a sequence of nonstochastic matrices I,, such that I,, > I > 0

from a certain point and limnﬂoo(U,g) (0,) — I,,) = 0 in P, probability.
It is easy to check that the condition (H2) is equivalent to:

(H2’) There exists (a,) — oo and matrices J, satisfying (1) and (2) of the

condition (H2)

To prove asymptotic normality of 7 we need to verify conditions (H1), (H2’) and

(H3). Let us denote pM (x4, s; 0) the vector of first derivatives of p(zy, s; ) with respect to

0,
gy Xer(s) p® _ .
U1 (e, 530) = [ﬁ —1] x 7(%&75,9), §i11(0) = Zsel(xt)ut+l($t’s’9)’
T-1
Jr(0e) = Ar(bo) + Br(0,) := Var(§y1(00) | 2]
=0

where Ar(6,) and Br(6,) are given respectively by (6) and (7).

We proceed in two steps: firstly we calculate U;l)(eo), then U:(F2) (05), the matrix of
second derivatives of Ur(0,), It = Ar(0,), Jr = Jr(6,), the pseudo-information matrices,
and show in Lemma 5 the existence of I = A(fy) > 0, J = J(0g) > 0 such that Ar(6,) >

A(0o), Jr(0,) > €5-J(0p) for some €, > 0. Secondly, we prove in Lemma 6 a Central Limit

15



Theorem for \/n(T)JT_lp(@O)U}l)(Ho). We have :

vV0,) - an)Zsm(eo),U}”(eo): 7(05) + Cr(0,), where :
t=0
’ _ n(T, C) nl(T7 C) q(l) (C, 90) tq(l) (C; 90)
) = 2 ) nT) el bl — ol B
_ n(T,c) [ni(T,c) 1 B oo V(e
) = ¥ N (M gy 1) e @it

Let L = {L;,i € Z} be a partition of S, £ = {L;+),t > 0}, an infinite sequence of elements

of L and (¢, 0) the configuration of N3(0) such that z(N7(0)) = ¢ and x(N2(0)\N;(0)) = 0.

Define
o =0 7" (4, ¢,0)
Teo = himT*)OO
’ n(T)
where n”(z, c,0) is the number of sites of S N L with configuration (c,0). Let now state

the sub-ergodicity result:

Lemma 4 Let C§ be the set of configurations on N1(0) such that ©(0) = 1. Then there
exists « > 0 and L, a sequence of elements of L, such that, Vc € C], and Vx € I, we

L
have wgy > a.

Proof. We make use of the the following result : if (Y,,,n > 1) is a sequence of
independent Bernoulli variables with parameter (g,,n > 1) such that § = min{g,,n >
1} > 0, then, as., limy_, =~ Y n=1n Yn = B/2. The condition B > 0 is satisfied if
B = B(kn) > 0,n > 1, where k, € K = {1,..., K} is a finite set.

Let C3 be the set of configurations on N3(0) such that z(0) = 1. We will define two

sequence of instants. The first one, 0 <T7 < Ty < -+ < T}y, < T — 2 is the sequence of

16



informative instants between 0 and T'— 2 such that x:(N7(s)) # (0,0) for at least one site
s € S. Let us denote s7, a site at time T}, such that x7, (Ni(s7,)) # (0,0). The second
one, 0 < TV < Ty < -+ < T;L} < T — 2, is the subsequence of the precedent such that
x¢(s) = 1 for at least one site of S; let us denote s*T:* an informative site at time 77..
Furthermore, we will choose sites s and s* such that sp, = S*Tl:* when T}, = T7..

Define £ as follows: (i) for each informative instant ¢ = Tk, let L;, 11y be the subset
of L containing s7,; (ii) at the others instants, L;;) may be chosen arbitrarily in L.

For each configuration c of Ci and k* = 1,...,m} let Zp« = 1{XT§*+1(N2(S*T;*)) =

(¢,0)}. As P(X+1(Na(s)) | o¢) depends only on x:(N3(s)), the variables (Zg+,k* =

1,...,m?%) are independent Bernoulli variables with parameter

q(zry, (N3(s7y,)), ©) = Plagy, 11 (Na(s7,)) = (¢,0) | @z, (N3(s7,)))-

As :BT]:* (S:}* ) = 17 every Conﬁgura‘tion (07 O)’ ce Cikv of LUTI:‘*J,-l(NZ(S;ﬂ* )) is obtained with
k* K*

positive probability, it follows that:

B* — inf{q(xT]:* (./\/’3(8};*)),6) L (/\/‘3(8%:*)) S C;,C € Ci‘, T,;k, for k* > 1} > 0.

Let, Wy = Xp,4+1(s7y,) for k = 1,...,mp. P(X¢11(s) | 2¢) depending only on x;(Ni(s)),

the variables (Wj, k = 1, mp) are independent Bernoulli variables with parameter

q(ka(Nl(STk)>) = P(XTk+1(STk) =1 ‘ mTk(Nl(STk>))'

17



Since x4(Ni(s7,)) # (0,0), the configuration X7, +1(s7;,) = 1 is obtained with positive

probability, that is:
5 = inf{q(l‘TlC (Nl(STk)»;wTk(Nl(sTk)) 7é (0,0), Tk, for k > 1} > 0.

. . L' *
On the one hand, as Z;+ = 1 contributes by 1 in n = +Y (T2, +1,¢,0),

T—2 mp
Zn W+ (2441, ¢,0) Z n T )( $T,:*+1a07 0) > Z L. (8)
t=0 k*=1 k*=1

On the other hand, as there exists at most mp informative instants, each with at most

#(.5) informative sites,

T—2 T

S ke (@) < 3 n(en) < 4(S)

t=0

3

mr
L S——, (9)
Zk:l,mT Wk g

e
Il
—

Furthermore m}*. > _ Wy It follows from (8) and (9) that:
T k l,mT

f 02 Lit+1) (41, €, 0) 1 2T
e B U
=0 i(e) (xt-i-l) T k=1 mr k=1

The choice of L entails:

b () S naen (z4q) 5 1

w@)—nl) ST Zn(r) AS) 1

since nritt+n Tis1) > n(ze1), at each informative instant ¢, and nlic+y Tiyr1) =
+ HE)) +1)» y +

n(xi11) = 0, for the other instants. The result of the Theorem 1 with a = 3-5*/(4-{#(5)}?)

18



is a consequence of (10) and (11) as % — 1 when T' — 0. [

In the case L = {S} we obtain the result of Lemma 1 as 7, > 7750 > a.

In order to define J(6,), let L = {4 x Z?} U {4 x Z? + (2,2)}, and for 0 < k,I < 2,
kE+l<4andi=3k+1+1, L, ={L+ (k, 1)} nS. Let L ={Ly,...,Ls} the associated
partition of S and £ = {L;(),t > 0} the sequence defined by Lemma 4. Let A(6,), J(0,)

be the matrices defined by:

(1) t[q(l)]

q

A= 3 mex L
1_

) g[1 —q|

. _ e, aD'eM)
(c;00), J(60) = > mhy X [1_q]2[q]2(c, 0,).

Note that variables {(X;11(s) | 2i+1(S1\I& (1)), z¢), s € If(x;)} are independent where

I () = {s € L : 24(Na(s) \ N1(s)) = 0}. Indeed, for A D S1\I(x;) and s € IF(z,)\ A:

P[Xip1(s) = 0|z (A),ze] = 7510 (1= A1) (12)

= P[Xesi(s) = 0w (S1\g (@), 2] (13)
as 0s N I (xy) = 0.
We have the following result:
Lemma 5 For 6, € © and under the condition (I) :
a) A(0,) is positive definite and limp_,  Ar(0,) = A(6,),
b) J(0,) is positive definite and imp_, . J7(0,) > €, X J(0,) for some €, > 0.

Proof :
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a) A(6,) is a positive semidefinite matrix. Indeed for each o = (a1, ap) € R?:

2

ta A0,) o = Z 7o q(c;0,)[(1 — q(c;0,))] 71 (ta (log q) M (¢ 00)> >0

¢#(0,0)

as m. > 0,0 < q(c; 0,) < 1 for ¢ € C;. It remains to prove that a = 0 when ‘aA(6,)a = 0.
Let cq = (uq,v,) and ¢, = (up, vp) be two linearly independent configurations of Cj and
suppose that ‘aA(f,)a = 0. Tt follows that ‘a(log q)V(ca;0,) = ta(log q)™M(cy;60,) = 0
and a; = ag = 0. Finally, as 7. = liimTﬂoo%, limy, A7(0,) = A(6,).

b) We show in a similar way that J(6,) > 0, since 7rf70 > 0 for each ¢ € Cj. The proof

of limy_, . Jr(0,) > €, X J(0,) is based upon inequality:
Var(X) = Eg(Var(X | G)) + Varg(E(X | G)) > Eg(Var(X | G)) (14)

where G is some o-field that we have to choose. This idea was initially proposed by J.
Jensen and is used in other estimation contexts: Ising model (Guyon & Kiinsch, 1992),
point processes (Jensen & Kiinsch, 1994), dynamic of lattice data process (Guyon &
Hardouin, 2001).

Applying (14) fort =0,..., T =1 with X = (&,1(00) | 1), G = G111 = 0{Xi41(s),s €
S1\I§(x)} and L = L;;y and using (12), for s € If(x;) and m(Xy41,0s) > 1 it follows
that:

Eg, . [Var(Xes1(s) | Gear, 2)] 2 €0 1= 7,(1 — a)(1 = Ao)° (15)

where a, = v, + (1 —7,)(1 — Xo)*. Indeed Var(X;i1(s) | Gy, ) > 7,(1 — Xo)? as

Yoo (1 = X)* < P(Xy41(5) = 0| Gir1,7¢) < 1 — Ny, Furthermore, P[m(X¢y1,0s) = 0 |
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xt)] < ap as s € I(xy) and (15) is a consequence of

Eg, . [Var(Xis1(s) | Gerr, )] 2 7,(1 = X0)° - Y Plm(Xe41,05) = m | zy)].

m2>1
Then, for s € I (z), (15) implies:
p tpM)]
Egt+1 [Va’r(ut+1 (:L't, S; 00) | gt“rl? l't):l 2 60 [1 _ p]2 [p]2 ($t7 S; 90)

Finally, since conditional random variables {(X;11(s) | Git1, 1), s € I()L(:nt)} are indepen-

dent, it follows that:

Eg,.y [Var (€41(00) | G, 2)] = Eg,, [ZS%L(M) Var (ua (2, 5:00) | Gig1, )

(1) t1,(1)
Y pY]
> - : .
Z € ZSEI({“(J»}) [1 _p]g [p]Q(xt78590))

The result follows from the last inequality, and

1

m Zth_ol EG, i [Var (§t+1(90) | gt+1,xt)] .

Var(§1(00) | 2] =

Lemma 6 As T tends to co: /n(T) J;I/Q(GO) U;l)(ﬁo) 4, G2(0, I2)

Proof : We will show that for each o € R?, o # 0,—~ taJ;1/2(90) tT;Ol Ei41(00) <,

vn(T)

G1(0,) a ). We apply a result for triangular martingale arrays (see Hall & Heyde, Theo-

rem 3.2, Dacunha-Castelle & Duflo, Theorem 2.8.43) to (St¢, 1 <t <T), (Frs,1 <t <T)
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where:

_ 1
’ n(T)

ta gy (0,) S €uia(00), and Fry = o(Xp, 1 <t < t) = F
t'=0,t—1

Since for each T" > 0 and 1 < t < T, E[§,,1(0,) | Fri) = El§41(00) | 2] = 0,
{S14,Frs, 1 <t < T} is a zero-mean, square-integrable martingale for each 7' > 0.

From (?7) we get:

=
L

1 _ _
Vrr = m toy JT1/2(00) Var(§;.1(6,) | x4 JT1/2(90) a=taa>0.
t

Il
=)

It remains to verify the Lindeberg condition. Let B2 = max; j—1,2 |b; - bj\ where for

i=1,2, bj = supg,co cec, | 10g q(l)(c; 0,) | -%. It follows that:

i

T-1

Lo -1y2 2
E(n(T)[aJT (o) (6o) 1|—T1(T) taJ;”?(eo)sHl(ao)beWt)

t=

B2 . . T-1 . I
<o (9o)a.2p(y a7 2(0,)€,,1(00) |> ey/n(T) ,xt>
t=0
4
= n?T) [taJT:I(QO)a]Q ' %

Clearly, for a fixed o, ‘aJ;*(6,) is bounded in T. Indeed, let . (00), 115(00) be re-
spectively the smallest eigenvalue of Jr(6,) and J(6,). From Lemma 5 limyJr(0,) >

€0 J(0o) > 0. It follows that 1;,.(0,) > €op1y(0,) > 0 and:

oy (Bo)a| < supa ' Bo)a] = (1, (62)] " < ooy (6)] !
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Since for each fixed € > 0, % ot (0,)a)? 1% — 0as T — oo, the Lindeberg condition

is fulfilled and the proof of Lemma completed. ... ... ... .. L. |

We are now able to establish the asymptotic normality of Or. As Op 3 0,, it is
enough to verify conditions (H1), (H2’) and (H3) of Theorem 3.4.5 (Guyon, 1995). Let
ar = /n(D).

(H1) is satisfied as p(z¢, s;0) is two times continuously differentiable on 6 and 6y is
an interior point of ©, a compact of |0, 1[2. Furthermore, denoting K? = max; j—1,2(kij)

{a® 1M (c0,)}i5 (log @){°) (c36)
where k; j = max{sup.cc, g,ce |s(ca Tyt |» SWPeeci boc0 | Timgtaayr | for 47 =12,

it follows that \UT (00)] = [A7(00) + Cr(00) <[> s(0,0) (T, 0)/n(T) -2+ 1] - K2
(H2) ar = \/@ — 00 since the process survives forever on S. Lemma 5 establishes
the existence of J(,) > 0 and Lemma 6 the asymptotic normality of \/EJ;I/Q (OO)U:(Fl) (05).
(H3) limy_, . A7(6,) = A(6,) from Lemma 5. Finally, as n1 (T, ¢)/n(T,c) “3 1—q(c; 0,)
when T' — oo, it follows that Cr(6,) “> 0 and A%.(6,) — A7(0,) “> 0 and this completes

the Proof. |
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