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Abstract. In previous papers [1-2], we have presented hyperbolic governing equa-
tions and jump conditions for barotropic fluid mixtures. Now we extend our results
to the most general case of two-fluid conservative mixtures taking into account the
entropies of components. We obtain governing equations for each component of the
medium. This is not a system of conservation laws. Nevertheless, using Hamilton’s
principle we are able to obtain a complete set of Rankine-Hugoniot conditions. In
particular, for the gas dynamics they coincide with classical jump conditions of con-
servation of momentum and energy. For the two-fluid case, the jump relations do
not involve the conservation of the total momentum and the total energy.

Sommario. In precedenti lavori [1-2] sono state dedotte equazioni di governo iper-
boliche e condizioni di salto per miscele fluide barotropiche. In questo lavoro tali
risultati sono estesi al caso piu generale di miscele di due fluidi conservative, tenendo
conto delle entropie dei componenti. Si ottengono equazioni di governo per ciascun
componente della miscela. Pur non essendo queste un sistema di leggi di conser-
vazione, usando il principio di Hamilton si ottiene un insieme completo di condizioni
di salto di Rankine-Hugoniot. In particolare per la gasdinamica, queste coincidono
con le condizioni di salto classiche per la conservazione del momento e dell’energia.
Nel caso dei due fluidi, le condizioni di salto non coinvolgono la conservazione del
momento e dell’energia totali.

Key words: Hamilton’s principle, Jump conditions, Multiphase flows."

1. Introduction

Hamilton’s principle is a well-known method to obtain the equations of motion in
conservative fluid mechanics (see, for example, [3-6]). It is less known that this vari-
ational method is suitable to obtain the Rankine-Hugoniot conditions through a
surface of discontinuity [7-9]. The variations of Hamilton’s action are constructed
in terms of virtual motions of continua. The virtual motions may be defined both
in Lagrangian and Eulerian coordinates [3,10]. Such virtual motions yield the gov-
erning equations in different but equivalent forms. However the shock conditions
are not equivalent. For example, for the gas dynamics, Hamilton’s principle in the
Lagrangian coordinates yields the conservation of momentum and energy. In the
Eulerian coordinates, we obtain only the conservation of energy and the conserva-
tion of the tangential part of the velocity field [7,8]. Here we use variations in the
Lagrangian coordinates.

L Extended version of the paper: ”Meccanica 84: 89-47, 1999”.



2 Henri Gouin and Sergey Gavrilyuk

We assume that Hamilton’s action is defined with the help of a Lagrangian
function which is the difference between the kinetic energy and a potential depending
on the densities, the entropies and the relative velocity of the components of the
mixture. This potential can be interpreted as a Legendre transformation of the
internal energy [1-2,11].

In [1-2,11], we have considered only the case of molecular mixtures. The hetero-
geneous fluid, when each component occupies only a part of the mixture volume,
can be described by the same system if one of the component is incompressible.
Indeed, if the phase ”1” is incompressible, the average density p; is related with
the volume concentration of component ¢i by p1 = piop1, where pip = const is
the physical density of the phase ”1”. Hence, the knowledge of the average densities
gives the volume concentrations and the physical densities. In the present paper, we
do not distinguish these two cases. We shall call both cases ”two-fluid mixtures”.

It is well known (see for example Stewart and Wendroff [12]) that the governing
equations of two-fluid mixtures are not generally in a divergence form. In this case
we may not obtain the shock conditions for the system. Moreover, the system is
often non-hyperbolic, which means the ill-posedness of the Cauchy problem. The
hyperbolic two-fluid models were constructed by many authors (see for example
[13]). The problem to obtain the Rankine-Hugoniot conditions was an open question.
This is the aim of our paper. By using Hamilton’s principle in non-isentropic case we
obtain the governing equations for each component and a complete set of Rankine-
Hugoniot conditions generalizing those obtained in [1-2] for barotropic motions. To
present the basic ideas, we consider first in section 2 the one-velocity case and extend
this approach in sections 3 and 4 to the two-fluid mixtures.

Let us use asterisk ”*” to denote conjugate (or transpose) mappings or covec-
tors (line vectors). For any vectors a,b we shall use the notation a*b for their
scalar product (the line vector is multiplied by the column vector) and ab™ for their
tensor product (the column vector is multiplied by the line vector). The product of
a mapping A by a vector a is denoted by A a. Notation b* A means covector
c® defined by the rule ¢* = (A* b )*. The divergence of a linear transformation A
is the covector divA such that, for any constant vector a,

div(A) a = div (A a).

Let A be any linear mapping defined on Q¢ and B = g—; be the Jacobian

matrix associated with the change of variables z = M(Z), z belongs to Q. Then,

. . B
divo A = det B d ( A), 1.1
ivo e v 328 (1.1)

where divg ( div ) means the divergence operator in Qo ( Q). Equation (1.1) plays
an important role.

The identical transformation is denoted by I, and the gradient line (column)
operator by V (V*). For divergence and gradient operators in time-space we use
respectively symbols Div and Grad. _

The elements of the matrix A are denoted be aj where i means lines and j

columns. The elements of the inverse matrix A~ are denoted by Ezj. If f(A) is a

scalar function of A, the matrix of is defined by the formula

0A
(5 -

The repeated latin indices imply summation. Index oo = 1, 2 refers to the param-
eters of components: densities pa, velocities uq, etc.
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Hamilton’s Principle and Rankine-Hugoniot Conditions for General Motions of Fluid Mixtures
2. One velocity fluid

The consequences of this section are well known. We obtain the classical governing
equations and the Rankine-Hugoniot conditions for the gas dynamics. Nevertheless,
the presented method is universal and is extended for two-fluid mixtures in the
following sections.

Let z= (i) be Eulerian coordinates of a particle and D(t) a volume of the

physical space occupied by a fluid at time ¢. When ¢ belongs to the finite interval
[to,t1] , D(t) generates a four-dimensional domain € in the time-space. A particle
is labelled by its position X in a reference space Dy. For example, if D(t) consists
always of the same particles Dy = D(to) and we can define the motion of the
continuum as a diffeomorphism from D(¢o) into D(t):

x = p¢(X). (2.1)

The motion (2.1) of the fluid is generalized in the following parametric form

t =g\ X
{x = gg&X% or 7 = M(Z), (2.2)
where Z = (})&) belongs to a reference space denoted o and M is a diffeomor-

phism from a reference space 2o into the time-space ) occupied by the medium.
Equations (2.2) lead to the following expressions for the differentials dt and dx,

(o) =2(%): (2.3)

where
99 9y
oM -’ aX
B= — = . 2.4
oz~ | 00 20 >0
oX T oX
In an explicit form, we obtain from (2.3)-(2.4)
_ 99 9g
dt = Y dX\ + X dX,
06 26 (2.5)
dx = N d\ + X dX.

Eliminating dX\ from the first equation of (2.5) and substituting into the second,
we obtain
dx =u dt + FdX,

where the velocity u and the deformation gradient F are defined by

_ 99 (9g\-1 _ 99 _ 09 Og Og\-1
v=ay Gy o F T ax T aaxan) o (2:6)
Let
t=G\ X, ¢e)
or z =M. (Z), (2.7)
x = ®(\, X, ¢)

where ¢ is a scalar defined in the vicinity of zero, be a one-parameter family of
virtual motions of the medium such that

Meccanica_extended.tex; 8/02/2008; 15:24; no v.; p.3



4 Henri Gouin and Sergey Gavrilyuk

We define the virtual displacement ¢ = (7, &) associated with the virtual motion
(2.7):

T = —GGO\,X,O) , €= —aq)(/MX,O)
Oe Oe (2.8)
or, (= oM. (2)] | |
) — 85—: e=0

From the mathematical point of view, spaces 0o and 2 play a symmetric role.
From the physical point of view they are not symmetric: the tensorial quantities
(thermodynamic or mechanical) are defined either on Qo or on Q. Their image in
the dual space depends on the motion of the medium. For example, the potential of
body forces II is defined on €2 and the entropy s is defined on .

Let us consider any tensorial quantity represented in the form

(t,x) € Q— f(t,x).

The tensorial quantity associated with the varied motion is

~

FOLX,e) = f(G(/\,X,s) , <I>(/\,X,s)) - f(ME(Z)).

We define the variation of f by

5f = aa—g (A, X,0).

For a tensorial quantity represented in the form
(AX) € Qo — h(AX),
the tensorial quantity associated with the varied motion is unchanged and
oh=10
Let the Lagrangian of the medium be defined in the form

oM

L:L(Z7 a—z,

z) — L(z,B,Z) .
This expression contains the gas dynamics model where the Lagrangian is [3]

L= %p(1+ IUIQ) —&(p,s) — pll(z) (29

1
= EPV V —e(p,s) — pll(z)

Here V = (111) is the time-space velocity, 1I(z) is the external force potential, p

is the density defined by
p det F = pO(X)7

and s is the entropy per unit mass defined by
s = so(Z).

It is not necessary to assume that so is a function of X only. This property will
be a consequence of the variational principle (see formula (D.1) in Appendix D).
The Hamilton action is:

a :/ L(z,B,Z) d. (2.10)

Meccanica_extended.tex; 8/02/2008; 15:24; no v.; p.4
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For the gas dynamics we obtain from (2.4), (2.6):

V= (1)=%, (2.11)
u H
* * 1 ag
where £ =(1,0,0,0) and p=£€"BL="b; = TR
Consequently,
1 2 1 ¢B*B¢
- (1 == ——. 2.12
2 ( + [l ) 2 2 (212)
Moreover,
s
P = 3B po(X). (2.13)

In the Lagrangian coordinates Hamilton’s action (2.10) is
a:/ L(z, B,Z) det B dQ,
Q0

and the varied action is
_ OM,(Z) OM.(Z)
ale) = /Q U L(ME(Z), ==, z) det < = =) ano.

Let T(2) be the tangent bundle of .

The Hamilton principle is:

For any continuous virtual displacement ¢ belonging to T(Q) such that ¢ =0
on T(092),

da
da= — |e=0=0.
“ de e =
Consequently,

5a :/ {detB 9L\ 4ot B tr( a—L(SB) ) 5(detB)}on.
% 0z 0B

The Euler-Jacobi identity

5det B :tr< 8‘;‘23 53) — tr (B~ det BSB) = det B tr(B~" 4B)
and the relation issued from definitions (2.4), (2.8)
_ 0¢ _ 9¢
yield
5a:/{S*C + tr (T% )} ds,
Q 0z
where oL oL

The Gauss-Ostrogradskii formula involves
da = /(S* — DivT)¢dQ + / N*'T¢ dw,
Q aQ

where N* is the external normal to 92 and dw is the local measure of 0f).

Meccanica_extended.tex; 8/02/2008; 15:24; no v.; p.5



6 Henri Gouin and Sergey Gavrilyuk

If the motion is continuous on Q2 and { = 0 on 0f , we get
da = /(S* — DivT)¢ d Q.
Q

Consequently, the governing equations are
S* — divT = 0. (2.14)

In Appendix A we verify that (2.14) corresponds to classical momentum and energy
equations. If there exists a surface X of discontinuity of B separating {2 into two
parts Q1 and Q2 we get

Sa = / (8" — DivT) ¢d +/ (S — DivT) ¢d +/N*[T]de7
Q1 Qo b))

where [T] = T1 —T» denotes the jump of T .
Consequently the fundamental lemma of calculus of variations involves the Rankine-
Hugoniot conditions

N*[T] = o. (2.15)

Because N* is collinear to [—D, , n*], where D, is the normal velocity of ¥
and n is the normal unit space vector, relations (2.15) are the classical Rankine-
Hugoniot conditions representing the conservation of momentum and energy through
the shock (see Appendix A and [7]).

3. Two-fluid models: General calculations

We shall study now two-fluid motions, the method being extended to any number
of components. We generalize the representation of the motion (2.2) considering the
motion of a two-fluid mixture as two diffeomorphisms [14]

z = Ma (Za),

where Z, = {;g;

component. The Jacobian matrix is defined by the formula

OM,,
0Z.,

The velocity u. and the deformation gradient F, are defined similarly to (2.6).
Two one-parameter families of virtual motions are associated with the two diffeo-

morphisms M Z1)
z = l,e1 1
{Z M (3.1)

belongs to a reference space {2, associated with the a—th

Bo =

(Za).

such that Mio (Z1) = M;j (Z1), and

z = M1 Zl
22w (32)

such that Mg’o (Zg) = M- (Zg)

The two families extend the concept of virtual motion defined in section 2. Consider
the family (3.1), but all the consequences are the same for the family (3.2). We
define the virtual displacement of the first component by the relation

Meccanica_extended.tex; 8/02/2008; 15:24; no v.; p.6
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Virtual motion (3.1) generates a displacement of component ”2”
Mic, (Z1) = Mz (Z2),

which defines Zs as a function of Z; and e;. Taking the derivative with respect
to €1 and denoting

0Z>
01Zy = — |s=0,
142 921 |1 0
we obtain
01Z2 = B;'¢,. (3.3)

Let us consider any tensorial quantity f in Eulerian coordinates:
z € Q — f(z).

The tensorial quantity associated with the varied motion is then

[ (@en) = f(Mie (20)

~

and consequently §1f = ﬁ Z1,0) is the variation of f.
Oe
1

Let us consider the Lagrangian of the medium in the representation
L = L(Z7B17BQ,Z1,Z2)A (34)

For example, the Lagrangian of a two-fluid mixture is [1-2, 4-6, 11]:

L= %pl (1| *) + % p2 (14[u2]?) = W(p1, p2, 51,82, us—w1) — pTi(z), (3.5)
where po is the density of the @ — th component defined by
pa det Fo = po.a(Xa),
So 1s the entropy per unit mass of the o —th component defined by the relation
Sa = $0,0(Za),

and TII(z) is the potential of external forces.

One can easily obtain the formulae analogous to (2.11)-(2.13) for p, and u, in
terms of Ba and Z.. Hence, the Lagrangian (3.5) may be rewritten in the form
(3.4). The variation associated with the application (3.1) yields

dia = / o1 (LdetBl) d,.
Q1

Calculations presented in Appendix B give the following result:

Sia = /{tr (T % 851Z2) + s;gl} dqQ, (3.6)
o 0z 0z
where oI oL
T = LI+Bgp +B: g5
oL
T = B, =B 3.7
) 2 55, B2 (3.7)
oL . oL
x el > 7=,
Si 0Zy 2 0z

Meccanica_extended.tex; 8/02/2008; 15:24; no v.; p.7



8 Henri Gouin and Sergey Gavrilyuk

The Gauss-Ostrogradskii formula and relation (3.3) involve

dia = /{Sf—DivT—&-(Div Tl)BQ_l} ¢y dQ+/ N*(T—-T:iB;") ¢, d¥. (3.8)
Q o0

Using the arguments described in section 2, we obtain from (3.8) both governing
equations and Rankine-Hugoniot conditions for component ”1”

S; — Div T + (Div T1)B; ' = 0. (3.9)
N*[T -T1B;'] = 0. (3.10)
. —1 oL . . .
Since T—T1B;~ = L1+ B; 2B, equation (3.10) is equivalent to
1
oL
N* |:L I+ By — = 0. 3.11
+ b1 9B, ( )

Equations for component ”2” are obtained by permutation indexes ”1” and ”2”:

S5 — Div T+ (Div T2)B; ' = 0 (3.9")
and
N*[T - T:B;'] = 0 (3.10")
Formula (3.10%) can be rewritten in an equivalent form
oL
N°|LI+By — | = 0. 3.11
[ T BB, (811

Let us remark that the equations (3.9) and (3.97) are not in a divergence form. Let
us denote

. oL
5= o (3.12)
and oL oL
SOa = det Ba E 5 T()a = —det BQEBQ. (313)
Identities

Toe = —(det B2)B5 ' Ty , To1 = —(det B1) By T,
* * 1 * -1 * * 1 * —1
SI=S8S —— Sy B S5=S —— S B
1 + dot B, Db o 2 + dot By "01P
and (1.1) involve that (3.9) and (3.9’) are equivalent to

S* — Div T + (S — Divi To1)By ' = 0, (3.14)

det B1

and

S* — Div T + (S§s — Dive To2)B; * = 0, (3.14")

det B2

where Divy Too means the divergence of Tp, with respect to the a—th Lagrangian
coordinates. The following identity (C.1) proved in Appendix C,

* . 1 * . — 1 * . —
S — DlV T+ m (S()l — DlVl TOl)Bl 1 + m (802 — D1V2 TOQ)B2 1 = 0
and (3.14), (3.14°) yield
S*—DivT = 0. (3.15)

Meccanica_extended.tex; 8/02/2008; 15:24; no v.; p.8
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We see in the next section that for fluid mixtures, equation (3.15) represents the
conservation laws of total momentum and total energy. Hence, (3.14) and (3.14")
are equivalent to:

S(*)l —DiV1T01 = O7 (316)

S(*)g _DiV2T02 = O (316,)

Equations (3.16) and (3.16”) represent equations of motion for each component of
a two-fluid medium in Lagrangian coordinates. They are less useful than equations
in the Eulerian coordinates. However, they are in a divergence form and involve the
conservation of the total momentum and the total energy.

4. Application to two-fluid mixtures

For a two-fluid mixture, the Lagrangian is (see (3.5) ) :

1 1
L = 5p1|V1|2 + 5/)2|V2|2 — W {(p1, p2, 51, $2, w) — pll(z), (4.1)
where B
Va:(l)z—“e,(o):vrvl. (4.2)
U Mo W
Ha PO (Xa)

«a = — T o5 4.
P det B, (4.3)
Sa = Soa(Za). (4.4)

Definitions (4.1)-(4.4) involve the governing equations (3.9), (3.97) in the following
form (see Appendix D):

a;ia +rot Ko X ua = V' (Ra — Kiua) + 604 Vs,
% + div (paua) = 07 (4 5)
G(pgtsa) +div (pasatta) = 0,
where
«_ OL « o OW . _
pa K = u. = paug, — (—1) S’ with w = uz — uy,
oL 1 s  OW
Ro= — = < |ual? — 2= —TI,
Opa 2|u | Opa
g, = L _ oW
e P

We notice here that the governing equations were obtained earlier by a different
method in [11]. Equations (4.5) yield the conservation laws for the total momentum
and the total energy associated with (3.15)

8 * *
E(leI + p2K5)+

. " " oW oW
+div (p1u1K1 + p2weKs + (p1 =— +p2=— — W) I) + pVII =0,
apg apg

Meccanica_extended.tex; 8/02/2008; 15:24; no v.; p.9



10 Henri Gouin and Sergey Gavrilyuk

2
0 1 9 ow
a(;pa §|ua| +pH+W__8wW)+
2 11
+div ( E_lpaua(Kaua — Ra)) —p 5 = 0. (4.6)

In the general case, they are the only conservation laws admitted by the system.
Hence, the system (4.5) is not in a divergence form. The Rankine -Hugoniot condi-
tions (3.10)-(3.10%) (or (3.11)-(3.11")) for this system are obtained in Appendix A(b)
(see formulae (A.9)); they are

[ D, (L — paKiua) + pan® ua(Ra — K;ua)] = 0, (4.71)

[ — DyppoK: +n* ((L — paRa) I+ pauaK;)] — 0. (4.7%)

In addition, the mass conservations laws are expressed in the form
|:pa(n*ua - Dn)} = 0. (4.7%)

Let us consider shock waves when n*u, — D, # 0. Taking into account (4.7%)
and (4.7%) we obtain

[KQ —(KZn)n:| = 0, (4.8Y)

which means that [K,] is normal to the shock. By using (4.7') and the identity

|:L — paKzua:| = DL n* |:Paua(Ra - K;ua):|7

we obtain from relation (4.72)
[K:;ua — R, — Dn(Kzn)] = 0. (4.8%)

Consequently, (4.7') yields to
[L — paBRa + pa(nua — Dn)K;n} = 0. (4.8%)

Equations (4.7%), (4.8') - (4.8%) form a complete set of eight scalar Rankine-Hugoniot
conditions, representing the conservation of mass, momentum and energy of «-
th component. For the gas dynamics, these conditions correspond to the classical
shock conditions. We have to emphasize here that for the two-fluid model equations
(4.8") — (4.8%) do not involve the conservation of the total momentum and the total
energy through the shock. We notice that the jump conditions (4.8') — (4.8%) were
obtained earlier for barotropic fluids using the variations in the Eulerian coordinates
[1-2].

For contact discontinuities, when n*u, — D,, = 0, we get from (4.7") — (4.7%)

[L paRa] = 0. (4.8")

Meccanica_extended.tex; 8/02/2008; 15:24; no v.; p.10
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For the gas dynamics equation (4.8') corresponds to the continuity of the pres-
sure. All the jump conditions are obtained from the Hamilton principle without any
ambiguity.

5. Conclusion

Using the Hamilton principle we have obtained in the general conservative case
the governing equations for two-fluid mixtures (4.5). The equations for the total
quantities ( total momentum and total energy) are in a divergence form (see (4.6)).
The equations for the components are in divergence form only in the Lagrangian
coordinates (see (3.16)-(3.16’)). The Hamilton principle gives also a set of Rankine-
Hugoniot conditions (4.7") — (4.7%). Together with the equations of mass (4.7%) they
form a complete set of the jump relations. For the gas dynamics model they coincide
with the classical Rankine-Hugoniot conditions of conservation of mass, momentum
and energy.

6. Appendix A

In gas dynamics, the Lagrangian (2.9) is a function of V = (111) , p, s and z.

Formulae (2.11)-(2.13) allow us to consider the Lagrangian as a function of z, B, Z:

V = gﬂ,pzé*B&

. (A1)

p det B = ppo(X), s = so(Z)

oL
We need to calculate T = L I+ B 9B From (A.1) we have:
du = £°dB £ = tr(e€” dB), (A.2)
dB Be dB Be

dV = — 44— = dy = — £— — tr (££"dB), A3
m W= oz ) (A.3)

O _ 0 (1 L op _ (8 g
9B ”O(X)“aB(det3)+”°(x)detBaB - p( PR ) (4-4)

Moreover,

Js

The differential of L = L(V,p,s,z) is:
oL oL oL oL
dL = — dV+—4d —d — dz.
av WV T, T s g, 02

Taking into account relations(A.2)-(A.5), we obtain

oL ( dB¢ B¢ X
= Z(==-= B
dL 5 ( . 2 tr(€e*d )) +
oL oL oL
+ gy ot Gy bt dn =

Meccanica_extended.tex; 8/02/2008; 15:24; no v.; p.11



12 Henri Gouin and Sergey Gavrilyuk

oL
9% Be
tr (fa—LdB— oV ee*dB>+

OV I
0L, (30 ) (00 OLOSY oL
+aptr(a—BdB (5,92 e oz ) 2+ Gyin
Hence,
oL . OL
oty P orop "
0B u? Op OB’ '
Then

0B~ 2 en

oL ( oL
Bl—— (7 Bt)Bee* ) .
oL _""ov _\\ov 8L<B££ 1).

Taking into account (A.1), we obtain
oL oL oL * oL *
—=V_—=—-| =— Ve — (Ve -1 AT
9B~ VoV (avv) +rg,( ) (A7)

and, (A.7) yields then

aL oL oL [ 0L oL
=LI+B==(L-p== ) I+ V= — [ =2V — p== ) Ve . .
T=LI+Bgg ( ”ap) I+Vav (av ”ap) ¢ (48)

a) In the case L = %pV*V —e(p, s) — pll formula (A.8) can be rewritten in the

form

T=pl+pVV" — (%V*V+€;+H)pV£*,

where p = pej, —e. Then,

—E, pu*
T= ,
—(E+pu, pI+ puu”
1
where E = EPV*V + e + pIl is the total volume energy.

. o1l .
Moreover, since S* = — pa—7 we get the energy and momentum equations for gas
Z

dynamics motions

OFE . oIl

rr + div ((E+p)u) i 0,

opu* . " o
5 +d1v(p[+puu)+pax70.

Because N* is collinear to ( —D,, n* ), the classical Rankine-Hugoniot conditions
(2.15) are

{DnE —(E + p)n*u} = 0,

[an u" —n"(p I+ puu*)} = 0.

b) For the two-fluid model the Lagrangian is

1 " 1 «
L=35mViVi+5pVoVa - W (p1, p2, 51,52, W)
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(vov) :(uggul)=vz—vl.

We obtain similarly to (A.8)

with

oL oL oL oL oL
aAS . — L— [~ aa~Nr . o~ Ya — Pazia— a*
LIt Bagpe = (L= pag,t ) 1+ Vage = (GysVa = pag,- ) Vat
Here oL oW oW o
W
:avzf—:a :;7— Ea17KZ7
v, ' ov. "’ ow v, = P Ke)
oL 1. 19144
- = = o — = — II = o
Opa ZVO‘V Opa R
In a matrix form, we have
L — paKjua , pa K5
LI+ Ba% = )
« _pauozK:;ua + paRaua s (L - paRa) I+ pauaKz

and the Rankine-Hugoniot conditions for the two-fluid model are

L — paKjua , pa K5
N* — 0. (A9
paua(Ra - K:;uoz) s (L - paRa) I+ pauaK;

7. Appendix B

The variation dia is:

e [ fousvaimenmas Yo [ s (126) b
; o 0z

Formula (3.3) involves

_ oL oL oL __; oL
61Ltr{8316131+8325132}+82232 C1+ aZCI. (Bl)
By definition,
58, = %1p, (B.2)
Oz

Let us calculate §1B2. We get

8z 8z 8Z1 8z 8Z1 8z 8Z1
51Bs =& (—) =5 (——):5 (—)— 9z 5 (_) B3
152 =0 5z '\ 5z, 92, \2z, ) 5z, "9z, \ oz, ) (BD)

Since for any linear mapping A :8(A™') = —A"'6A A™", we have

5 (%)_f%(g (%)%_,%85122% (B.4)
'"\0zZ,) " 02,"'\ 97, ) 92, ~  9Z» 9Zy 9Zy '
Formulae (B.3) and (B.4) involve that
0, 05 00Zs 06 067
B = B oz, oz, o 2 B P (B-5)
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14 Henri Gouin and Sergey Gavrilyuk

Substituting (B.2) and (B.5) into (B.1) we get

oL 0¢, oL (ac 861 Zo )) oL __,4 oL
L= —_— = — (==L B, — —_—B =
bl =tr ( 08, 0x D Tap, \ gy B2~ B, B2) ) T oz, P Gt g%

L . 062 oL ... oL
ztr{(31 O, OLY O 0 B2812}+ mre,+ 2o,

9B, 2 9B,/ 0z 0B- 0z 9Zs
Hence,
oL+ tr (L%) = tr (T 9, -1 00122 ) +81¢1,
0z 0z 0z

where T, Ty and S} are defined in (3.7). The relation (3.6) is proved.

8. Appendix C

Theorem: The following expression is an identity

1 * . — * . —
S* —Div T+ —— (S&; —DivTo1) By '+ (Sg2 —Div Toe) By ' =0, (C.1)

det B1 det B>
where (see formulae (3.6), (3.12) -(3.13))
oL
St = —
0z’
oL oL
T=LI+B B
+ B1 9B, + 28327
oL
Ste =det By ——,
O € 8Za
oL
T()a = 7detBa EBQ
Proof: Using (1.1), we get
S /oL oL
—S*aiD aTa B;lz ( i o ~—— O()B;l.
Zl det B, (Soa ~ DivaTba) Zl oz, T PV(Ba gp-Ba)
We have to prove that this expression is identical to
oL oL oL
Div T — S* = Di (L[ By — +B )——A
v MR e T 9B, ) T B

Indeed, by definition

oL 0L 9Z, 9L 9Zo aL OB oL 9B,
=% 9204 ob 0% oL el
Grad L =50+ 57 02 T 97, 02 +’””(aBl 92 )+ (832 2 )

where

(tr( oL 8Ba)) :< oL )i dB;
0B, 0z » N\ 0B/, 0z
Hence, we have to verify only the formula

. oL o aL L 9Ba
Div (Ba EBQ)BQ = Div (ch E) +t7’< 8Ba az ) (02)
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To prove the identity (C.2) we may consider only L = L(B), with B = g—;
oL
Let A = 9B’ then
oL _tr(aL oB ) 4 ob!
dzm 8B 8zm /) 7 9zm’
Hence, . ’
a(b; a"l?c b’;) 78 a(b; a’i:) k 7s i j ablsc 7.8
Dz bl)* kazl bs bp+bj’ak.azi P .
a(b; a{?) i J 8bs 8Zm s a(b; a{?) i m  j abs s
9z 0 ozm 0z bp I :bj b a azm "? N
a(bl (1‘7) m abm 78 a(bZ (1‘7) m abm 78 a(bl (1‘7) m abm
Jiip+ak sbp: ]7117+6Lk Wbibp: ajizzp+ak 9

This is a proof of (C.2) and consequently (C.1).

9. Appendix D

First of all, we obtain the governing equations for each component in the Lagrangian
coordinates. These equations yield easily the governing equation in the Eulerian

coordinates. In the Lagrangian coordinates equations (3.16) — (3.16/) are

Soa — DivaT5, =0,

where 5 o o
* _ Poc - S0a
Soa = det By 9Z. Rapia 7. detBa paba 9Z.
and oL
T()a = —det Ba EBQ

Similarly to (A.6) we obtain

OL  palmr- e 9L o
= —>"a o= Va o Ra — B, .
0B, Mo Mo (p OV, ) e Ha
Consequently,
oL oL oL
det Bo, =——Ba = poa £———Ba — poa (—=—V )€€ B, aRa (88" B — o I).
e 8. poa Losr poa ( V. ) + poaRa( fo 1)
If Ao = ¢ —13—[1 0} d o
o=t pa=1,Ba= |~ p | and consequently,
0 , —-K.LF,
TOa = Poa .
0, Ro.I

The governing equations of a-th component in the Lagrangian coordinates (¢, Xa)
are:

050a _
—paba det By o = 0,
0 * . 800a 050a
E(pOQKQFa) — diva(poaRa I) + Ra X, Poaba oX.. 0.
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16 Henri Gouin and Sergey Gavrilyuk

Therefore,
a;;“ =0, (D.1)
%(KZFQ) — VaRa —0aVa soa = 0. (D.2)
Taking into account the identity
OF, _ Ou,
ot ox  °

and substituting the partial derivative with respect to time in the Lagrangian coor-
dinates by the material derivative in the Eulerian coordinates, we obtain

do . do 0 o ,
a5 =0, with il + u, V7, (D.19)
d Ju
— K. +K; 2 = o aVSa. D.2
i ot Ko % VRao +0aVs ( )

Let us note that (D.1%), (D.2’) and the mass conservation laws are equivalent to
(4.5).
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