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Finite size scaling for homogeneous pinning models

Julien Sohier

Université Paris Diderot, LPMA, Mathématiques, case 7012; 2,place Jussieu, 75251 Paris
Cedex 05, France

E-mail address: sohier@math.jussieu.fr

Abstract. Pinning models are built from discrete renewal sequences by rewarding
(or penalizing) the trajectories according to their number of renewal epochs up
to time NN, and IV is then sent to infinity. They are statistical mechanics mod-
els to which a lot of attention has been paid both because they are very relevant
for applications and because of their exactly solvable character, while displaying
a non-trivial phase transition (in fact, a localization transition). The order of the
transition depends on the tail of the inter-arrival law of the underlying renewal and
the transition is continuous when such a tail is sufficiently heavy: this is the case
on which we will focus. The main purpose of this work is to give a mathematical
treatment of the finite size scaling limit of pinning models, namely studying the
limit (in law) of the process close to criticality when the system size is proportional
to the correlation length.

1. Introduction

The model of directed polymers interacting with a one dimensional defect turns
out to be quite satisfactory to describe various biological or physical phenomena,
such as (1 + 1) interface wetting [Derrida et al] ([L992), the problem of depinning
of flux lines from columnar defects in type II superconductors [Nelson and Vinokuj
(M) and the denaturation transition of DNA in the Poland Sheraga approxima-
tion [Kafri et alf (2000)). The first results obtained by the physical community have
been summarized in ([1984)), a paper which received a lot of attention from
mathematicians. Since then, this model has been under close scrutinity, including
in the last few years (the recent mathematical monograph (R007), but
also [Caravenna et al] (R00), [sozaki and Yoshidg (2001]) or [Deuschel et al] (R00F)).
Here, we are going to deal with the homogeneous version of the model; this version
is mathematically remarkable in the sense that it is essentially completely solvable.
For example, the model can have a transition of any given order (p007)
depending on the value of «, a parameter in the definition of the system (1 + « is
sometimes called loop exponent in the literature).

A central role in statistical mechanics is played by the correlation length, a
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quantity that we will denote by £. Properly defining this quantity in an (infinite
volume) model requires some work and in most of the cases, such a concept does not
correspond to a unique mathematical object. All the same, it is essential that any
“reasonably defined” correlation length behaves in the same way close to criticality.
And precisely close to criticality, for a large class of models, £ becomes the only
“relevant” scale in the system (see below for a more precise explanation). This idea
is one of the basic concepts of the so called “finite size scaling” theory (see
()) Here we illustrate in very concrete terms this concept via the scaling limit
of pinning systems, obtaining a limiting behavior if the parameter is in a small, size
dependent window near criticality as the size of the system goes to oc.

In this first part, we will try to see in which way the above, rather unprecise
statements, can be made quantitative. The second part should be seen as a warm
up for the two last parts; actually, in the one dimensionnal wetting, the existing
literature makes the statement quite easy. In the third part, we introduce our gen-
eral return model, and make the precise statements of our result in terms of scaling
limits of the zero level set of our system near criticality.

In this note, a will always be a real number in (0,1). For positive sequences
(an)n>0 and (by)n>0, we will write a,, ~ by, if lim,_,o a, /by, = 1, and for random
variables (X, )n>0 and X with values in a Polish space (E, d), we will write X,, = X
if the sequence (X,,)n>0 converges in law towards X.

1.1 A first model. Let 7 be a recurrent renewal process with law P, that is
T = {Tn}n>0 where 79 = 0 and (7,41 — 7;)i>0 are iid with common law P, where P
is N valued and verifying, as k — oo,

C
P(riy1 —7i=k) ~ e (1.1)
We will actually consider a slightly more general model in section 3, allowing
in particular 7 to be transient, but for simplicity, we will restrict ourselves tem-

porarly to this setup. The set 7N [0, N] can be considered as a random subset of
{0,1,...,N}. We define the law Py g on the subsets of {0,1,..., N} by

P g exp(BNN (7)), (1.2)

P =7
where Ny (7) is the cardinality of the set 7 N[0, N]. In ([.9), Zn g is the partition
function of the model and of course

Zn,s = E[exp(BNn(7))] - (1.3)

It is not difficult to show that the limit of the quantity Fx(3) := =+ log Zn g
exists and is non negative. We denote it by F(5). F(-) is a convex, non decreasing
and non negative function, and there exists a critical value of 8 such that g < (.
implies F(8) = 0 and 3 > (. implies the positivity of F(8). If F(8) = 0, the
system is said to be delocalized, and it is localized otherwise. As the underlying

renewal is recurrent, we actually have 5, = 0 (see (B007), chapter 2 and

section 3 below).

1.2 Finite size scaling. We define the correlation length of our system by

§8) == =7 (1.4)
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if B> 0, and £(8) = oo otherwise. This definition has first been introduced
in the physical litterature in (1984), and its mathematical relevance with
respect to other quantities (in particular with the correlation function) is discussed
in (R00Y). Also note that the concept of correlation length has been
considered in depth in the inhomogeneous case (that is when the reward-penalty
become site-dependent and random), see e.g. (R007). It has been shown

in (BO07) that
€8) "R co(B - o), (1.5)

for some (explicit) constant ¢, > 0.

We expect finite size effects to appear only if the system is of the scale of the
correlation length, that is only if £(8)/N stays fixed (say equal to ¢). It is clear
(considering ([.§)) that this is equivalent to keeping (3—/3.)'/* N fixed (at least close
to criticality). In this case, the observables of our system have a different behavior
near criticality than their behavior in each of the two phases in the infinite volume
limit. In an alternative way, we could say that close to criticality, the only relevant
length scale is the correlation length. In order to make this precise, we need two
basic objects. The first one is the stable subordinator with index a. Recall that a
subordinator is an increasing Lévy process; a subordinator (aga))szo is said to be

a stable (for v € (0,1)) if, for all M € R™, the process (05\?))520 has the same law

than the process (M/2o{*) 0. The second one is its local time (L{*));>0, which

is simply the generalized inverse of (a§“>)520, that is

LI = inf {s > 0,00 > t} . (1.6)
It will be shown in the last part (Lemma 1) that there exists Cx > 0 such that
<CKJLZ> = L\, (1.7)
N/ N0

and moreover the sequence (CK/]\VLZ) N>o 1S uniformly integrable (Lemma 2). Using

these two facts and ([.5), one gets that the finite size correlation length Ex(3) ==
1/Fn(B) verifies

5N]éﬁ) NZee (logE [exp (q“cgj]\viﬁﬂ ) e f(a), (1.8)

o a -1
where f(q) = (logE [exp (%Lga)ﬂ) :

Let us now consider two very relevant observables (in the usual window): the
(finite volume) contact fraction pn(8) (that is the expectation of Ny /N with re-
spect to the finite polymer measure) and the (once again finite volume) specific heat
X~ (+) (that is the second derivative of the finite volume free energy). In our setup,
these quantities can be written in an analogous way as above. Specifically, we get

o1 1 E[Lga)exp (qg—chY“))}
p(8) ~ N7 o E[exp(%;@)}

In an equivalent way, introducing p(x) := x'=%p(q), we get pn (3) ~ £(8)*15(q),
that is we can express py(:) (as N — o00) as a function of £(-). Analogously, we

= NP (19)
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have
52 . 1E {(ng _BIL)])2 exp (%ng)}
%FN(B) = xn(f) ~ N? 10_% E [exp (qgf mﬁ , (1.10)

so that, once again, we get the following equivalence:

xn (8) ~ €(8)* 7 k(q)- (1.11)

We show here that these two particular (and physically relevant) examples are
actually special cases for a much more general phenomenon, namely the conver-
gence in law of the whole rescaled system as £(3)/N stays fixed. We are able to
compute the scaling limit of the system in terms of a Radon Nykodym derivative
with respect to the a regenerative set.

2. A look at the wetting model

As a warm-up, we will deal with the case in which the underlying law of our
polymer model is the simple symmetric random walk conditioned to stay non neg-
ative, that is a sequence (Sy)n>0 where Sp = 0, the variables (S; — S;_1)i>1 are
iid and such that P[S; — S;—1 =1 = P[S; — S;-1 = —1] = % We introduce the
following probability law on Z*V:
df:l%N (z) = Z1

B,N

where the Hamiltonian of our system is given by

exp(Ha N (2)) Mz, >0,....0n>0 (2.1)

N
Hp n(x) =B Ty—0 = BNy. (2.2)
=1

Here also, it is not hard to prove the existence of limy .o 4+ l0g(Zs,n) = F(B)

(see ) In particular, for N even, we have the inequality
Zp,N = E [exp(Hp,n(5))Ls, >o.....55>0]

>E [exp(Hg)N(S))]I51>07“,7SN>0] =P [Sl >0,..., SN > 0] ~

1

TR (2.3)
where the last equivalence is well known (cf ([971)), which entails that for
every € R, F(3) > 0.

In this model, it is possible to show that (. is actually equal to log(2) (see
(R007) chapter 1, or [[sozaki and Yoshidd (R001))). We are interested in
the scaling limit of the system near criticality. To be more explicit, we define the
application: XV : RY — (C([0,1]) by:

x x -z
(XtN(I))te[o,l] = N“fg W
and we introduce the sequence of measures Qs n = Pgy o (XN)71 N > 0. Of
course, in (2.4), [z] denotes the integer part of the real number z.

Let (Bi)i>0 be a standard Brownian motion defined on our probability space
(Q, F,P) in the sequel, and (L;);>o denote its local time at zero. It has been proven
in [sozaki and Yoshidg| (R001]) that the sequence (Qg, n)n>0 converges weakly to
the law of the process (|Bi|)i>0. This result is actually very natural since it is quite

+ (Nt — [Nt)) (2.4)
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easy to see that the law of the process (S )n>0 under Pg, n has the same law as
(ISr)n>0 under P.

The following result gives some intuition about the more general theorem we are
going to prove in the next section in terms of zero level sets.

Theorem 2.1. Let e € R. The sequence of measures (Qp,cn-1/2 ) N>0 cOnverges
weakly as N — oo; the law of the limiting process is absolutely continuous with
respect to (|Bt|)t>0 with Radon-Nykodym density given by el /E [eELl].

0.006
0.005 |
0.004

0.003

Z 40000 ()
Z40000

0.002 —
0.001 _
0
500
x
FIGURE 2.ARABICQFIGURE. The distribution of the last
point of the system for N = 40000, where Zy(z) :=
E [exp(BNN(T))1sy=z] for B € {.1,—.2,6/v/40000} and ¢ €
{-1;0;1}.
Proof. The following convergence in law is classical:
&éLl, (2.5)

VN

but a much stronger statement can be proved: given a Brownian motion on (2, F, P),
one can construct a simple random walk (S, ), >0 on the same probability space such
that, for every n > 0, one has:

Jim N=Y4 Ly — Ny| =0, (2.6)

almost surely as N — oo (see (R005), Theorem 10.1). In particular for
17 =1/2, and by the scaling property of (L;):>0, this implies immediately the con-
vergence of the joint law (Siny/VN,Nn/VN) = (By, Ly).

A proof of the tightness of the sequence (Qg,+-= ~n)n>0 can be found in

ok
hvenna et al| (R007). We are therefore left with showing the convergence in law of
the finite dimensional marginals of the process, that is we have to show that, for
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every n € N and for every continuous bounded function F(-) from [0, 1]" to R, the
following holds:

E [€€L1F (lBtl |7 ey |Btn|)}

Qout ot [F (@irr o 00,)] — B RS

We already know by [sozaki and Yoshida (2001]) that (@) holds for e = 0. The
term in the left hand side of (P.7) can be written as

S[Nt ] S[Nt ]) NN:| NN
Eg n |F (204 26 e TR R {eaﬁ]. 2.8
Be.N [ ( Wi N /Eg.. N (2.8)
Ny
Since by we have e VN = efl1, to prove @, we just have to show that

the family (e%) is uniformly integrable. This is obvious if ¢ < 0, and will
N>0

be proved in the last section in a more general setup (see Lemma 2) for £ > 0,

although it could be also proven directly using the exact distribution of My, which

is actually well known in the simple symmetric random walk setup (see for example

(R003)). This completes the proof.
O

3. The renewal setup

3.1 The model. As we did in the introduction, we denote by 7 the points of a
renewal process, that is the image set of a sequence of iid positive random variables
(I;)i>0 whose law is P. More precisely, 7 := {79, 71, ..., } where 7, = Zle l;. In
what follows, P is an integer valued law verifying
L(n)

nlJra’

K(n):=P(y =n) = (3.1)

where L(.) is a slowly varying function. Furthermore, we allow transience for our
renewal process, that is we may have ) ., K(n) < 1 (or equivalently P(l; =
00) > 0). For N € N, we introduce K(N) := Y K(n). We recall that a
positive measurable function L(.) is called slowly varying if for all ¢ > 0, we have
lim, oo L(cz)/L(z) = 1. Such functions are well known, see Bingham et al] ([L989).
One basic example of slowly varying function (apart from the trivial case of con-
stants) at infinity is « — log(l + ),z € (0, 00); but logarithmic functions are not
the only examples,  — exp(a(log(l + x))¢) is also slowly varying for every a € R
and ¢ < 1.

We then define the homogeneous pinning polymer law exactly as in ([L.2)). In
all what follows, we will denote by 7(ny the set (7 N[0, N])/N C [0,1]. When we
use this notation, it will be implicit in the sequel that the set 7 has the law Py g,
where 3 will be obvious from the context.

This model has been essentially completely solved, see [iacomi (), basic
facts about it are the existence of a localization delocalization transition for a crit-
ical 3, whose value is given by 8. = —log(Xk), where Xx = > o, K(n). In
particular, we have the equivalence 3. = 0 iff the underlying renewal process is
recurrent. This transition is actually defined in terms of the free energy, which is
defined exactly as in the previous sections. It is actually possible to give a very
intuitive description of both phases in terms of the scaling limit of the zero level
set. Intuitively, if the system is localized, we expect the set 1) to converge in a
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suitable way to the full interval [0,1]. Similarly, if 8 < 3., we expect it to converge
to {0}.

To make such statements quantitative, we introduce F the set of closed subsets
of [0,1]. We endow it with the topology of Matheron, which can be described as
follows. For FF € F and t € R™T, we set di(F) := inf(F N (t,00)). Notice that
t — di(F) is a right-continuous function and that F can actually be identified with
diy(F) because F = {t € Rt : d;— (F) = t}. Then in terms of d(.y(F), the Math-
eron topology is the standart Skorohod topology on cadlag functions taking values
in RT™ U {+0c0}. We point out that with this topology, the space F is metrizable,
separable and compact, hence in particular Polish. We denote by p(-) the Haus-
dorff metric given by p(F1, F2) := maX;e((1,2),(2,1)} SUPep,, infser, |t — s| where
F,F, € F. Tt is then a well known result that this metric is equivalent to the
metric engendered by the Skorohod distance via the identification through d(.) on
F. Using this topology, both of the above statements have actually been proven
in (B007). The scaling limit at criticality (that is when 8 = ) is much
richer than that. To describe it, we need the notion of o stable sets.

3.2 « regenerative sets and subordinators. Recall that a subordinator is
a non decreasing Lévy process. A well-known fact about a subordinator (o4)¢>0
is the existence of its so-called Lévy Khintchine exponent ®(.), that is a measur-
able function verifying YA > 0,Vt > 0, E [e 7] = e XN When ®(t) = t for
a € (0,1), the associated subordinator is refered to as « stable, and we will de-
note it by (aga))szo in what follows. We already introduced its local time in ([.6).
These objects are very well-known and a classic reference is Bertoir] ([1999). We

then define the set A, = {asa), s > 0} (€ F) the regenerative set of index «, where
for a subset A C R, A is the closure of A. An important property that will turn
out to be useful is the fact that P [1 € A,] = 0 (see (1L969)).

3.3 Scaling limits at and near criticality. In [Giacomin (2007), it was shown
that, if 8 = (., we have the convergence:

T(N) = Aa (3.2)

in the recurrent case (that is K (co) = 0), and in the transient case

Ny = Aa, (3.3)

where A, is a random subset of [0,1] whose law is absolutely continuous with re-
spect to the law of A, with Radon-Nykodym density equal to (am/sin(ar)) (1 —
max(Aq N [0,1]))*.

A first step towards this convergence has been made in [sozaki and Yoshidg
(R001)) in a discrete random walk set-up; they actually proved the convergence of
the entire process at criticality towards the brownian motion. This work has been
strongly generalized in [Deuschel et al] (R005|), actually being the most important
part of the proof of the convergence of more general pinning models towards the
reflected brownian motion at criticality. This was in turn generalized in

et al] (2006) using powerful renewal techniques, on which the present work is based.

Let us focus for the moment on the recurrent case, that is we assume for the mo-
ment K (oco) = 0. First of all, we recall the following result (see (971, X111.6
Theorem 2): it is possible to choose a sequence (ay)n>0 such that
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nl(1 — a)L(ay)

[e3
aag

-1, (3.4)

and furthermore, as soon as a sequence (a,),>o verifies (@), we have the conver-
gence :
Z?:l Li
an
where the (;);>o are iid with common law K (.) satisfying (B.1)). We then define

the sequence (b, )n>0 to be the inverse sequence of the (a,)n>0, that is the unique
sequence, up to asymptotic equivalence, which verifies

= o (3.5)

a’[bn] ~ b[an] ~n (36)
as n — o0o. Its existence is ensured by Theorem 1.5.12, page 28 of

(1989). Tt is rather easy to see that b, ~ (['(1 — a)K(n))~! as n — co. Let us
quickly prove this fact. Using the definition of (a,)n>0, we get

b, I'(1 — a)L(ap,)) N b,I'(1 — a)L(n)

aaf an®
[bn]

and then we note that K(N) ~ L(N)(aN®)™! (see (2007), P.201). We

also used the fact that x, ~ y, yields L(z,) ~ L(y,) as n — oo for (zy)n>0 and
(yn)n>0 positive sequences. For n large enough, x,/y, € [1 —n;1 + 7] for a given
n > 0, and the fact that the convergence L(cx)/L(x) — 1 is uniform in ¢ on every
compact subset of RT (a basic result on slowly varying functions, see

~1, (3.7)

et al] (.989)) yields the assumption.

To deal with the transient case, we introduce the recurrent law P given by

~ - L(n)ePe L(n)
P(ly=n):=K(n) = nTha ~ pitay
We have then exactly the same statements as in Eq@) and (@) making the

obvious changes, and we introduce the sequence (by,),>0, the analogous of (by)n>0
for the new sequence (@y)n>0. We are now ready to state our main result:

(3.8)

Theorem 3.1. Let ¢ € R. The following statements hold:
(1) if K(o0) =0, if T is distributed according to Pg_ /by n, then

T(N) = Ba7€, (3.9)

where Bg,(C [0,1]) is the random set whose law is absolutely continu-
ous with respect to the law of A, whith Radon Nykodym density equal to
exp(eL;”)/Blexp(eLi™).

(2) if K(o0) >0, if 7 1s distributed according to Py | 5, then

T(N) = Ba,sv (3.10)

where By, -(C [0,1]) has a Radon-Nykodym density given by
(exp(eL{™)(1 = max(Aq N[0, 11))*) / (Elexp(=L{¥)(1 — max(Aq 1 [0,1]))%]).
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4. Proofs

Lemma 4.1. If K(o0) =0, the following convergence holds:

1Tl

= L\ (4.1)
by

Proof. For M > 0, we have the equality:

P ('Tém' <M)

[Mby]

Zl>

=1

(4.2)

N a[Mbn] a[Mby]

The right hand side of (f.9) is easily seen to converge towards P (M éaga) > 1).

Actually, we have N/a[MbN] — M~a as N — 00 (since Mby ~ b and

[Mé N])’
it is easy to see that, if X,, = X, if a deterministic sequence w,, — u and the
distribution of X is continuous, then P(X,, > u,) — P(X > u). So we just have

to recall that the distribution of a%a) is continuous, which is actually a well known

fact about stable subordinators (see ([[999), P.271).

Because of the scaling property of the stable subordinator, we get

P (Méa§“> > 1) =Pl > 1)

=P(L\™ < M), (4.3)

which proves our claim. (|

Lemma 4.2. For K(co) = 0 and for all € > 0, the family (exp(d;(—]]vv)‘))]vzo
uniformly integrable.

Proof. It is enough to show that, for all @ > 0, we have

sup E [e“lT(N)I/bN} < 00. (4.4)
NeN

As
E {e“mm‘/b”} = / P [|T(N)|/bN >1/a log(:v)] dux, (4.5)
1
to show @, we just have to see that for all C; > 0, there exists C5 > 0 such that
fory > 1,
P [|7-(N)|/bN > y] < (Cy exp(—C’ly), (46)

as soon as N is large enough. Using the Markov inequality, we see that for every
A>0andy>1:

[ybw]
|T(N))| AL 1bN] AN
P(?>y =P i:EI l; <N SE[G 1} e’ . (47)
Noting that 7 is recurrent, we have :

1—e " L(%)

tog(Ble 1)) = log | 1= LN 3 s s

n>1
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For any n > 0 and using the uniform convergence property on compact sets for
slowly varying functions, one has the equivalence (for A\, 0)

1/n —n ni 1/ T
1—e L(22) T1—e
A S~ / —dx, (4.9)
et (An)l+e L(1/)N) y ot
and it is easily seen that this implies the equivalence (still for A\ 0):
—log(E[e ™ 1]) ~ T(1 — @) /aX*L(1/\). (4.10)

This entails that there exists ¢(a) > 0 and Ag(«) > 0 such that for all A € (0, \g),
we have — log(E[e"*1]) > ¢(a)A\“L(1/)). Note that (by L(N)N~%)n>¢ is a positive
bounded sequence. Then, using @, we get, for every N:

[e3

IT(v))l : N
< _ «@

P ( b >y ) < Ogl)\n;f/\0 exp | —c(a)X L(l/)\)yL(N)

possibly modifying ¢(«) in doing so. Then we consider Ny such that for N > Ny,

C1/N < Ny, and we give us Cy € (C1; NoXo). For u in the compact set [C1, Ca], the

convergence of L(N/u)/L(N) towards 1 is uniform, so that, for n > 0, for N large

enough, L(N/AN)/L(N) > 1—mnaslong as C; /N < A < C3/N. Thus, for N large:

+ /\N) : (4.11)

7)) :
_— < — — « . .
P ( b >y ) < Cl/NSII;iC2/N exp (—c(a)(1 = n)(AN)Yy + AN) (4.12)

And this last inequality clearly entails @, and thus the lemma. (I
Lemma 4.3. For K(oco) =0, we have the convergence:

(I7e0)/bv, 7o) = (L1, Aa) (4.13)
Proof. We introduce the process (N, (t))¢>0, & Poisson process of rate yn where
we define vy = (Zn21(1 - e’”/N)K(n))_l. We take (N, (t))¢>0 independent

from 7. It is easy to see that the process (TN,YN (t)/N) is a subordinator. In
t>0

(), it was shown that the Lévy exponent of (TNWN /N ) converges

>0
to the one of (aga))

. which implies {7n _(s)/N,s >0} = A, as well as the

convergence in law of the entire process (TN /N ) towards (aga)) (see
N t>0 >0

Fitzsimmons et al] ([1985)) in the Polish space D. Here, D denotes the space of

cadlag functions on [0, 1] endowed with the standart Skorokhod topology (that is

d(f,g) := inf xea{max(||A — id||,||f o A — g||)} where A is the set of non-decreasing

homeomorphisms from [0, 1] to [0, 1]) and of course || f|| = sup;¢(o 17 | f(?)| for f € D.
We define the function (F,G) : D — R x F by

(F,G)(f): [ (sup{s = 0[f(s) <1},Im(f)), (4.14)

where Im(f) is the image set of f where we endow the space R x F by the topology
o (B(R) ® F), and using the distance max(].|, p) where p is the Hausdorff metric.
We will show that, for all continuous bounded G : R x F — R, we have:

B[g (%) <& [ ((R.6) (P2 2)20) )] + v, (29

S
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that is that we can consider the joint law in the left hand side of ({.13) as a function
of (7w, (s)/IN)s>0 up to negligible corrections.
Assume for the moment that () is true. Taking into account the convergence

(7']\;w (t)/N) = (aﬁ“’) and the fact that (F,G) ((aﬁ“’) ) is exactly the
N >0 520 $>0

limiting law we want, it is enough to show that (F,G) (-) is almost surely continuous

at (aﬁ“’) N to apply the continuous mapping theorem (see [Billingsley| ([1999)) to
s>0

prove our lemma. So let us show this almost sure continuity first, then we will turn

to the proof of (JL.17).
For n € (0,1), we denote by B, the subset of D defined by

B, :={f € D|[1 - n;1 +n] N Im(f) = 0}. (4.16)

We already pointed out that P(1 € A,) = 0, so that with probability one,
(aga))szo € UpsoB,. We show that (F,G) restricted to UysoB, is continuous.

Let f € B, with n > 0, let us show that F' is continuous at f. We introduce
sy :=sup{s > 0|f(s) < 1}. Let g € D such that d(f,g) < w/2 where u € (0,7),
and in the same way we define s, := sup{s > 0|g(s) < 1}. We consider A € A such
that ||f —go A|l| < p and ||A —id|| < p. Furthermore, for all £ > 0, and as f € B,),
we have f(s; —&) <1—mnand f(sf) > 14 n. Then we get

9\ (sp =&)< flsp = +n<l-n+p<l, (4.17)
and similarly
9(A(sg)) = fsg) —p>14+n—p>1, (4.18)
which gives
A(sp =€) < 59 < Alsy), (4.19)

and this entails the desired continuity since £ is arbitrarily small, A is continuous
and ||A —id|| < p.

Note that, by the virtue of the continuous mapping’s theorem, this implies the
convergence

TNWN (s)

sup {s >0, < 1} = Lga). (4.20)

For the second component, it is very easy also; for g as above, we have:

p (Im(£), Im(g)) = max (335 BE17(0) = g(6) sup ing 1(5) — g<t>|) (2

And for A as above and s € R, we have infier |f(s) — g(t)] < |f(s) — g(A(s))| < ,
which achieves the proof of the continuity of the couple (F,G) on Uy,soB,.

We now go to the proof of ) Let 6 > 0, there exists a compact set K5 C RT
such that for all N € N, we have:

T, S
max (P {@ € Kg] ,P [sup{s > O‘NWTN() < 1} € Kg}) < 0. (4.22)
N

This is due to the fact that the sequences (sup {s > O’TNWN(S)/N < 1}) and

N>0
(sup {% % < 1})N>0 are tight because they converge in law (see () and
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Lemma 1). Similarly, the convergence of the sequence (7(x))n>0 implies the exis-
tence of a compact set Ls C F such that for every N € N,

P [T(N) S Lg] < 4. (4.23)

For N € N, we introduce the event

T S
HN,& = {% c K(;,sup{s > O’NWTN() < 1} € K(;,T(N) S L(;}. (4.24)
Eqgs. (f22) and ([£23) say that P [ %75} < 0.

Let M > 0 be an upper bound for ‘Q . For every N € N and taking into account

the fact that vy ~ by (see (R007), (A.48)), we have:

T S
E |G <sup{s >0 M < 1} 77_(N)> _g <|T(N)|7T(N))] |
TN
TNy (s) 1T
<E g(sup{SZOWTNSI},T(N)>—g(;—N,T(N) JIEN +2Mo
<E||G <sup{s >0 N (9) < 1} 77'(N)>
N T, s
—g<sup{L(S)— MSl},T(]\U) Uy 5| +2M0.
YN '
(4.25)
For a given x > 0, we introduce the event J s defined by:
N.
Trs i= 14 sup L(S)—s >k (4.26)
s€Ks YN

Note that the process (N”,YLN(S) — s) is a martingale, so that, applying Doob’s
s>0
inequality, we get:

N
P[J.s] =P | sup L(S)—S > K2
seEK YN
1 N ’ K
<— swpE |L(S) —s| - 0 (4.27)
R* seKjs YN YNK
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Cutting once again the expectation appearing in Eq() with respect to the
fact that J,, s occurs or not, we get:

TNy (5) 17|
>0 —X=<1 -
Q<SUP{S_ N = }77-(N)> g< o~ s T(N)
T S
su<p {|g <sup{s >0 MTN() < 1} ,T(N)>
lul<s (4.28)
T S
-G <u—|—sup{s >0 MTN() < 1},7‘(]\])) |} HHN,5]1‘7515‘|

K
+oM (6+ max 2‘5> .
INK

v

<E

In the last inequality, we consider first x very small, which deals with the expec-
tation term due to the uniform continuity of G on the compact set K5 x Ls. Then,

we consider § small enough, and this achieves the proof of ([L1]), since vy N2 o0
Thus the lemma is proved. ([l

We are now ready to show the main part of our theorem.

Proof of Theorem 2. We have just shown the following convergence: under the law
K (.), assuming K (co0) = 0, for all F' continuous bounded function on F and for all
€ € R, we have:

E [F(T(N))eff‘wl/ﬂ —~ E [F(AQ)eELY’)} . (4.29)

N—o00
Note that the case where € > 0 actually uses the fact (see Lemma 2) that the
sequence (eE|T<N )1/ b )N>o0 is uniformly integrable.

We then have
ZN.3 1
E | F(T = e X
[Fran)] N Bete/by  LNBe
As in the case K(o0) = 0, Py g, is actually P (because 8. = —log(Ex) = 0)
and thanks to the easy remark that Zy g yc/py = E [eE‘T<N)‘/bN] — E {eELga)},

N —o0

we have actually shown the first part of the claim. We also used the fact that

Zn,g, = 1forall N € N see (R007), (2.17)).
We now deal finally with the case K(0o0) > 0; we can write:
K(N(1 - max(r(x))) + K () 1

NﬁchE/EN Zj>N(1—max(‘r(N))) K(])
(4.31)
The justification for (}.31]) can be found in (R007), equality (2.48). Then,

on the event max7yy < 1 —n for a given n € (0,1), it is known that ((2.50) of
(2007)))
E(N(1 — max(rx)))) + K (o) o
ZN7BC Zj>N(17max(T(N))) K(]) N—oo Sin(Oéﬂ')

E [F(T(N))ealﬂml/ﬂ . (4.30)

E

(1- maX(T(N)))O‘, (4.32)



14 Julien Sohier

uniformly in the trajectories of 7. Using once again the convergence of the joint
law (7(ny, |T(ny|/bn), where this time 7 is distributed according to P, we get :

ENﬁc'i‘EEN [F(T(N))]Imaxr(zv)<1,n} —_

N —o0

E [F(AQ)GELYI) ]Imax.Aa<l—n

T (1- max(Aa))o‘] . (4.33)

sin(a)
The fact that max(A,) < 1 almost surely allows us to take the above limit for
7\, 0. Taking F =1 in ([.33), we get

Z

N,Bete/bn eL(® am @
—rc - E 1-— o . 4.34
Gl o B e (434

This achieves the proof because we can write

Ey gotesby [F(Tv)]

K(N(1 - max((n)))) + K(OO)] (4.35)

- ME
ZN 3. Ej>N(1—max(T(N))) K(j)

2N Bote/bn

F(ry))estrnl/bx

and the term in the right hand side converges towards the desired quantity.
O
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