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Abstract

We study the p-adic behavior of Jacobi sums for Q({,) and link
this study to the p-Sylow subgroup of the class group of Q(¢,)" and
to some properties of the jacobian of the Fermat curve X? +Y? =1
over [y where / is a prime number distinct from p.

Let p be a prime number, p > 5. Iwasawa has shown that the p-adic
properties of Jacobi sums for Q((,) are linked to Vandiver’s Conjecture (see
[H]). In this paper, we follow Iwasawa’s ideas and study the p-adic properties
of the subgroup J of Q((,)* generated by Jacobi sums.

Let A be the p-Sylow subgroup of the class group of Q(¢,). If E' denotes
the group of units of Q((,), then if Vandiver’s Conjecture is true for p, by
Kummer Theory, we must have p’:—i — Gal(Q(¢,)(*V'E)/Q(¢)). Note that
J is analoguous for the odd part to the group of cyclotomic units for the even
part. We introduce a submodule W of Q((,)* which was already considered
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by Iwasawa ([fi]). This module can be thought as the analogue for the odd
part of the group of units for the even part. We observe that J C W
and if the Iwasawa-Leopoldt Conjecture is true for p then W(Q((,)*)P =
J(Q((p)*)P. We prove that if pA~ = {0} then (Corollary [L.§):

A+

i < Gal@G)CVIV)/QG).
The last part of our paper is devoted to the study of the jacobian of the
Fermat curve X? + Y? = 1 over F, where ¢ is a prime number, ¢ # p.
It is well-known that Jacobi sums play an important role in the study of
that jacobian. Following ideas developped by Greenberg ([f]), we prove that
Vandiver’s Conjecture is equivalent to some properties of that jacobian (for
the precise statement see Corollary [(.3).

The authors thank Cornelius Greither for interesting discussions on the
converse of Kummer’s Lemma which led us to the study of the analoguous
statement for the odd part . The second author thanks the mathematicians
of the Laboratoire de Mathématiques Nicolas Oresme for their hospitality
during his stay at Caen.

1 Notations

Let p be a prime number, p > 5. Let (, € p, \ {1}, and let L = Q((,).
Set O = Z[(,] and E = O*. Let A = Gal(L/Q) and let A = Hom(A, Z3).
Let Z be the group of fractional ideals of L which are prime to p, and let P
be the group of principal ideals in Z. Let A be the p-Sylow subgroup of the
ideal class group of L.

Set m =, — 1, K = Q,(¢), U = 1+ 7%Z,[(,]. Observe that if A € P,
then there exists o € L* N U such that A = aO. If H is a subgroup of U,
we will denote the closure of H in U by H. Let w € A be the Teichmiiller
character, i.e. :

Vo € A, o((,) = ¢4,

P

For p € 3, we set:

1 _
=TT > p78) € Z,[A]
dEA



If M is a Zy[A]-module, for p € A, we set:

For ¢ € 8, 1 odd, recall that:

121
By = » > arp(a).
a=1

Set:

1221
0 = 5Zaa;l € Q[a],
a=1

where o, € A is such that 0,((,) = (. Observe that we have the following
equality in C[A] :

N
9 = 5 + Z Bl7¢—1€w,
PeEA, P odd

where N =) ;A 0.
Let M be a Z[A]-module, we set:

M~ ={meM, o_1(m)=—m},

Mt ={me M, o_1(m)=m}.
If M is an abelian group of finite type, we set:

Mlp| = {m € M, pm = 0},

M
dpM = dlmep—M .
2 Background on Jacobi Sums

Let CI(L) be the ideal class group of L, then:
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Note that we have a natural Z|A]-morphism (see [[j], pages 102-103):

E+
B

¢ : (Anngza)CI(L))™ — Homga) (CI(L),

For the convenience of the reader, we recall the construction of ¢. Let z €

(Anngza)CI(L))~. Let A € Z, we have:
A" = 7@07

where v, € L* N U. Now:
Ya = 5a/7a_17

for some g, € ETNU. One can prove that we obtain a well-defined morphism
of Z[A]-modules: ¢(z) : Cl(L) — %, class of A — classof ¢,.
In this paragraph, we will study the kernel of the morphism ¢.

Let W be the set of elements f € Homgaj(Z, L*) such that:
- (@) cU,
- there exists 3(f) € Z[A] such that for all o € L* N U, f(aQ) = of).
One can prove that if f € W then 3(f) is unique, the map 5 : W — Z[A]
is an injective Z[A]-morphism and S(W) C Annga(CIU(L)) (see |]). If B
denotes the group of Hecke characters of type (Ap) that have values in Q(¢,)
(see [[]), then one can prove that B is isomorphic to W.

Lemma 2.1 Ker¢ = g(W™).

Proof We just prove the inclusion Ker¢ C S(W™). Let x € Ker¢. Let
A € T, then there exists an unique vy, € L* N U such that 7,7y, = 1 and:

A* =~,0.

Let f:Z — L*, A ~,. It is not difficult to see that f € Homya (Z, L*)
and f(Z) C U. Now, let « € L* N U, we have:

f(a0) = a™u,

for some u € E. Since z € Z[A]™ and «, f(aO) € U, we must have u = 1.
Threfore f € W~ and z = 8(f). ¢

Now, we recall some basic properties of Gauss and Jacobi sums (we refer
the reader to [[J]], paragraph 6.1).



Let P be a prime ideal in Z and let £ be the prime number such that ¢ € P.
We fix ¢, € pe \ {1}. Set Fp = G. Let xp : Fj — p,,, such that:

1-NP

Va € Fp, xp(a) =a » (mod P),

where NP =| 2 | . Fora € z%’ we set:

r(P) == 3 x(a)g .

OCE]FP

We also set 7(P) = 71(P). For a,b € p%, we set:

Jap(P) = = > Xp(a)xh(l - ).
aclFp
Then:
-ifa+b=0 (mod p),
1) ifa §é 0 (mOd p)a ja,b(P) = 1’
ii)ifa=0 (mod p), jas(P)=2— NP,
-ifa+b#0 (mod p), we have:

oy (PIn(P)
ol P) =Py

Observe that 7(P) =1 (mod 7), and therefore (see [H], Theorem 1):

Z
be —, Jap(P i
vaa S pzr J,b( ) el
Let €2 be the compositum of the fields Q((,;) where ¢ runs through the prime
numbers distinct from p. The map P +— 7(P) induces by linearity a Z[A]-
morphism:

T:T — QG)"

Let G be the sub-Z[A]-module of Homga)(Z,€2((,)*) generated by 7. We
set:

J=4gn Homz[A](I, L*)
Let S be the Stickelberger ideal of L, i.e. : & = Z[A]0 N Z[A]. Then one
can prove the following facts (see [B]):

-JCW,



- the map #: W — Z[A] induces an isomorphism of Z[A]-modules :

J ~S.

Lemma 2.2 Let N' € Homga) (I, L*) be the ideal norm map. Then, as a

Z-module:
(p—1)/2

J=NZ& P il
n=1

Proof Recall that, for 1 <n < p — 2, for a prime P in Z, we have:

T(P)7a(P)

JinlP) = = 3 xplalxp(l —a) = s

OCEIFP

Thus, for 1 < n < p— 2, we have:

jl _ 7_1+0'n70'1+n _ TTn
7n - -

)
Tn—l—l

where for a € F, 77 = 7,. Observe that:
Va € F), 7,74 = N.

Thus N € J. Since J ~ S, J is a Z-module of rank (p + 1)/2. It is not
difficult to show that (see [{], Lemma 2):

(p—1)/2
J =717 @ T_oT 7.
a=1

Observe also that, for 2 < n < p — 2, we have:

Np—n = J1n-1-

Let V' be the sub-Z-module of J generated by A and the ji,, 1 < n <
(p—1)/2. Then for 1 <n <p—2, ji, € V. Furthermore:

p—2 P
| | Nn = N
n=1
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Therefore 77 € V. Since 717! = N, 717! € V. Now, let 2 <r < (p—1)/2
and assume that we have proved that T_(r_l)Tr_l € V. We have:

-1
11 N1,

T, N7t

Jr—1 =

Thus:
o1 -1
T—r = Np—1T1—T

and
r _ —1 r—1
T_TT - ]1,7,717—_(7»_1)7— .

Thus 7_,7" € V and the Lemma follows. <>

Lemma 2.3 Let { be a prime number, { # p. Let P be a prime ideal of O
above ¢ and let a € {1,---,p—2}. Then Q(j1,4(P)) = L if and only if { =1
(mod p) and a®* +a+1#0 (modp) ifp=1 (mod 3).

Proof Since j,,(P) = 1 (mod 72) and j; o(P)j14(P)°~* = ¢/ where f is
the order of ¢ in (Z/pZ)*, we have:

Vo € A, j1.4(P)” = jra(P) © j1.a(P)7O = j1..(P)O.
Recall that:
Vo € A, j1,4(P)7O = ji(P)O < pl=Dltoa—aadl — o)

Since j14(P)% = j1.4(P), we can assume ¢ = 1 (mod p). Let 0 € A, we
have to consider the following equation in C[A] :

(0 = 1)(1 4 0q — 0144)0 = 0.
This is equivalent to:
Vb € A, vodd, (¥(o) — 1)(1 + ¥(a) — (1 + a)) = 0.
Assume that w?(o) # 1. Then:
1+wi(a) —w?(1+a)=0.

This implies:
a®>+a=0 (mod p),



which is a contradiction. Thus w?(c) = 1. Let’s suppose that o # 1. We
get:
l+w(a) =w(l+a),

which is equivalent to:
a>+a+1=0 (mod p).

Conversely, one can see that if p=1 (mod 3),a*+a+1=0 (mod p),
w3(o) = 1, then:

Vb € A, podd, (¥(o) — 1)(1+¥(a) — (1 +a)) = 0.

The Lemma follows. <>
For x € Z,, let [x] € {0,---,p — 1} such that x = [z] (mod p). We set:

p—2
.n_l —o_ _
n=]i rea
n=1

Lemma 2.4
a) Let p € A, Y # w, 1 odd. Then:

[\

6¢( (1 +on — Ul-l—n)[nil]) S Z;6¢.
1

bS]

3
Il

b) We have:
1
—eo(Y (140, — 010l € Zye,.
p n=1
Proof
a) Write ¢ = w*, k odd, k € {3,---,p — 2}. We have:
p—2 p—1 k k
_ 1+n"—(14+n
S+ — et = 3O g mod )
n=2 n=1

This implies a).
b) We have:
Va € F;, w(a) =a”  (mod p?).



—Z (14+wn) —wl+n)n'=- pi!.nk_l (mod p).

And we get:

This implies b). <>
Lemma 2.5 Let ¢ be a prime number, { # p. Let V; be the sub-Z]|A]-module
of L*/(L*)P generated by {f(P), f € J} where P is some prime of T above
0. Let ¢ € A, v odd and v # w. Then:

Ve(¥) = Fpeyn(P).
Proof Let E = L((). Then:

Now, in (5) (1), we have:

Ve(¥) = Fpeyt(P).
It remains to apply Lemma 2.4. <
Finally, we mention the following Lemma:

Lemma 2.6 We have:

G zam =27 T (S0 b)) — o)),

b YeA,podd =1
Furthermore:
(J™ :Z[A]n) #0  (mod p).
Proof Set 7~ = (1 —o_1)J C J~. Ten (see [, paragraph 6.4):
(T :T)=2"7
Now, by the same kind of arguments as in [L1], paragraph 6.4, we get:

p—2

[I QO +ovm—v@+n)n).

YEA, podd "=1

@7:MMm=§

It remains to apply Lemma B.4. to conclude the proof of this Lemma. ¢
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3 Jacobi Sums and the Ideal Class Group of
Q(¢p)

Recall that the Iwasawa-Leopoldt Conjecture asserts that A is a cyclic
Zp[A]-module. This Conjecture is equivalent to:

~ Z
vw € A7w0dd7w # w, A(Q/f) ~
Bl,w_IZp
It is well-known (see [[[1], Theorem 10.9) that:
~ Z
\V/’QZ) € Aa@bOddﬂ/} 7& w, A(W’l?[)_l) = {O} = A(¢) ~
Bl,wflzp

In this paragraph, we will study the links between Jacobi sums and the
structure of A~
We fix ¢p € A, 9 odd and ¥ # w. We set:

m(¥) = vp(Biy-1).
Recall that, by [[[T], paragraph 13.6, we have:
| A(W) |=p™).
Let p*®) be the exponent of the group A(v)). Then:
Biy-1 =0 (mod p*¥).

Lemma 3.1 Let P be a prime ideal in I above a prime number £. Then:
A
eyn(P)O =0 in—, & P(l) #1lor By y-1 =0 (mod p).

Proof First note that, if p € A, then e,P =0 in £ if and only if p(¢) # 1.
By the Stickelberger Theorem, we have:

n(P)O = (3 (140w = o)l (1 = 0-1)0 P

n=1

Recall that:
ewﬁ = Bl7¢716¢.

The Lemma follows. <>
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Lemma 3.2 Let f € W—. Then [ lies in WP if and only if for all prime
ideal P € I, f(P) € (L*)P.

Proof Let f € W~ such that for all prime ideal P € Z, f(P) € (L*)?. Let
A € Z. Then there exists v, € L* N U such that v,5, = 1 and:
f(A) =,

Observe that B(f) € p(Z[A])~. Let g : T — L*, A — ~,. Then one can
verify that f =g and g € W—. $

Let m > 1 such that p™ >| A | .Set n =| CI(L) | /| A | . Let
em(¥) € Z[A]™ such that:

em(¢) =€y (mod p™).

Set:

By = 2np"Pe,, (1) € Z[A]™.
Since np*We,, (1) € (AnnzaCI(L))~, by Lemma B, there exists a unique
element f, € W~ such that 3(f,) = By. Recall that:

(Anng, g 4)(v) = P Zyey.

Therefore, for 0 < k < m, O/L/Vﬁ(z/}) is cyclic of order p* generated by the
image of f,,. We set:

W=A{f(A), AL, feW},
and:
J={f(A), AcZ feT}

Observe that J is a sub-Z[A]-module of W, and it is called the module of
Jacobi sums of Q((,). Note that, by Lemma B.2, we have:

W (L*)?
Lo () # (0}

Theorem 3.3 The map f, induces an isomorphism of groups:

W(L* )pk(w)

A<w> = (L*)pk(w)

(¥).
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Proof First observe that m > k(¢)) + 1. Let P be a prime in Z. Then:
fu(P)O = PP,
Let p € 3, p # 1. Then:
em(p)em () =0 (mod p™).
Therefore, there exists v € L* N U such that:

pl-o—vnen(plen®) — (_T__\pp)
(071<’7))

But (1 —0_1)en(v) = 26,,(¢0). Thus, there exists o« € L*NU, ao_1(a) = 1,
and:

fw(P)em(p) — O{pk(’/))‘l’l'
Therefore, epfw(f) —0in L*/(L*)P’““")“.

It is clear that f, induces a morphism:

7 L*

Now, let P be a prime in 7 such that e, fy,(P) = 0 in (L)Lw(w) Then, by
the above remark, we get:
fo(P) = 0in L* /(L)
Thus, there exists v € L* N U such that:
PPy = fypk(w)(’).

Thus:
P2nem () — 70 )

This implies:

epP =0in (Z)pmp(@b).

Thus our map is injective. Now, observe that the image of the map induced

Ky pk ()
by fy is %(@/}) and that:




The Theorem follows. <>
Recall that:

p—2

.n_l —o_ _

n= (i Vreq
n=1

Set:

N
o}

z=1—0_1)Y (1+o0,—0o)[n'] €Z[A].

3
Il

We have:
B(n) = z0.

Corollary 3.4
1) The map n induces an isomorphism of groups:

J(L* )pm(w)

AW) = sy (4

2) J((LL)lp () # {0} if and only if A(v)) is Z,-cyclic.

Proof
1) Let P be a prime in Z. Then one can show that:

z npF (e,
FuP)? = (P en )

The first assertion follows from Theorem B.3.
2) Note that:

A(Y)is Zy,—cyclic < m(y) = k(v).
Thus, if A(v) is Z,-cyclic, then:

JLry o W(LY)P
T ) = () # {0}

By the proof of assertion 1), if k() < m(¢) and if P is a prime in Z, then:
n(P) ¥ e (L),

Therefore, we get assertion 2). <
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4 The p-adic behavior of Jacobi Sums

Let M be a subgroup of L*/(L*)?, we say that M is unramified if L(Pv/M)/L
is an unramified extension. Note that Kummer’s Lemma asserts that ([[L1]],
Theorem 5.36):

~ E
Vp e A, peven, p # 1, ﬁ(p) is unramified = By ,,-1 =0 (mod p).

It is natural to ask if this implication is in fact an equivalence (see [I], [B]).
We will say that the converse of Kummer’s Lemma is true for the character
p if we have:

E . .

E(p) is unramified < By ,,-1 =0 (mod p).
In this paragraph, we will study this question with the help of Jacobi sums.

Let F/L be the maximal abelian p-extension of L which is unramified

outside p. Set X = Gal(F'/L). We have an exact sequence of Z,[A]-modules
(3], Corollary 13.6):

OHZHX%A—M).
E

Let p € 3, observe that:

-if p = 1,w then X(p) ~ Z,,

- if pis even,p # 1, X(p) ~ Torz, X (p),

-if pis odd, p # w, X(p) ~ Z, ® Tory, X(p).

Lemma 4.1 Let 1) € A, ¢ odd, 1 # w. Then:
d,Torz, X (¢) = dpA(wyp™).

Proof This is a consequence of the proof of Leopoldt’s reflection Theorem
([7], Theorem 10.9). For the convenience of the reader, we give the proof
of the above Lemma.

Let H be the Galois group of the maximal abelian extension of L which
is unramified outside p and of exponent p. Then H is a Z,[A]-module and
we have:

- H(1) ~F, and corresponds to L((,2)/L,
- H(w) ~ F, and corresponds to L(*,/p)/L,
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-if pis even, p # 1, d,H(p) = d,Torg, X(p),

- if pis odd,p # w, then d,H(p) = 1 + d,Torz, X (p).

Let V be the sub-Z[A]-module of L*/(L*)? which corresponds to H, i.e.
H = Gal(L(*v/V)/L). Let M be the sub-Z[A]-module of L*/(L*)? generated

by E and 1 — ¢,. We have an exact sequence:
0—-M—V — Afp] — 0.
Soit ¥ € 3, 1 odd, ¥ # w. We have by Kummer theory :
1+ d,Torz X (¢) = d,V (wyp™H).
And, by the above exact sequence, we have:
dV () = 1+ dyAfwnr ™).
The Lemma follows. <>

Lemma 4.2 Let p € A, p even and p # 1. If £ (p) is ramified then
4 A(p) = dyAlwp™).

Proof We keep the notations of the proof of Lemma [L.T. Let V"™ C V which
corresponds via Kummmer theory to A/pA. Then:

V) ™)

But we have:
L (p) is ramified if and only if V" (p) — A[p](p).

Ep
Now recall that:

dyA(p) < dyA(op™).
The Lemma follows. <>

Lemma 4.3 There exists an unique Z[A]-morphism ¢ : K* — Z,[A] such
that:
Vo € K*, ¢(x)¢, = Log, ().

Furthermore, we have:

Ime = @ pZlipe,, @ Lipe,,.

p=lw p#Lw

15



Proof Let A € K* such that \»~! = —p. Then:
K* = Nx g Xy, x UL

Recall that:
- the kernel of Log, on K* is equal to A X f1,—1 X fip,
- LngU =T Z [Cp]

For p € A set:
p—1

T(p) = ZP(Q)CP € Zy[Gpl.

a=1
Then:

€plp = T(p™h).
But recall that that Z,[(,] = Z,[A](,. Thus:

Zy|Cp = ZPT(/)%)-
Ifp=wk ke {0---,p—2}, we have:

B k
ulr(p) = =
Therefore:
= D rZr(0™) D Zor(p ™)
p=Lw pALw

The Lemma follows. <>
Let P be a prime in Z. We fix a generator rp € F} such that:

xp(rp) = G
For z € F}, let Ind(P,z) € {0,---, NP — 2} such that:
T = r;)nd(P,a:).

We recall the following Theorem (see also [[] for a statement similar but
weaker than part 2) of the following Theorem):

Theorem 4.4
'Z) Sp(l - gp)/\: Zpeﬁ,p;ﬁl,peven _(p - 1)_1LP(17 p)ep'
2) Let ) € A, v odd, 1 # w. Write ) = w* ke {2,---,p—2}. We have:

p—1 _Cfa

epp(n(P)) = 2k Ind(P, H ¢

k—1

)a

Jey (mod p).
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Proof R
1) Let p € A, p even, p # 1. By [[L1], Theorem 5.18, we have:

Ly(1,p)7(p") = —(p — 1)e,Log, (1 — ).

Thus the first assertion follows.
2) Let ¢ € A, ¢ odd, ¥ # w. By a beautiful result of Uehara ([L0], Theo-

reml), we have:

p—1 1— g;a

eyLog,(n(P)) = 2k Ind(P,H( =

a=1

)7(¥™")  (mod p).

This implies the second assertion. <

Theorem 4.5 Let ¢ € 3, Y # w, Y odd. We have the following ezxact
sequences:

w

0 — Torz, X (¢) — A(Y) — 7Upk(§’)¢8/}) — 0,
J

0 — Torg, X () — A(Y) — UP%% 0.

Proof This Theorem is a consequence of the method developped by Iwasawa
in [f]. Let’s recall briefly this method.
Let f € W. Set, for n > 2, P, = {aO, « =1 (mod 7™)}. Observe
that:
f(Pn) C 1+ 7"Zy[Gp)-
Let: T
X = lim =
im -
If F is the maximal abelian extension of L which is unramified outside P,
then, we get by class field theory:

X ~ Gal(F/L).

By [[], Theorem 13.4, the natural surjective map X — X has a finite kernel
of order prime to p. Thus f induces a map:

fx-U.
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Furthermore:

J(U) =Uv"9 c fx).
Now let ¢ € 3, ¥ odd, ¢ # w. We have a map:
[ XW) = U).

But:
X () ~ Z, @ Torg, X (),

and:
U) ~ Z,.
Thus, if e, B(f) # 0, we get:
Ker (f : X(¢) — U(1)) = Torz, X ().

Therefore, if e, B(f) # 0, we get the following exact sequence induced by f:

fX) @)

0— TOI“ZPX(@/)) — A(Y) — 070 (4) —

It remains to apply this construction to f, and 1 to get the desired exact
sequences.

Corollary 4.6
1) Let ¥ € A, 9 odd, 1) # w. Then:

dpyA(Y) =1+ dyA(wp™") & Byy-1 =0 (mod p)and W (v) = U(3).

2) Let p € 8, p even and p # 1. Assume that By p,-+ = 0 (mod p) and
that W(wp™!) = U(wp™t) then the converse of Kummer’s Lemma is true
for the character p.

Proof
1) We apply Theorem [.5. We identify Torz X' () with its image in A(v)).

We can write:
Al)=BEPC,

where C' is cyclic of order p*™) and B C Torz, X (). Now:
(C: C N Torg, X(4)) = (W(w) : U (1)),

18



It remains to apply Lemma [I.]] to get the desired result.
2) We apply the first assertion and Lemma [§.1, we get:

dyA(p) = dpA(wp™) — 1.

It remains to apply Lemma [£.3. <
We set:
W ={aeW, acUP}.

Let ¢ € 3, Y odd, ¥ # w. We assume that By y,-1 =0 (mod p). Write:

Z Z
A(¢) - p61Z @ ’ ‘@petZ’
where t = d,A(¢)) and 1 <e; <--- < e, = k(¢). Set:

n() = {i e {l,---t}, e; = k()} | -

Corollary 4.7 We have:

) Wnr(L*)p
Furthermore:
) Wnr(L*)p - -
dlmzppi(L*)p =n(y) & W) # U¥).

Proof By Theorem[l.5] and Theorem B.3, we have:

W)

Wnr(L* )pk(“’)
07 ()

(L*)pk(w) = KGT(AW) -

).
The Corollary follows. <

Corollary 4.8 Assume that pA~— = {0}. Then we have an isomorphism of

groups:
A+
Gal(L(PVWnr) /L) ~ DA
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Proof This result is a consequence of Kummer theory, Corollary .7 and
Corollary [L.6. ¢

Note that the above results lead us to ask the following problem (which
is a restatement of the converse of Kummer’s Lemma):

do we have (W ) = (Imy)~?

Observe that e,o(W ) = e (Imy)~, and since K4(Z) = {0}, we have
A(w™2) = {0} (see [[]) and therefore e so(W ) = eys(Im ).

5 Remarks on the Jacobian of the Fermat
Curve over a finite field

First we fix some notations and recall some basic facts about global function

fields.

Let F, be a finite field having ¢ elements. Let ¢ be the character-
sitic of F,, £ # p. Let F, be a fixed algebraic closure of F, and let Iﬁl =
Un>1,n20 (mod p)Fgn C Fy. Let k/F, be a global function field such that F,
is algebraically closed in k. We set:

- Dy, : the group of divisors of k,
- DY : the group of divisors of degree zero of k,
- P : the group of principal divisors of £,
- Ji : the jacobian of k, note that we have:
Dg .k

Vi 2 1, Ju(Fp) =
Fynk

- g : the genus of k,
- Li(Z) € Z[Z] : the numerator of the zeta function of k, we recall that:

Ly(Z) degvy—1
i-20-e - L 0-2797

v place of k

furthermore deg, Ly (Z) = 2g, and Ly (1) =| Jx(F,) |,
- gk(Fq") = Jk@q”) ®z Ly,
- dpJi = d,Ci(F,), observe that there exists an integer m, m # 0 (mod p),
such that : B
Ck‘(Fq> = Ck(qu)-
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Write:

29k
Li(Z) =[] - 2u2).
i=1
For simplicity, we assume that v,(a; —1) > 0 for i = 1,-- -, 2g;. In this case,
we have:

Ci(F,) = Ci(F,)
Set Pu(Z) = [12%(Z — (a; — 1)). Let  be the Frobenius of F,, and set:

Let Coo(k) = Up>0Ch(k), and set:

M = Hom(%,Coo(k‘)).

p
Then My is isomorphic to the p-adic Tate-module of Jy. Set A = Z,[[Z]]
where Z corresponds to v — 1. Then it is well-known that:

- M, is a A-module of finite type and of torsion,

- as a Z,-module M, is isomorphic to Zggk,

- My, Jw, My, ~ C,(k), where w, = (1 + Z)P" — 1,

- CharAMk = Pk<Z)A,

- the action of Z on M}, is semi-simple, i.e. the minimal polynomial of the
action of Z on M), has only simple roots.

Now, let £ be a prime number, £ # p. We fix a prime P of O above £ and
we view O/ P as a subfield of Fy, thus F, = O/P C F,. We identify ¢, with its
image in F,. Let X be an indeterminate over F,, we set k = F,(X,Y’) where
XP +YP =1, and we set: T = XP. For a,b € Z, let 7,;, € Gal(F/k/F,(T))
such that:

Tap(X) = X and 7, (Y) = CIIjY.

Let a € {1,---,p—2}. Let H, be the subgroup of Gal(F,k/F,(T)) generated
by T,[—a—1]- Set:
B, = Fo(T, XY9).

We set:
E =F,E,,

F =Tk,
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and observe that:
It is clear that:

Finally, we set:

G = Gal(E/F,(T)).
Note that g = (p — 1)/2.

Lemma 5.1 We have:

Lp(2) = [[(1 — jralP) 2).

gEA

Proof Let x € G such that:

-1

x(9) =6
where g € G is such that g(XY*) = (,XY*. Note that:

Le(2) = [ L(Z.x").

ogEA

where:

LZx)= ] @=xwze)™

v place of Fg(T)

Since 2g. = p — 1, we get:
deg,L(Z,x) = 1.

For b € F, \ {0, 1}, we denote the Frobenius of T'— b in E/F,(T') by Frob,.
We have:
Froby(XY?) = (b(1 — b)»)4=V/PXye,
But:
L(Zx)=1+( Y  x(Frob)X (mod X?).
beF,\{0,1}
Thus:

L(Zx)=1+( Y x(Frob))X.
beF,\{0,1}
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But, we can write:
p—1
fa(P) == N, ",
i=0
where N; =| {a € F,\ {0,1}, (a(l — ) V/? = (' (mod P)} | .

P
Therefore:
Jra(P) == > x(Frob).
beF,\{0,1}
The Lemma follows. <>

Theorem 5.2 Let n be the smallest integer (if it exists) such that 3 < n <
p—2,n odd and enjy o(P) & UP, then:

F,)Ha Z. ~ (—)".
Je(Fo)" ®2 Z,, (pZ)

If such an integer doesn’t exist then:
1) dyJfl* =p—1,
2) we have:

- Z
Je(Fo) @77, ~ (p—Z)P—1 &P #£1 (mod p?).

Proof The proof of this result is based on ideas developped by Greenberg
in [fl]. Set H = H,. Let Py be the prime of E above T, P, the prime of £
above T'— 1 and P, the prime of E above % Recall that we have in Dg :

p(Po — P) = (T),
Py— P+ a(Pl — POO) = (XY“).
Thus, by [@], paragraph 2, we get:

F)¢ ~—
JE( Q) pZ’

and Jg(F,)¢ is generated by the class of Py — Ps,. Observe also that F//F is
unramified and cyclic of order p. Let’s start by the folowing exact sequence:

0—>FZHF*—>PFHO.
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We get:
Pl _ L

A

and % is generated by the image of Py — P, in Dp. In particular:

Note that we also have:
0— H'(H,Pr) — H*(H,F;) — H*(H, F*).

But F/E is unramified and cyclic, therefore every element of I} is a norm
in the extension F'/E. Thus:

7
HY(H, Pp) ~ —
<7F) pZ

Now, we look at the exact sequence:
0— Pp— D% — Jr(F,) — 0.
Since F'/E is unramified:
H'(H,D}) = {0}.

Therefore, we have obtained the following exact sequence:

Z
0— JE<Fq>G — Jp(Fy) — Jp(F)" — oz — 0.

Now, it is not difficult to deduce that, for all n > 1, we have the following
exact sequence:

Z, Z,

From this, we get the following exact sequence of Z,[G]-modules and A-
modules:

Z
O%MEHM}?H—ZHO.
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Recall that in our situation, by Lemma [p.1], we have:
Pp(Z) = H(Z - (jl,a<P>U —1)).
ocEA

Furthermore the action of G' and Z commute on M. Now, we have:
- Chary ME = Chary My = Pp(Z)A,
- Myl ~ 787" as Z,-modules,
- ME Jw, ~C,(F)1.
Observe that: _
CO(F)H = Jk(IFg)H“ K7 Zp.

Note also that the minimal polynomial of the action of Z on M¥ is:
I (jia(P) — 1,Qy: 2) i= G(2).
Set N =) ;. 0. Then one can see that:
NMg = NM{ = {0}.

Thus M is a Z,|G]/NZ,|G]-module. Now, we identify Z,[G]/NZ,|G] with
Zy|Cy). Since M ~ 727", there exists m € M such that:

MPEI >~ Zp|Gpl-m,

ie. ME is a free Z,[(,)-module of rank one. Therefore there exists an
element = € Z,|[(,] such that:

Zm = zm.
Now set:
D(Z)=[](Z-2) € A
oeA
Then:

D(Z)My = {0}.
Therefore G(Z) divides D(Z) in A. Thus there exists o € A such that:

z° = jl,a<P> — 1.

But:

ME zjg)
) = 70 = ]
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Therefore, we get:

Zp )
(jl,a(P) - I)Zp[gp].

Recall that j; ,(P) =1 (mod 7?). Thus:

Up(J1ra(P) = 1) = vp(Log, (j1.4(P)))-

Jk(ﬁg)H“ X7z Zp ~

Now:
. 1 .
Log, (jia(P)) = 5fLog,() + Y esLog,(jia(P)).
YEA 2 odd
where f is the order of ¢ in (Z/pZ)*. Let ¢ € 3, Y = w" n odd. If
eyLog,(j1..(P)) # 0, then:
n

1 (mod Z),
p —

op(eLog, (jia(P))) =
furthermore:

. n ‘
vp(eyLog,(j1,4(P))) > o1 epjra(P) € U,

Note also that:

vy(euLog,(j1,a(P))) > P

The Theorem follows. <>

Corollary 5.3 Letn € {3,---,p— 2}, n odd. Leta € {1,---,p— 2} such
that 1+a™—(14+a)* #0 (mod p). The following assertions are equivalent:
1) A(w'™) = {0},

2) there exists a prime number £, { # p, such that LZ,J,?“ =n.

Proof Observe that 2) implies 1) by the above Theorem and Theorem [L.5.
Write ¢ = w™. Let £ be a prime number, ¢ # p. Write:

O

Fo =175

and: e
(0)

D, = "

(F(,))P



Observe that Dy is a Z,[A]-module. Let Cyc be the group of cyclotomic
units of L. We denote the image of C'yc in D, by C—ycg. Then Theorem [.4
asserts that ewC—ycg = {1} in D, if and only if eyj; o(P) € UP, where P is a

prime of O above (. Let:
B = L(*\/Cyc).

We assume that 1) holds. We apply the Chebotarev density theorem to the
extension B/L, then there exist infinitely many primes ¢ such that:
- e,Cyc = {1} for p # ¥,

——
- epCyc # {1}.
It remains to apply Theorem p.9 and the above remarks to get 2).

Now, let £ be a prime number. Let p be an odd prime number, p # £. Let
T be an indeterminate over [y and let E,/F,(T) be the imaginary quadratic
extension defined by:

E, = Fy(T, X) where X* — X + T" = 0.

Let n be an odd integer, n > 3. Let S,,(¢) denote the set of primes p such
that cAl;,JEp = n. By our above results, we remark that if p € S, (¢) then
A(w'™) = {0}. Observe that if /" # 1 (mod p) then p € S,(¢), and
therefore S,,(¢) is a finite set. Set S(¢) = U,S,(¢), where n runs through the
odd integers. Observe that if the order of £ modulo p is even then p & S(¢.)
Therefore, by a classical result of Hasse (see [§]) there exist infinitely many
prime p not in S(¢) (in fact at least ”2/3 of the prime numbers ”are not in
S(¢)). Thus, we ask the following question:

is S(¢) infinite?
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