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A semi-classical inverse problem II:
reconstruction of the potential

Yves Colin de Verdiere*
February 12, 2008

1 Introduction

This paper is the continuation of [fl], where Victor Guillemin and I proved the
following result: the Taylor expansion of the potential V' (z) (z € R) at a non
degenerate critical point zy of V, satisfying V"' (xy) # 0, is determined by the
semi-classical spectrum of the associated Schrodinger operator near the corre-
sponding critical value V(xq). Here, I prove results which are stronger in some
aspects: the potential itself, without any analyticity assumption, but with some
genericity conditions, is determined from the semi-classical spectrum. Moreover,
our method gives an explicit way to reconstruct the potential.

Inverse spectral results for Sturm-Liouville operators are due to Borg, Gelfand,
Levitan, Marchenko and others (see for example [§]). They need the spectra of the
differential operator with two different boundary conditions in order to recover
the potential. Our results are different in several aspects:

e They are local using only the part of the spectrum included in some interval
|—o00, E[in order to get V in the inverse image {z|V (x) < E} of this interval.

e They need only approximate spectra.
e They still apply if the operator is essentially self-adjoint.

After having completed the present work, I founded that similar methods were
already used by David Gurarie [[]] in order to recover a surface of revolution from
the joint spectrum of the Laplace operator and the momentum operator L,. Our
genericity assumptions are weaker and more explicit:
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e David Gurarie assumes that the potential is a Morse function with pair-
wise different critical values, while we assume only a weak non degeneracy

condition (see Section [[0.1.1)).

e His argument for the separation of spectra associated to the different wells
is less explicit than ours which uses the semi-classical trace formula (see

Section [1.9).

e He does not say a word about the problem of a non generic symmetry defect
and explicit non isomorphic potentials with the same semi-classical spectra
(Section [ and Assumption 3 in Theorem [.1)).

For a recent review on the use of semi-classics in inverse spectral problems,
the reader could look at [g].

2 Motivation I: surfaces of revolution
Let us consider a surface of revolution with a metric
ds* = da* + a* (z)dy®

with = € [0, L] and y € R/27Z. We assume that a(0) = a(L) = 0, a(z) > 0 for
0 <2 < L and a is smooth. The volume element is given by dv = a*(z)|dxdy].
The Laplace operator is:
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Using the change of function f = Fa, we get the operator P = aAa~! which is
formally symmetric w.r. to |dzdyl:

9 a1 9
P=gat e i
If F(z,y) = o(x)exp(ily) with | € Z, we define @); as follows

PF = B(Qip)e™
and puting h = (7!, we get
Qup = —1¢" + (a* + W) ¢

with W = %" It implies that the knowledge of the joint spectrum of A and 9,
is closely related to the spectra of @y, for h = 1/1 with [ € Z \ 0. This relates our
paper to Gurarie’s result [[].



3 Motivation II: effective surface waves Hamil-
tonian

In our paper [, we started with the following acoustic wave equation!

uy — div(n gradu) = 0 (1)
u(x,0,t) =0

in the half space X = R !x] — 00, 0], where n(z) : R_ — R, is a non negative
function which satisfies

0 <ng:=infn(z) < ne = I;I_I} igofn(z) .
This equation describes the propagation of acoustic waves in a medium which is
stratified: the variations of the density are on much smaller scales vertically than
horizontally?. This equation admits solutions of the form exp(i(wt — x&))v(2)
provided that v is an eigenfunction of the operator L¢ on the half line z < 0
defined as follows:

Leoi= -1 (a2 ) + n(2)lePo t)

with Dirichlet boundary conditions and eigenvalue w?. These solutions are expo-
nentially localized near the boundary provided that w? is in the discrete spectrum
of L¢ contained in J :=|ngl€|?, neo|€]?[.

Let us denote by A\(§) < Aa(&) < -+ < A;(§) < --- the spectrum of L¢ in
the interval J and v;(€, 2) the associated normalized eigenfunctions. The unitary
map from L?(9X) into L?(X) defined by

Ty(a) = (2m) @D / G(€) vy (€, 2)e™de |
Rd—1
with a(€) := [pas a(x)e” ™ dx, satisfies:
PT; = T;0p(};) ,

where P = —div(n gradu) with Dirichlet boundary conditions and Op();) is an
elliptic pseudo-differential operator of degree 2 and of symbol A;. So that, for each
7 =1,---, we get an effective surface wave Hamiltonian with the Hamiltonian

Ly = u(x, z,t) is the pressure, n = K/p with p the density and K > 0 the incompressibility

assumed to be a constant. The acoustic wave equation is a simplification of the elastic wave
equation which holds if the medium is fluid.

In [fJ], we took a more complicated function n(x,z) = N(x,z/e, z) with N smooth and &
small



Aj. The map T : @52, L*(0X) — L*(X) given by T' = ®52,T} is an injective
isometry.

We see that the high frequency surface waves are associated to the semi-
classical spectrum of a Schrodinger type operator

Ly = —fﬂd% (n(z)d%) +n(z)

with i = [[¢||7!. One can try to recover n(z) from the propagation of surface
waves: this is equivalent to get the operator L from its semi-classical spectrum.

4 Some notations

The following notations will be used everywhere in this paper. The interval I is
defined by I =la,b] with —oo < a < b < +00. The potential V : I =]a,b|— R is
a smooth function with —co < Ey := inf V' < E, = liminf, g, V(x). We will
denote by H any self-adjoint extension of the operator —h2% + V(z) defined on

C(I). The discrete spectrum of Hy will be denoted by
(Eo <)A(h) < Ag(h) < -+~ < N(h) <---

The semi-classical limit is associated to the classical Hamiltonian H = 2+ V()

and the dynamics dz/dt = &, d¢/dt = —V'(x).

Definition 4.1 We say that ju(h) is a semi-classical spectrum of H mod o(h™)
in [Ey, E] if, for any F < E,

2

ST N — P =o(rV72)

AN(R)<F

If we have a uniform approximation of the eigenvalues up to o(hY), it is also
a semi-classical spectrum of H mod o(h") in the previous [? sense because the
number of eigenvalues in | — oo, F] is O(h™1).

5 A Theorem for one well potentials

Theorem 5.1 Let us assume that the potential V : I — R satisfies:

1. A single well below E: there exists E < FE., so that, for any y < E, the
sets I, = {z|V(z) < y} are connected. The intervals I, are compact for
y < E. There exists a unique xo so that V(xg) = Ey (= inf,e;r V(x)). For
any y with Ey <y < E, if the interval 1, is defined by 1, = [f_(y), f+(v)],
we have V'(xg) = 0, V'(z) < 0 for f(E) < x < zg and V'(z) > 0 for
xo <z < fi(FE).



2. A genericity hypothesis at the minimum: there ezxists N > 2 so that
the N-th derivative VW) (x4) does not vanish.

3. A generic symmetry defect: if there exists x4, satisfying f_(E) < z_ <
vy < fo(E) andVn € N, VW (z_) = (=1)"V"(z,), then V is globally
even w.r. to xg = (r_ + x4 )/2 on the interval Ig. This is true for ezample
if V' is real analytic.

Then the spectra modulo o(f2?) in the interval | — oo, E[ of the Schridinger op-
erators Hy, for a sequence h; — 0T, determine V' in the interval Ig up to a
symmetry-translation V(x) — V(c £ x).

Figure 1: The potential V' and the functions f, and f_

6 One well potentials : Bohr-Sommerfeld rules
and a VDO trace formula

From [J], we know that the semi-classical spectrum (i.e. the spectrum up to
O(h>)) of Hy in the interval |Ey, E[ is given by

X(h)={y| Eo <y < E and S(y) € 2nhZ}

where, for Ey < y < FE, the function S admits the formal series expansion
S(y) = So(y) + hr + h2Sa(y) + h*S4(y) + - - - (the formal series S will be called
the semi-classical action and the remainder term in the expansion is uniform in
every compact sub-interval of |Ey, E[) with

o So(y) = fw &dx with v, = {(z,§)|H(x,&) = y} oriented according to the

classical dynamics and
@(y) B /f+(y) dx
dy i@ Vy=V(z)

bt



is the period T(y) of the trajectory of energy y for the classical Hamiltonian
H,

e If ¢ is the time parametrization of v,,

B 1 d "
Ss(y) = 12y 5 V' (x)dt

which can be rewritten as:

_ Ld (W Vi@)dr
Sy(y) = 12 dy </f_(y) \/m ) '

e For j > 1, S5,(y) is a linear combination of expressions of the form

d n
<—) / PV, V", -t
dy Yy

where dt is the differential of the time on +,: outside the caustic set dt =

dx/2€.

In what follows, we will use only Sy and S;. It will be convenient to relate
the semi-classical action to the spectra by using the following trace formula:

Theorem 6.1 (VDO trace formula) Let f € C°(|Ey, E|) and F(y) :== — fyoo f(u)du,
we have, with Z =T*1:

- 1

TraceF(H) = pys (/Z F(H)dzd¢ + R? ; F()(Sa(y) + R2S4(y) + - - - )dy) +O(h>) .

This formula implies that Sy and Sy are determined by the semi-classical spectrum
mod o(h?) in | — oo, E[.

This Theorem is closely related to (but a bit stronger) than what is proved in my
paper [f]. The trace formula contains implicitely the Maslov index.

7 Two potentials with the same semi-classical
spectra

We introduced a genericity Assumption 3 on symmetry defects in Theorem p.1].
The Figure ] shows two one well potentials with the same semi-classical spectra
mod O(h>). The fact that they have the same semi-classical spectra comes from
the description of Bohr-Sommerfeld rules in Section .

It would be nice to prove that they do NOT have the same spectral
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Figure 2: The (graphs of the) two potentials are the same in the sets 1 and 11,
they are mirror image of each other in I (green curve and dotted green curve),
the potential is even in the set 1.

8 One well potentials : the proof of Theorem

S

8.1 Some useful Lemmas

Lemma 8.1 The semi-classical spectra modulo o(h?) in |Ey, E| determine the
actions Sy(y) and Sa(y) fory €|Ey, E|.

It is a consequence of Theorem [6.1].

Lemma 8.2 IfV satisfies Assumption 2 in Theorem [5_1, we have:

lim [ V"(x)dt = 7\/2V"(z0) .

y—Eop Yy
This holds even if the minimum is degenerate®.

The Lemma is clear if V" (x¢) > 0: the limit is then V" (z() times the period
of small oscillations of a pendulum which is 7/+/2/V"(z0).
Let us consider the case of an isolated degenerate minimum with V(z) =

FEo+a(r —x9)V (1 +0(1)) (a >0, N > 2), we can check that the integral to be
evaluated is O ((y — Eo)%_%) =o(1).

31 do not know if this is still true without the genericity Assumption 2 in Theorem [.J; it is
the only place where I use it




Lemma 8.3 We have
1 1
lim — =0.
y—0 (f#(y) f’(y)>

Lemma 8.4 If xq is the unique point where V() = inf V' = Ey, the first eigen-
value of Hy, satisfies A\ (h) = Eo + ha/V"(z0)/2 + o(h)

This is well known if V”(xy) > 0 and is still true otherwise by comparison: if

Ey < V(z) < A(x — x0)? with A > 0, near xy then Ey < A\ (h) < 2rnhV/A.

8.2 Rewriting V using F and G
We will denote by F' = 3(fs + f-) and G = 3(fy — f-).

e The function F' is smooth on |Ey, E[, continuous on [Ey, E| (smooth in the
non degenerate case V”(xy) > 0 as a consequence of the Morse Lemma),
with F'(Ey) = xg, and is constant if and only if V' is even w.r. to xy. More
generally, if F' is constant on some interval, V' is even on the inverse image
of that interval. We call F' the parity defect.

Lemma 8.5 Under the Assumption 3 in Theorem p._1, the function F' is
determined up to &+ by its square.

e The function G is smooth on |Ey, E[, continuous at y = FE;. We have
G(Ep) = 0. It is clear that, from I’ and G, we can recover the restriction
of V to Ig.

8.3 How to get V from Sy and 5,

T(y), Sa(y)

O trace formula \ I J AbelE +F G

S Ey, V"(x0) / J/

V up to a symrhetry—translation

Figure 3: The scheme of the proof

Let us consider, for Fy <y < F,

f+(y) dx
Iy) = / S —
@ Vy—Vi(z)
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and f+@)
+
J(y):/ V' (x)dx .
) Vy—Vi(z)

We have I(y) = dSy(y)/dy and Sy(y) = —(1/12)dJ(y)/dy. This implies that Sy,
Sy and the limit J(Ep) determine I and J. The limit J(Ep) is determined by
V"(x¢) (Lemma B.2) which is determined by the first semi-classical eigenvalue
(Lemma R.4). We can express [ and J using F' and G. Using the change of
variables © = f (u) for z > xy and z = f_(u) for z < ¢, we get:

I(y) =4 [E ' G}“ﬂdj

) = /E % <f’+I(U) - f/tu)) Eh

Using Abel’s result [fl] (and Appendix A), we can recover G’ and

w70 7w) =% ()
dy \fily) f(y)) dy\G*—F?)"

Using Lemma RB.3, we recover F"?. The Assumption 3 implies that there exists
an unique square root to £’ up to signs. From that we recover G’ and +F’ and
hence +F and G modulo constants . This gives V' up to change of = into ¢ + z.

9 Taylor expansions

From the previous section, we see that the semi-classical spectra determine F?
and G even without assuming the hypothesis 3 of Theorem p.1] on symmetry
defect. It is not difficult to see that, if V' satisfies the hypothesis 2 of Theorem
B, the parity defect F is a smooth function of 4*~. We have the following:

Lemma 9.1 Let us give two formal powers series a = E;‘io a;t’ andb = Z;‘io b;t?
which satisfy a®> = b. The equation f* = b has exactly two solutions as formal
powers series: [ = +a.

From this Lemma, we deduce the:

Theorem 9.1 Under the Assumptions 1 and 2 of Theorem .1, but without As-
sumption 3, the Taylor expansion of V at a local minimum xy is determined

(up to mirror symmetry) by the semi-classical spectrum modulo o(h?) in a fized
neighbourhood of Ey.

In some aspects, this result is stronger than the one obtained in [H], but it
requires the knowledge of the semi-classical spectrum in a fixed neighbourhood
of Ey, while, in [l], we need only N semi-classical eigenvalues in order to get 2N
terms in the Taylor expansion.



10 A Theorem for a potential with several wells

Figure 4: a 2 wells potential V'

We will extend our main result to cases including that of Figure [ a two
wells potential with three critical values, £y = 0, F; and F,. We can take any
boundary condition at = = 0.

10.1 The genericity Assumptions

In what follows, we choose FE so that £y < F < E, and define Ip =
{z|V(z) < E}. The goal is to determine the restriction of V to Ip from
the semi-classical spectrum in | — oo, E].

We need the following Assumptions which are generically satisfied. We intro-
duce a:

Definition 10.1 Two smooth functions f,g : J — R are weakly transverse if,
for every xqo so that f(x¢) = g(xo), there exists an integer N such that the Nth
derivative (f — g)™)(x0) does not vanish.

10.1.1  Assumption on critical points

e for any point xy so that V'(zg) = 0 and V' (zg) < E, there exists N > 2 so
that, the N-th derivative V") (24) does not vanish.

e The critical values associated to different critical points are distinct.

The wells: Let us label the critical values of V below FEo, as Ey < E; <
- < B < oo < Ey and the corresponding critical points by xg, xy1,---. The
critical values can only accumulate at E. because the critical points are isolated
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and hence only a finite number of them lies in {x|V (z) < Ex —c} for any ¢ > 0.
Let us denote, fork =1,2,--- by Jp =|Ey_1, Ex|.

Definition 10.2 A well of order k is a connected component of {z|V(x) < Ej}.

Let us denote by Ny the number of wells of order k.

For any k, H™Y(Jy) is an union of N topological annuli A;‘? and the map
H: A? — Ji is a submersion whose fibers H*I(y)ﬂAz‘? are topological circles Wf(y)
which are periodic trajectories of the classical dynamics: if y € Jy, H *(y) =
U;y:klfyf(y). We will denote by T} (y) = fyk dt, the corresponding classical periods.
We will often remove the index k in what follows.

The semi-classical spectrum in Jy, is the union of Ny spectra which are given
by Bohr-Sommerfeld rules associated to actions S]"?(y) given as in Section 4.

10.1.2 A generic symmetry defect

If there exists _ < x, satisfying V(z_) = V(z,) < Eand, Vn € N, VW (z_) =
(—=1)"V®)(x,), then V is globally even on If.

10.1.3 Separation of the wells

For any k =1,2,--- and any j with 1 < j <1 < N, the classical periods 7}(y)
and T)(y) are weakly transverse in Ji. This is assumed to hold also at Ej_; if
xy is a local non degenerate minimum of V' (in this case, the period of the new
periodic orbit is smooth at (Fx_1).).

10.2 Quartic potentials

If V is a polynomial of degree four with two wells like V(z) = 2% + az® + ba?
with b < 0, the periods of the two wells (between E; and Fy(= 0)) are identical.
This is because, on the complex projective compactification Xp (with £ < 0)
of £ + V(x) = E, the differential dz/¢ is holomorphic and the real part of X
consists of 2 homotopic curves in Xg. One can check directly that all other
actions Ss;, j > 1 coincide; this is also proved for example in [{] p. 191.

10.3 The statement of the result

Our result is:

Theorem 10.1 Under the three Assumptions in Sections [[0.1.1, [[0.1.3 and
[[0.1.3, V is determined in the domain I := {x|V(x) < E} by the semi-classical
spectrum in | — oo, E[ modulo o(h*) up to the following moves: I is an union
of open intervals Ig,,, each interval Ig,, is defined up to translation and the
restriction of V' to each I, is defined up to V(z) — V(c—x) .

11



Remark 10.1 We need o(h*) in the previous Theorem while we needed only o(h?)
in the one well case. This is due to the way we are able to separate the spectra
associated to the different wells.

11 The case of several wells: the proof of The-

orem 0.1

11.1 What can be read from the Weyl’s asymptotics?

Lemma 11.1 Under the Assumption[I0.1.1, the singular (non smooth) points of
the function y — A(y) = fH(m )<y dxd§ are exactly the critical values Ey, Fy, - - -
of V.. Moreover, -

e the function A(y) in smooth on |Ey — ¢, Ey|, with ¢ > 0, if and only if xy, is
a local minimum of V,

e [From the singularity of A(y) at Ey, on can read the value of V" (xy,).

The function A(y) is determined by the semi-classical spectrum, this is a
consequence of the Weyl asymptotics:

Aly)

#{(h) <y}~ o

This implies that the critical values Ej of V are determined by the semi-classical
spectrum.

11.2 The scheme of the reconstruction

The proof is by “induction” on E.
We start by constructing the piece of V' where V() < E; using Theorem p.1].
We want then to construct V' where E; < V(z) < Es.
There are two cases:

1. xy is not an extremum: then we are able to extend the proof of Theorem p.1]
using the fact that we know, using Section [1.4, the limits of f,yy V" (z)dt

and f}(y) as y — F;". We can reduce to an Abel transform starting from

/[/ X /‘/ X E}] /Ej V (a

where the first part is known from the knowledge of V' (z) in {z|V (z) < E\ }.

12



2. x1 is a local minimum: using the separation of spectra (Section [[1.3) and
Theorem B.1], we can construct the 2 wells of order 2 if we know V" (x;).
But the estimate

Aly) = A(E1) + 7/ 2/V"(@1)(y — Ev)+ +aly — Ev) +o(y — E1)
shows that the singularity of A(y) at y = E; determines V" (xy).

We then proceed to the interval [Ey, E3]. A new case arises when x5 is a local
mazimum. Then we need to glue together the wells of order 2. This case works
then as before.

11.3 Separation of spectra

T

E

Figure 5: The primitive periods as functions of y for the Example of Figure i

Let us start with a:

Lemma 11.2 Let us give some open interval J and assume that we have a func-
tion
F(e) =3 aj(a)eSi@/n
j=1
with the functions S; and Sy weakly transverse for any j # k. If for any compact
interval K C J, we have

[ 1P = o)
K
then all a;’s vanish identically.

If P = Op(p) with p € C°(T*J), using the L? h—uniform continuity of P, we

have
N

PF(x) = plx, Sj(z))a;(2)e™ " = o(1) .

j=1

13



One sees that the a;’s vanish by choosing p in an appropriate way, i.e. supported
near a point (o, S}, (o))

Lemma 11.3 Let us consider the distributions Dy(h) on Ji defined by Dy(h) =
> nmes, O(Ai(R)), then Dy, is microlocally in T*Jy a locally finite sum of WKB

functions Dy, associated to the Lagrangian manifoldst = 1S’ (y) withj = 1,--- | N},
and | € Z. We have

9

1 e

and

—1)b e .
DjJ _ %ezl&,o(y)/ﬁffj(y) (1 + Zthj,Q(y) + O(hQ)) ’

with Sjp = > pey B*S;jk the semi-classical actions associated to the j—th well.
This is a formulation of the semi-classical trace formula (see Appendix C).

Lemma 11.4 If j;(h) is a semi-classical spectrum modulo o(h*) and Dy(h) =
> mer, S(w(h)), then, for any pseudo-differential operator P = Opy(p), with
p € CX(T*Jy), we have

1P(Dy = Di)llz2(s) = o(h) -

It is enough to prove it for p = x(F)p(t) and then it is elementary because

Po(A) = h="x(N)p((y — A)/h).
From the three previous Lemmas, it follows that, with Assumption [[0.1.3, the
spectrum in .J; modulo o(h*) determine the periods Tj(y) and the actions S;2(y).

11.4 Limit values of some integrals
Using the trick of Section B, we can use Abel’s result (Section [2-3) once we
know the following limits (or asymptotic behaviours) as y — E; (j = 0,1,---):
o [Ly)
o [y V' (@)dt where H = &% + V() is the classical Hamiltonian. Here
H~ (y) is oriented so that dt > 0.
o f2(y)

All of them are determined by the knowledge of V' in the set {z|V(z) < E,}.
It is clear, except for the second one; we have:

Lemma 11.5 Let us assume that V' satisfies Assumption 1 of Section- If E;
is a critical value of V' which is not a local minimum and 7( fH V” (x)dt—

fH_l(Ejfz) V”( )dt, then hmzﬁm 7'( ) =0.

14



Proof.—

We cut the integrals into pieces. One piece near each critical point
and another piece far from them. Far from the critical points, the
convergence is clear.

e Local maximum: let us take a critical point where V(z) = E; —
Az — 20)* (1 +0(1)) with N > 1 and A > 0. We use a smooth
change of variable z = v (y) with ¥(0) = xo so that V(¢ (y)) =
E; — y*N. We are reduced to check that

L W)y ) 0

lim

e—0t+ (/ /€+y2N c1/2N /yQN — ¢

assuming that W (y) = O(y*N~2).

e Other critical points: let us take a critical point where V' (z) =
E; 4+ A(z — 20)* (1 + o(1)) with N > 1 and A > 0. We use
the same method.

12 Extensions to other operators

12.1 The statement

Let us indicate in this Section how to extend the previous results to the operator

Ln :_hzdci< (@ )d@ +n(a)

which was found in Section [J. We want to recover the function n(x). Let us
sketch the one well case for which we will get:

Theorem 12.1 Assuming that
e the function n(x) admits a non degenerate minimum n(zy) = Ey > 0,
e the functionn(x) hasno critical values in | Ey, Ey] with By < liminf, .s; n(z),
e the function n(x) has a generic symmetry defect as in Theorem [5_],

then the function n is determined in {z|n(x) < E1} by the semi-classical spectrum
of Ly modulo o(h?).

The proof works along the same lines as that of Theorem [.1 except that we get
an integral transform which is not exactly Abel’s transform.

15



12.2 The Weyl symbol and the actions

The Weyl symbol [ of L can be computed, using the Moyal product, as | =
Exnx&+n. We get:

h2
l(2,8) = n(x)(1+&°) + 7 (@)
The action Sy satisfies:

dS, dx
2200 = T'(y) = .
y Y =TW /n@gy @)y - n@)

The action Sy is given from [JJ] by

1 d 1
Sy(y) = “Tody (yn" -2 (% — 1) n'2) dt — Z/ n"dt |
Yy

Ty

which we rewrite:

e The integral J:

z4+(y) T
J<y>:/m ) (y”"‘Q(%”)”'Q)ﬁ

—(y

Using = = f4(y) as in Section ] and

we get J(y) = (JP)(y), with

(T®)(y) = /y (y<1>’(u) -2 (g —~ 1) cp(u)) —

Eo u

e The integral K:

Ey u(y - u)
and P p
y—u du
ki) =25 [ ot
Y JEo \/a
which is rewritten as: p
Ky =2—(K® .
(y) dy(/C )(y)
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12.3 An integral transform

Lemma 12.1 If 0 < Ey < Ei, the kernel of A :== J + 6K on the space of
continuous function on [Fy, F1| at most two dimensional and all functions in this
kernel are smooth.

Proof.—

we have

Y I Y du
Ad(y) = ((7y = 6u)®'(u) =2 (— - 1) cb(u)> @)
Fo u u(y — u)
We compute T o A with the operator T defined by T(y) =
5 ) d:f We will need the easy:

Lemma 12.2 We have:

A = 1) © -3 [arnsoa.

and

Y U “ dt
L [ . —
Bo VY — U JE, vu—t o
Applying the previous formulae, we get:

roa @) = [ e -2

Eo

)+2(—6tD' () +2d(t))]

e

Taking two derivatives:

T d?
i g (T o A) )(y) =y e"(y) + 4y '(y) - 2(y)

From Sy and A®(Ey), we get AP, then we get P(P) where P =
y?¢" + 4y¢’ — ¢ is a non singular linear differential equation (remind
that Ey > 0). So, if we know also ®(Ey) and the asymptotic behaviour
of ®'(Ey), we can get ®. Let us assume n”(zg) = a > 0. Then we

have:
o AD(Ey) =2mv/aFy
[ J (I)(Eo) == 0

e ¥(y) ~4v/a/\5 .
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Appendix A: Abel’s result

Let us consider the linear operator 7" which acts on continuous functions on

[Eo, E] defined by:
© fly)dy
Eo VI =Y
Then T?f(z) =7 [, f &,/ (y)dy. This implies that 7" is injective! This is the content

of [I.

Appendix B: a proof of the VDO trace formula of
Section

For this Section, one can read [f]]. This can be seen as a complement and a partial
rewriting of my paper [f] with a better trace formula. The formula we will prove
is more general than that in Section [§. It is valid even for several wells. Let us
state it:

Theorem 12.2 Let f € C*(Jy) and F(y) := — [ f(u)du, we have, with Z =
T*I, modulo O(h™):

TraceF(H) = 271T—h (/Z F(H)dzd¢ + hQ/J f(y) (Z(ng(y) + R2SE(y) + - )) dy) .

j=1

Proof.—

1. Reduction to N, = 1: we can decompose both the lefthandside
and the righthandside according to the N, wells: for the lhs, it
uses the fact that the classical spectrum splits into Ny parts;
for the rhs, it is enough to decompose the first integral terms
according to the connected component of H < Ej.

2. Reduction from Ny =1 to one well: the whole Moyal symbol of
F(H)is = F(Ey) in {H < Ex_4}.
3. The harmonic oscillator case (H = Q):

TraceF(Q) = % Y F ((n + %)h)

with F even and coinciding with F on the positive axis. We get
with Poisson summation formula:

Trace F() 27rh// (9““ *52)61 de + O(h™) .
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4. The case where F' is compactly supported: using Poisson sum-
mation formula as in [J], we get

. 1
Trace'(H) = — [ F(y)S'(y)d
raceF () = 5 [ F)S'w)dy
and we get this case by integration by part.

5. The final step: we can assume that H = % + Ey near
(x0,0) and we split F' = Fy + F; where

Ry(H) = F (% + EO) .

The formula then follows from the two particular cases computed
before.

O
For the convenience of the reader, we regive also the way to get Sy from the

Moyal formula. X
Defining F*(H) by F'(H) = OPye, (F*(H)) we know that, with 2o = (20, &)
and Hy = H(z),

F*(H) (20) = F(Ho) - F" (o) (H — o) (20) - " (Ho) (H — Ho) ™ (20) +O ().

Computing the Moyal powers of H — Hy at the point 2y mod O(h?), gives
1 1
F*(H)=F(H) - h* (gf/(H)det(H”) + ﬂf"(H)H"(XH, XH)) +O(hY) .

If « = «(Xpy)H", we have da = 2det(H")d¢ A dx, and we get, by Stokes and with
7y oriented according to the dynamics:

/ a = 2/ det(H")dxd¢
Ty H<y

and the final result for Sy(y) using an integration by part and the formula dtdy =
dzxd§:

So(y) = —1/24 / det (H")dt

Y

Appendix C: the semi-classical trace formula

In this Section, we want to give a proof of Lemma [T.3.
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We want to evaluate mod O(h>) the sums:

D(y) := % >0 <y — S_;(Qﬂm)) ,

EZ

where S : R — R is an extension to R of the given function S; on A which is
= Id near infinity. This is the equal to D} ,(y) up to O(h>). Using the Poisson
summation formula and defining

R L

Dly) = 5 3 Fylm) (@

meZ

we get

Using the change of variable, y — S™(hy) = hz or y = S(y — hz)/h, we get:
Fy(x) = /p(z)e‘”s(y_ﬁz)/hS'(y — hz)dz .

Using the fact that all moments of p vanish and Taylor expanding S(y — hz) w.r.
to h, we get ‘
Fy(x) = e 5WNS (y) p(—aS'(y)) + O(h) .

If the support of p is close enough to S'(y), we get the final answer taking the
contribution of m = —1 to Equation (f]). This way, we get the formula of Lemma

T3
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