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Lagrangian effective material constants for the modeling of
thermal behavior of acoustic waves in piezoelectric crystals.

I. Theory

Bernard Dulmet® and Roger Bourquin

Laboratoire de Chronométrie Electronique et Piezoélectricite, Ecole Nationale Supérieure d Ingénieurs
de Micromecanique et des Microtechniques, 26 Chemin de I’ Epitaphe, 25000 Besangon, France

(Receiveds June2000;acceptedor publication18 June200])

After somenecessaryecalls on the nonlineartheory of thermoelectroelasticityn piezoelectric
crystals,assertingthe needof constitutive equationswhich derive from a rotationally invariant
enegy function, this paperpresentghe governingequationgor a small vibration superimposean
a biasoriginatedby a slow andhomogeneoutemperaturevariationfrom a well-definedreference
state.Thereafterthe authorsdefinethe effective coefficientsappearingn thelinearizedincremental
dynamicbalanceequationgfor linear momentumand electricalchage in Lagrangeconfiguration,
not omitting associatedoundaryconditions.The main featuresof thesecoefficientsare discussed
and explicit relationswith more conventionallydefined coefficientsare given. Determinationof
numericalvaluesof the proposeckffective coefficientsandexamplesf their usein the higherorder
modeling of static frequency-temperaturecharacteristicof either bulk acousticwave or surface
acousticwave devicesare given in a companionpaper © 2001 Acoustical Society of America.

[DOI: 10.1121/1.139125D
PACS numbers: 43.25.Dc[MFH]

I. INTRODUCTION

The subjectof this paperis to presentthe analysisof
infinitesimal vibrationsin a piezoelectriccrystal which can
freely expandn all spacedirectionsuponsubmissioro slow
and homogeneoustemperature variations. The classical
treatment implicitly usesthe coordinatesf a materialpoint
of the crystalin the slowly varying stateat the currenttem-
peratureprior to anyvibration.In this descriptionthedimen-
sions,massdensity andorientationof the solid aswell asthe
propertiesof the materialvary with temperatureThis leads
to tedious computationsto rigorously fit the frequency-
temperaturecharacteristicof a piezoelectricresonatorby a
high order expansionwhile correctly consideringthe effect
of temperatureon its size and crystalline orientation. This
canbe avoidedby usingthe Lagrangiardescriptionin which
thefield variablesarethe coordinatef a materialpointin a
referencestate definedat a fixed temperature Since those
coordinatesare fixed and known, the boundaryconditions
are expressean surfaceswvhich do not dependon tempera-
ture. Similarly, since the equationsof motion are mapped
onto the fixed volume of the body in its referencestate,the
massdensityappearingn theseequationss constanfaindthe
coefficientswhich describethe materialare the only param-
eterswhich may vary with temperatureAs a consequence,
useful simplificationsoccurfor the treatmentof frequency-
temperatureharacteristicef resonatorsvith rathercompli-
catedshapessuchasradiusof contour gratings,andso on.

Thisintroductorypresentatiorf the useof the Lagrang-
ian descriptionfor a particular purposeis indeedsomewhat
practical.Neverthelessthis treatmentalsohasmoretheoret-
ical justifications,sinceit derivesfrom the rotationally in-
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variantand generalnonlineartheory establishedn the case
of piezoelectricsolids submittedto finite deformationg:
The acceptancef this theoryis quite generafor the studyof
force—frequencyeffectsaswell asfor the studyof frequency
shifts arising from thermal transientbiasing statesor from
applying static electric fields?* but is not so widespreador
the study of simple biasing statessuch as the one arising
from an homogeneousemperaturevariation. More specifi-
cally, the presentedvork definesand makesuseof effective
material constants which are the expansioncoefficientsof
the dynamicpart of the Piola—Kirchhoff stresstensorversus
the dynamic part of the total strain and of the rotationally
invariant electric vector expressedn a Lagragiandescrip-
tion. The presentpaper(paperl) is devotedto the definition
of the coefficientswhile the companionpaper(paperll) is
devotedto the calculationof their numericalvaluesandtheir
usein predictingthe frequency-temperaturedependencef
commonlyencounteredinds of resonatorgbulk andsurface
acousticwaves.

As usualin this kind of problem,we shallconsiderthree
statesof a solid describedvy threesetsof respectivecoordi-
nates,asillustratedin Fig. 1:

(1) anatural (or reference) state,at a fixed temperature®
in which the coordinatesf a materialpoint of the solid
areXy ,

(2) anintermediate stateprior to vibration at a currentho-
mogeneousemperatured, the coordinatesof the mate-
rial pointsbeingé&, ,

(3) afinal statewhenanadiabaticvibrationis superimposed
ontheinitial state,the associatec¢toordinateseingy; .

This conventionleadsto a straightforwardwriting of
equationgprovidedthe derivativeswith respectto spaceco-
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FIG. 1. A solid in successivestates.

ordinatesare denotedin the following manner:

Yk 2 Xy
Yel=ox ax,’ ay;
In this paperwe only use Cartesiarncoordinatesand au-
tomaticsummationover repeatedndicesis implicitly admit-

ted. The positionat time t of a materialpoint referredto by
its materialcoordinatesX, in the naturalstateis

yj:(ga(x )+U (XL’t)) ja (2)

where u,, is the dynamic displacementand the Kronecker
symbol &, is introducedto handleindex correspondences
from the intermediatestateto final state.

al= M= 1)

II. BASIC EQUATIONS

Although most of the materialpresentedn this section
conformsto the generaltheory of thermoelectroelasticitpf
Ref. 2, the subsequentreatmentinvolves precisedefinitions
of notationsand terms requiring a proper understanding,
which makesthe recall of this informationnecessaryor our
purpose.

We temporarily postponeany use of the intermediate
coordinatego addresghe issueof Lagrangevs Euler repre-
sentation.The well-known classicalfield equationsexpress-
ing the conservatiorof linearmomentumandelectricchage
arewritten in the final state:

2
(T +TE)=p Gk D=0, €
where D denotesthe electric displacementnd p the mass
density TM is the puremechanicabtresstensorwhich refers
to the traction exertedonto a surfaceelementtakenin its
final (deformed stateand TE is Maxwell’s electrostatiden-
sor:

TE

DiE;— 3£0EkEkSi; , (4)

where E is the macroscopicelectric field. All quantitiesin
Eq. (3) are functions of the final coordinatesy, and the
boundaryconditions are expressedn the external surface
takenin its final stateS:

n[TH+T5]=0

n[Di]=c on S.

(5)
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o is the electricchage densityand|[ ] refersto the disconti-
nuity of an enclosedguantity acrossthe surfacethe orienta-
tion of which is given by the outwardunit normaln.

The balanceequationfor the angularmomentumis ful-
filled by

e (PE+TH=0, k=1,..3, (6)

whereP denoteghe polarizationrelatedto thefield andelec-
tric displacemenby the classicalrelation:

.3, (7)

ande; denoteslevi-Civita's tensorwhich takesthe value
+1if (k, i, j) form acircular permutatiorof (1, 2, 3), andthe
value —1 if (k, i, j) form a circular permutationof (3, 2, 1).
€yj vanishesn all othercasesThen,Eq. (6) is equivalentto

3 (EiPi— PiEj), (8)

whereT/}"' denoteshe antisymmetrigoartof the mechanical
stresstensorT'\’I T}l . It should be observedthat all the

above- mentloneéquatlonsuseactualcoordinatesyi asfield

variablesAt this point, sincethe numberof equationsn (3),

(4), (6), and(7) is far smallerthanthe numberof unknowns,
it is requiredto introducethe so-calledconstitutive equa-
tions.In accordancsvith the pertinentchoiceof complemen-
tary setsof dependenandindependenvariablesfor the con-

sidered problem, they expressthe intrinsic properties of

matter as relations betweenthose sets. More precisely all

materialconstantsappearas partial derivativesof a thermo-
dynamicpotentialwith respectto the independentariables
of the consideredoroblem.A naturalway of introducingan

enegy function consistsin writing the balancebetweenthe

storageof kinetic, internal, and electric field inducedener

giesin the volume of the body, andthe work performedon

its boundaries:

d
dt

DiZSOEi‘I‘Pi, |:1,

TAM

f (10 Vi +5)dv L(tini—niqi)dS+ fvgdv,
9

where¢ is the internalenegy per unit masst™ is the local
mechanicalraction appliedto the boundary v=dy/dt,q is
the outwardlyorientatecheatflow, and( is therateof enegy
productionunderthe action of appliedelectricfield E. This
expressiorof the first principle of thermodynamicdeadsto
the following differential form:

d& dlIl;

pdt T UJ|+PE| dt

— Qi (10)
wherell indicatesthe polarizationper massunit, which is
relatedto the polarizationappearingn Eq. (7) in the follow-

ing manner:

It canbe shownthatin the restrictedcaseof nondissipa-
tive behavior the secondprinciple of thermodynamicge-
ducesto

dy _
P® dt =i, (12
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where® denotesabsolutetemperatureand » is the entropy
per massunit. This resultallows for easysubstitutionof the
entropyinsteadof heatflow into Eq. (10), which canthusbe
written in two mathematicallyequivalentdifferential forms:

de dy; . dIT, dz

9oy m@iL o 4 a7
Pt = XuiTi—gr TPEg PO G

de dyi, oI, d7 (13
PO = Ki—— dt +P0EiT+Po®H-

Equivalencébetweerbothforms comesfrom the conser
vation of massandthe expressiorof PiolaKirchhoff’s asym-
metric mechanicatensork M:®

po=pd, JI=lyirl, KM=3XTV. (14

The above-givenformula for KM derivesfrom its defi-
nition expressinghe conservatiorof a surfacetractionforce
M alongthe surfacerepresentation:

t'=THn; dS=K}|n} dS;,

wherewe denoteby dS, the elementarysurfaceconsistingin

the whole set of material pointsin the natural statewhich

becomethe actual elementarysurfacedS in the deformed
state.n® denotesa componentof the unit normaln® in the
naturalstate,correspondingo the actualnormaln (compo-
nentn; with notationsof this papej. Equation(13b) estab-
lishesthe internalenegy asa function of a well-definedset
of independentariables:

E=&(yi Il n), (16)

whereasthe correspondingdependentvariablesare defined
by

(19

9E
ij :pyi,Lm

£ IE ) 9E
y K= T s
My, n &Hk Yij 7
17

Neverthelessa consistentderivationof the constitutive
equationgequiresthe properenegy functionfor the classof
consideredproblemsto be aninvariantquantitywith respect
to an arbitraryrotation of eitherthe body itself or the frame
usedto refer the y; coordinate$:® This propertyis not en-
suredby the above-mentionedvriting of internal enegy. A
mathematicatheoremdue to Cauchy on the invarianceof
scalarfunctions of vectorsshowsthat this propertywill be
grantedif £ canbe reducedto somecombinationof scalar
productsof the four vectorsll, dy/9X,,dyl dX,,dyl X5 and
of their determinantsTwo alternativeformsof £ grantingthe
rotationalinvarianceare givenin the following:

E=E(Coim i PLim),

Cim=YiLYim (18)
Po=yi L,

and
E=E(Emipii M),
ELv=YiLYim— oLm, (19
Pr=IXk iPi=poXk i1l .
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In this paper we follow the approachpreviously sug-
gestedby Tiersten? implying the choiceof the latterset(19).
Thus, the differential form of internal enegy per massunit
becomes

€ dEww . dp

insteadof Eq. (13b) andthe dependentariablesof the prob-
lem arethendefinedby

dt 20

o€ W o€
’fl_M—PoﬁEL ; 77, K_poﬁE ”,
K LM
21
e (21)
I ELm Pk

One can show with help of rulesfor chain derivatives
andrelatedidentities,thatthe above-mentionetbrmulasim-

ply

M 1
Ti =3YiLmYim T PiE;,

(22)

W =y E¥'=—0,,
where ¢ denotesthe electrostaticpotential. Equation (223
showsthat the balanceof kinetic momentumis identically
satisfied:

TM=T\-T=EP,—E;P, (23

sincethe symmetryof 7, derivesfrom relation (213 and
the symmetryof elasticdeformationsEy, . It canreadily be
observedhat, from Egs. (4) and(7), the antisymmetricpart
of the Maxwell electostatidensoris exactly the oppositeof
the antisymmetricpart of the purely mechanicalstressten-
sor:

E,P—EPj=—T"

THE=TE-T5= (24)
Sinceit is knownthattheinternalenegy is notthe most
pertinent thermodynamicpotential to formulate resonator
problems,we conform to Tierstens approachand we take
Gibbs’ electric enthalpy x as the preferredthermodynamic

potentialfor the considerectlassof problems,accordingto

pPox=poE—WLpL—pe® 7, (25

which establishes as a function of the tensorof deforma-
tion E| , therotationallyinvariantelectricvectorW, , and
the absolutetemperatured:

X=X(ELm ;W ;0). (26)

If the variationof the independenvariablesof the con-
sideredproblemfrom the given referencestateto the actual
stateof the crystalremainfinite, the correspondingariation
of the thermodynamicpotential y can be representedy a
generalizedTaylor's expansionin termsof the independent
variables(E, v ;W ;0®). The coefficientsof this develop-
mentdefinethe materialconstantsharacterizinghe crystal,
andusing y enegy function definesthe following quantities
as “‘thermodynamic’ dependenvtariables:
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¢ ax ax
KL_pO&EKL W@: Pk= PoﬁwK E@:
(27)
__ %
KEFTOY .

Althoughthethermodynamistressy, andthepolariza-
tion pg differ from the usualmechanicaktressandthe elec-
tric induction,they are clearly connectedvith them.Above-
mentionedrelations(7), (21)—(22), and (25) are consistent
with the following simple relationsbetweenthe mechanical
stresstensor the electric displacementj.e., the dependent
variablesof the fundamentabalanceequationg3), and par
tial derivativesof Gibbs’function?

ax ax
T?fzpyi,Mm) yj,N+pyi,Mm

ax
Di:PSOXM,iWM_yi,Mm :
E,®

The fundamentaklasticconstantslefinedascoefficients
of Taylor's expansiorof y(E, y ;W, ;®) areisothermalelas-
tic constantsThus,for the sakeof simplicity, we shall sys-
tematically omit the notation ),y ¢ and)g o for partial de-
rivativesof any enegy function appearingn the followings.

Although conservatiorequationg3) andboundarycon-
ditions (5) areabsolutelycorrectby themselvesthey are not
well matchedwith the fundamentalconstitutive equations
which canbe establishedy the above-mentioneéxpansion
of y in terms of material constantsand independentvari-
ables, mainly becauseE, ,, and W, are mappedonto the
coordinatesof the natural state. Furthermore recalling our
introductory agumentabout the boundaryconditions, it is
alsomore convenientto mapthe balanceequationsonto the
coordinatesof the naturalstatebecausehe dimensionsand
the orientationof the finite bodyin crystallographicaxesare
well known in this state.Thus we reformulatethe problem
by using new quantities,which are the total asymmetric
Piola—Kirchhoff stresgensorK andthe materialelectricdis-
placementA:’

Kyj=IX (T +T5) =KY +KE,

(29)

AL: ‘]XL,i Di .

Theyarerelatedto the usualstressandelectricdisplace-
ment by expressingthe conservationof the polarization-
inducedsurfaceforce tF and electric chage o per unit sur
face:

tf=Tin; dS=KEn) dSy,
(30)
o=D;n;dS=A,n’dS,.

Substitutionof Eq. (28) into Eq. (29), togetherwith the
mutual cancellationof antisymmetricparts of TE and T™
givesthe following expressiorfor K ; andA :
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Ix
Kyj :Poyi,Mm +£0d(XL,iXm,iXy;j

= XL XM kX)) W Wy

(32)
ax
A= £oIXL iXm,iWn— Poa_WL-

One must note that the partial derivativesof y in these
relationsare evaluatedn the final state.The stressequation

of motion and chage equationbecome
d?y;(Xy; O;t)
Kij (X050 =po—"¢ :

32
AL,L(XM’G)’t):O ( )
The associatedoundaryconditionsat the interfacebe-
tweenthe crystal and a perfectconductorare the following
whenmappedn the natural state:

N [K;]=0
NA =0 O 33
lll. SMALL VIBRATION SUPERIMPOSED ON A
HOMOGENEOUS THERMAL BIAS

We considerthe propagationof an elastic wave in a
piezoelectricmedium subjectto the static deformationaris-
ing from a slow anduniform temperaturehange Sinceboth
staticanddynamicproblemsare superimposedh the above-
given formulation, tractable equationscan readily be ob-
tainedby separatinghe static and the dynamicpartsof the
problem.Thus,the approacthin this sectionexhibits similari-
ties to the one of Ref. 4, which considersa quite different
biasingstate(staticelectricfield). Here,sincewe restrictour
interestto quasistaticand homogeneousemperaturevaria-
tion, explicitly solving the static problemis not expectedo
generatemanydifficulties.

The infinitesimaldynamicincrementu,, of the mechani-
cal displacements definedby Eq (2). Sincethe transforma-
tion X, — &, only dependson thermal expansion,we can
arbitrarily mapthe dynamicdisplacemeneitherasu, (¢, ;t)
or asu,(X, ;0 —0g;t). Thefirst choicecorrespondso the
approachfollowed by Bechmann,Ballato, and Lukaszek
and later by Jame$ for the practical determinationof ther
mal derivativesof elasticconstantof quartz.Temperatureés
thenconsideredasa simple parameterctingon all material
constantsand on the dimensionsof crystal throughthermal
expansion.Thus, it is alsonecessaryo properly appreciate
the smalltemperature-dependecitangeof crystallineorien-
tation of an arbitrarily orienteddevice,which appearsn the
intermediatedescriptiondue to the anisotropy of thermal
expansior?. This effect is rathersmall, but is not negligible
when the velocity of acousticwave variesquickly with the
directionof propagationlt is omittedin Refs.1 and8, butit
is automaticallytakeninto accountin the presentanalysis
which conformsto the secondchoiceof mapping.Now, sub-
stituting Eq. (2) in Eq. (19b) with help of the chainrulesfor
derivatives:

yj,M:yj,afa,M:ga,Méj,a-l_ua,Maj,a' (34)

B. Dulmet and R. Bourquin: Lagrangian material constants. I. Theory 1795



One can split the total deformationin two parts, the
staticone and a small dynamicincrement:

ELm=Em+ELm,

ELM:%(ga,Lgu,M_5LM): (35

= 1
Eim=2(6atUamT EamUa,L T Uqg Uy m)-

Dynamicincrementsof stressiensorRLj , materialelec-

tric inductionA , andelectricvectorW, aredefinedin the
sameway:

KLj:ELj(®)+RLj(Ua s W),

A =A(O)+A (u,;Wy), (36)

W, =W, (0)+W,(t).

Assuminga null electricfield anda uniform temperature
distributionin the intermediatestate,and consideringa non-
pyroelectric material free to expandwithout external con-
straint, we have

RLJ':O, WLZO, KLZO (37)

Since we are only interestedin infinitesimal dynamic
fields, we may usethe following Taylor's expansion®f par
tial derivativesof y:

ax ax (92)( ~ &2)( ~
JE v JE JE oEns] ENP T IR oW | K
LM LM/ 1 LMPENP/ ¢ LMOWK/ 4
&2)( ~
t—" | A+,
&ELM&®)1
38
ox &X+‘92X E+a2 \7v()
Wk W/, IWIELM/, M OWedW /"
02)( ~
+——| AO+---
aWKa>1 © :

wherethe notation); indicatesthatthe partialderivativesare
evaluatedin the intermediatestate. Since the thermal ex-
changesare muchslowerthanthe variation of dynamicme-
chanicalfield, the high-frequencyvibration can be assumed
isentropic,and Eq. (27¢) canbe usedto determinethe small
dynamictemperatureshift createdby the vibration:

32 _ 9° _
_X) Ees )
B 90 Ek, | | IO/ |
ABD=— . (39)
I°x
9072

With help of the following notations:

&2)( &2)(
02X ) (?EKL&G) 1‘?EMN‘?® 1
XKLMN)l_&EKL&EMN . (?2_)( )
96°) |
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072)( (92,\/
[?ZX o'?WK&@ lO"EMN&@ 1 40
XK.LM)l_&WK&ELM 1_ &ZX) , (40
@2
902/
52)( 6'2)(
_ azx &WK8® 1(9W|_0"® 1
XKL)l_&WKaWL ) &2)(
902/

andtaking advantagef the possibilityto exchangehe order
of derivationin mixed derivatives we useEq. (39) to elimi-

nateA® from Eq. (38), therebyobtaining

d J - ~
X _2X + xemne) 1Enpt xkm) iWk+--
oy oy (41

+xkm)1Eim+ xk) W+
1

W aWy

Substitutingegs.(34)—(36) and(41) into Eqg. (31), using
the chainrulesof differentationin the reverseway:

XM,i:XM,aga,i:XM,a(éia_ua,sga,i+'”)! (42)

and taking into accountthe fact that the partial derivatives
dx!JE_ m)1 and dx/dWy), identically vanishfor the stress-
free unpolarizedbias of interest,we obtain the following

linearizedexpressiorfor K ; andA :
RL] = djabamEpNPOXLMNP) 1Ug, P
+ 8jabampoxk.m) Wi+,
Z|_: [SOFXL,aXM,a_pOXLM):L] VVM

—poXL.MN)1€aMUaNT s

(43

where J= po/p1 is the Jacobianof the transformationX;
—§&,. Thus, the incrementalconstitutive equationscan be
rewrittenin the following form:

KL= (GLymeUe,m— RmyL W) 6
~ ~ (44)
A =NuWy+RLanUa N
which define new effective elastic material coefficients
GL,m. » piezoelectriccoefficientsRy, ,, , anddielectriccoef-
ficientsN| , which governanadiabaticvibration superposed
on the bias resulting from an homogeneoudemperature
changeaccompaniedby stress-freghermalexpansion:

GLyme=E&y ke NPOXLK.MN) 15

RvyL= — €5 kPOXM.LK) 15 (45

NLMZSOJXL,aXM,a_POXLMh-

These coefficients have tensorial propertiesand their
valuesin a new rotatedframe canbe obtainedby the classi-
cal rule of frame changeof tensors.The associatedstress
equationof motionandchage equationof electrostatic$ake
the form:

B. Dulmet and R. Bourquin: Lagrangian material constants. |I. Theory



~ du,,
KijL=pPo iz Gja
~ 46
X, =0, (46)
andthe correspondindboundariesonditionsare

N [K.]=0

L[~ Lj] R on SO, (47)
N[A =059

wherea is the dynamicincrementof surfacechage density
mappedon S,. Equations(44)—(47) constitutethe basicre-
lationsfor the problemof a smallvibration superimposedn
a thermalbias, mappedin the natural state.

IV. PROPERTIES OF EFFECTIVE COEFFICIENTS

The effective coefficientsdefinedby Eqgs.(44) and (45)
arerelatedto the fundamentaberivativesof enegy function
in a rathercumbersomeahough perfectly well definedway.
They only dependon temperatureprovidedthatit is homo-
geneousandno thermallyinducedstresss presentAll these
setsof G, R, and N coefficientscan be expandedup to any
power of the temperatureshift from ®, to 0, accordingto
the following formula, given herefor elasticcoefficients:

GLyM£(®):GLyMs(®O)

n

X| 1+ 2 TYG,u(0-00)|, (48

where
g L ;G 49
~ ki 0% 49

is the temperaturecoefficientof orderk of the G coefficient.
Similar expressiongccurfor piezoelectricanddielectricco-
efficients. When®,= 0, the intermediateand naturalstates
are identical and the effective coefficients reduce to

PoXKL)1: PoXK.LM)1, PoXkLmN)1- Fundamentaélasticcon-
stantsandtheir first-ordertemperaturederivativeswere pre-

[ G11 Gz Gz Gu 0 0 Gi7 0
G G Giz =Gy O 0 -Gi7 O
Gz Gz Gz O 0 000
Gy =Gy 0 Gy 0 0 Gy O
0 0 0O 0 Gg Gz O Gy
0 0 0 0 Gy Gg 0 Gy
Gi7 =Gz 0 Gz O 0 Gg O
0 0 0 0 Gy Gy 0 Gy

L 0 0 0 0 Gy Gg O Gy

[Riz =Ry 0 Ry 0 0 R17 0
0 0 0 0 -Ry -Ry 0 —Ry
0o 0 0 0 O 000
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viously definedfrom thosequantities which actuallyarethe
partial derivativesof enegy under adiabaticconditionsfor

the vibration, and were evaluatedor quartzin Ref. 10. The
fundamentakonstantamustbe usedin caseof anyinhomo-
geneousiasinducing a field of nonzerostatic stressesbut
no evaluationof their higher order thermal derivativesis

availableat this moment.In the specialcasewhenthe inter

mediatestate degenerateso the natural one, effective and
fundamentalconstantshave the samevaluesand symmetry
propertiesas the classicallinear coefficients.But when the
temperature® differs from the referenceemperatured:

o= @ﬁ@ aMEm(®—0g)", (50)

andthe effective coefficientshavedifferentvaluesandlower
symmetrieghanthe classicalcoefficientswhich will be out-
lined in Sec.V. This holdsfor the G andR coefficients(but
not N which exhibitsthe usualsymmetries

GLyme(0)# Gpams(©) SpySar
GLyme(0)# G ,0p(0)dg,6pm
GLyMa(®)EGMsLy(®)r

Rime #RLpa(®) Speam

wherethe Kroneckertranslatorsép, are necessanfor con-
sistencyof Greek-Latin conventionof indices.As a conse-
quencethe (La) couplescantakenine differentvalues.We
adoptthe samerule as Tierstert for index compression:

111 222 333

(51)

234 315 126 (52

32~7 1382 1<09.

Care must be taken of index order of the deformation
gradientsn Eq. (44). At thetemperature®, the structuresof
the matricesof the G and R coefficientsfor the crystallo-
graphicclass32 arethe following:

(53
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ThesecoefficientsarenotindependentAt first, from Eq.
(50) andremarkingthat, for the crystallineclassof interest,
only a{}, oY=} and afy are nonzero,it is easyto
show that G1,=G11—2G¢6, V0. Thus, G4, is eliminated,
and one canchooseGq1,G13,G14,G33,G 44, and Ggg asin-
dependentoefficients,consideringthat G,; dependon G4
while G,; and G5 dependon G44. From the definition (45)
with the help of (50) we find

TYG,=TVG,+ a(ll)_ 0‘(3%) )
TUG=TYGy+ af}) —aly, (55
T Gee=TV Gyt 2(aly — )
TG =T?Gy+ oY TYG,— o TG,
+ai] —aly,
TG, =TG4+ P TYG = o) TVG,;
+a] —al, (56)
T Ges=T? Gyt 22} TYVG 1~ 255 TV Ges
+2(a11 —al ))+(a(1)) (a%))z,
TG =T¥G 1+ o T? G a5 T?Gy;
+ a(l%)T(l)GM— a%)T(l)Gl-F a( )— a(333) ,
TG ;= T¥G st a7 T?G = aly T?Gy;
+ i TG o TVG + af) — o,
(57)
TOGgs=TE)Gy+ 204 TP Gy~ 24 T G5
+2[at]+ (ah))?I TG
— z[a(Z) +( a(l))2]-|-(1)(355

a2

3 2
+2[af) - o + i) o — o a3,

V. CONNECTION WITH THE CLASSICAL TREATMENT

In this sectionwe briefly give therelationbetweerhere-
definedeffective coefficientsandthe onesusedin the classi-
cal treatment of the problem. The latter implicitly usethe
coordinatesin the intermediatestate as independentvari-
ables.In this state,the dynamicpartsof the stressL tensor
and electric displacemenwvector D can be obtainedby the
transformationlaws:

1 ~ ~ 1 ~
Lajzjga,LKLji Dazjga,LAL'

By substitutingEq. (44) into Eq. (58), with help of the chain
rules of differentiation,we obtain

L= 8,(Hoypals st Hiy® o),
5 ~ (59
D.= Hi&/}ub‘,ﬂ_ Hig‘P,g,

(58)

where H* are the elastic coefficientsof which temperature
derivativesare most commonly determined;® and the fol-
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lowing relationsexist betweenboth kinds of effective coef-
ficients:

s 10k 9

ayBsT —

J (}]XL r?XM LMo

s 1 9k, g
aﬁﬂ J 8XM &XL

ML »

, 10, 9t

a _:__N 1l
g J Xy Xy M

or, conversely:
T?XL Xy
&ga &gﬁ
—aX_ X
—3—= M3
IE, IE, o
T?XM IXy
9¢, &g
Theserelationsand (50) allow oneto readily obtainthe
expressiondetweenthe thermalderivativesof the classical
coefficientsand the thermalderivativesof the effective ma-
terial constantsin Lagranges formulation. Obviously the

guantitiesappearingn (59) are associatedvith the equilib-
rium equations:

4

GL‘yMa‘: ayder

RL yM T

2
NMN

~ JPUg
Laj,a:p1?5jﬁv
~ 62
5, .~0, (62)
andthe boundaryconditions:

N JL,i]1=0

[~ il _ on§S, (63
na[Da]:O-l

whered; is the dynamicincrementof chage mappedonto
the boundarysurfaceS; in the intermediatestate.

VI. CONCLUSION

The formalism presentechere allows one to rigorously
treat the problem of acousticwave propagationin a piezo-
electric medium submittedto an homogeneousemperature
variation. The effect of temperatureon the actualcrystalline
orientationand shapeof the device is automaticallytaken
into accountby usingeffective materialconstantseferredto
the fixed coordinatesof the natural state.Although we de-
tailed the main propertiesof theseconstantsaswell astheir
relationswith other possibly defined material constantsfor
the descriptionof vibrationssuperposen a bias, they are
essentiallysuitedfor the specialkind of biasconsideredere,
therebyallowing for a consistentlescriptionof higherorder
staticfrequency-temperatureharacteristicef vibrating de-
vices,which will be outlinedin the companionpaper along
with the obtentionof numericalvaluesof the thermalderiva-
tives of effective constants.
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