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Curve crossings and specular points,
d’apres Longuet-Higgins.

Marie F. Kratz * José R. Leén T

Abstract

We use the Hermite expansion for the number of crossings of a differentiable curve by a stationary
process to study the number of specular points of a curve and to understand its dynamical behavior,
in particular asymptotically, providing some CLT.

1 Introduction

Longuet-Higgins in the fifties and the sixties (see [17] and [18]) developed a heuristic method that allows
counting the number of specular points of a random surface when a ray of light hits it. His main
motivation was the study of the light reflection on the sea surface aimed at determinating the height of
the waves. By using elements of geometrical optics he showed that the specular points of the surface
W (t,z) are the crossings of 0,W (t,x) to the curve ¢(x) = —kx, where s is a constant depending on
the distances between the light source and the surface and between the observer and the surface. He
also studied the speed in which these specular points move. Finally he considered the time evolution of
specular points, showing that the specular points evolve during a period of time, up to the vanishing of
the surface curvature. The creation or annihilation of specular points may be called a “twinkle”: in those
points the light reflection is more intense and there is a flash. Longuet-Higgins obtained also a formula
that counts the number of such twinkles.

It should be noticed that all the Longuet Higgins formulae were obtained in a heuristic form, nevertheless
it is worth to mention that all of them are strictly exact.

In fact, these formulae are generalizations of the well known Rice formula ([19]) designed to count the
mean number of roots of a random curve. The formula for the mean number of specular points is nothing
more than an application of Cramer-Leadbetter formula ([9]) that counts the mean number of crossings of
a differentiable curve. The formula for the speed of specular points is a consequence of a generalization of
Rice formula to the bidimensional case, obtained by using the “co-aire” formula ([7]). The mean number
of twinkles can be rigorously computed by using the formula that counts the number of solutions of a
system of random equations obtained by Cabana ([7]) and more recently by Azais and Wschebor ([3]).
In this work we propose to go beyond, thanks to our method ([12], [14]) which allows to explain well
the Longuet-Higgins discovery. We look for the representation into the It6-Wiener Chaos (Hermite
expansion) for the number of specular points and for the speed of these points. We are interested in
obtaining variance results or Central Limit theorems (CLT) that allow to build confidence intervals,
having in mind applications to sea modelling. We also start the study of twinkles, by providing its mean
number.

Recently there has been a renewed interest in applying the generalizations of the Rice formulae to explain
some difficult phenomena in optics (see [4] and [5]). The present work could be considered as a first intent
to tackle mathematically such type of problems.

The paper is organized as follows. In section 2, we get the expansion into Hermite polynomials for the
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number of crossings of a differentiable curve by another method than the one proposed by Slud, who
obtained the same type of results ([20]). Indeed, instead of approaching the number of crossings of a
differentiable curve by the number of crossings of a polygonal Gaussian process, we approach the process
then the crossings by a smoothed-by-convolution process. Then the asymptotic behavior of this expansion
is described, according to the form of the level curve, namely if the curve is periodic or linear. Section
3 is devoted to the study of the specular points, when considering on one hand the speed of specular
points, in particular their asymptotic distribution, on the other hand the number of twinkles.

2 Asymptotic behavior of the curve-crossings number

Hermite polynomial expansion (or Multiple Wiener-1t6 Integrals) may be a powerful tool to represent
and to study nonlinear functionals of stationary Gaussian processes. That is why we will first provide
the Hermite expansion for the curve-crossings number, in order to obtain in an easier way its asymptotic
behavior, depending on the curve’s type.

2.1 Hermite expansion for the curve-crossings number

Let X = {X;,t € R} be a centered stationary Gaussian process, variance one, with twice differentiable
correlation function r given by r(7) = ffooo e'™ F(d)), where F is the spectral measure.

As in Cramér & Leadbetter ([9]), let us define the number of crossings of a differentiable function 3 by
the process X, as the random variable

NtX(d)) =card{s <t: X, =1}

N (1)) can also be seen as the number NY (0) of zero crossings by the non-stationary (but stationary
in the sense of the covariance) Gaussian process Y = {Y;, s € IR} defined by Yy = X, — 1, ie.
N (9) = N (0).

As in [15], suppose that r satisfies on [0, d], 6 > 0,

1 0 9 9/
r(r) = 1+ #7’2 +6(7), with 8(1) >0, Q — 0, §'(r) —0, 0"(r) =0, as 7 — 0, (1)
T T
9" 1" 7
that the nonnegative function L defined by L(7) := (7) =1 () —r (0), T > 0, satisfies the Geman
T T
condition:
36 >0, LeLY0,d]) 2)
and assume that the modulus of continuity of ¢) defined by () := sup sup |[¢)(u + s) — 1 (u)| is such
ue(0,t] |s|<T
that s
/ 2(s) ds < 0. (3)
0 S

These conditions imply that N;/X(¢)) has a finite variance, as it has been proved by the authors in [15].
dn
Let (H,)n>0 be the Hermite polynomials, defined by H,,(z) = (—1)”ew2/2d—n e~*"/2_ which constitute a
= x

complete orthogonal system in the Hilbert space L?(IR, ¢(u)du), ¢ denoting the standard normal density.
Let a;(m) be the coeflicients in this basis of the function | . — m)|.

Proposition 1 Under the conditions (1), (2) and (3), the number of crossings N/<(v) of the function
¥ by the process X has the following expansion in L*(Q):

NtX('@[J) = /—1"(0) ZA Z Hqé;'@[]s);;('@[]s) a < ¥s (O)> Hy (X,)H, (L) ds. (4)
q=0 ’

—
=0 r




This type of results has been considered for the first time by Slud in [20]; he provided a MWI expansion
of N/ (v)) by approximating the crossings of the process X by those of the discrete version of X.

Our approach is completely different and generalizes the one introduced in [12]; it consists in approaching
the process, then the crossings, by using a smoothed-by-convolution process, for which the expansion can
be readily obtained.

Our method, maybe more intuitive, revealed itself to be quite useful in different applications, as for the
study on the number of maxima and the one on the length of a level curve of a random field (see [14]).
Here it will be applied to other situations, as for the study of the dynamic of specular points.

Remark. Proposition 1 recovers the result under the only hypothesis that the number of crossings belongs
to L%(€), thus completes the results of [12] for a fixed level ¢); = z and for many functions ).

Nevertheless, we do not know whether, under the Geman condition, f(f @ ds = oo implies that N;/X(¢))
does not belong to L?().

Proof: Since the proof is based on the approach developed in [12] and on technical tools provided in
[15], only the main ideas will be given. The proof can be sketched in four main steps.

e Smooth approzimation of X;.
Consider a twice differentiable even density function ¢ with support in [—1, 1] and define the continuous
twice differentiable smoothed process as

1 [~ [t
X,f:—/ ¢< “)Xudu.
€ J_ oo 3

Let B be a complex Brownian motion such that IF [B(d)\)B(d)\’)} = F(d\)Ta=x).
We can write

X, = / ™ B(d\) and X{ = / " d(eN)B(dN),

— 0o — 0o

where (;3 denotes the Fourier transform of ¢.

The correlation function of the process X7 given by r.(7) = / e p(eN)|PF(dN) satisfies
r(0) — r(0) = / Fla)) =1, (5)
E— oo

and

re(r) = r-(0) + @ 72+ Ox- (1),

with fx- satisfying the same conditions as 6 in (1).
. Xe
Let us denote by 0. := y/r-(0) and 7. := y/—7r7(0), and let us define the normalized process X; = —-

o
of variance 1 and correlation function p., such that :
/!
0
pe(1) = 1+ 'OET() T+ 0c(7),
" 9 E(T)
h 1z _ Te (T) do _ X

where p¢ (1) 2 (0) and 0. (7) )

Note that the smoothed process X; has the fourth derivative of its correlation function r. finite in 0, and
so does X7, since these processes are twice differentiable:

) (0) < oo and Pl (0) < oo,

O

]. > t — ~ €
Consider also the smoothed function ¢§ = Z / 0] < 6 u) ¥y du, and let us write ¢f = Ky

— 00

The number of ﬁf - crossings by Xf is the number of ) - crossings by X;:

N;/jt = card{s <t: XS =} = card{s < t: X5 =%}



e Hermite expansion for N;/j ‘-
As in [12], let us introduce

Ui\ IXE =95 e / Xg — ¢
Nifn ‘h/ ( ) o e P\ T

where ¢ denotes the standard Gaussian density and i > 0.
By using the same approach as in [12], we can write in L?(),

NGw = =S [Zcq_m?z,h)az <¢—> Hy (X2 H) (Xﬂd ()
Te 4=0/0 10 e

Tle

Xe e
i,
Me Ne

where the Hermite coefficients ¢k (y, h) of the functlon — (;y) are given by

ne h
1 [ H
) = [ e@H — h)ely — oy T, )
k! oo h—0 k!
and where the Hermite coefficients a;(m) of the function | . — m| are given by
ap(m) = IE|Z —m|, where Z is a standard Gaussian r.v.,

m[2@(m)—1]+\/gem7 \f[u/ / e T dvdu], (9)
and al(m):(—l)lﬂ\/g %/Ole

So, as in [12], by taking h — 0 in (7), we deduce the expansion of N;bt

Ng}t Ne Z/t 9 Hy )Q)O'(f—:) a <%> H, <f—5> H; <%> ds. (11)

e Convergence in L*(Q) of N;{’t to N;X(¢)) as e — 0.
We start proving that E[N ] e B[N ()%
ot

Since we have, by using (11) and the uniform convergence,

V=2 [ (£ <“f7’>ds [ et (ﬁ) = BINF (),

we only need to prove the convergence of the second factorial moment.
The second factorial moment of the number of 1¢-crossings by X< can be deduced from the one of the
number of zero-crossings by Y (see Cramér & Leadbetter, [9], p.209), namely

t t .
P _ . 7
= A A dtldtg/ R ‘xl — ’Q[J;

where p§, , (21,1, %2, 22) is the joint density of the vector (Xfl,f(fl,)?;,f(g).
The formula holds whether M ¥ is finite or not.
It can also be expressed as

Msw—Z/ / tl,tQ dtht1—2/ / tl,t1+7')d7'dt1,

(—my)y' “2dy,  1>1. (10)

Ty — 1Yy,

Vi ey (060,05, 2) diadivy (12)



where
Lt 1) = /132 fr — 0, 2 — 95,5, o, (95,0, 05, d2) din i
P (0 OB [1X5, — 05| X5, — 03] | %5, =45, X5, = 03

where p§, 4, (21, 72) is the joint density of the Gaussian vector (Xfl,sz)
By using the following regression model:

(R) { X = G+ ok + ok,

Xi, = — B X§, — B X,

pL(ta —t1)pe(ta — 1)
1—p2(t2 — t1)

and (C, () is jointly Gaussian such that o2(ty —t1) = Var(¢.) = Var(¢F) = —pZ(0)

(pL(ta —t1))?pe(ta — t1)
L—pta—t1)

_ pe(ta — )
1—p2(ta —t1)’

(Pt —t1))?
1= p2(ts — t1)

where Oél(tg — tl) = ﬂg(tg — tl) = y 042(t2 - tl) = ﬁl(tQ - tl) =

and Cov((e, () = —pl(ta —t1) —

we obtain

Le(tn, t47) = D5 (0, 5 ) B[ + (), + @a(1)5, 4 — U5, 11G2 = @a(T), — (7)o = 5]

For each 7 > 0 and by using the uniform convergence, we have

lim I (ty, 0 +7) = I(ti, 0 +7) = /]R2 i1 = Pt |2 = Vst Pty (Vi 1, V4 2) diir dia,

t ot t ot
and thus lim/ / I.(t1,t1 + 7)drdt, = / / I(ty,t1 + 7)drdly.
0o Js o Js

e—0
We now have to prove that

t o
lim sup lim sup/ / I.(t1,t1 + 7)drdt; = 0.
s—0 =0 Jo Jo

We can write

t 0 3 4 t 0
/ / Is(tl,tl —|—7') drdt; < ZZ/ / pi(lﬁ;,’l,/)fl_i_,,.)E[IiJj]detl,
0 JO 0 JO

i=1 j=1
where
n=lo- 2050 e (1 S | B =W i
and
n=le g T = |pelr) (14 22425) .
L+ pe(r) ™™ 1=p2(r) ) Ttat
Js = |(p=(r) = V)5 10, T = 105, pur — 0,10,

with0< n, v <1.
Let C be some positive constant which may vary from equation to equation.
First we have

/Ot /05 P (65, 5, ) L i drdty < C /O g () <a§(7’) n (%)j ar. (13)



1—05(7).
_ (2P0 0T r
10-(H2-5R) A S

By using similar techniques as the ones introduced to prove the lemmas in [15], we can prove that f. is
uniformly bounded when ¢ — 0 in [0,6], § > 0,

where fc(7) :=
Note that

fe(r) < C, (14)
that
U‘?T(T) < CTGQ(T)TQ =) < o, (15)

from which we deduce under the Geman condition, by applying (14) and the Dominated Convergence
Theorem, that

r 2(7)
hm/ ——=—dr = / ———~ _dr, with o%(7) = —"(0) - ———, (16)
=0Jo /1= p:(r) 0o /1-r(7) 1—r2(7)
which tends to zero as § — 0.
We can also prove that
2
- p(7)
lim 1 dr =0, 17
Jlir(lelE(l)/ /1_p€ <1—|—p57'> g (17)
/ 2
by using the uniform bound (14) for f.(7), and the fact that 7 (pg (T)> < Cr(r"(0))2.
T
We can conclude by combining (13), (14), (16) and (17).
t s
Now let us study / / P (Y5, V5, o ) IE[ I Jo)drdty .
o Jo
We have
t o 6 1 "
- - 0" (r o(t
[ [ st dimnnaa < e [ ro + [T (28 ar b
0 Jo 0 0 T T
Again, the uniform bound (14) for f.(7) and the Geman condition allow to conclude that
t s
lim hm/ / pi(¢§1,1/)§1+7.)E[11J2]d7-dt1 =0.
d—0e—0 0 0
¢
The term / / jod (15,?1 , @[NJ;JFT)JE’[Ing]detl can be bounded in the same way.
o Jo_
Now, since p(¢5,,%5, +,) Js < C(y/1— pe(7)), we obtain
3 t o L
St [ [ b ) Bl ldrdn =0,
= d—=0e—0 Jo Jo
Finally, the fact that |1Z,f+T - z/;ﬂ < Cy(7) and pT(z/Jtl,wtlJrT)Ig < Cf.(r )ﬂ implies
T
3 t 8 L
Z lim lim / / PE(5, 05, ) L Jaldrdty = 0.
- d—0e—0 0
Thus we have proved that
lim FINY 2 = BN ()], (18)

e—0



Since it can be easily proved, in the same way as in [12] (p.245), that
lim BN ($)NZ,] = BN ()], (19)

we deduce from (18) and (19) that ||N;{’t — NtX(d))HLz(Q) — 0.

e—0

e Conclusion.
Since, by Fatou lemma, for each @Q positive,

. . 2
q lws (s) "/’s Xs s
Z v V (=1 ( —rf/(O))Hq‘l(XS)HZ< —r/f(@))d]

2

< nmE[ —re(©) N“’] = B0 NX ()

e—0 Te (0)

the formal expansion in the right hand side of (4) defines a random variable in L?(2), denoted by N;.
Moreover

Xl N W) [0 ] 0 o]
[ -] <2 El =R R I (7R Nt]

The first term of the right hand side, tends to zero as shown in the previous step. For the second term,
an argument of continuity for the projections into the chaos entails the result (see [12]). O

Note that we considered the case where 7(0) = 1; it can be easily generalized to a process X satisfying
IE[X?] = r(0) when noticing that N;X =NY, (0), where Y, = (X (s 7“0)— (s rO));
[X7] =r(0) g i () W() W 0)) - (0)

so the previous expansion becomes for such general process X

oo .t oa Hg —e %2 L ; Y
¥ _[=r"(0) 1 <\/T(0)) (T(0)>a Vs X Xs S
Dol X R "\ )\ ) T\ e )

2.2 Asymptotic behavior according to the level curve’s type

In this section we shall describe the asymptotic behavior of the expansion of the number of curve crossings
given in the previous section according to the form of the curve .

On one hand, if the function v is periodic, then a CLT can be deduced, since we may say that we remain
in an ergodic situation similar to the fixed barrier problem.

On the other hand, if ¢ is defined by v := ks, we shall prove that the number of -crossings of X
belongs to L?(2) when s — oc.

An example can be mentioned in each of these two situations.

In the periodic case, a cosine barrier ¢ can be considered, e.g. ¥(z) = V24 cos(wz), as first studied by
Rice, then fully developed by Cramer & Leadbetter (see [9]).

The second case encounters the number of specular points of a curve.

In what follows, we shall study both situations, providing a CLT for the number of crossings of a periodic
curve ¥ by a stationary Gaussian process, then studying the asymptotical behavior of the second moment
of the number of specular points as x — oo.

2.2.1 Periodic curve

The expansion of V; X (1)) can be written as

// X, XS
[ (G5 ) (o )




where kg (s) =

H._ s P .
‘ l<ww>>“”< r<0>) N
! V=) )
Suppose that the function v is p-periodic, i.e. Ys4p = V5.
Note that kg (s) is also a p-periodic function, for all ¢ and .

We are interested in the asymptotic behavior of the r.v. N () — EN/X(¢)) as t — oo.
We will consider the case ¢ = np, from which the general case will be easily deduced.

Theorem 1 Let X and ¢ both satisfying the hypothesis of Proposition 1.

N F)l )l ()]
Let x(s) := <| (u)] + 0 ) T =) If
/00 x(s)ds < o0
0

then

2
— — N0, o),
where = stands for the weak convergence of measures and o*(q) is defined in (36) below.
The same result holds when replacing np by t.

. (zv?i;w) - EN,§,<¢>>

q=1

Proof. Let us write

X X - =0~ [ y Kql(s X —XS s
N () — EN; (v) = 0) q_zl/o ; q(s)Hg—i <m> Hl< —7””(0)> ds,

and let define

o0 kp q Xs
Y5, = Z/ Z“ql(s)qu< r(0)>Hl

q=@+17 (k=1)p =g
which by periodicity can also be written as

Yk _ i /P i K l(U)H . Xu+(k—1)p Hl Xu+(k—1)p du
o oz r(0) —r(0)

q=Q+1 =0

Thus we have

nyk _ 0y npqﬁquq, X Vg X, )ds.
2 Van = 2 ; () l( r<0>> l( —(0)

k=1 q=Q+170 r
First step - Let us prove that
lim lim ~E <§:Y’f )2 =0
Q=oon—sn =)

n
Let us compute the second moment of Z YQ”CW which can be written as
k=1

. (zys,n) SR [0AL + S EE Y
k=1

k=1 k#m



First we have

Cp SR O A U D T Dk DR
]E[(YQJL) ] - q;lE A ; ql( )Hq—l < T(O)) Hl < —W’(O)) d ] ]E[(Y 7n) ]a

by using the orthogonality of the chaos, the stationarity and the p-periodicity.
Therefore we obtain

—ZE YQn =E[(Yg.,)?] — Oas Q— oo. (23)

Suppose now that & > m and write

E(YQ@”YQ” Z / /0 ZZF;% ) Kqly (V) g1,1, (K — m, u, v)dudv,

=Q+1 11=012=0

where Iy, (kK —m,u,v) is defined for k > m by
Xu —-m Xu —m XU X”
H, i, Zut(k—m)p H, Zut(komp H, 1, H, | —=2—]].(24)
r(0) —"(0) r(0) —r"(0)
Thus we have

ZE(YC’;,LYCT”) = 22 Z //Zqull W) Kql, (V) 1g1,1, (K — m, u, v)dudv

Iy, (k—m,u,v) =E

k#m k>mq Q+1 11=012=0

p 4 q
= 2nz (1— —> Z / / Z Zliqll U)Kqly (V) Ig1y1, (4, u, v)dudv. (25)

g=0Q+1 0 1,=01,=0

Let us introduce, as in Arcones ([1]),
[’ (w)] [Fw)] ()]
=S5 h = = (2

() = sup(n () () where ) 1= o) + s and ) = — s+ T (26)

Notice that x is the supremun of the sum of the absolute values of the off-diagonal terms in the column

X X )

vectors belonging to the covariance matrix for the Gaussian vector <X0,

Then by using Arcones inequality (see [1] or [21]), we obtain

. 2
. X X
Z Z qul “ql2 Iqlll2 (]a u,v) < X (u +.]p - U E1/2 [Z qul (1 Iy <ﬁ> Hll <_7?/(0)>‘|

1 =01=0 11 =0 r
d X X ’
x E1/2 Koty (V) Hyt, | === | Hy, | ———
l;@ 1 V) T\ V=(0)
Suppose that fo u)du < oo and that there exists a positive integer a such that x(v) < p for v > a.
So (25) can be rewrltten as
S RNV, = 2(a1 + La2),  with (27)

k#m

I, = Z(l——) Z / /0 Zzﬁqll ) Kqly (V)L g111, (J, w, v)dudv

=Q+1 11=012=0



and

n—1
I, = Kgly (W)Kql, (V) Ig1,1, (4, u, v)dudv.
> (1- )Z/Lzz

j=a+1 =Q+1 11=01>=0

On one hand we have

. 2
Xo Xo
ﬂ<20"ﬁ5%V§% “@mﬁWTwﬂ4%%a<w

=Q+1

On the other hand, I,2 can be bounded as

T jj;; (1— _>q§+1/ / U(u + jp—v) EV/? (Lzonqh Hy oy, <%> Hy, <—X+(0)>r>
o ([ () m (2 )] ) e
SL L ([ () ()]
([ o () ()| ) e
Sl [ [Ereon () ()]

. 2
1/2 - o (14— w Xo Xo wdw
xE (L;} 411( )Hq—ll ( T(O)) H, < —7"”(0))] ) dudw,

by making the change of variables w = u + jp — v and by using again the periodicity of k.
This last upper bound tends to 0 as Q — oo, since we have

1 Xo Xo ’
(LZ R\ VO) T\ V=)

IN

IN

IN

iﬂ_ /R2 fqg(u,xl,xg)e*@ dx1dxs

= /fgl(u) (=1

. Z B \/_ \/r(0) o2 s I
" 0/

pre q — l) 7

g\
Z 45
(7 —r"<o>>]
19113
2C <1+ (0)>,

with f defined by fq(u,x1,22) Zﬁaql Hy_i(x1)H;(z2) and C some constant independent of ¢, as a

—T

IN

CE

IN

consequence of Proposition 3 in Imkeller et al. (see [11]). Hence

I, — 0 as Q — oo. (29)

10



Combining (22), (23), (27), (28) and (29) conclude the proof of the first step. O

Second step - We are now interested in the asymptotical variance lim afl of

n—oo

N (W) — EN (W)

Fn = N (30)
We have -
,  with
P Y L X, i\, T
o,(q) = nE /0 ; ql( )qul ( 7‘(0)) H ( —7‘”(0)) d ‘| : (31)

Note that Fatou lemma implies that

Z 1Lm0 q) < le EZYln < 0.

We will study the asymptotical behavior as n — oo of each component Jfl(q) of the variance of F,.

We have
2 _ 2 "y Kql(s —XS 7).(8 s 2
o,(q) = E </0 ; qt($)Hg—i < 7‘(0)) H, < —7"”(0)) d )
. l ” P o (u Xu+(k—1)p Xu+(k—1)p ” ’
= (S [ St (R ) (D))

3|

n L k=1 =0
A ’

-y (zzz) B+ Y B
n | \k=1 " 2k

= Z Z E[Z] Z] ] (32)

kl 1 ko=k1+1

For the first term on the RHS, we have

wo [P[7 4 i} " Xu L X, X, wdv —
Bz = ] PBPILIEIIG ElHl( mo))Hh( —w/(@))H“Z( r(0>>Hl2< —r”<0>>1d "

0 4,=01,=0

/[D Z Z qul ’%412 )E [Hq—ll<%>Hl1<%>Hq—l2< ):E)O) >H12<_AX+(O)>‘| dzdv. (33)

11=012=0

For the other terms on the RHS, since by stationarity we have

P
w270 = [ [ 3 cnrn

11=015=0

X’LL — Xu — X,U —_ X’U —_
E [qul <7+(k(10)1)p> Hy, <7+(k:/(8;p> Hyi, <—+(k(20)1)p> H,, <7+(ki(8;p>1 dudv
T —T T —T

q

P
//ZZWI W) Kqly (V) 1g1115 (k2 — k1, u, v)dudv,
0o Jo

11=012=0
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it comes, by making the change of variables z = v — v + jp, and by using the periodicity and stationarity
of Rgql,

n—1 n
LS S mz ) = —Z 3 / / S it )it ()t (ks — o, )

ki=1ko=ki+1 k}l 1ko=ki+1 11=0102=0
= 1 J v)1, j 0)dud
= - gty () kgt (V)L gy1, (4, u — v, 0)dudv
.7 n 0 0
Jj=1 11=012=0

pn—l j utjp
= 1—= I
/O z:: < TL) /u Z Z qul ’ifﬂQ Z) qlil2 (07 z,())dzdu

+(— DP 1,=015=0

D con—1 q q
= A / <l — —) u+(j_1)p7u+3p Z Z ﬁqll quz Z)Iqlllz (07 z, O)dzdu.

11=01l>=0

But on one hand, it holds that

n—1 .
J
> (17 2) et tpasant® 2 a2

on the other hand, we can apply the Dominated Convergence Theorem (DCT), splitting the inner integral
into two parts, namely on the interval [0,a], with a chosen such that x(z) < p < 1 for z > a, and on
[a, oo] respectively (use the uniform continuity to interchange limit and integral in the former integral,
and the DCT, by using Arcones inequality once again, in the latter integral),

therefore we obtain

- Z EZ} 7} ] / / Z Z Kqly (W) Kq, (u — 2) Ig1,1,(0,2,0) dzdu. (34)

kl;ﬁk2 U 1=013=0

Combining (32), (33) and (34) provide

q q
A0 = 2SS ([ s ) T 0.2.0)
11=012=0

namely

o?(q) := lim o2 / Z Z Raly * Kqly (2) T41,1,(0, 2,0) dz, (35)
0

11=012=0

- P
with the notation h(u) := h(—u) and h * g(u) := / h(u — v)g(v)dv.

0
By using the same method as in Kratz & Ledn (see [14], p.653), we can conclude that

(Nié(@b) ENnﬁ(w))? =)

2] .=
E[F)] = E 7 )

Last step - CLT for F,, under the hypothesis of m-dependence on X.
Under this hypothesis, 0(q) becomes

= 2/ Z Z Fgly * Kqla(2) Toi1,(0, 2,0) dz. (36)

2:(72(q)7 o?(q) satisfying (35).
q=1

0 1,=01,=0
Let us define
F ! /npg (s, X5, X,) ds ith  gy(s, Xo, Xs) —r"(0) ii/ﬁ (s)H Xs H X
no o= T y sy s ) w y NAgyNg) i= l —1 l T
T idy q ) &\ O =70)
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By using (21), it holds that

lim lim E|(F, — Fon)’

Jim tim } —0. (37)

Hence, as exposed in Kratz & Leén ([14]), it is enough to show that Fgq , satisfies a CLT to obtain the
same result for F,.
Since we can write

1 n D . 1 n n N
Fon = %;/0 gQ(SaXs+(k—1)p7Xs+(k—1)p)dS = —nZYkZ—nZQ(k—l)pr

when introducing 6, as the shift operator of path t associated to X,

under our hypothesis on X, the random variables Y} are (% + 1)-dependent and moreover are identically
distributed.

Then an immediate application of the Hoeffding-Robbins CLT for m-dependent sequences ([10]) gives

Q
L(Fon) = NO.Y %)

q=1

Then in the same form of [14] we can conclude the result under the more general weak dependence
assumption (20). O

2.2.2 Linear curve and specular points

We are interested in describing the behavior of the specular points in a random curve.

As described by Longuet-Higgins ([17]), specular points are the moving images of a light source reflected
at different points on a wave-like surface.

Let us consider a Gaussian field W defined on R* x R, R" for the temporal variable and IR for the
spatial one.

The first derivatives with respect to the spatial variable x and the temporal variable ¢ will be denoted by
0, W and 0;W respectively; the second derivatives will be denoted by 0. W, OuW, 0;, W and 9, W.
The spectral representation of W is given by

W(t,z) :/e“*—l“”%/f(x) dB(N), (38)
A > 0) are independent-

where the real and imaginary parts of the complex-Gaussian process B = B(A, A >

increment real Gaussian processes with var(Re(B(\))) = var(Im(B()\))) = F()\)/2 and B(—\) = B())
a.s. (for more details, see for instance [20] or [16]).

The correlation function 7 is given by

r(t,z) = / Q7= £(\)dA = 2 /O h cos(Az — A28) F(\)dA. (39)

First let us consider the process at a fixed time, for instance ¢ = 0.
In this case, W(0, z) is a centered stationary Gaussian process with correlation function

r(0,2) = r(z) = 2 /O ~ cos(A) F(\) d.

Let us define a curve in the plan (x, z) by the equation z = W(0, z).

Suppose that the coordinates of a point-source of light and an observer are (0, h1) and (0, he) respectively,
situated at heights h; and hy above the mean surface level. A specular point is characterized by the
equations (see [17]):

9. W(0,2) = —kx with K= % <hi1 + hig) ,

13



which can be interpreted as a crossing of the curve ¥ (z) := —kx by the process 0, W (0, x).
Let us assume that r is four times differentiable and that v satisfies the Geman condition:
() (z) — () (0)

- e L' ([0,4]). (40)

Theorem 2 Under the Geman condition (40), the number Ny ) of specular points in the interval [0, x]
has the following expansion in L?(§)):

W(0,s) O0zW(0,s
Njoz) = Z/ < )7 7( )> ds, (41)
where n = /— , v =+/r)(0), a; defined in (10), and

s) © (—;s) . <_7ﬁ) b, (8$W77(07s)) 0 (8MW(075)) '

pare (=10 gl

)

a9 H —1 2
Fq (S, aan(&s) awww’/y(oﬂs)) = Z ! ( 77

Its expectation is given by

2 K a2 v w2 * KS
E[N[ny]] = ; ; <A e 2 du+ E e 2w2> /0 © (?) dS, (42)

and its variance by

Var(N[O,z]) =

o Z/ / E {Fq (s, 8, W (0, s)7 Oz W (0, s)) F, (s . 0, W (0, s+ T)’ OrzW (0,5 + 1) >} drds.
n o Jo n Y n Y

Under m-dependence, i.e. when assuming that —r"' (1) = 0 for 7 > m, its asymptotic variance, as x — oo,
is given by

Var(N[O OO] = (43)
2_ / / [ < 0, W (0, 8)7 O W (0, s)) F, (s . 0. W(0,s+ T)7 OpaW (0,5 +7) >} drds.
n Y n Y
Remarks.

i) Note that the expectation (42) of Ny, was first obtained by Longuet-Higgins in [17] and [18], who
considered a bilateral formula, i.e. E[N [—z,z]L and showed that its limit as x — oo satisfies

1

1§noo 5 " ElNip,4o0)) = or
it can be interpreted by saying that the number of specular points increases proportionally to the distance
between the observer and the sea surface, since when h; = hs, % represents this latter distance.
It is also interesting to notice that the number of specular points is a finite random variable over all the
line, on the contrary to the behavior of the crossings to a fixed level or of the number of maxima.
1) We consider the hypothesis of m-dependence to simplify the computations and with the aim of using
in the next section the method settled in [14].

Proof.

Since the correlation function of 9, W (0, x) is —r”(x), Proposition 1 provides the Hermite expansion of
N,z under the Geman condition (40), from which we deduce the expectation

st = 3 [o(5) () 4 - 0
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and also the variance.
Let us now study the limit of the variance of Njg ;) as © — oo, under the m-dependence.
* For each ¢ > 1, we obtain

hm / / . E |:Fq <87 8$W(O’ 8)7 awwW(O’ 8)> Fq <S+T7 8$W(O’S+T)7 8$:EV[/((LS—"_7—)>:| deS
0

r—ooJo n v n v

_ / / E|F, <s, achV(O,s)7 O W (0, s)) F, (s o W (0,84 7) 0zaW(0,s+ T)) drds.

n ¥ n ’ ¥

The next inequality is a consequence of the diagram formula (see [6]):

‘JE F, (S’ awwrso, s)’awm;(&s))Fq <S+T’ awW(OT;s—&-T)’@mW(E)y,s—FT)) ‘

w(;) (M) S e o

N a+b+c=q
and the term equals zero when 7 > m. The Dominate Convergence Theorem allows then to compute the
limit inside of the double integral.
* We shall study the asymptotic behavior as x — oo of the second moment of Ny .
First let us consider the second factorial moment, and for ease of notation we shall suppose bellow that
—r""(0) = 1. We have

k(s +71)|7
n

KRS

Ui

< C

/ / ks, —k(s + 7))G(s, T)drds,

where
B /// (7_) ,,,,///(7_) . . .
tr) = B[~ T Ere - (e ) +
X (1) /15-1— ' (T)r (T)Qn(s+7)+f€),

L= (r(7))? = (r"(7))
Y(x) = —kz, pr is the density of (9;W(0,s), 0, W (0,s + 7)) and (¢, (*) is defined in the same way as in
(R). Then

/ / —ks,—k(s+ 7))G(s, T)dsdT+2/ / pr(—kS, —k(s + 7))G(s, T)dsdr.

By using the Cauchy-Schwarz inequality, we have

B+ ( () (7) ) N ( " (r)r" (7) ) 2

G(s,7) <C (82 +(s+ 7)2).

1—(r"(7))? 1—(r"(7))?

Moreover, we can write

1 2 1 \2 2,2
pr(—rs,—K(s+71)) = e T (H37) sy (44)

2my/1 — (1" (7))?

K2 1,42
If 7 €[5, — s], it holds that  p,(—rks, —k(s+ 7)) < Ce =7 *T27)"
Thus applying the Dominate Convergence Theorem gives

mli»ngo/ / ks, —k(s + 7))G(s, T)dsdT —/ / pr(—ks,—k(s+ 7))G(s, T)dsdr.
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To bound G(s,7) in the interval [0, d], we can proceed as in the previous section when bounding the
terms IE[I;J;]; all the terms can be bounded by functions belonging to L?[0, §], therefore the dominated
convergence theorem yields

Tr—00

lim / / ks, —k(s +7))G(s, T)dsdr —/ / pr(—rs, —k(s+ 7))G(s, T)dsdT < 0.

On one hand, via Fatou lemma we have

Y

Tr—00

lim 23 / / ) JE[F (S, amwrso,s>’amw<o,s>> v <S o aww<o,s+7>7amw<o,s+7>)] s
0 0

22/ / B [Fq (S’ 0 W (0, 5)7 O W (0, S)) F, (S +r 0:W(0,s + 7'), Oz W (0, s + T))] dsdr.
=Jo Jo

o0 > lim E[N{ 4] > lim Var (g N[o,z])

n Y n v

On the other hand, Nig 4 1 Njg, o) and so E[N7 0, ]] — IE[N[O OO]] as r — oo.

We can then conclude to (43). O

Remark: the computations may be done in dimension 2, explicitly in what concerns the expectation, but
we would face some difficulty for the second moment since the determinant appearing in the integrand
of it would prevent from having a Hermite polynomial expansion.

3 Study of specular points

3.1 Speed of specular points

In this section we shall study the speed of specular points, in particular their asymptotic distribution and
a CLT.

Let V~V(t7 x,y) represente the waves modeling the sea surface. We shall look at a wave in one direction, that
is for fixed coordinate y, for instance when y = 0. Thus we consider from now on W (t,z) = W (t,z,0).
Our main goal is the study of the number of specular points having a given velocity. The use of the
co-aire formula being the starting point of this study, let us recall this formula.

Let W be a three times continuously differentiable bivariate function (W € C?), and let us define the
level curve by

Clu) ={(z1,22) € Q(t, M) : W(x1,22) = u}, where Q(t,M)=][0,t] x [0, M].

If v denotes a vector field, n denotes the vector normal to the level curve C(u) and do the length measure
of C(u), since W is C3, then by Green formula we obtain, for some suitable function g,

/ g(u)/ <v,n>do du= / g(W) < v, VW > dx; dxs,
Cw) Q(t,M)

— 00

from which can be deduced immediately:

i)

ii)

if v = IIVWII’ then [*_ g(u)Lq(C(u))du = ng )NIVW||dxy dxa,
where L4 (C(u)) denotes the length of the curve C(u);

more generally, if v = ¢ (a)%, where ¢ denotes a continuous real function defined on [0, 27r] and « is defined
by VW := [[VW|| *(cos o, sin ), then we have [ g(u) fc(u) ((a(s))do(s)du = [, g(W)C()||[VW||dz1 ds.

Note this formula still holds when considering ¢ as the indicator function of a measurable set, by using
the monotone convergence theorem (see for instance [8] and [2]).
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Let us go back to our study and let us keep the same notation as in the previous section, namely W and
r satisfy (38) and (39) respectively.

Note that W(t,z) = (0, W (¢, ), 0z W (t, ), O W (¢, 7))" is Gaussian, with covariance matrix A =
(Aij)1§i7j§3a such that

Ay = E[0,W?] = My Aoy = E[0,;W? = Myy  Asz = E[0,:W?] = Mo
Alg = E[6$W8$wW] = Alg = E[6$W8$tW] =0 and A23 = JE[amWé)th] = M31.

Moreover, for fixed (t,z), 0;W (¢, x) is independent of the vector (0p, W (¢, x), 0x:W (¢, x)).
Let us consider, as in [18], the simplified condition to have a specular point, that is, the spatial derivative
of the field takes some given value u, namely

0 W (t,z) =
Then a consequence of the implicit function theorem is:

dx 8xtW
e Wd W dt =0, ie. — = — .
0 T+ Oyt 0 i.e 7 AT

We are interested in the number of specular points which speed is bounded below by — vy and above by
— v1. Thus we define

N W
Nep(s,u,v1,v2) = # {z <M:o,W(s,z)=u; v < Out

T

<v2} for0 < s <t.

Moreover our interest is in mean time, hence we define

1 t
Ngp(u,v1,v2,t) == ¥/ Np(s,u,v1,v2)ds. (45)
0

Let g a continuous and bounded function. By using the Banach formula we get

00 1 t o] ~
/ g(u)Ngp(u,v1,v9,t)du = —// g(u)Ngp(s,u, vy, ve)duds

_ = / / (0=W (8, 2)) 1y, o) (%&;) |02 W (s, 2)| dzds

/ o(w) [ Cals))do(s)du,
—00 C(u)

when choosing ((a(s)) = T}, v, (tan a(s))| cos a(s)| and by using the co-aire formula in the last equality.
Note that this type of integrals has been first considered in [8].
Therefore, by independence and stationarity, we obtain

/_Zg(u)]E[Nsp(u,vl,vg,t)]du %/ V C(a )] du

. 92:W (0, 0)
= M V) ]I T e—— xTxT ) )
/ NIl [ <8mW( o) ) 1= (0,0)
and by duality it comes
B e 7z 9:4W (0,0)
E[Nsp(ua 'U17U27t)] - M\/m E |: ]I[m,m] <8IIW(O, 0) |890$W(07 0)| ’ (46)

which holds for a.s. u, nevertheless it can be shown that is true for all u (see [7] and [8]).
The expression (46) can be interpreted as the expected number of specular points in [0,¢] with speed
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belonging to [—va, —v1].
Let us compute the expectation in (46). We have

B (8 (PO 01 0.0)

B+arctan vo

7
27T )\1)\2 0 B+arctan vq

7‘2 S]l)
| cos(8 — B)| r2e” TR e+ =) dfdr

AlAQ B+arctan veo 1
= cos(f — do,
V8T Jg+arctan vy | ( ﬁ)| (/\1 sin® ¢ + A2 cos? 9)3/2
where
A1, A2 are the eigenvalues of the covariance matrix of (0,,W(0,0), 0,:W (0,0)), (47)
and ( is the rotation angle which turns diagonal this covariance matrix.
Thus
2
—#A A B+arctan va 1
o 1= B [Nop(u, v1, v, )] = M 2102 | cos( — 3)| dh.  (48)

41/ Mog B+arctan vy (/\1 sin? 0 + Ao cos? 9)3/2

We are now looking at the Hermite expansion of the mean number Ng,(u, v1,v2,t) of specular points in
[0,¢] with speed belonging to [—vs, —v1], defined in (45), in view of obtaining a CLT for N, (u, v1,ve,t)
as t — oo. We can prove the following:

Theorem 3 If W(s,z) € C3, then the Hermite expansion of the functional Ngp(u,vy,ve,t) is given by

i Z Hi_(ntm) (ﬁ) ® (\/%20) Gn,m

Nsp(ua ’U17U27t)

1=0 0<ntm<I VMo [I = (n+m)]!
L Ay ()Y (020 gy, (2D

where (n1(s, 2),n2(s, 2)) is normally distributed N <0, </t)1 f)) with A1, A2 defined in (47),
2

and where

1 00 arctan b 2
In,m = m/ / v/ A1 cos Bcosh — / Agsin B sin 9‘ n(pcos)Hp, (psin H)e_prQdep7 (49)
mnlm! Jo /s

rctana

A [ vy —tanp A [ vy —tanp
=/ | d b=y —|——"—|. 50
A <1+v1tan6 an Ao \ 1+ wvgtan 3 ( )
Moreover, under m-dependence, we have

Vit (Ngp(u,v1,v9,t) — v0) = N(0,6%(z)), ast— oo,
with o2 (x) computed in (54) below and o defined in (48).

with

Proof. The proof of this result relies mainly on the application of the co-aire formula and the method
used in [14]. Suppose w.l.o.g. EO?W (t,z) = My = 1.
It can be showed that, in L*(Q),

1 h vy = u,v1,v
e () [ C(y)aa(s»do—(s)] W 2y [l ot = 1Ny )

which will be used to provide the Hermite expansion of Ngp(u,v1,v2).
By using the co-aire formula, we obtain

e () [ [ <<a<s>)do—<s>] dy

h/ / <u Sl Z)> LI (%) |02 W (s, 2)| dzds.
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Let consider, at fixed (s, z), the covariance matrix of the random vector (9,,W (s, 2), 0::W (s, 2)) which
can be diagonalized with a rotation matrix of angle 3, independent of the point (s, z) because of the
stationarity of the process (0zW (.,.), 0t W (.,.)).

Thus we can write, for fixed (s, z),

OwzW(s,2)\ _ (cosf —sinB\ (m(s,z)
0utW(s,2))  \sinf  cosB ) \ma(s,2))’
. . M0
with (171(s, 2),m2(s, 2)) normally distributed N (O, (0 \ ))
2
We have
O0xtW (s, .
Tt (G ) BrW (5.2 = T (0055 0(5,2) 15,205 — (s 2) s
= I[arctanvlfﬁ,arctanvgfﬁ] (T](S,Z)) ‘771(&2) COSﬂ - 772(572) Sin6|
= ][{ vj—tanB  vp—tan g ] <%) [n1(s, z) cos B — ma(s, ) sin 3]

T+ vy tan B 14 vg tan B

(%) = T (le’z)\\/_zl 2)cos B — \/ Az Za(s, z)sin 8|,

n2(8,2)> <m(872)) , s
where n(s,z) := arctan and Z;(s,z) := , i = 1,2, satisfying for fixed (s, z),
(s, 2) (22 2) = (2 ying (5.2)
(Z1(57z)7Z2(S7Z)) ~ N(O7Id)

And the Hermite coefficients (gy ) of the functional

VA
G(Z1,Z2) = Ty (Z_i) ‘\/ A1 Z1cosB— /Ay Zo Sinﬁ}v for (Z1,22) ~ N(0,1d),

can be computed as

1
Gnm = JR2G(Zh22)Hn(21)Hm(22)90(21)90(22)d21d22

1 o : e
= m/o ; G(pcost, psin0)H,, (pcos)H,,(psinh)e™ T pdfdp

1 oo parctanb r
= Srnlml / / v/ A1 cos Bcos B — \/Ag sin Bsin 0‘ w(pcos8)H,, (psin)e™ > p?dfdp,
S Jo a

rctan a

i.e. (49). So we obtain
1 [ uU—10
e () l [ <(a<s>)da<s>] du

B Z Z Ci— n+m) U, h)g”m/ / H,_ n+m)(8 W(s Z)) (Zl(S Z)) H, (ZQ(sz))dstv

m
=0 0<n+m<l n+ )

with ¢, defined in (8).
Hence the Hermite expansion of Ng,(u,v1,v2,t) can be deduced in the same way as in [14], namely

rilo (5

where Ngp(u, vy, v2,t) =

Z ¥ A <’;+_M>nl@ni)])9”’”1 / / Hy (o) (02 W (5, 2)) Hiy <771\(/SA’_1Z))H71 (”2\(/3;;))dzds.

=0 0<n+m<l

h—0

)[/ o )1 y = Ne(uv,va), in L2(9),
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To obtain the Central Limit Theorem for N, (u, v, v2,t) when t — oo, we suppose, for simplicity and to
be in the same context as in [14] in order to apply our method, that the field W (s, z) is m-dependent in
time, that is, its correlation function satisfies r(s, z) = 0, whenever s > m, for all z.

The proof consists in an L2-approximation of Ng,(u,v1,vs,t) by the finite expansion

Ng)(uvvlv'UQ, Z Z n+m) ) ( )gn,m (51)

=0 0<n+m<l TL + m))

X /O /0 " Hy— (o) (0 W (5, 2)) Ho (’“(5\/{» H, (”2%)) dzds.

Then we shall study the asymptotic behavior of occupation functionals of the form

/ / ))dzds,

where F(.,.,.) is a polynomial function and W (t,z) = (0, W (¢, ), 0pa W (t, ), 04z W (t, z))" the Gaussian
random field already defined, and finally use it to get the asymptotic behavior of N, S%(u,vl,vg,t) to
conclude to the CLT.

Let us start with the study of S¢(z).

Put

R(t,z) = E[W(t,2)W(0,0)"], and 3 :=R(0,0)= E[W(0,0)W(0,0)].

Defining
Y(t,z) = 2"V2W(t, z),

it holds that
Cov[Y (0,0)] =1,  E[Y(t,z)Y(0,0)"] = Z7V2R(t,2)2~1/2,

and, since we supposed Msy = 1,

Y(t,z) = ((%W(t,x), ”%), ”%» = (Yi(t, ), Ya(t, z), Ya(t, ). (52)

Then we can write

z) = /O t /O " F o S12(Y (s, 2))dzds. (53)

Note that F o 3'/2 is still a polynomial function, and that the field Y (t,z), from its definition, is also
m~dependent in time.
Given that F o V2 € L(¢(x1)d(x2)p(3)dz1 dradrs), we have

Si(x) = Z ck/ / Hy, (Yi(s,2))Hp, (Ya(s, 2))Hyy (Ya(s, 2))dzds,

k| <N

where k = (k1, ko, k3) and |k| = k1 + ko + k3.
Defining
I(|k|, ko, ks, S,Z) = Hlkl—(k2+k3)(Y1(Sﬂz))Hk2 (YQ(Sﬂz))Hks(Y3(sz))v

we can write

N t x
= Z Z C(\k\f(k2+k3)7k27k3)A A I(|k|,k2,k3,s,z)dzds.

|k|=00< k2 +k3<|k|

The random variables (Y;(0,0),1 < 4 < 3) being independent standard Gaussian, using Parseval’s equality
gives
E[(F o 2'2(Y1(0,0),Y2(0,0),Y3(0,0)))%] = > cikalkolks! < co.
KI<N
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For ¢ > m, we obtain

Si(2) 2 N
tE K—t —¢o = 2> > D Okl Gkartka), ke, ko) E(lk ~(ma-tma), ma, ma)
|k|=10< ka+k3<|k| 0< ma+m3z<|k|
/ / x — 2)E[I(|k|, ke, k3, s, 2)I(|k|, ma, m3,0,0)]dzds
= o%(z), (54)

by using the Diagram formula and the Dominated Convergence Theorem in the second equality.

St(x)
t

Thus we have — ¢o in probability, when ¢ — oo; moreover an almost sure result holds too.

S,
Let us study the weak limit of the sequence v/ (@ — co>.

Defining S (s, ) Z Z c(|k|_(k2+k3),k2’k3)/ I(|k|, k2, k3, s, 2)dz, we have
|k|=10< ka+ks <|K| 0
[t]

\/%<5't2(€5€)_ ) \/_Z/k sxds—&-—/[Ssx (55)

But when introducing the time shift operator 6;, of the field W, we have

k 1
/ S(s,z)ds = Op_1 O/ S(s,x)ds,
(k=1) 0

hence (55) appears as a sum of m-dependent random variables having second moment, to which the
Hoeffding-Robbins Theorem can be applied, providing that

Vi (@ _ Co) = N(0,0%(z)), o*(z) being defined in (54). (56)

Now let us prove the L2-approximation of Ngp(u,v1,v2,t) by N& (u,v1,v2,t) defined in (51), i.e. that

limsuplimsupE([\/f (Nsp(u,v1,v2,t) — Ng)(uwl’v?’t))ﬁ) = 0.

Q—o00 t—o0
Indeed, we can write

[t

1
\/E(Nsp(u,vl,vg,t)—NSQp(u,vl,vg, ZHk 1OYQ +%Ig(t), (57)
where
H n,m [t] M
Z Z — (n+m )(p(u);q 3 / / Hl_(7l+m)(8$W(S72))Hm <771(S72)) H’n (772(872)
1=0+1 0<n+m<I n+m))! t Jo VA1 Vs
and

=3 3 Tt [ o m () (2

1=Q+10<n+m<l
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The first term in (57) is a sum of m-dependent random variables whose asymptotic variance tends to zero
as @ tends to infinity; the second term in (57) tends also to zero as t — oo uniformly in @ since we have

=[]
Var(I2(t)) < Var[(t — [t])Nep(u,v1,v2,t — [t])] = Var </0 Nsp(s,u,vl,vg)ds>

IN

e[t 2
E </ NSP(S7uaU15U2)dS> < (t_ [t])QE[(NSP(Oau7U15U2))2]
0

IN

E[(Nsp(0,u,v1,12))%] = O(1).

To conclude to the CLT, it is enough to write Ng,(u, V1, v, t) 1= 7 / / Fo(Y (s, 2))dzds, with
0 Jo

Fg=Fo Y2 ey = IE Ngp(u,v1,v2,t) = 70, and to choose x = M; the asymptotic normality follows
then from (53) and (56). O

Nsp(u,v1,v2,t)
Nio,n)

(e.g. between —vy and v1) among the number of specular points can be shown as in [13] for the number
of maxima, to converge to a Gaussian r.v.

Remark: note that the proportion of the number of specular points with a given velocity

3.2 Twinkles

Longuet-Higgins has shown in [17] that the specular points evolve until a certain time up to the vanishing
of the curvature. The number of images seen by the observer is not constant, specular points may
appear or disappear, the images move. The creation or annihilation of specular points may be called
a twinkle. At such a twinkle, the water surface is not only oriented to reflect light into the eye, but is
curved so as to focuse it there, which can be mathematically translated as, when introducing the function

flt,x) =W(t,z)+ %mcz,

Yi(t,x) =0, f(t,x) =0 : to have a specular point
Yo(t,x) = Ozaf(t,2) =0 : to have a singularity in the curvature,

where W (t, z) is the process whose spectral representation is given in (38).
We are interested in the number Npy of twinkles.
Let Y denotes the vectorial process Y = (Y1 (¢, x), Ya(¢, x)) such that:

{ Yl(t, {E) =0
Yg(t, {E) =0.

Let us suppose that the process W has fourth order continuous derivatives and let us M, denotes the

mixed spectral moment:

M,, = / APFA/2F(N) dA.

— 00

Then we have

Proposition 2 The mean number of twinkles at fized time t and as © — oo, is given by

t /Mgy (MygMaz — MZ)) _ 2 { a2 /“ 2 }
E|N = e M0 |e7 2 +a e 2dv|, 58
Nzw] Vo3 K My 0 (58)

M3y
/Mo (MaoMag — M3,)

where a 1=
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We get back the same formula as Longuet-Higgins ([17], p.853), except to a factor 2 that corresponds
again to consider the integral in = over (—oo, 00).

Proof.

We will need a multidimensional Rice formula to count the number of roots of a nonlinear system of
equations having the same number of equations and variables. Such a formula, available in Cabana ([7],
p.80) and also in Azais & Wschebor ([3]), leads to

E[Nrw] =
/ / D(s,u))(0,0) IE[|Ops f(5,1)Opt f(5,u) — Ot f(5,u) Oz f (5, u)| | Opf(5,u) = 0,0p0 f(s,u) = 0]duds

/ / —kU, —K) IE[|0pt W (8, u) |05 W (s, u)| | OuW (s,u) = —Ku, 0pu W (s,u) = —k]duds, (59)

where P .,y (u1,u2) is the joint density of the random vector (9; f, Oz f)
and p(u1,ue) is the joint density of (9, W, 05, W).
Note that

[0, W (s,u)0::W (s,u)] = E[0, W (8,1)0z:W (s,u)] =0, E[0px W (s,u)0::W (s,u)] = Ms1, E[0,W Dy W (s,u)] = —Myp.
By using the regression model:

OxtW (s,u) = v10, W (s,u) + [10W (s,u) + e1
OraW (s,u) = v20, W (s,u) + B20,: W (s,u) + e,

where (e1, e2) is a Gaussian vector independent of (0, W (s, u), 0z W (u,s)), and v; =0, /1 = 71\2/4[2’1’
vy = —%33 and (2 = 0, the equation (59) becomes:
M3, My
E[N. / / —KU, —K) H(—/ﬁ—f— > <—/<au+e>H duds
vl My My ?
e 2M40 M3y My
_ e 2MQOE ——Kk+e > (—nu—i—e) ]duds
2my/ Mo Mo 20/ My / / H <M40 M, 2
t—< 2M40 E ~ 2Ny E d
= —+ 20 JR— + .
2my/ Moo Mo M4o"”” Uk © |
Moo Myg — M2 MegoMag — M3
On one hand, since 02 := E[e?] = —2—2 51 and 02 := Eed] = =220 740 thep
My Mso
Mz1 Mz (2 2
M3, \/5 M3, /M4M1 _2 7(1‘440“1)
E|—= = - T d .
‘Mml{ +e1 o1 = | Magon K ; e v+ e
On the other hand, we have
Mag M 2
z w242 M, T 2,2 2 M. ol uk 2 ( 40 ) 022
/ e 2Mz Jf ﬁuﬁ+62 du — / e 2Mzo 02\/> 40 uﬁ/ 2002 e_TdU—i—e_ Mg 22 du
0 Mo Moo 0

My

M, 2
Mo 71@322“” W2 7(41\42002) n?u?
— e 2M20 ——uk e 2dv+te 2 du
T—00 Maoo2 0
2. 2 M2

2 [ M3 © gt (1 k)
_ 02\/j 40 +1 e 20 o5Ma20 ) du,

™ 0

U%MQO
1
- ;(M40 + 03 Mao)'/2.
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Hence we obtain

[Nrw] e M3, Miosi® (i) w2 2 | 2hr \1/2
E[Nrw|=— o1 K/ e ZTdv+e z My + o5 Mag)'/?,
K 213/ Moy Mag Mypo 0 ( © 2 )

which gives (58), with a := /3L

Myoor*

The computation of the variance and to provide a CLT will be subject to further work.
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