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Abstract

The paper concerns the asymptotic distribution of the mixture

density estimator, proposed by [Leipus et al] (R006), in the aggrega-

tion/disaggregation problem of random parameter AR(1) process. We
prove that, under mild conditions on the (semiparametric) form of the
mixture density, the estimator is asymptotically normal. The proof

is based on the limit theory for the quadratic form in linear random

variables developed by [Bhansali et all (IZOO?I). The moving average

representation of the aggregated process is investigated. A small sim-

ulation study illustrates the result.
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1 Introduction

Aggregated time series data appears in different fields of studies including
applied problems in hydrology, sociology, statistics, economics. Considering
aggregation as a time series object, a number of important questions arise.
These comprise the properties of macro level data obtained by small and
large-scale aggregation in time, space or both, assumptions of when and
how the inverse (disaggregation) problem can be solved, finally, how to apply
theoretical results in practice.

Aggregated time series, in fact, can be viewed as a transformation of the
underlying time series by some (either linear or non-linear) specific function
defined at (in)finite set of individual processes. In this paper we consider
a linear aggregation scheme, which is natural in applications. In practice
it is found convenient to approximate individual data by simple time se-
ries models, such as AR(1), GARCH(1,1) for instance (see ([994),
(R0OG)), Zaffaroni (2004, R004)), whereas more complex individual
data models do not provide an advantage in accuracy and efficiency of esti-
mates, and usually are very difficult to study from the theoretical point of
view.

Aggregation by appropriately averaging the micro level time series mod-
els can give intriguing results. It was shown in Granger (1980) that the
large-scale aggregation of infinitely many short memory AR(1) models with
random coefficients can lead to a long memory fractionally integrated pro-
cess. It means that the properties of an aggregate time series may in general
differ from those of individual data.

It is clear however that the weakest point of the aggregation is a consid-
erable loss of information about individual characteristics of the underlying
data. Roughly speaking, an aggregated time series can not be as informative
about the attributes of individual data as the micro level processes are. On
the other hand, using some special aggregation schemes, which involve, for

)

instance, independent identically distributed “elementary” processes with
known structure (such as AR(1)), enables to solve an inverse problem: to

recover the properties of individual series with the aggregated data at hand.



This problem is called a disaggregation problem.

Different aspects of this problem were investigated in Dacunha-Castelle,
Oppenheim (2001), [Leipus et al] (200§), [Celov et al] (R007). The last two pa-
pers deal with the asymptotic statistical theory in the disaggregation prob-

lem: they present the construction of the mixture density estimate of the
individual AR(1) models, the consistency of an estimate, and some theoret-
ical tools needed here. Resuming the previous research, the major objective
of the present paper is to obtain the asymptotic normality property of the
mixture density estimate, that enlarges the range of applications, solving the
accuracy of simulation studies, statistical inference, forecasting and other
problems.

Section ] describes the disaggregation scheme, including the construction
of mixture density estimate proposed by Leipus et al] (2006), and formulates

the main result of the paper. Important issues about the moving average

representation of the aggregated process are discussed in Section f|. The
proof of the main theorem and auxiliary results are given respectively in

Section f] and Section []. Some simulation results are presented in Section f.

2 Preliminaries and the main result

Consider a sequence of independent processes YU) = {Yt(j ),t €z}, j>1
defined by the random coefficient AR(1) dynamics

Y9 = @Dy Y) 4 9 (2.1)

where 6(j), teZ,j=1,2,... are independent identically distributed (i.i.d.)
random variables with EE,&J) =0and 0 < 02 = E(agj))2 < o5 a,al), j =

1,2,... are i.i.d. random variables with |a| < 1 and satisfying

1
E[l_az] < . (2.2)
It is assumed that the sequences {Egj),t €Z},j=1,2,... and {a,a") j =
1,2,...} are independent.
Under these conditions, (B-1]) admits a stationary solution YY) and, ac-
cording to [Oppenheim and Viand (P004), the finite dimensional distributions




of the process
xM = Z v\, tez,

weakly converge as N — oo to those of a zero mean stationary Gaussian
process X = {Xy,t € Z}, called the aggregated process. Suppose that ran-
dom coefficient a admits a density ¢(x), absolutely continuous with respect
to the Lebesgue measure, which by (R.9) satisfies

/1 #(r) dz < oo. (2.3)

11—1'2

Any density function satisfying (B.3) will be called a mizture density.
Note that the covariance function and the spectral density of aggregated

process X coincides with those of Y) and are given, respectively, by

and

2 1 T
) = 0—8/_ _e@ g, (2.5)

21 J_1 |1 — xelM?

The disaggregation problem deals with finding the individual processes
(if they exist) of form (R.1), which produce the aggregated process X with
given spectral density f(A) (or covariance o(h)). This is equivalent to finding
©(z) such that (2.5) (or (P:4)) and (P-J) hold. In this case, we say that the
mizture density o(x) is associated with the spectral density f(\).

In order to estimate the mixture density ¢(x) using aggregated obser-
vations Xi,...,X,, [Ceipus et al] (B00d) proposed the estimate based on
a decomposition of function ((r) = ¢(z)(1 — 22)~ in the orthonormal
L?(w(®)-basis of Gegenbauer polynomials {G,(f) (x),k = 0,1,...}, where
w® (z) = (1 — 22, a > —1. This decomposition is valid (i.e. ¢ belongs to
L2 (w(®)) if

/1(;0_2%))&dx<oo, a>—1. (2.6)

Let G )( )=k i=0 gflaj) 27, The resulting estimate has the form

~

On(z) = 6 2(1 — o Z Cn, kG(a (2.7)



where the CAn,k are estimates of the coefficients ( in the a-Gegenbauer ex-

pansion of the function {(z) =Y 72, CkG,(f) (z) and are given by
) k
Cue = Y 96 (60 () = (i +2)), (2.8)
j=0

62 . = 64(0) — 6,(2) is the consistent estimator of variance o2 and 6,,(j) =
nt S J X, iXi4; is the sample covariance of the aggregated process. Trun-

cation level K, satisfies

K, = [ylogn], 0<v< (2log(l+v2) L. (2.9)

Leipus et al. (R00d) assumed the following semiparametric form of the

mixture density:
p(z) = (1—2)' 211+ 2)'22p(z), 0<di,ds<1/2, (2.10)

where () is continuous on [—1,1] and does not vanish at +1. Then,
under conditions above and corresponding relations between « and di, do,
they showed the consistency of the estimator ¢, (z) assuming that the vari-
ance of the noise, 02, is known and equals 1. In more realistic situation
of unknown o2, it must be consistently estimated. In order to understand
intuitively the construction of estimator an ., it suffices to note that, by
(B4), 02 = 0(0) — 0(2). Also note that the estimator ¢, (x) in (B-7) pos-
sesses property fil on(z)dz = 1, which can be easily verified noting that
f_ll(l - xQ)QGlga) (x) doz = (g(()ao)) if k =0, and = 0 otherwise, implying

/ (1-2?) chkd (2)dz = Er0/0) = 52(0) — 6(2)

by [.9).

In this paper, we further study the properties of the proposed mixture
density estimator. In order to formulate the theorem about the asymptotic
normality of estimator ¢, (x), we will assume that aggregated process Xy,

t € Z admits the following linear representation.



ASSUMPTION A Assume that X;, t € Z is a linear sequence
o
X =Y Z, (2.11)
=0

where the Z; are i.i.d. random variables with zero mean, finite fourth moment

and the coefficients 1); satisfy

Wi~ e g = Yl = 0(), 0<d <1/2 (2.12)
with some constant ¢ # 0.

We also introduce the following condition on the mixture density ¢(x).

AssuMPTION B Assume that mixture density ¢ has a form
olz) =1 —2)2p(z), 0<d<1/2, (2.13)

where () is a nonnegative function with supp(v)) C [—1, 1], continuous at
v =1, %(1) £0.
Note that, omitting in (2.10) the factor responsible for the seasonal part,

we thus obtain the corresponding ’long memory’ spectral density with sin-
gularity at zero (but not necessary at +7) and the corresponding behavior

of the coefficients t; in linear representation (B.J).

Theorem 2.1 Let X;,t € Z be the aggregated process satisfying Assumption
A and corresponding to the mizture density given by Assumption B. Assume
that (2.6) holds, and d and « satisfy the following condition

5
-1/2<a< 3~ 4d. (2.14)
Let K, be given in (2-9) with v satisfying
3
0<nv< (2log(1+\/§))_1<1—max{a+4d—5,0}). (2.15)

Then for every fized x € (—1,1), such that p(x) # 0, it holds

¢n(z) —E¢n(z) 4
R 25 N(0,1). (2.16)




Proof of the theorem is given in Section f§.

REMARK 2.1 Suppose that ¢(z) satisfies Assumption B. Then assumption
(B-) is equivalent to f_ll YP?(x)(1 4+ 2)"%dxr < oo and a < 3 — 4d. The last

inequality is implied by (R.14).
EXAMPLE 2.1 Assume two mixture densities
p(z;d) = Cr(d)z® (1 —2)' 21 + 2)1oy(z), 0<d < 1/2,  (2.17)
where C1(d) = %, and
@g(w;K) = Co(k)[x]" 1, g (2), £>0, (2.18)

where 0 < a, < 1, Cz(k) = (k + 1)(as) "L
According to Dacunha-Castelle and Oppenheim (2001), the spectral den-
sity corresponding to ¢(x;d) is FARIMA(0,d,0) spectral density

1 ) ‘)\‘ —2d
fnd) = — <2 sin —) . (2.19)
27 2
Also, since the support of ¢4 lies inside (—1, 1), the spectral density g(\; k)
corresponding to ¢g4(x; k) is analytic function (see Proposition 3.3 in
(B007)).

Consider the spectral density given by
fQ) =Fxd)g(xik), A€ l-m ] (2.20)

It can be shown that the mixture density () associated with f(\) (B.20) is
supported on [—ay, 1], satisfies Assumption B with v (x) which is continuous
function on [—ax, 1] and at the neighborhood of zero satisfies 1)(x) = O(|z|9).
This implies the validity of condition (R.f) needed to obtain the correspond-
ing a-Gegenbauer expansion. For the proof of this example and precise
asymptotics of (z) at zero see Appendix A.

Finally, the aggregated process X, obtained using such mixture den-
sity ¢(z), satisfies Assumption A by Proposition B.3, which shows that as-
sumptions A and B are satisfied under general 'aggregated’ spectral density
FA) = f(A;d)g(N), where g(A) is analytic function on [—m, 7] and the asso-

ciated mixture density is supported on [—as, 0] with some 0 < a, < 1.



REMARK 2.2 Note that the FARIMA mixture density’ (B.17), due to factor
2971 does not satisfy (2.) and a ”compensating” density such as ¢, (z; %) in
(R.18) is needed in order to obtain the needed integrability in the neighbor-
hood of zero. Obviously, for the same aim, other mixture densities instead

of pg(z; ) (R.1§) can be employed.

3 Moving average representation of the aggre-

gated process

In order to obtain the asymptotic normality result in Theorem R.1|, an im-
portant assumption is that the aggregated process admits a linear represen-
tation with coefficients decaying at an appropriate rate (see
(R007)). The related issues about the moving average representation of the
aggregated process are discussed in this section.

From the aggregating scheme follows that any aggregated process ad-
mits an absolutely continuous spectral measure. If, in addition, its spectral

density, say, f(\) satisfies

/ log f(A)dA > —o0, (3.1)
then the function
1 [Ter42
h(Z) = exp {E/ m IOg f()\)d)\}, |Z| < 1,

is an outer function from the Hardy space H?, does not vanish for |z| < 1 and
f(\) = |h(e*)]?. Then, by the Wold decomposition theorem, corresponding

process X; is purely nondeterministic and has the MA(co) representation

(see Anderson ([[97], Ch. 7.6.3))
X = iZ, (3.2)
=0

where the coefficients 1); are defined from the expansion of normalized outer
function h(2)/h(0), > 272, 1/)]2 <oo,thp=1,and Z = X; — X4, t = 0,1,...



()?t is the optimal linear predictor of X}) is the innovation process, which is

zero mean, uncorrelated, with variance

2 1 /
o :27Texp{—
27

—T

™

log f()\)d)\}. (3.3)

By construction, the aggregated process is Gaussian, implying that the in-

novations Z; are i.i.d. N(0, %) random variables.

Next we focus on the class of semiparametric mixture densities satisfying
Assumption B. As it was mentioned earlier, this form is natural, in particular

it covers the mixture densities ¢1(x;d) and ¢(x) in Example B1]

Proposition 3.1 Let the mixture density (x) satisfies Assumption B. As-

sume that either

(i) supp(y) = [—1,1] and ¥(z) = P(x)(1 + $)2d~_1 is continuous at —1 and
P(—1) # 0 with some 0 < d < 1/2,

or

(1) supp(¢) C [—ax, 1] with some 0 < a, < 1.

Then the aggregated process admits a moving average representation (B.2),

where the Z; are Gaussian i.i.d. random wvariables with zero mean and vari-

ance (B.3).
PROOF. (i) We have to verify that (B.1) holds. Rewrite ¢(z) in the form

p(a) = (1 — ) 721+ 2)1 22 (x).

Proposition 4.1 in Celov et al] (R007) implies

f()‘) ~ Cl‘)“_de ’)" — 0,
with C; > 0. Hence log f(A) ~ logC; — Calog |1 — e[, |A| — 0, where
Cy > 0. For any € > 0 choose 0 < A\g < 7/3, such that

_log f(A) —log Cy
Colog |1 — el

—12—6, O<)\S)\0



Since —log |1 — ei>‘| >0 for 0 < X\ < /3, we obtain
Ao Ao .
/ log f(A)dA > Aglog Cy — Cy(1 — e)/ log |1 —e?dA > —co  (3.4)
0 0
using the well known fact that [ log |1 — e*|dA = 0. Similarly,

/ log f(A)dA > —oc. (3.5)
T—MAo
When X € [A\g, ™ — Ag], there exist 0 < Ly < Ly < oo such that

L1 <— <L
Lol —ze 2 T

uniformly in z € (—1,1). Thus, by (BF), L1 < f(\) < Ly for any X €
[Ao, ™ — Ao, and therefore

/ﬂ_)\o log f(A)dA > —oc. (3.6)
A

0

(B4)-(B.4) imply inequality (B1).

The proof in case (i7) is analogous to (i) and, thus, is omitted. 0

Lemma 3.1 If the spectral density g(\) of the aggregated process Xy, t € Z

is analytic function on [—m, 7|, then X; admits representation

o0
X = Zngtfja
=0

where the Z; are i.i.d. Gaussian random wvariables with zero mean and vari-

ance

2 _ b
o, = 2mexp { o log g()\)d)\} (3.7)

—T

and the g; satisfy ‘Z?io gjl < o0, go = 1.

PROOF. From Proposition 3.3 in [Celov et al] (R007) it follows that there
exists 0 < a4 < 1 such that

o) = % / Tl (3.8)

B % —ax ’1 - xe”‘\?

10



For all x € [—as,as] and X € [0, 7] we have

1
Tz = >0

where C5 = C3(a,). This and (B.§) imply [ logg(A)dA > —oc. Finally,

| =520 951 < oo follows from representation
2 oo
o 2
= _9 el A
g(\) = 277‘ Zgje ‘
7=0
and the assumption of analyticity of g. O

Proposition 3.2 Let X;,t € Z be an aggregated process with spectral den-
sity

F) = Fxd)g(N), (3.9)
where f(\;d) is FARIMA spectral density (R.19) and g(\) is analytic spectral
density. Then:

(i) if mizture density pq4(x) associated with g(\) satisfies supp(py) C [—ax, 0]
with some 0 < a, < 1, then p(x), associated with f(X\), satisfies Assumption
B.

(ii) X admits a linear representation (B.2), where the Z; are Gaussian i.i.d.

random variables with zero mean and variance

2 L el L[ _ %
o° = 27T6Xp{27r » log f()\)d)\} = exp{zw 3 logg()\)d)\} =3

™

and the coefficients 1; satisfy

Wy~ lef(:(g)gk PN g = il = 0", (3.10)

where 1o = 1. (Here, the gy are given in Lemma [3.1.)

PrOOF. (i) By Corollary 3.1 in Celov_et al] (R007), the mixture density
associated with the ”product” spectral density (@) exists and has a form

oo [ #9(y)dy o [ elyd)dy
ole) = Cs <9”( [ e | “xy)ﬂy(/fil))’

11



with

com ([ HEIE0 N,y

where ¢(x;d) is given in (R.17) and is associated with the spectral density
f(A;d), and @4(x) is associated with the spectral density g(A). Clearly, this

implies that Assumption B is satisfied.

(7i) We have

LI, i L(j +d)
) — aldA ith h. =
FXid) = o ;Oh]e with NS
and, recall,
0,2 00 . 2 00
g =2 D> g™ D i <o
j=0 j=0

since, by Lemma B, [ logg(A\)dA > —oco. On the other hand,
J7 _log f(A)dA > —oo implies
L2 ijA|2 — 2
f()\):%‘jzolﬁje E DRSS

and, by uniqueness of the representation,

k
~ o

Uk =2 g
\/27Tj o

It easy to see that,

k [e%S)
> hiojgi ~hi Y gi~ Cak® (3.13)
=0 =0

where Cy = T'"1(d) > i209j- Indeed, taking into account that hj ~
I~(d)k?!, we can write

k 0o
> hiejgi =THAETS  ap g5,
=0 =0

where ay, ; = hk_jf(d)kl_dl{jgk} — 1 as kK — oo for each j. On the other
hand, we have |ay j| < C(1 + j)'~¢ uniformly in k and, since the g; decay

12



exponentially fast, the sum Z;io(l +5)11| gj| converges and the dominated
convergence theorem applies to obtain (B.13).

Hence, we can write

O = G| Z%wjemf, do=1,
=

where ¢; = 1;1/21/0, ~ C4j% . Thus, representation (B-2) and the first

relation in (B.10) follows.
Finally, in order to check the second relation in (B.1(), it suffices to note

that )
J
wj _ 1/1j+1 = Z(hj_i — hj+1—i)gi — gj+1,
=0

where h; — hji1 ~ Cs j%2 and the g; decay exponentially fast. a

4 Proof of main result

In order to prove Theorem P.1|, we use the result of Bhansali et al] (2007),

who considered the following quadratic form

Qn,X = Z dn(t - S)XtX87

t,s=1

where the X; are linear sequences satisfying Assumption A and the function

d,, (k) satisfies the following assumption.

AssumMpPTION C Suppose that

dn(k) = / ! N (A)e*rdA

—Tr

with some even real function 7, (), such that, for some —1 < § < 1 and a

sequence of constants m,, > 0, it holds

N < ma AP, A e [—m, 7). (4.1)

13



Denote by E,, a matrix (e, (t — s))t,s=1,....n, Where

en(t — ) = / T () ()N (4.2)

—T

and let [|E,[* = Y7 _  en(t — s).

Theorem 4.1 [Bhansali et al| (R007)] Suppose that assumptions A and C
are satisfied. If 2d + 3 < 1/2 and

= o(||En|), (4.3)
where
max(0,2d+83)  ;r 94 + 0
mpn ) ,
my logn if 2d+8=0,

then, as n — oo, it holds

Var(Qn,x) = [|Ea|?
and
Qnx —EQnx 4
A e A N
Var(me)
(Here for an,b, > 0, a, < b, means that Cgb, < a, < Crb, for some
Cs,C7 > 0.)

N(0, 1).

PrOOF OF THEOREM P.1]. First of all, note that

2 P 9
Jn,z—: O¢»

which easily follows using Theorem 3 in (I ) Hence, to obtain
convergence (2.16), we can replace the factor 62 & by o2 in the definition of
&n (). Without loss of generality assume that 06 =1.

Rewrite the estimate Lﬁn(m) in a form

() = (1—2%) ZZg,w (i +2))GLY ()
k=0 5=0
k

Ky T
SO / (@ — D)L, (A
k=0 =0 -

- / e (X )Ty (A, (4.5)

—Tr

14



where

e

K,
(N ) == (1—332)&2@ Zg N — A2y (4.6)

k=0 7=0
and I,,(\) = (27n) 7! > i1 X;e*2 X € [, 7] is the periodogram.
Now the proof follows from Assumption A and the results obtained in
Lemma (.1 and Lemma [I.J below, which imply that, under appropriate
choice of m, and 3, all the assumptions in Theorem [.1] are satisfied. In

particular, by Lemma [£.1], the following bound for the kernel 7,,(\; 2) holds
7 (Xs )] < ma|A] 77, (4.7)

where
my, = Cyn 080V g &
’ 2

v-lkIOJ

(4.8)
Cy is a positive constant, depending on x and «. Clearly, (.14) implies that
—l<pf<i-2d<iand2d+3<3.

Consider the cases 2d+3 < 0or 0 < 2d+ < 1/2. In the case 2d+3 < 0,
from ([.4), (£.§) we obtain

. n'ylog(l-l-ﬂ) if 2d 4+ % — % < 0,
' = U8
nYlog(1+v?2) logn if 2d+ § — % =

Hence, by Lemma [L.3, .|| E,||~! — 0 because ylog(1 + v/2) < 1/2.
Assume now 2d + 3 > 0. Then

— Oy Y los(1+v2)+2d+§ —§

and || B[t — 0 by (B19). O
The following lemma shows that the kernel n,,(\; z) given in ([£.6) satisfies
inequality ([.7) with m,, and 3 given in ([L.§).

Lemma 4.1 For quantity n,(\;x) given in [{-Q) and for every fived x €
(—1,1), 0 < |A| < 7 it holds

(1— 22214 if o> —1/2,

nn(\; )| < Cont108(1+V2)| y|(3-20)/4
(I—2?)* if -1<a<-1/2,

where Cy depends on «, and v is given in (2.9).

15



Lemma 4.2 Assume that a mizture density o(z) satisfies condition (2.9)
and let K,, — oco. Then for every x € (—1,1), such that p(x) # 0 it holds

IEa]1? > Cron(1+ o(1)), (4.9)
where Cg > 0 is positive constant depending on o and x.

Proof of these two lemmas are given in Appendix B.

5 A simulation study

In order to gain further insight into the asymptotic normality property of the
mixture density estimator (R.7), in this section we conduct a Monte-Carlo
simulation study. Several examples are considered, which correspond to the
mixture densities having different shapes (here we do not pose a question
which rigorous aggregating schemes lead to the latter).

The following two families of mixture densities
p(x) = wpi(z) + (1 —w)pz(z), 0<w <1,
are considered:
e Beta-type mixture densities defined by
pr(z) oo aPTH1 =) g yy(2), p1 >0, @1 >0,
wo(x) o |z[P2(a, +x)q2711[,a*,0](x), p2>0, g2 >0, 0<a, <l
e mixed (Beta and Uniform)-type mixture densities defined by
pr(z) o 2PN —2)B g y(x), p3 >0, g3 >0,

wo(x) = a;t g, 0(7), 0<a. <l

In order to construct the mixture density estimator, in the first step, the
parameters K,, and o must be chosen. Preliminary Monte-Carlo simulations
showed that the estimator ¢, (x) has the minimal mean integrated square
error (MISE) when the parameter « is chosen to be equal 1 — 2d. The jus-

tification of this interesting conjecture remains an open problem. This rule

16



also ensures that (2.14) is satisfied. The number of Gegenbauer polynomials
K, is chosen according to (R.9). Note that, by construction, the estimator
on(x) is not necessary positive, though it integrates to one.

In Figure 1, we present three graphs and corresponding box plots for the
mixture densities of the form above. Cases 1 and 2 correspond to the Beta-
type mixture densities, Case 3 corresponds to the mixed (Beta and Uniform)-
type mixture density. The parameter values are presented in Table f. The
box plots are obtained by a Monte-Carlo procedure based on M = 500
independent replications with sample size n = 1500 and bandwidth K,, = 3
(we aggregate N = 5000 i.i.d. AR(1) processes). Individual innovations agj )
are i.i.d. N(0,1). Note that the mixture density in Case 2 corresponds to
Example .1 with the parameters d = 0.2, £ = 0.1 (in the sense of behavior

at zero).
w (o (P1,q1) (P2, q2) (p3,q3) d a
Casel 0.8 095 (3.0,1.5) (2.0,1.0) - 0.25 0.5
Case2 0.8 0.80 (1.2,1.6) (1.3,2.5) - 0.20 0.6
Case 3 0.8 0.90 — — (2.0,1.2) 040 0.2

Table 1: Parameter values in cases 1-3.

Box plots in Figure 1 show that ¢, approximates the mixture density
well when n is sufficiently large. However, when the sample size is relatively
small it is difficult to estimate the mixture density of the shape as in cases
2-3. This can be explained by the construction of the estimator which
assumes rather smooth form of the mixture density around zero. On the
other hand, it is clear that the AR(1) parameter values which are close
to zero does not affect the long memory property. For our purposes, an
important fact is that the estimator correctly approximates the density at
the neighborhood of # = 1. This enables us to estimate the unknown (in
real applications) parameter d using a log—log regression on periodogram at
the neighborhood of this point (for example Geweke and Porter-Hudak or
Whittle-type estimators).

Figure 2 supplements the earlier findings and shows that the distribution
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(c) Case 3

Figure 1: True mixture densities (solid line) and the box plots of the esti-

mates. Number of replications M = 500, sample size n = 1500.

of estimator is approximately normal.! QQ-plots and histograms are given

!The Shapiro-Wilk test confirms that in most cases normality hypothesis is consistent
with the data.
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Figure 2: QQ plots and histograms of the estimates at points x = —0.5 and
x = 0.96. Number of replications M = 500, sample size n = 1500.

for fixed values x = —0.5 and = = 0.96 correspondingly. We use the same
number of replications M = 500 and sample size n = 1500.

The last Monte-Carlo experiment aims to show that the decay rate of
Var(¢p(z)) is n~7 with v = 1. This ensures that the variance is decreasing
fast enough. To do this, we calculate the log—log regression of variance
on the length of time series n € {500, 600, ..., 1400, 1500, 2000, ... ,5000}.
Figure [} demonstrates the corresponding parameter estimates at different

points and shows that 4 ~ 1.

6 Appendix A. Proof of Example 2.7]

By Corollary 3.1 in [Celov et al] (R007), the mixture density ¢(z), z € [—ax, 1]
associated with f(A) (R:2d) is given by equality (B.11), where ¢ (z) =
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(a) Case 1, z = —0.5 (b) Case 1, z = 0.96

Figure 3: log-log scale regression of the variance of ¢, (z) as a function of

n. The variance is estimated using M = 500 independent replications.

¢g(z; k). Clearly, in this case, (B.1T) can be rewritten in form (R.13) with
() = C(r(2) + ¢a(2)), (6.1)

where C' = C(d)Cy(k)C ! is positive constant,

0

1,d-1¢1 _ ,\1-2d
Yo(x) = !w\“(l—x)Qd_ll[—auO}(x)/o : (1(1 xyy))(l—z(ll/;)y)

Denote by F'(a,b;c;z) a hypergeometric function

dy6.3)

¢ 1
F(a,b;c;x) = 71’(())?((0)— b /0 tb_l(l — t)c_b_l(l — tz)”4dt,
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with ¢ > b > 0 if z < 1 and, in addition, ¢ —a — b > 0 if x = 1. Then the

corresponding integrals in ¢ (x) and ¥9(z) can be rewritten as

0 K
/ Yl dy
o, (T=zy)(L—y/z)
af Tt 2(F(1,k+ 164 25 —asx) — F(1,5 + 15 + 2; —a, /2))

T k+1 1—x2
am—f—l

k+1

r, as x — 0+,

and

/1 Yy (1 -y (1 +y) q
o (-zy)l-y/x) 7
T(d)T(2—2d) F(1,d;2 — d;1/z) — 2F(1,d;2 — d; x)

(2 — 2d) -z
~ T(@T(1-d)z]?, as z—0-,

where the last asymptotics follow from the well known properties of the

hypergeometric functions (see [Abramovitz and Stegur] ([96])).
Thus, from (6.9)-(p.3) we obtain that

am—f—l
P1(x) ~ K*+1 2%, as z— 0+, (6.4)
Yo(z) ~ T(dI(1—d)|z[", as 2 —0—. (6.5)
O

(b.1)) and relations (p.4)-(6.4) complete the proof.
7 Appendix B. Proofs of lemmas A 1T-@.2

ProOOF OF LEMMA [L.1]. By ([£6),

Kn k
(=) ma) = DG @)D g (@ - Pt
k=0 j=0
Kn k
- (1- e21,\) ZG](CQ)( )Zgi(f})ei)\j
k=0 7=0 7
K,
_ (1 621>\) ZGl(ea) (.%')G(a)( 1>\)
k=0
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This and Lemma [/.] below implies

Kn
(1—a) ()| < CufAl7 13761 (@) (1 + V2)R. (7.1)
k=0

Now, using the fact that for all —1 < x <1

Cio(1—22)"571 if a>—1/2
o if o< —1/2, a#—-3/2,-5/2,...

G\ ()] <

(see inequality (7.33.6) in ([967) and (3.9) in [Leipus et al] (R006))
and (B.9), we get from ([7-1)

(1= 2%) (X )|

013‘)\‘7(2&73)/4(1 + \/i)K"
_ C13|>\|7(2a73)/4eKnlog(1+\/§)

IN

Cg |)\|—(2a—3)/4n'y 10g(1+\/§) )

IN

d

Lemma 7.1 For allk >0, a > —1, (a # —1/2) and 0 < |\| < 7 it holds
(1= MG (@] < Ona (1 + V2T,
where constant C11 depends on a.

PROOF. Theorem 8.21.10 of ([967) implies that for the usual (non-
normalized) Gegenbauer polynomials with o > —1, o # —1/2 it holds
Dk+a+1)

Cat1/2) ixy _ k(] ,2y—a=1/2 o (pa=3/2| k) (7.9
N = e T 0w, ()

where the complex numbers w = e and z are connected by the elementary

conformal mapping

w = %(z—i—zil), z=w+ (w?—1)2 (7.3)

and z satisfies |z| > 1 (thus, A # 0, £m).
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Recall that the normalized Gegenbauer polynomials G,(ga)(z) are linked
to C,ga+1/2)(z) by equality

. T(k+2a+1)
G\ (2) = v 200D () wh = o '
b (@)= G R, where = e T s DT 1)

Therefore, in terms of the normalized Gegenbauer polynomials, (f.3) reads

as follows
o), i sgn(a + 1/2)2% oo 3
G () = S b (L= O ), (1)
where
1/2
lra U )

T2k + DIY2(k 4 2a + 1)
From ([-J) we obtain for w = e'*
1
w? —1==2%(1-2"2)%
4
which together with ([7.4) yields

sgn(a + 1/2)2%
4rl/2

(1- eQi)\)GlgOé) (ei)\) _ bkzk+2(1 - 2—2)—a+3/2 + O(k—”Z’k).
Since |z| > 1 and 2% — 1 = 2(eZ* — 1) 4 2e3V2 (N — 7 M)1/2| we have

|1 — z_2| < |z2 —1]

< 2‘621)\ _ 1’ + 2’61)\ _ e—iA,l/Q
— 4] sin A| + 2v/2|sin A|}/2
< (44 2V2)N V2 (7.5)
So tha‘t7 by (@)7(E)7
(1= NG ()] < Crabylz[F|A]~C2= 9/, (7.6)

where C1y = Ciy(a).

Finally, the straightforward verification shows that

sup e + (¥ — D)2 =14 V2.
AE[—m,7]
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This completes the proof of lemma. a

Proor oF LEmMA [1.3. Using (.9), (f.G) rewrite the coefficients of E,

(t S ZG (a) ngJ 1>\(t s+7) _ piA(E— s+j+2))d)\

Using the expression of the covariance function of an aggregated process, we
have fort —s+j >0

f( (e iNt—s+j) A(tfs+j+2))d)\ = o(t—s+j)—o(t—s+j+2)

1
= o? / 1y'f‘sﬂcp(y)dy-

Thus, assuming o2 = 1, for t — s > 0 we have

Ky
enlt—s5) = (1-29)> GY(x) ng,]/ Y Ho(y)dy
k=0
k

Ky 1
- (- x2>a§ja§f’<w> / ) > oy dy

Jj=0

= ZG“) /y ()G (y)dy.

Integral f Ly o( y)G( )( )dy (m is a nonnegative integer), appearing in
the last expression is nothing else but the kth coefficient, v, , in the a-

Gegenbauer expansion of the function

V() = —(f”f‘;ff))a, )

which obviously satisfies ¥, € L?(w(®). Therefore,
Knp
en(t=3) = (1=2%)" 3G @)y

k=0
Z G(a (z)— sk>

= (1-2%)° (ﬂqt s/ (
k=K1
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and, denoting Ry, (m) := > 72 po | Gl(f) (@)Yl k> Im| < n, we have

o 2\—2a 2 _ B ?
=2y 2Bl = S (= ) () - S g o

m|<n k=Kp+1
= Y (= |m)ehy (@) =2 Y (0= [m]) () Ra(m)
m|<n |m|<n
+ 3 (n—|m)R%(m) =: A1y — 245, + Az .
m|<n

Now, we prove that, as n — oo,

A1 p ~ Cisn, (7.8)

where C15 = Ci5(x) > 0 is some positive constant, and

Since the last term As,, is nonnegative by construction, this will prove ({.9).

At points x where p(z) # 0 we have

2 T
Ay = % 3" (0~ |m])a?m

|m|<n

2 2
©*(2)(1 +27)
~ n—(l_x2)2a+1’ as n — oo,

which gives (.§). Consider term Ay ,,. By (7.7),

Agn = Y (n—|m|)hy ( Z G\ (@)

|m|<n k=Kn+1

0 1
- oo 2 6@ / WG W) 32 (= [m(ey) dy

k=Kpn+1 |m|<n

= 720 (Bun— Ban— Baa).
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where

00 1 00
Bin = n Y %) / eGP @) S (my)mldy,
k=K,+1 -1 m=—00
= o ! o, 14z
=0 Y 0 [ e a,
1 — Xy
k=Kn+1
oo 1
Bon = Y GO / PG (@) S ml(y)may,
k=Kn+1 -1 |m|<n
) 1
Bsn = n Y. G¥) / G ) Y (ay)mldy.
k=Ko +1 = jml>n
Since, by (E0),
oo ply) 1+ay
Pl = T e Ty

satisfies ¢, € L*(w®) and K,, — oo, the sum Y hek, 41 in By, vanishes

(as the tail of the convergent series). So that, B;, = o(n) and, similarly,

Bs , = o(n).
Finally,
[ () 21y
Bom ~ Y. GP@) | oG (y) 5 dy = o(1)
-1 (1 —=y)
k=Kn+1

using the similar argument as in the case of term By ,. This completes the
proof of ([.9) and of the lemma. O
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