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I. INTRODUCTION

The subjectof this paperis to presentthe analysisof
infinitesimal vibrations in a piezoelectriccrystal which can
freely
T

expandin all spacedirectionsuponsubmissionto slow
andK homogeneoustemperaturevariations. The classical
treatment
U 1 implicitly usesthecoordinatesof a materialpoint
ofV the crystal in the slowly varying stateat the currenttem-
peratureW prior to anyvibration.In this description,thedimen-
sions,L massdensity, andorientationof thesolid aswell asthe
propertiesW of the materialvary with temperature.This leads
to
U

tedious computationsto rigorously fit the frequency–
temperature
U

characteristicof a piezoelectricresonatorby a
high
X

order expansionwhile correctly consideringthe effect
ofV temperatureon its size and crystalline orientation.This
canI beavoidedby usingtheLagrangiandescriptionin which
the
U

field variablesarethecoordinatesof a materialpoint in a
referenceY statedefinedat a fixed temperature.Since those
coordinatesI are fixed and known, the boundaryconditions
areK expressedon surfaceswhich do not dependon tempera-
ture.
U

Similarly, since the equationsof motion are mapped
ontoV the fixed volumeof the body in its referencestate,the
massdensityappearingin theseequationsis constantandthe
coefficientsI which describethe materialarethe only param-
etersJ which may vary with temperature.As a consequence,
usefulZ simplificationsoccur for the treatmentof frequency–
temperature
U

characteristicsof resonatorswith rathercompli-
catedI shapes,suchasradiusof contour, gratings,andso on.

This
[

introductorypresentationof theuseof theLagrang-
ian descriptionfor a particularpurposeis indeedsomewhat
practical.W Nevertheless,this treatmentalsohasmoretheoret-
ical
\

justifications,since it derivesfrom the rotationally in-

variant] and generalnonlineartheory establishedin the case
ofV piezoelectricsolids submitted to finite deformations.2,3

The
[

acceptanceof this theoryis quitegeneralfor thestudyof
force–frequencyeffectsaswell asfor thestudyof frequency
shiftsL arising from thermal transientbiasing statesor from
applyingK static electric fields,4 but

^
is not so widespreadfor

the
U

study of simple biasing statessuch as the one arising
from an homogeneoustemperaturevariation. More specifi-
callyI , the presentedwork definesandmakesuseof effective_
material` constants whicha are the expansioncoefficientsof
the
U

dynamicpart of the Piola–Kirchhoff stresstensorversus
the
U

dynamic part of the total strain and of the rotationally
invariant
\

electric vector expressedin a Lagragiandescrip-
tion.
U

The presentpaper b paperW I c is devotedto the definition
ofV the coefficientswhile the companionpaper d paperW II e is
devoted
M

to thecalculationof their numericalvaluesandtheir
useZ in predictingthe frequency–temperaturedependenceof
commonlyI encounteredkindsof resonatorsf bulk

^
andsurface

acousticK wavesg .
As
h

usualin this kind of problem,we shallconsiderthree
statesL of a solid describedby threesetsof respectivecoordi-
nates,as illustratedin Fig. 1:i
1j aK naturalk l orV rm eferencen state,L at a fixed temperatureo 0

p ,q
in which the coordinatesof a materialpoint of the solid
areK XM
r ,qs

2
t u

anK intermediate
v

stateL prior to vibration at a currentho-
mogeneousw temperaturex ,q the coordinatesof the mate-
rial pointsbeing y{z ,q|

3
} ~

aK final
�

stateL whenanadiabaticvibration is superimposed
onV the initial state,the associatedcoordinatesbeingy� j

� .
This conventionleads to a straightforwardwriting of

equationsJ providedthe derivativeswith respectto spaceco-a� � Electronicmail: bernard.dulmet@ens2m.fr
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ordinatesV aredenotedin the following manner:

y� k
�

,L �
�

y� k
��

XL
,q �{� ,L �

�'�{�
�

XL
,q XM , j

� ��� X� M
r�

y� j
� . � 1�

In
�

this paperwe only useCartesiancoordinatesandau-
tomatic
U

summationover repeatedindicesis implicitly admit-
ted.
U

The positionat time t� ofV a materialpoint referredto by
its materialcoordinatesXL

� in the naturalstateis

y� j
� �������'� XL �¡  u¢ £¥¤ XL ,q t� ¦§¦©¨ j

� ª ,q « 2¬
wherea u¢  is

\
the dynamic displacementand the Kronecker

symbolL ®
j
� ¯ is
\

introducedto handleindex correspondences
from the intermediatestateto final state.

II.
°

BASIC EQUATIONS

Although mostof the materialpresentedin this section
conformsI to the generaltheoryof thermoelectroelasticityof
Ref.
G

2, the subsequenttreatmentinvolvesprecisedefinitions
ofV notations and terms requiring a proper understanding,
whicha makesthe recall of this informationnecessaryfor our
purpose.W

W
±

e temporarily postponeany use of the intermediate
coordinatesI to addressthe issueof Lagrangevs Euler repre-
sentation.L The well-known classicalfield equationsexpress-
ing
\

theconservationof linearmomentumandelectriccharge
areK written in the final state:

²
T i j

M
r ³

T i j
E
´ µ

,i ¶�· d
¸ 2y� j
�

dt
¸ 2
¹ ,q D i,i º 0,

» ¼
3
} ½

wherea D
¾

denotes
M

the electric displacementand ¿ the
U

mass
density
M

. T
À M
r

is
\

thepuremechanicalstresstensorwhich refers
to
U

the traction exertedonto a surfaceelementtaken in its
final
� Á

deformed
M Â

stateL andTE is Maxwell’s electrostaticten-
sor:L

T
Ã

i j
E Ä D
Å

iE
Æ

j
� Ç 1

2
È É

0
p EÆ k
� EÆ k
� Ê

i j ,q Ë 4Ì Í
wherea E

Î
is
\

the macroscopicelectric field. All quantitiesin
Eq.
Ï Ð

3
} Ñ

areK functions of the final coordinatesy� k
� andK the

boundary
^

conditionsare expressedon the externalsurface
taken
U

in its final stateS
Ò
:

nk i Ó T i j
M
r Ô

T i j
E
´ Õ×Ö

0
»

nk i Ø D i Ù×Ú�Û onV S
Ò

. Ü 5Ý Þ

ß is
\

the electriccharge densityand à(á refersY to the disconti-
nuityN of an enclosedquantityacrossthe surfacethe orienta-
tion
U

of which is given by the outwardunit normaln.
The balanceequationfor the angularmomentumis ful-

filled
â

by

e_ ki
�

j ã Pä iE
Æ

j
� å T
Ã

i j
M æ¡ç 0,
»

k
è é

1,...,3, ê 6ë ì
wherea P

í
denotes
M

thepolarizationrelatedto thefield andelec-
tric
U

displacementby the classicalrelation:

D
Å

i î=ï 0
p EÆ i ð P
ä

i ,q i
v ñ

1,...,3, ò 7ó ô
andK e_ ki
�

j denotes
M

Levi-Civita’s tensorwhich takesthe valueõ
1 if ö k,
è

i, j÷ form
T

a circularpermutationof ø 1, 2, 3ù ,q andthe
value] ú 1 if û k,

è
i, jü form
T

a circular permutationof ý 3,
}

2, 1þ .
e_ ki
�

j vanishes] in all othercases.Then,Eq. ÿ 6ë � is equivalentto

T i j
AM
� �

1
2 � E iP i � P iE j

� � ,q � 8� �
wherea T

Ã
i j
AM denotes
M

theantisymmetricpartof themechanical
stressL tensor T

Ã
i j
M 	 T
Ã

j i
�M . It should be observedthat all the

above-mentionedK equationsuseactualcoordinatesy� i asK field
variables.] At this point, sincethenumberof equationsin 
 3} � ,q�
4
Ì 

,q � 6ë � ,q and � 7ó � is
\

far smallerthanthenumberof unknowns,
it
\

is required to introduce the so-calledconstitutiveequa-
tions.
U

In accordancewith thepertinentchoiceof complemen-
tary
U

setsof dependentandindependentvariablesfor thecon-
sideredL problem, they expressthe intrinsic propertiesof
matter as relationsbetweenthosesets.More precisely, all
materialconstantsappearaspartial derivativesof a thermo-
dynamic
M

potentialwith respectto the independentvariables
ofV the consideredproblem.A naturalway of introducingan
enerJ gy function consistsin writing the balancebetweenthe
storageL of kinetic, internal, and electric field inducedener-
gies� in the volumeof the body, and the work performedon
its
\

boundaries:

d
¸
dt
¸

V

� 1

2 � i � i ��� dV
¸ �

S
� � t� iMr � i � nk iq

�
i � dS
¸  

V

!
dV
¸

,q"
9
# $

wherea % is the internalenergy per unit mass,t
& Mr is
\

the local
mechanicaltraction appliedto the boundary, v' ( d

¸
y) /* dt
¸

,q q+ is
the
U

outwardlyorientatedheatflow, and , is
\

therateof energy
productionW underthe actionof appliedelectricfield E

Î
. This

expressionJ of the first principle of thermodynamicsleadsto
the
U

following differential form:

- d
¸ .
dt
¸ / T
Ã

i j
M 0

j
�
,i 132 E
Æ

i

d
¸ 4

i

dt
¸ 5 q� i,i ,q 6 107

wherea 8 indicatesthe polarizationper massunit, which is
relatedY to thepolarizationappearingin Eq. 9 7ó : in

\
the follow-

ing
\

manner:

P
ä

i ;3<>= i . ? 11@
It canbeshownthat in therestrictedcaseof nondissipa-

tive
U

behavior, the secondprinciple of thermodynamicsre-
duces
M

to

ACB d
¸ D
dt
¸ EGF q� i,i ,q H 12I

FIG.
J

1. A solid in successivestates.

1793J.
K
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wherea L denotes
M

absolutetemperatureand M is
\

the entropy
perW massunit. This resultallows for easysubstitutionof the
entropyJ insteadof heatflow into Eq. N 10O ,q which canthusbe
writtena in two mathematicallyequivalentdifferential forms:

P d
¸ Q
dt
¸ R X
�

L,iT
Ã

i j
M dy
¸

i,L

dt
¸ S3T E

Æ
i

d
¸ U

i

dt
¸ V3WCX d

¸ Y
dt
¸ ,q Z

13[\
0
p d
¸ ]
dt
¸ ^ KLi

�Mr dy
¸

i,L
�

dt
¸ _3` 0

p E i

d
¸ a

i

dt
¸ b3c 0

p d d
¸ e
dt
¸ .

Equivalence
Ï

betweenbothformscomesfrom theconser-
vation] of massandtheexpressionof PiolaKirchhoff ’s asym-
metric mechanicaltensorKM

r
:5
f

g
0
p h3i J

j
,q J
j kml

y� i,L
� n ,q KL j

�Mr o JX
j

L
�

,iT i j
M
r

. p 14q
The above-givenformula for KM

r
derives
M

from its defi-
nition expressingtheconservationof a surfacetractionforce
t
& M alongK the surfacerepresentation:

t� j�M r T
Ã

i j
Mnk i dS
¸ s

K
t

L j
M nk L

0
p

dS
¸

0
p ,q u 15v

wherea we denoteby dS
¸

0
p the
U

elementarysurfaceconsistingin
the
U

whole set of material points in the natural statewhich
become
^

the actual elementarysurfacedS
¸

in the deformed
state.L nk L

�0p denotes
M

a componentof the unit normal n0
p

in the
naturalstate,correspondingto the actualnormal n w compo-I
nentN nk i witha notationsof this paperx . Equation y 13bz estab-J
lishes
{

the internalenergy asa function of a well-definedset
ofV independentvariables:|~}����

y� i,L
� ; � i ; ��� ,q � 16�

whereasa the correspondingdependentvariablesare defined
by
^
T
Ã

i j
M �3� y� i,L

���
�

y� j
�
,L �

k
� , � ,q E

Æ
k
� ��������

k
�

y� i
�
,� j� , � ,q ���

�� 
¡C¢

y� i
�
,� j� , £ i
� .¤
17¥

Nevertheless,
¦

a consistentderivationof the constitutive
equationsJ requirestheproperenergy functionfor theclassof
consideredI problemsto bean invariantquantitywith respect
to
U

an arbitraryrotationof eitherthe body itself or the frame
usedZ to refer the y� i coordinates.I 2,3 This

[
property is not en-

suredL by the above-mentionedwriting of internal energy. A
mathematicaltheoremdue to Cauchy6

§
onV the invarianceof

scalarL functionsof vectorsshowsthat this propertywill be
granted� if ¨ canI be reducedto somecombinationof scalar
productsW of the four vectors© ,q ª y) /* « X1 ,q ¬ y) /*  X2 ,q ® y) /* ¯ X3

° andK
ofV their determinants.Two alternativeformsof ± granting� the
rotationalY invariancearegiven in the following:²~³�´�µ

CLM
� ; ¶ L
� ; ·¹¸ ,q

CLM º y� i,Ly� i,M ,q » 18¼
½

L ¾ y� i,L ¿ i ,q
andK À~Á�Â�Ã

ELM ;pÄ I ; Å�Æ ,q
E
Æ

LM Ç y� i,Ly� i,M ÈÊÉ LM,q Ë 19Ì
pÄ K
Í Î JX
j

K
Í

,iP
ä

i Ï3Ð 0
p X� K
Í

,i Ñ i .

In
�

this paper, we follow the approachpreviously sug-
gested� by Tiersten,2 implying

\
thechoiceof thelatterset Ò 19Ó .

Thus, the differential form of internal energy per massunit
becomes
^

Ô
0
p d
¸ Õ
dt
¸ ÖØ× LM

dE
¸

LM

dt
¸ Ù WL

dp
¸

L

dt
¸ Ú3Û 0

p Ü d
¸ Ý
dt
¸ Þ 20

t ß
insteadof Eq. à 13bá andK thedependentvariablesof theprob-
lem
{

arethendefinedby

â
LM ã3ä 0

p å�æç
ELm pè K

é , ê ,q WK ë3ì 0
p í�îï

pÄ K ELM
ð , ñ ,q

ò
21óô3õ÷ö�øùCú

ELM ,pè K

.

One
û

can show, with help of rules for chain derivatives
andK relatedidentities,that theabove-mentionedformulasim-
plyW

T
Ã

i j
M
r ü 1

J
j y� i,L
� ý

LM
� y� j
�
,M
r þ P
ä

iE
Æ

j
� ,q ÿ

22�
WL
� � y� k
�

,L
� EÆ k
�M �����

,L
� ,q

wherea � denotes
M

the electrostaticpotential.Equation � 22a
t 	

showsL that the balanceof kinetic momentumis identically
satisfied:L

T i j
AM
� 


T i j
M
r �

T j i
�Mr � E iP j

�  E j
� P i � 23�

sinceL the symmetryof � LM derives
M

from relation � 21a� andK
the
U

symmetryof elasticdeformationsEKL
Í . It canreadily be

observedV that, from Eqs. � 4Ì � andK � 7ó � ,q the antisymmetricpart
ofV the Maxwell electostatictensoris exactly the oppositeof
the
U

antisymmetricpart of the purely mechanicalstressten-
sor:L

T
Ã

i j
AE � T
Ã

i j
E � T
Ã

j i
�E � E
Æ

j
� Pä i � E
Æ

iP
ä

j
� ��� T
Ã

i j
AM . � 24

t �
Since
�

it is knownthat theinternalenergy is not themost
pertinentW thermodynamicpotential to formulate resonator
problems,W we conform to Tiersten’s approachand we take
Gibbs’
 

electric enthalpy ! asK the preferredthermodynamic
potentialW for the consideredclassof problems,accordingto

"
0
p #%$'&

0
p (*) WL

� pÄ L
� +',

0
p -�. ,q / 250

whicha establishes1 asK a function of the tensorof deforma-
tion
U

ELM ,q the rotationally invariantelectricvectorWL ,q and
the
U

absolutetemperature2 :

354'376 ELM
� ;WL

� ; 8:9 . ; 26<
If
�

the variationof the independentvariablesof the con-
sideredL problemfrom the given referencestateto the actual
stateL of the crystalremainfinite, the correspondingvariation
ofV the thermodynamicpotential = canI be representedby a
generalized� Taylor’s expansionin termsof the independent
variables] (ELM ;WL ; > )

?
. The coefficientsof this develop-

mentdefinethematerialconstantscharacterizingthecrystal,
andK using @ enerJ gy function definesthe following quantities
asK ‘‘thermodynamic’’ dependentvariables:
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t� KL
Í A'B

0
p CEDC

E
Æ

KL
Í

W, F ,q pÄ K
Í G�H'I

0
p JEKJ

WK
Í

E
´

, L ,q
M
27N

OQP�RTSVU
SXW E
´

,W

.

Althoughthethermodynamicstresst� KL andK thepolariza-
tion
U

pÄ K
Í dif
M

fer from theusualmechanicalstressandtheelec-
tric
U

induction,they areclearly connectedwith them.Above-
mentionedrelations Y 7ó Z ,q [ 21\ – ] 22̂ ,q and _ 25̀ areK consistent
witha the following simple relationsbetweenthe mechanical
stressL tensor, the electric displacement,i.e., the dependent
variables] of the fundamentalbalanceequationsa 3} b ,q andpar-
tial
U

derivativesof Gibbs’ function:2

T
Ã

i j
M c'd y� i,M

eVf
e

E
Æ

MN W, g y� j
�
,N
h i'j y� i,M

kEl
k

WM E
´

, m X
�

L, j
� WL,q
n
28
t o

D
Å

i p'qsr 0
p X� M
r

,iWM
r t y� i,M

r uEv
u

WM
r

E
´

, w .

Thefundamentalelasticconstantsdefinedascoefficients
ofV Taylor’s expansionof x (

y
E
Æ

LM
� ;W l

z ; { )
?

areisothermalelas-
tic
U

constants.Thus, for the sakeof simplicity, we shall sys-
tematically
U

omit the notation )W, | andK )E, } for partial de-
rivativesof anyenergy functionappearingin the followings.

Although
h

conservationequations~ 3} � andK boundarycon-
ditions
M �

5
Ý �

areK absolutelycorrectby themselves,theyarenot
wella matchedwith the fundamentalconstitutive equations
whicha canbe establishedby the above-mentionedexpansion
ofV � in
\

terms of material constantsand independentvari-
ables,K mainly becauseELM andK WL areK mappedonto the
coordinatesI of the natural state.Furthermore,recalling our
introductory
\

argumentabout the boundaryconditions,it is
alsoK moreconvenientto mapthe balanceequationsonto the
coordinatesI of the naturalstatebecausethe dimensionsand
the
U

orientationof thefinite body in crystallographicaxesare
wella known in this state.Thus we reformulatethe problem
by
^

using new quantities,which are the total� asymmetricK
Piola–Kirchhoff stresstensorK andK thematerialelectricdis-
placementW � :7

�
K
�

L j � JX
�

L,i � TÃ i j
M � T
Ã

i j
E ��� K

�
L j
M � K

�
L j
E ,q �

29
t ��

L
� � JX

�
L
�

,iD i .

Theyarerelatedto theusualstressandelectricdisplace-
mentw by expressingthe conservationof the polarization-
induced
\

surfaceforce t
& E andK electric charge � perW unit sur-

face:

t� j�E´ � T
Ã

i j
E
´

nk i dS
¸ �

K
�

L j
E
´

nk L
0
p

dS
¸

0
p ,q �

30
} �

��� D in
k

i dS
¸ ���

L
� nk L
�0p dS
¸

0
p .

Substitution
�

of Eq. � 28
t �

into
\

Eq. � 29
t  

,q togetherwith the
mutualw cancellationof antisymmetricparts of T

À E
´

andK T
À M
r

gives� the following expressionfor KL j andK ¡
L :

K
�

L j
� ¢'£

0
p y� i,M
r ¤V¥
¤

E
Æ

LM
� ¦�§ 0

p J� ¨ X� L
�

,iX
�

M
r

,iX
�

N j
h

© 1
2
È XL
�

, j
� XM
r

,k
� XN
h

,k
� ª WM
r WN

h ,q «
31
} ¬


L ®�¯ 0
p JX
�

L,iXM ,iWM °'± 0
p ²E³²

WL
.

One
û

mustnote that the partial derivativesof ´ in these
relationsY areevaluatedin the final

�
state.L The stressequation

ofV motion andcharge equationbecome

KL j
�

,L
� µ XM
r ; ¶ ;t� ·¹¸'º 0

p d
¸ 2y� j
� » X� M
r ; ¼ ;t� ½

dt
¸ 2 ,q ¾

32
} ¿À

L,L Á XM ; Â ;t� Ã¹Ä 0.
»

The
[

associatedboundaryconditionsat the interfacebe-
tween
U

the crystal and a perfectconductorare the following
whena mappedin the naturalk state:L

N
Å

L Æ KL j ÇÉÈ 0
»

N
Å

L
� ÊÌË

L
� ÍÉÎ'Ï onV S

Ò
0
p . Ð 33

} Ñ

III. SMALL VIBRATION SUPERIMPOSED ON A
HOMOGENEOUS THERMAL BIAS

W
±

e considerthe propagationof an elastic wave in a
piezoelectricW mediumsubjectto the static deformationaris-
ing
\

from a slow anduniform temperaturechange.Sinceboth
staticL anddynamicproblemsaresuperimposedin theabove-
given� formulation, tractableequationscan readily be ob-
tained
U

by separatingthe staticand the dynamicpartsof the
problem.W Thus,theapproachin this sectionexhibitssimilari-
ties
U

to the one of Ref. 4, which considersa quite different
biasing
^

state Ò staticL electricfieldÓ . Here,sincewe restrictour
interest
\

to quasistaticand homogeneoustemperaturevaria-
tion,
U

explicitly solving the staticproblemis not expectedto
generate� manydifficulties.

Theinfinitesimaldynamicincrementu¢ Ô ofV themechani-
calI displacementis definedby Eq Õ 2t Ö . Sincethe transforma-
tion
U

XL ×ÙØÛÚ onlyV dependson thermal expansion,we can
arbitrarilyK mapthedynamicdisplacementeitherasu¢ Ü (y ÝÛÞ ;t� )?
orV asu¢ ß (y X� L

� ; à'á�â 0
p ;t� )? . The first choicecorrespondsto the

approachK followed by Bechmann,Ballato, and Lukaszek1

andK later by James,8 for the practicaldeterminationof ther-
mal derivativesof elasticconstantsof quartz.Temperatureis
then
U

consideredasa simpleparameteractingon all material
constantsI and on the dimensionsof crystal throughthermal
expansion.J Thus, it is also necessaryto properly appreciate
the
U

small temperature-dependentchangeof crystallineorien-
tation
U

of an arbitrarily orienteddevice,which appearsin the
intermediate
\

descriptiondue to the anisotropyof thermal
expansion.J 9

ã
This effect is rathersmall, but is not negligible

whena the velocity of acousticwave variesquickly with the
direction
M

of propagation.It is omittedin Refs.1 and8, but it
is
\

automaticallytaken into accountin the presentanalysis
whicha conformsto thesecondchoiceof mapping.Now, sub-
stitutingL Eq. ä 2t å in

\
Eq. æ 19bç witha helpof thechainrulesfor

derivatives:
M

y� j
�
,M
r è y� j
�
, é¹êÛé ,M
r ë'ìÛí

,M
r î

j
�
, ïEð u¢ ñ ,M

r ò
j
�
, ó . ô 34

} õ
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One
û

can split the total deformationin two parts, the
staticL oneanda small dynamicincrement:

E
Æ

LM
� ÷ E
Æ¯

LM
� ø E
Æ˜

LM
� ,q

E
Æ¯

LM
� ù 1

2
È úüûVý

,L
� þVÿ

,M
r � �

LM
� � ,q � 35

} �

E
Æ˜

LM
� � 1

2
È ���
	

,L
� u¢ � ,M
r ����

,M
r u¢ � ,L
� � u¢ � ,L

� u¢ � ,M
r � .

Dynamic
�

incrementsof stresstensorK
�˜

L j
� ,q materialelec-

tric
U

induction �˜ L ,q andelectricvectorW̃L areK definedin the
sameL way:

KL j
� � K̄L j

� ����� � K̃L j
� ! u¢ " ;W̃M

r # ,q
$

L
� %'&¯

L
� (�)�* +',˜

L
� - u¢ . ;W̃M

r / ,q 0 36
} 1

WL 2 W̄L 354�687 W̃L 9 t� : .
Assuming
h

a null electricfield anda uniform temperature
distribution
M

in the intermediatestate,andconsideringa non-
pyroelectricW material free to expandwithout external con-
straint,L we have

K̄L j
� ; 0,
»

W̄L
� < 0,
» =¯

L
� > 0.
» ?

37
} @

Since
�

we are only interestedin infinitesimal dynamic
fields,we mayusethe following Taylor’s expansionsof par-
tial
U

derivativesof A :
BDC

B
ELM

EGFDH
F ELM 1

I J 2 K
L

ELM M ENP
N

1

ẼNP
N O

P 2 Q
R

ELM S WK 1

W̃K

T U 2 V
W

ELM
� XZY

1

['\˜ ] ,q
^
38
} _`Da

`
WK

bdcDe
c WK 1

f g 2
¹ h

i
WK j E
Æ

LM 1

E
Æ˜

LM k
l 2
¹ m

n
WK o WL 1

W̃L

p q 2 r
s

WK tZu 1

vxw˜ y ,q
wherea thenotation)1 indicates

\
thatthepartialderivativesare

evaluatedJ in the intermediatestate.Since the thermal ex-
changesI aremuchslowerthanthe variationof dynamicme-
chanicalI field, the high-frequencyvibration canbe assumed
isentropic,
\

andEq. z 27c
t {

canI be usedto determinethe small
dynamic
M

temperatureshift createdby the vibration:

|'}˜ ~��

� 2 �
�Z���

EKL 1

ẼKL
Í �

� 2 �
�Z���

W̃L 1

W̃L
�

� 2 �
�Z� 2

1

. � 39
} �

W
±

ith help of the following notations:

�
KLMN)

?
1 �
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¹ �

�
E
Æ
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Æ
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�
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�
EKL �Z� 1
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�
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¹ £
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1
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§
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?
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© 2 ª
«
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¹ ¯

°
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1
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µ
E
Æ
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r ¶Z·

1¸ 2
¹ ¹

ºZ» 2
¹

1

,q ¼ 40½

¾
KL)
?
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Â
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Ä
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1
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Í

WL
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¹ Ñ
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1

andK takingadvantageof thepossibility to exchangetheorder
ofV derivationin mixed derivatives,we useEq. Ô 39

} Õ
to
U

elimi-
nateN Ö'×˜ from

T
Eq. Ø 38
} Ù

,q therebyobtaining
ÚDÛ

Ú
ELM
� Ü

ÝDÞ
Ý

ELM
�

1
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K
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ä
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LM í�î KL)
?

1W̃L ï .

Substituting
�

Eqs. ð 34
} ñ

– ò 36
} ó

andK ô 41õ into Eq. ö 31
} ÷

,q using
the
U

chainrulesof differentationin the reverseway:

XM ,i ø XM , ù ú�ù ,i û XM , üþý ÿ i ��� u¢ � , � � � ,i � � ,q 	 42

andK taking into accountthe fact that the partial derivatives���

/
* 

E
Æ

LM)
?

1 andK ��� /
* �

WK)
?

1 identically
\

vanishfor the stress-
free unpolarizedbias of interest,we obtain the following
linearized
{

expressionfor K
�˜

L j andK �˜
L :

K
�˜

L j
� ���

j
� �����

,M
� ���

,N
�  

0
! "

LM
�

NP)
?

1u¢ # ,P
$

%�&
j
� '�(�'

,M
� )

0
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K
+

.LM
� )
,

1W̃K
+ - ,q .

43/0˜
L
� 13254

0
! J6̄ XL

�
, 7 XM

�
, 8�9;: 0

! <
LM
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1]
>
W̃M
�

?A@
0
! B

L.MN)
,

1 C�D ,Mu¢ E ,N
� F ,q

wherea J
6̄ G;H

0
! /
* I

1 is the Jacobianof the transformationXLJLK�M . Thus, the incrementalconstitutiveequationscan be
rewrittenY in the following form:

K̃L j
� NPO GQ L

� R
M
� S u¢ T ,M

� U RM
� V

L
� W̃M
� WYX

j
� Z ,q [

44\]˜
L
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_

LM
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� ` RL
� a

N
� u¢ b ,N

� ,q
whicha define new effective_ elasticJ material coefficients
G
Q

L c M d ,q piezoelectriccoefficientsRM e L ,q anddielectriccoef-
ficientsN

_
LM whicha governanadiabaticvibrationsuperposed

onV the bias resulting from an homogeneoustemperature
changeI accompaniedby stress-freethermalexpansion:

G
Q

L
� f

M
� gih;j�k

,K
+ lnm

,N
� o

0
! p

LK
�

.MN
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,

1 ,q
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,

1 ,q z 45{
N
_
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� |~}

0
! J6̄ XL

�
, � XM

�
, ���;� 0

! �
LM
� )
,

1 .

These
�

coefficients have tensorial propertiesand their
values� in a new rotatedframecanbe obtainedby the classi-
cal� rule of frame changeof tensors.The associatedstress
equation� of motionandchargeequationof electrostaticstake
the
�

form:
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�˜

L j
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,L
� �;�

0
! � 2
�
u� ��
t� 2 � j

� � ,q �
46��˜

L
�

,L
� � 0,

�
and� the correspondingboundariesconditionsare

N
_

L
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� �i� 0
�

N
_

L
� �5�˜

L
� �i ;¡̃

0
! on¢ S

£
0
! ,q ¤ 47¥

where¦ §̃
0
! is
¨

thedynamicincrementof surfacechargedensity
mappedon S

£
0
! . Equations© 44ª – « 47¬ constitute� the basicre-

lationsfor theproblemof a small vibrationsuperimposedon
a� thermalbias,mappedin the natural state.®
IV. PROPERTIES OF EFFECTIVE COEFFICIENTS

The effective coefficientsdefinedby Eqs. ¯ 44° and� ± 45²
are� relatedto the fundamentalderivativesof energy function
in a rathercumbersomethoughperfectly well definedway.
They only dependon temperatureprovidedthat it is homo-
geneous³ andno thermallyinducedstressis present.All these
sets® of G

Q
,q R
´

,q and N
_

coefficients� canbe expandedup to any
powerµ of the temperatureshift from ¶ 0

! to
� ·

,q accordingto
the
�

following formula,given herefor elasticcoefficients:
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is the temperaturecoefficientof orderk

è
of¢ the G

Q
coefficient.�

Similar
ã

expressionsoccurfor piezoelectricanddielectricco-
efficients.� When ä 0

! å3æ ,q the intermediateandnaturalstates
are� identical and the effective coefficients reduce toç

0
! è
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,

1 ,q é 0
! ê
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,

1 ,q ë 0
! ì

KLMN)
,

1 . Fundamentalelasticcon-
stants® andtheir first-ordertemperaturederivativeswerepre-

viously� definedfrom thosequantities,which actuallyarethe
partialµ derivativesof energy underadiabaticconditionsfor
the
�

vibration, andwereevaluatedfor quartzin Ref. 10. The
fundamentalconstantsmustbe usedin caseof any inhomo-
geneous³ bias inducinga field of nonzerostatic stresses,but
noí evaluationof their higher order thermal derivatives is
available� at this moment.In the specialcasewhenthe inter-
mediateî statedegeneratesto the natural one, effective and
fundamental
ï

constantshavethe samevaluesand symmetry
propertiesµ as the classicallinear coefficients.But when the
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� ð
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ñ

fers from the referencetemperatureò 0
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L
� ùûú
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and� theeffectivecoefficientshavedifferentvaluesandlower
symmetries® thanthe classicalcoefficientswhich will be out-
lined


in Sec.V. This holdsfor the G
Q

and� R
´

coefficients� � but
�

not N
_

which¦ exhibits the usualsymmetries� :
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where¦ the KroneckertranslatorsP P

$ Q are� necessaryfor con-
sistency® of Greek–Latin conventionof indices.As a conse-
quence,R the (L S )

,
couplescantakenine differentvalues.We

adopt� the samerule asTiersten4
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must be takenof index order of the deformation
gradients³ in Eq. d 44
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These
�

coefficientsarenot independent.At first, from Eq.x
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� y

and� remarkingthat, for the crystallineclassof interest,
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V
º

. CONNECTION WITH THE CLASSICAL TREATMENT

In this section,we briefly give therelationbetweenhere-
defined
ñ

effectivecoefficientsandtheonesusedin theclassi-
cal� treatment1 of¢ the problem.The latter implicitly use the
coordinates� in the intermediatestate as independentvari-
ables.� In this state,the dynamicpartsof the stressL

»̃
tensor
�

and� electric displacementvector D̃ can� be obtainedby the
transformation
�

laws:

L̃ ¼ j
½ ¾ 1
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,q with helpof thechain
rulesÐ of differentiation,we obtain

L
»̃ Ñ

j
½ ÒÔÓ

j
½ Õ�Ö H× ØÚÙ�ÛÇÜ4

Ý
u� Þ , ßÂà H

× á�âäã3
å æ̃

, ç�è ,q é
59
� ê

D
Å˜ ëÂì H

× íÇîðï3
å

u� ñ , òôó H
× õ÷ö2 ø̃

, ù ,q
where¦ H

× 4 are� the elasticcoefficientsof which temperature
derivatives
ñ

are most commonly determined,1,8 and� the fol-

lowing


relationsexist betweenboth kinds of effective coef-
ficients:
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These
�

relationsand ] 50
^ _

allow� oneto readily obtainthe
expressions� betweenthe thermalderivativesof the classical
coefficients� andthe thermalderivativesof the effective ma-
terial
�

constantsin Lagrange’s formulation. Obviously, the
quantitiesR appearingin ` 59

^ a
are� associatedwith the equilib-

rium equations:

L̃ b j
c
, d�egf 1

h 2u� ij
t� 2 k j

c l ,M
m
62
ë n

D̃ o
, p�q 0,

�
andr the boundaryconditions:

n s�t L̃ u j
c v+w 0

�
n x�y D̃ zK{+|g}˜ 1

on~ S
£

1 ,M � 63
� �

where� �˜ 1 is
�

the dynamicincrementof charge mappedonto
the
�

boundarysurfaceS
£

1 in
�

the intermediatestate.

VI.
º

CONCLUSION

The formalism presentedhereallows one to rigorously
treat
�

the problemof acousticwave propagationin a piezo-
electric� mediumsubmittedto an homogeneoustemperature
variation.� The effect of temperatureon the actualcrystalline
orientation~ and shapeof the device is automaticallytaken
into
�

accountby usingeffectivematerialconstantsreferredto
the
�

fixed coordinatesof the natural state.Although we de-
tailed
�

the main propertiesof theseconstantsaswell astheir
relationswith other possiblydefinedmaterial constantsfor
the
�

descriptionof vibrationssuperposedon a bias, they are
essentially� suitedfor thespecialkind of biasconsideredhere,
thereby
�

allowing for a consistentdescriptionof higherorder
static� frequency–temperaturecharacteristicsof vibrating de-
vices,� which will be outlinedin the companionpaper, along
with� theobtentionof numericalvaluesof thethermalderiva-
tives
�

of effective constants.
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