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Abstract

We construct integrable lattice realizations of conformal twisted boundary conditioﬁé{ﬂ)mnitary minimal models on a
torus. These conformal field theories are realized as the continuum scaling limit of ct#iPelE lattice models with positive
spectral parameter. The integrable seam boundary conditions are labelled,lgy € (A,_», Ag_1, I') where[ is the group
of automorphisms of the grapti andg is the Coxeter number af = A, D, E. Taking symmetries into account, these are
identified with conformal twisted boundary conditions of Petkova and Zuber labelled byy) € (A, _2®G, A;_2® G, Zp)
and associated with nodes of the minimal analog of the Ocneanu quantum graph. Our results are illustrated using the Ising
(Ap, A3) and 3-state Pott&d 4, D4) models.

0 2001 Elsevier Science B.pen access under CC BY license.

1. Introduction sification of Cappelli et al. [11]. Moreover, the physi-
cal content of the boundary conditions on the cylinder
has been ascertained [4,8] by studying the related in-

There has been much recent progress [1-10] on
prog [ ] tegrable boundary conditions of the associated—

understanding integrable boundaries in statistical me- latt dels 1121 for both . q )
chanics, conformal boundary conditions in rational E lattice models [12] for both positive and negative

conformal field theories and the intimate relations be- spectral parameters, correspondingndary minimal

tween them on both the cylinder and the torus. Indeed theorll&sre]lntlzlpgrafermllt_)mC_theo?_es, respbelctlvetljy. Ref-
it appears that, for certain classes of theories, all of the cently, the lattice realization of integrable and conor-

conformal boundary conditions on a cylinder can be mal boundary conditions folV = 1 superconformal
realized as the continuum scaling limit of integrable heories, which correspond to thitised A-D-E lat-
boundary conditions for the associated integrable lat- i€ M0dels with positive spectral parameter, has also
tice models. ForZ(2) minimal theories, a complete ~ P€€N understood in the diagonal case [10].
classification has been given [1-3] of the conformal In_ th'_s Letter, we use fu3|_on to construct mteg_rgble
boundary conditions on a cylinder. These are labelled realizations of conformal twisted boundary conditions

by nodes(r, a) of a tensor product graph® G where on the torus [6.,7]./Althoug.h the m.thods are very gen-
the pair of graphs A, G), with G of A—D—E type, eral we considers{(2) L'lnltar.y minimal models for
coincide precisely with the pairs in thé-D—E clas- concreteness. The key idea is that fused blocks of ele-
mentary face weights on the lattice play the role of the
local operators in the theory. The integrable and con-
" E-mail address cmercat@unimelb.edu.au (C. Mercat). formal boundary conditions on the cylinder are con-
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structed [4] by acting with these fused blocks on the = The A—D—E lattice models are Yang—Baxter inte-
simple integrable boundary condition representing the grable [15] on a cylinder in the presence of a bound-
vacuum. By the generalized Yang—Baxter equations, ary [16] with boundary conditions labelled [3] by
these fused blocks or seams can be propagated into(r, a) € (A,—2, G). A general expression for the, a)

the bulk without changing the spectrum of the theory. boundary weights is given in [4]. They are constructed
The seams so constructed provide integrable and con-by starting at the edge of the lattice with a fixed node

formal boundary conditions on the torus. One subtlety a € G and adding a fused block of — 1 columns.

with this approach is that fixed boundary conditions
a € G on the edge of the cylinder are propagated into
the bulk by the actiom = ¢(1) of a graph automor-
phism¢, which preserves the Yang—Baxter structure,
on the distinguished (vacuum) nodes1G. In gen-
eral, for rational conformal field theories on the torus,

Strictly speaking, this construction on the cylinder is
implemented with double row transfer matrices. Nev-
ertheless, our idea is to propagate these boundary con-
ditions into the bulk using a description in terms of sin-
gle row transfer matrices. The expectation, which we
confirm numerically, is that these integrable boundary

we expect the fusions supplemented by the automor- conditions continue to be “conformal” in the bulk.

phisms to generate all of the integrable and conformal
seams. We illustrate our approach in this Letter by us-

ing the Ising(A2, A3) and 3-state Pottsd 4, D4) mod-
els as examples. A detailed consideration ofAhé—

E unitary minimal models will be given in a forthcom-
ing paper [13].

2. Latticerealization of twisted boundary
conditions

2.1. A—D-E lattice models and integrable seam
weights

Thest(2) unitary minimal theories [14] are realized
as the continuum scaling limit of criticah—D—FE
lattice models [12]. The spin statesh, ¢, d are nodes
of a graphG = A, D, E with Coxeter numbeg. The
bulk face weights are

dc
w
<ab

C
u): \M
a b

=s51(—u)8ac + so(ut)

ﬁu Ve Spa, (2.1)

b
whereu is the spectral parameter with<Qu < A, A =
/g is the crossing parametey,(u) = sin(u + kA)/
sinA and the weights vanish if the adjacency condition
is not satisfied on any edge. The crossing factlys

For (r,5,¢) € (Ag—2,A,_1,T), we define inte-
grable seam weights

WW@< mé)

by taking the fusion product of three seams of types
(r,s,¢) = (r,1, 1), (,s5,1), (1,1,¢), respectively.
The(r, 1, 1) seam is obtained by fusing— 1 columns

or faces

dyc

aob

dy c
wein [V, .
aob
r—2
=[]sa@+&"
k=1
U, Oy, (d,g1,s8r—2:0)
d 81 8r—-2 c
+6—
X %’—2))» u+é
a e1 er_2 b

ur (a, b)a,(a,el,...,e,,z,h) (22)
These weights depend on the external spiris ¢, d €

G and on the internabond variables «, y labelling
the fused edges [17]. The remaining internal spins
indicated with solid dots are summed out. Here-
1,2,...,F,andy =1,2,..., F, where the fused
adjacency matriceg” with r =1,2,...,g — 2 are

are the entries of the Perron—Frobenius eigenvector of defined recursively in terms of the adjacency matrix

the adjacency matri. Note that ifA — 7/2 <u < 0,
the continuum scaling limit describes the princifal
parafermions wittkk = g — 2 [8].

G by thes¢(2) fusion rules

Fl=1 F?=G, F =GF'-F2 (23)
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where the superscript is an index and not a matrix corresponding to periodic boundary conditions

power. The fused adjacency matriceS are related
to the usual intertwinerd, and operator content,
on the cylinder byF’, = V,,* = n,,". The seam
weights vanish ifF", F2 F", F2 = 0 and the fusion is
implemented via the fusion vectot$” listed in [4].
The inhomogeneity or seam field is arbitrary and
can be taken complex by must be specialized
appropriately for the seam boundary condition to be
conformal. Although we usually take = —31/2 at
the isotropic pointu = 1/2, in fact we obtain the
same twisted partition function f@rin a suitable real
interval.

The (1,s,1) seam weights are independent of
andé& and are given by thbraid limit &€ — ioco of the
(r, 1, 1) seam weights divided by ~Lso(u + &)

wasy (d v c
a o b

(_l.e_i%)s—l

dy c
x lim so(u—i—&)lW(S’l’l)( 4
E—ioo

u,é).

(2.4)
The automorphismg € I' of the adjacency matrix,
satisfying G,.» = Grw).cv), leave the face weights
invariant

aab

dc
w u
(23k)
d c ¢(d) ¢(c)
= u = u
N
a b ¢(a) ¢(b)
=w(“‘” ¢(c) u>’ 25)
¢(a) ¢(b)
and act through the special seam [18]
aip (d ¢
v (l)
d ¢(d)
_ _ 11 b=¢(a), c=¢(d),
- \;“ - {0, otherwise. (2.6)
a ¢(a)

Notice that thgr, s, ¢) = (1,1, 1) seam, wherg =1

denotes the identity automorphism, is the empty seam

w4 (Z g) = Sabded Ff;. (2.7)

The A—D-E face and seam weights satisfy the
generalized Yang—Baxter and boundary Yang—Baxter
equations ensuring commuting row transfer matrices
and integrability with an arbitrary number of seams.
Also by the generalized Yang—Baxter equation, the
(r,1,1) and (1, s, 1) seams can be propagated along
a row and even pushed through one another with-
out changing the spectrum. The conformal partition
functions with multiple seams are described by the
fusion algebra. Explicit expressions can be obtained
for the (r, s, ¢) seam weights. Th&, 1, 1)-seam cor-
responds to a single column with spectral parameter
u + & and the(l, 2, 1) seam, given by the braid limit,
has weights

W(l’z’l) (d Z) :iei%(SaC_
a

More generally, we find that

W(r,l,l) ( M,E)

=S _1s1(u+&U" (

ie_i% NVae
Y

Spd.-

(2.8)

dyc

aob

d
a

S8

(2.9)

Q= =
S0
N———"

— Syso(u+ €V’ (

wdsD (

=l-s—1|:S§_1ei%Us<d 14 C>
’ a a b

—Sse_i%VS (d y C>:|’
a a b

where S; = s¢(0) and, in terms of the fusion vec-
tors U” listed in [4], the elementary fusion faces
are

S(d vy c
U(aotb

2

(d,a,ey,....e,_3,c,b)

a

dy c
Y u, &

aab

(2.10)

U)C (d, ) d,ae1,...er3,0)

X Ué (a, b)(a,el,...,e,.,g,c,b)a
2.11)
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v’ d y ¢ wsy (d v ¢
a o b a o b

= Z U;(d, C)(d,u,el,‘.‘,e,,g,c) 1/fa1/fc (1 ssHfa o b *’ (2-14)
(d,a,e1,...,e,_3,c,b) 1/fh1/fd d y I

X Ur(a b)(a,el,...,e,,g,c,b)
B 15,1 15,1, \t
Z UL, D) daser.er s.cit)- 212) THP0-—w=T"Dw', (2.15)
and the(l, s, 1) transfer matrices are normal matrices.
In particular, at the isotropic point= 1 /2 the(1, s, 1)
transfer matrices are Hermitian and the eigenvalues are
real. In contrast, for ther, 1, 1) seam, 72Dy, &)
is not normal in general due to the parameter

so that for real

2.2. Transfer matrices and symmetries

The entries of the transfer matrix with dn s, ¢) However, att = & = %(r — 2+ kg) with k even we
seam are given by find
(@, ar, as|T r5,0)(u, §)1b, By, Bs) TOA 0 —u, 8) =T, &))", (2.16)
b1 b by bnyi bny2 byniz b1 so for& = &, the transfer matrices are normal. In this
. . ff 11 fj“xl 11c case the transfer matrices are real symmetric at the
=N N gu £) \Wa’ NG isotropic pointu = A/2 and the eigenvalues are again
ai az aN AN+l ANz aN+E a1 real.
N
bi b
= 1_[ W( UNCAE u) 2.3. Finite-size corrections
j=1 aj aj+1

In the scaling limit theA—D—F lattice models re-
u,g) produce the conformal data of the unitary minimal
models through finite-size corrections to the eigenval-
b B b ues of the transfer matrices. If we fxto a conformal
% wdsD ( N+2 Ps N+3> value and write the eigenvalues of the row transfer ma-
aN+2 ds AaN+3 trix 709 (u, ) as

LD ( byi1 Br bny2

aN+1 @ aN+2

b b
><W<1’1’f><ax:§ ai) (2.13) T,(u) =exp(—E,), n=0,1,2,..., (2.17)

then to order @1/ N) the finite-size corrections to the

By the generalized Yang—Baxter equations these form .
y 9 9 9 energies, take the form

a one-parameter family of commuting transfer matri-

ces. The transfer matrices with a seam are not trans- TC .

lationally invariant, however using the generalized Eo=Nf@)+ fr.s() = Wsmﬁ, (2.18)

Yang—Baxter equations and a similarity transforma- E, — Eg

tion, the seam can be propagated along the row leaving 2 )

the spectrum invariant. This is the analog of the prop- = —[(An + A+ kn + k) SinD

erty that the twisted partition functions are invariant . = -

under deformation of the inserted defect lines. +i(An = Antky — kn) cOSD]. - (2.19)
The seam weights and transfer matrices satisfy cer- where f(u) is the bulk free energyf; s(u, &) is the

tain symmetries as a consequence of the usual crossseam free energy, is the central charge),, A, are

ing and reflection symmetries of the face weights. conformalweightsy = gu is the anisotropy angle and

For the (1, s, 1) seam we find the crossing symme- k,, k, € N. The bulk and seam free energies depend

try on G only through the Coxeter number and are
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independent of and¢. To determinef (1) and f; (u)
it is therefore sufficient to consider-type graphs.

For G = Ap, the transfer matricesT (u) =
T"59u, £) satisfy universal TBA functional equa-
tions [19] independent of the boundary conditions
(r, s, ¢). It follows that the eigenvalues satisfy the in-
version relation

TW)T (u+A)

= (=" o1+ E)s1r (u + H)ls2)s—1 )1

(2.20)
Using appropriate analyticity properties, it is straight-
forward to solve [20-22] this relation to obtain closed
formulas for the bulk and seam free energies but we
do not give the formulas here. Removing the bulk and
boundary seam contributions to the partition function
on a torus allows us to obtain numerically the confor-
mal twisted partion functiong, s »(¢) foranM x N
lattice whereg = exp(2rit) is the modular parameter
andt = (M/N)exdi(r — 9)].

3. Conformal twisted partition functions
The conformal twisted partition functions for a

rational CFT with a seamx = (a, b, y) have been
given by Petkova and Zuber [7] as

Z(q) =) Vi1 xi (@)X (@)

LJ
vG) b
‘/ij*;lx = Z nicanjc' )
ceTy

(3.1)

wherea, b € G andT,, possibly depending on &;
automorphisny =0, 1, is a specified subset of nodes
of G. For theD,4 example discussed beloiv= 1 and

T, is the set of nodes &, grading equal t¢y soTp =

{2} andT1 = {1, 3, 4}. For theA—D—E WZW theories
nis? = Fé’;b, however, since the minimal models are
WZW cosets there is an additional tensor product
structure of the graphd ® G giving [7]
(".a.b.0) _ N As-2r" §(G) x

rr’ ij*;1 >

V(r,s)(r’,s’);l (32)

whereN, = F" are theA-type Verlinde fusion matri-
ces ofsl(2) ¢—2. The integersl7l.(/f;)1x € N encode [23-

26] the Ocneanu quantum graphs and the fusion alge-

bra of the WZW models with a seam. For the minimal

433

models the fusion algebra and quantum graphs are en-
coded by (3.2).

For diagonalA-type theories the conformal twisted
partition functions simplify to

Zi@) =Y Nij*xi(@)x;(@)*.

iJj
In particular, for(Az_1, Ar) unitary minimal models
the seams are labelled by the Kac labelss) and,
since theZ, diagram automorphism is included in
the fusion algebra, we can take= 1. In this case
the partition functions are given in terms of Virasoro
characters by

>

(r'.s"),(r".s")

(3.3)

N(Ag—z)rN(Agfl)s

r'r s's”

Z(r,s)(Q) =

X Xr/,s’(‘Z)Xr”,s” (('I)* (34)

These results were verified numerically foe= 3, 4,5
and 6 and matrix size given by =22,16,14 and 12,
respectively.

The integrable seam weights of the lattice models
give the physical content of the conformal twisted
boundary conditions. This physical content is not at
all clear from the conformal labels alone. We illustrate
this by discussing the Ising and 3-state Potts models as
examples.

3
1 2 3 1 2
Az: e—e—o Dy:
+ —_
3.1. Ising (A2, A3) example 4

The three twisted partition functiori,. 5y for the
Ising model are
Zp=Z2o=Z2Za,
= 1x0(@) >+ Ix1/2(@)* + | x1/26(q) 1%, (3.5)
Za=Z12=7(13)

= x0(q) x1/2(@)* + x0(@)* x1/2(q) + | x1/16(q) 1%,
(3.6)

1 This formula for the case = r’ =+’ = 1 was obtained
by Orrick and Pearce and explained in private communication to
Zuber in September 1999 at the time of theD—E conference in
Warwick.
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Z116=Z1,2) = [x0(q) + x1/2(q)1x1/16(0)"

+ [x0(q) + x1/2(@)1" x1/16(q)-

(3.7

The (r, s) = (1, 1) and(1, 3) seams reproduce the pe-
riodic P and antiperiodicA boundary conditions, re-
spectively, and their associated partition functions [27].
The weights giving the physical content of the third
seam are

W(1’2)<:t ):ie’%—«/éie_’%,

+
W(1’2)<:t ):ieig,

:F

1,2 ) _ .z i
w 4 =ie'8 —je 8/«/5,

1,2 + R4
w - =—ie '8 /42, (3.8)
where the upper or lower signs are taken and for
A3z we identify + = 1, — = 3 and the frozen state

0= 2 is omitted. The1l, 2) seam weights are complex
but at the isotropic point = /8 the (1, 2) transfer
matrix is Hermitian so its eigenvalues are real. In fact,
after removingt degeneracies, the eigenvalues are all
positive.

The twisted Ising partition functions are obtained
numerically to very high precision. The energy levels
in the ¢ series of the twisted partition functions are
reproduced for at least the first 10 levels counting
degeneracies to 4-8 digit accuracy. The conformal
weights are obtained to 8 digit accuracy.

3.2. 3-state Potts (A4, D4) example

The conformal twisted partition functions of the 3-

state Potts model have been listed by Petkova and Zu-

ber [7]. This list extends the previously known twisted
boundary conditions [28—30] corresponding to the au-
tomorphisms¢ = 1, w, T € I'(D4) and correspond-
ing to the periodicP = (1,1, 1), cyclicC = (1,1, w)
and twistedl" = (1, 1, t) boundary conditions, respec-
tively. Explicitly, the 3- and 2-cycles are given by the
permutations» = (1, 3,4) andt = (3, 4).

The twisted partition functions are written most
compactly in terms of the extended block characters

)zr,a(fZ)z Z nslaXr,s(CI)z Z FlsaXr,s(fZ)v
SE€EAg_1 SE€EAg-1

(3.9)

C.H.O. Chui et al. / Physics Letters B 517 (2001) 429-435

where x, s(¢) are the Virasoro characters. Consider-
ing all the seamgr, s, ¢) and taking into account sym-
metries, we find 8 distinct conformal twisted partition
functions in complete agreement with Petkova and Zu-
ber [7]
N 2 A 2
Zp=Za11=|111@)| +]|X13(q)|
N 2 . 2
+ |R14@)|" + | %3.1(9)|
N 2 . 2
+ |3.3@)|" + | X3.4)|",
Za21 = 1.2@)[%1.1(@) + 21.3(@) + X1.4(@)]"
+ X3.2(9)[X3.1() + X3,3(9) + X3,4(9)]
Zc=Z11,0) = X1.1@) X1.3(@)* + X1.1(¢)* X1.3(¢)

*
9

N 2 N N
+|%13@)|" + R3.1(@) R3.3(0)*
2

+ %3.1(9)*X3.3(q) + | X3,3(q)
2

Zr=Za1o = |i2@) + |33.20)
Z@1.1) = X1.1(@) X3.1(@)" + X1.1(9)* X3.1(q)
+1%21@)[* + RL3@) R33(0)*
+ %1.3(9)* R33(@) + | #33(9)|

+ x1,4(@) X3.4(@)" + X1,4(q)* X3,4(q)
2

+|%3.4(q)
Z@21 = 21.2@)[£31(@) + £3.3() + X3.4(9)]"
+ %3.2(@)[X1.1(q) + X1.3(9) + X1.4(9)
+ X3.1(q) + X3.3(q)
+ 234@)]"
Z@ 10 = £33@)[X1.1(@) + 23.1(@) + x1.4(@)]"
+ X1.3(@) x3.1()*

+ x33(@)*[X1.1(@) + X3.1(q) + X1.4(q) ]
2

+ %1.3(9)*%3.3(9) + | X3.3(9)
Z@31,1) = X1,.2(@) X32(q)* + X3,.2(q) X1,2(¢)*
. 2
+|%3.2()|" (3.10)

Our construction labelsr, s, ¢) correspond with the
labels(r, a, y) of Petkova and Zuber with the obvious
identificationst =1~y =1, =17+ y =0 and
r,1lw— (31).

The twisted 3-state Potts partition functions are
obtained numerically with reasonable precision and,
as expected, intertwine with those af. The energy
levels in theg series of the twisted partition functions
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are reproduced for at least the first 10 levels counting [12] V. Pasquier, Two-dimensional critical systems labelled by
degeneracies to 2—4 digit accuracy. The conformal Dynkin diagrams, Nucl. Phys. B 285 (1) (1987) 162-172.
Weights are obtained to at least 4 digit accuracy. [13] C.H.O. Chui, C. Mercat, W.P. Orrick, P.A. Pearce, Integrable

. and conformal twisted boundary conditions for unitary mini-
The otherD and E cases are of much interest be- mal A—-D—E models on the torus, in preparation, 2001.
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