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Abstract A statistic based on increment ratios (IR) and related to zero crossings of increment sequence is defined
and studied for measuring the roughness of random paths. The main advantages of this statistic are robustness to
smooth additive and multiplicative trends and applicability to infinite variance processes. The existence of the IR
statistic limit (called the IR-roughness below) is closely related to the existence of a tangent process. Three particular
cases where the IR-roughness exists and is explicitly computed are considered. Firstly, for a diffusion process with
smooth diffusion and drift coefficients, the IR-roughness coincides with the IR-roughness of a Brownian motion and
its convergence rate is obtained. Secondly, the case of rough Gaussian processes is studied in detail under general
assumptions which do not require stationarity conditions. Thirdly, the IR-roughness of a Lévy process with a—stable
tangent process is established and can be used to estimate the fractional parameter o € (0,2) following a central
limit theorem.

AMS 2000 subject classifications: Primary 62H12, 60G17; Secondary 62F12, 60G18, 60G15, 60G51.

Keywords: Estimation of the local regularity function of stochastic process; Limit theorems; Holder exponent; Tangent
process; Zero crossings; Diffusion processes; Fractional Brownian motion; Multifractional Brownian motion; Lévy

processes.

1. Introduction and the main results

It is well-known that random functions are typically “rough” (non-differentiable), which raise the question
of determining and measuring roughness. Probably, the most studied roughness measures are the Hausdorff
dimension and the p—variation index. There exists a considerable literature on statistical estimation of
these and related quantities from a discrete grid. Hence, different estimators of the Hausdorff dimension
have been studied, as the box-counting estimator (see Hall and Wood, 1993 for stationary Gaussian processes
or Lévy-Véhel and Peltier, 1994, for Gaussian processes with stationary increments). To our knowledge, the
H-variation estimator, where H is a measurable function, was first proposed by Guyon and Leon (1989)
for stationary Gaussian processes where central and non-central limit theorems are established following
the Hermite rank of H and the asymptotic local properties of the variogram and its second derivative.
Further studies provided a continuation of this seminal paper in different ways. Istas and Lang (1997)
studied generalized quadratic variations of Gaussian processes with stationary increments. Coeurjolly (2001
and 2005) studied P-variations of fractional Brownian motion and ¢2-variations of multifractional Brownian
motion. Coeurjolly (2007) discussed L-variations based on linear combinations of empirical quantiles for
Gaussian locally self-similar processes. An estimator counting the number level crossings was investigated
by Feuerverger et al. (1994) for stationary Gaussian processes.

*This author thanks the Steklov Institute of St Petersburg (Russia) for a nice and fruitful invitation
TResearch of this author was supported by the Lithuanian State Science and Studies Foundation grant T-70/09.
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In the present paper we introduce a new characteristic of roughness, defined as a sum of ratios of consecutive

increments. For a real-valued function f = (f(¢),t € [0,1]), define recursively

n o
(o B ]

n
p o
n n —1,n —i +1
APTE = AMTAPTL g = N () (I;)f(Jn ), (1.1)
i=0
so that AZ™ f denotes the p—order increment of f at %, p=1,2,---, 7=0,1,---,n—p. Let
1 n—p—1 ‘Ap,nf_i_Az,n f‘
RP™ = B s 1.2
D= TS X T (-2
with the convention % := 1. In particular,
1 () - fF@) + (52 - F (5]
RN S T ey

Note the ratio on the right-hand side of ) is either 1 or less than 1 depending on whether the consecutive
increments A}" f and A7, f have same signs or different signs; moreover, in the latter case, this ratio
generally is small whenever the increments are similar in magnitude (“cancel each other”). Clearly, 0 <
RP™(f) < 1 for any f,n,p. Thus if lim RP""(f) exists when n — oo, the quantity RP"™(f) can be used to
estimate this limit which represents the “mean roughness of f” also called the p—th order IR-roughness of
f below. We show below that these definitions can be extended to sample paths of very general random
processes, e.g. stationary processes, processes with stationary and nonstationary increments, and even LL9-
processes with ¢ < 1.

Let us describe the main results of this paper. Sectionﬁ derives some general results on asymptotic behavior
of this estimator. Proposition 2.1 says that, for a sufficiently smooth function f, the limit lim,_,o, RP""(f) =
1. In the most of the paper, f = X is a random process. Following Dobrushin (1980), we say that
X = (X¢, t € R) has a small scale limit Y) at point ty € R if there exist a normalization A0)(§) — oo
when § — 0 and a random process Y (f0) = (YT(t"), 7 > 0) such that

.d.d.
fdq

A (8) (Xyy4rs — Xty
6—0

y, (o), (1.4)

.d.d. . . . e e
where %" stands for weak convergence of finite dimensional distributions. A related definition is given

in Falconer (2002, 2003) who called the limit process Y ) a tangent process (at to). See also Benassi et
al. (1997). In many cases, the normalization A0 (§) = §(*0) where 0 < H(tg) < 1 and the limit tangent
process Y (?0) is self-similar with index H(to) (Falconer, 2003 or Dobrushin, 1980). Proposition 2.2 states
that if X satisfies a similar condition to ([L.4), then the statistic R”"(X) converges to the integral

! APY®) 4 APY (@)
RPM(X) L g | 120 1 dt 1.5
&) = [|Agy<t>|+|N;y<t>| (1.5)

in probability, where A?Y(t) = A?’lY(t) =3P (1P )YJ(JZ, j = 0,1 is the corresponding increment

of the tangent process Y at t € [0,1). In the particular case when X has stationary increments, relation

(.5) becomes

RP™M(X

A L|A§Y+A{’Y|] 1.6)

n—oo APY |+ |ATY]
Section B discusses the convergence in (@) for diffusion processes X admitting a stochastic differential
dX = a;dB(t) + b:dt, where B is a standard Brownian motion and (a:), (b¢) are random (adapted) functions.

It is clear that under general regularity conditions on the diffusion and drift coefficients (a:), (b;), the process
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X admits the same local Holder exponent as B at each point ¢y € (0,1) and therefore the IR-roughness
of X in () should not depend on these coefficients and should coincide with the corresponding limit for
X = B. This is indeed the case since the tangent process of X at t is easily seen to be Y = ¢, B and the
multiplicative factor a; cancels in the numerator and the denominator of the fraction inside the expectation
in ([.3). See Proposition 3.1 for details, where the convergence rate O(n'/3) (a.s.) in ([L.g) with explicit limit
values A,(1/2) is established for diffusions X and p =1, 2.

Considerable attention is given to the asymptotic behavior of the statistic RP""™(X) for “fractal” Gaussian
processes (see Section E) In such a frame, fractional Brownian motion (fBm in the sequel) is a typical
example. Indeed, if X is a fBm with parameter H € (0,1), then X is also its self tangent process for any
t € 10,1] and (see Section [{):

RS o) p=19), 17)
where
Ap(H) = Xpp(H)), (1.8)
M) = %arccos(—r)—i—% i—i_:log(lir), (1.9)
po(H) = corr(ADBy, AYBy), (1.10)

and where A} By = By (j 4+ 1) — Bu(j), A7By = Bu(j +2) —2Bu(j +1) — Bu(j) (j € Z) are respective

increments of fBm. Moreover,

VA(BPM(X) = Ay (H)) 25 N(0,5,(H)) if

n—oo

=1, 0<H <3/4
{p , 0<H <3/4, (111)

p=2, 0<H <1,

where 2 stands for weak convergence of probability distributions. The asymptotic variances ¥,(H) in
n—o0

(I.11]) are given by

(1.12)

E cov

( | AP By + APBH| |ApBH + A]HBH} )
JEZ

J+1

The graphs of A,(H) and /X =1,2) are given in Figures El and E below.

L(H) L(H)
T 0.7
0.95 A 0.681
09r b 0.66
0.85 0.64
0.8 b 0.62
0.75F 1 0.6
0.7 b 0.58
0.65F 1 0.56
0.6 1 0.541
055 0‘.2 0‘.4 0‘.6 0.‘8 1 H o 520 0‘.2 0‘.4 0‘.6 0.‘8 1 "

Figure 1. The graphs of A1(H) (left) and A2(H) (right).

The difference in the range of the parameter H for p = 1 and p = 2 in the central limit theorem in ([L.11))

are due to the fact that the second order increment process (A?B H,J € Z) is a short memory stationary
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Figure 2. The graphs of \/X,(H), p = 1 (with a pole at 3/4) and p = 2 (with a pole at 7/4) (from Stoncelis and Vai¢iulis,
2008, with kind permission of the authors)

Gaussian process for any H € (0,1), in contrast to the first order increment process (A}BH, j € Z) which
has long memory for H > 3/4.

Generalizations of ([.7) and ([.11)) to Gaussian processes having nonstationary increments are proposed
in Section E Roughly speaking, RP"™(X), p = 1,2 converge a.s. and satisfy a central limit theorem,
provided for any t € [0,1] the process X admits a fBm with parameter H(t) as a tangent process (more
precise assumptions (A.1), (A.1)’ and (A.2), are provided in Section ). In such frames, the limits in
(LA are fol A,(H(t))dt instead of A,(H) and the asymptotic variances in ([.1]) also change. The case
of Gaussian processes with stationary increments is discussed in detail and the results are used to define
a +/n—consistent estimator of H, under semiparametric assumptions on the asymptotic behavior of the
variogram or the spectral density. Bardet and Surgailis (2010) study a punctual estimator of H () obtained
from a localization around to € (0,1) of the statistic R*"(X).

The main advantages of estimators of the type (E) involving a scaling invariant function of increments
seem to be the following. Firstly, the estimator RP"™(X) essentially depends on local regularity of the process
X and not on possible “multiplicative and additive factors” such as diffusion and drift coefficients in Section
E or smoothly multiplicative and additive trended Gaussian processes, see Proposition @ of Section E This
property is important when dealing with financial data involving heteroscedasticity and volatility clustering.
Such a robustness property (also satisfied by the estimators based on generalized quadratic variations of
wavelet coefficients) represents a clear advantage versus classical parametric Whittle or semi-parametric log-
periodogram estimators. Secondly, the estimators in (E) are bounded functionals and have finite moments
of any order. Section E discusses jump Lévy processes, with the Lévy measure regularly varying of fractional
index a € (0,2) at the origin. Using a modification of ([.9), we define a \/n—consistent estimator of a,
together with a central limit theorem, in a very general semiparametric frame. This result is new and
interesting because there exist very few papers providing consistent estimators of a (to our knowledge, the
only comparable results have been established in (Belomestny, 2010) and (Ait Sahalia and Jacod, 2009) in
a financial and somewhat different context). Finally, in the Gaussian case, using the approximation formula

provided in Remark @, an estimator of H based on R?™(X) can be extremely simply computed:

=3 1 X pqe — 2X k41 X Xrs — 2X ki Xkt
Ao~ ! ( ! Z’ T e T e TR %‘.—0.5174).
" 01468 \n — 2 £ | X ke — 2X kw1 4+ X |+ [Xess — 2Xns2 + Xoaa |

In the R language, if X is the vector (XL,X;, e ,Xl),

H® ~ (mean(abs(diff(diff(X[—1]))+ diff(diff(X[—length(X)])))
/(abs(diff(diff(X[—1]))) + abs(diff(diff(X[—length(X)]))))) — 0.56174)/0.1468.

Therefore its computation is very fast and does not require any tuning parameters such as the scales for
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estimators based on quadratic variations or wavelet coefficients. The convergence rate of our estimator is v/n
as for the parametric Whittle or the generalized quadratic variation estimators and hence it is more accurate
than most of other well-known semi-parametric estimators (log-periodogram, local Whittle or wavelet based

estimators).

Estimators of the form (E) can also be applied to discrete time (sequences) instead of continuous time
processes (functions). For instance Surgailis et al. (2008) extended the statistic R?™(X) to discrete time
processes and used it to test for I(d) behavior (—1/2 < d < 5/4) of observed time series. Vaic¢iulis (2009)
considered estimation of the tail index of i.i.d. observations using an increment ratio statistic.

REMARK 1.1 The referee noted that the IR-roughness might be connected to the level crossing index (see
Feuerverger et al., 1994). To our surprise, such a connection indeed exists as explained below. Let Y,,(¢), t €
[0, 17%] be the linear interpolation of the “differenced” sequence A;’"X = X(%)fX(%), j=0,1,--- n—1:

J +1 1,n 1,n .] .] +1
V0 =n| (2 - nalnx - Dalnx], re il D,
7=0,1,---,n— 2. Then, using Figureﬂ as a proof,
n—2 . ..
1 n Jj jg+1 J g+1
n(X) = {telt,2):v, p-meas{te[2,222) v, b
RY"(X) nilglmeaste[n )1 Ya(t) > 0f —meas{t € [£,10—=) . v, (1) < 0}] (113)
J+1
= 0) ~ 1(Ya(t) < 0))dt|.
= Z] [ amw >0 - 100 <o)
Ya(2)
i it
S
Uy Uz t
Yo (55)
. . Yo () +vn (D) _
Figure 3. The proof of () follows by Vo ()4 1Y (20| =n|Uy — Us|.
Let ¥(x1,22) = |x1 + x2|/(Jx1] + |22]), ©o(z1,22) := 1(x122 > 0). Clearly, the two quantities 1 —
7/)(Yn(%), Yn(m)) and 1 — (Y, (n) Yn(]j;l )) both are strictly positive if and only if Y;, crosses the zero

1
JJ+)

level in the interval | but the former quantity measures not only the fact but also the “depth” of the

crossing so that 1 — w(Yn(%), Yn(%)) attains its maximal value 1 in the case of a “perfect” crossing in the

middle of the interval [, Zt1) (see Figure Z)

n
It seems that similar asymptotic results can be obtained for R{"(X) := %_p e Yo (AP X, AV X )
measuring the number of zero crossings of the increment sequence AY" X,k = 0, 1,---,n — p and other
similar statistics obtained by replacing the functions ¢ or ¥y by other scaling invariant functions. Let us
note that Ry™(X) is related to the zero-crossings’ counting statistic studied in Ho and Sun (1987) for sta-
tionary Gaussian time series. Also note that the Hermite rank of ¢ is 2 and that the corresponding limit
function A\o(r) = I arccos(—r) is strictly increasing on the interval (—1,1) similarly as the function A(r) in
(L9). On the other hand, while the statistic RE™(X) is certainly of interest, the statistic RP"™(X) seems

preferable to it for the reasons explained above. In particularly, in the case of symmetric Lévy processes X
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with independent increments studied in Section E, the latter statistic leads to an estimator of the fractional

index while the former statistic can be easily shown to converge to 1/2.

The paper is organized as follows. Section E discusses some general (consistency) properties of the esti-
mators RP™(X). Section deals with the case when X is a diffusion. The case of Gaussian processes X is
considered in Section [] while the case of Lévy processes is studied in Section [|. Section [] contains proofs
and other derivations.

Below, we write C' for generic constants which may change from line to line.

2. Some asymptotic results

The definition of RP™f in ([.J) can be extended to more general increments (the so-called generalized

variations). Consider a filter a := (ag,---,a,) € R¥! such that there exists p € N, p < ¢ satisfying

q

q
> llag=0 fori=0,---,p—1 and » (Pas #0. (2.1)
=0 =0

The class of such filters will be denoted A(p, ¢). For n € N* := {1,2,---} and a function f = (f(¢),¢ € [0,1]),
define the generalized variations of f by

q

Aj"f = Zagf(

£=0

i+t
n

) ji=0,1,---,n—q. (2.2)

A particular case of (2.9) corresponding to ¢ = p > 1, ag = (—=1)P=(?) is the p—order increment A" f in

(m) For a filter a € A(p, q), let

1 n—qg—1 Aa,n + Aa,n
Ra,n(f) — — Z ’ alfn f k;:»,llf‘ )
n-—gq |ALfI+ 1AL S

k=0 k+1

(2.3)

It is easy to prove that RYV™(f) — 1 if f is continuously differentiable on [0, 1] and the derivative f’
n—oo

does not vanish on [0, 1] except maybe for a finite number of points. Moreover, it is obvious that RV (f) = 1
if f is monotone on [0, 1]: the IR-roughness of a monotone function is the same as of a smooth function,
which is not surprising since a similar fact holds for other measures of roughness such as the p—variation
index or the Hausdorff dimension.

We conjecture that RP™(f) — 1 and R*"(f) — 1 for any ¢ > p > 1, a € A(p,q) and f : [0,1] — R which
is (p — 1) times differentiable and the derivative f(P~1) has bounded variation on [0, 1] with the support

supp(fP~1) = [0, 1]. However, we can prove a weaker result.

Proposition 2.1 Let f be (p — 1)-times continuously differentiable (p > 1) with f®P=Y being absolutely
continuous on [0,1] having the Radom—Nikodym derivative g = (f(p_l))/. Assume that g # 0 a.e. in [0,1].
Then RP™(f) — 1 and R*"™(f) — 1 for any a € A(p,q), ¢ > p.

n— 00 n—00

Proof. We restrict the proof to the case p = 2 since the general case is analogous. Using summation by

parts, we can rewrite A?’" f as

q
a,n _ 2,n
Aj f= Zbi Ai+jfa (2.4)
i=0
where b; 1= ZZ:O 25:0 ag,i=0,1,--+,q, bg1 =bg=0and b:= Y7 b, = 2> 7  i%a; # 0 in view of the

assumption a € A(2, q).
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Assume n is large enough and for a given ¢t € (0,1), let k,(t) € {0,---,n — 2} be chosen so that t €
[kn(t)/n, (kn(t) + 1)/n), therefore k,(t) = [nt] — 1. We claim that for a.e. t € (0,1)

nh_}m n*Ap "(t)f = bg(t), hm n?A® "(t)_i_lf bg(t). (2.5)
Using the fact that the function (z1,x2) — ‘Lﬁim“ is continuous on R2\{(0,0)}, we obtain
‘ PAL AR f‘ by(t) +by(t
her(t) = i (£) o (£)+1 . |_gi))+ g _ 1 (2.6)

2 1| + [2agr, g moee o]+ gl

for a.e. ¢ € (0 ), where we used the fact that bg(t) # 0 a.e. Since for n > g, R*™(f) can be written as
RM(f) = 2 f h®™(t)dt, relation R%™(f) — 1 follows by the dominated convergence theorem and the
n—oo
fact that 0 < h*™(t) < 1.
Relations (@) can be proved using the Lebesgue—Vitali theorem (see Shilov and Gurevich, 1967, Ch. 4,
§10, Theorem 1), as follows. Consider the signed measure p on Borel subsets of [0,1/2]? given by

u(A) = / g(x1 + x2)daydxs.
A

Note AY"f = u((k/2n, (k + 2)/2n] x (k/2n, (k + 2)/2n]), (k = 0,---,n — 2). Since rectangles [z1, 21 +
h] x [x2,22 + h], (0 < @; < x; + h < 1/2,i = 1,2) form a Vitali system on [0,1/2]%, the above mentioned
Lebesgue—Vitali theorem implies that

12 (A2, 0] () BT} g (g o)

n—oo

a.e. in [0, 1]2. Taking into account the form of the measure y and the limiting function in (.7), it follows the

convergence nQAi’"(t)f = ¢p(t,t) —> g¢(t) a.e. on [0,1]. Next, for any fixed i = 0,1, --, the sequence of
n n—oo

rectangles (kn(gt:l)ﬂ, k"(tIQ)nHH] x( k"(éfl)ﬂ, k"(té)nﬂﬂ], n=1,2,--is regularly contracting to (¢1,t2) € (0,1)2

in the sense of (Shilov and Gurevich, 1967, Ch. 4, §10). Hence, using the lemma on p. 214 of the above
monograph, it follows that n ,u((k (tl)ﬂ, kn (t12 +Z+2] X (k"gf}“ k"(té)'””}) — g(8£2) ae. in[0,1]?

n ’ n

n—oo
implying
QAin(t i _ g(t) a.e. on [0,1], forany ¢=0,1,---.
Together with (R.4), this proves (R.§) and the proposition. O

Let us turn now to the case when f(t) = X;, t € [0,1] is a random process. Now and in all the sequel,
RP™(X), R*™(X) are denoted RP™, R“™, respectively. Below we formulate a general condition for the

convergence of RP'™ and R*"™ to a deterministic limit.

Assumption (A): For a.e. pairs (t1,t2) € (0,1)%,¢; # to, for i = 1,2 there exist:

(i) normalizations A®*)(§) — oo (5 — 0),
(ii) (mutually) independent random processes Y (%) = (Y ®) (1), 7 € [0, 1]),

such that for § — 0, S1 — tl,SQ — 1o

.d.d.
fdq

(A(tl) (6) (X51+5T - XS1 )7 A(t2)(6) (st+t5‘r - XS2)) (Y(tl)(T)v Y(t2)(7-))' (28)

REMARK 2.1 Relation (R.§) implies the existence of a joint small scale limit (Y1), V(2)) at a.e. pair
(t1,t2) € (0,1), with independent components Y1) Y (#2) Note Assumption (A) and Proposition .9 below
are very general, in the sense that they do not assume any particular structure or distribution of X.
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Proposition 2.2 Let a = (ag, - -,aq) € A(p,q),1 < p < q be a filter and let X satisfy Assumption
(A). Assume in addition that P(|A‘]?Y(t)| >0) =1, =01 for ae. t € (0,1), where AYZ = A‘;’lZ =

Yt _oaeZ(j+4L). Then
1 2
ALY D) + AGY @)
E(R*"— | E dt 0. 2.9
(= [ g pron ) o2 29

Proof. The statement follows from

ALY ) 4 AGY @)
ALY O + [ATY O]

1
ER*™ —» E [

n—oo

}dt and E (R —ER™")? — 0. (2.10)

n—oo

; a,n n lppan
Write ER*"™ = ;o [ ER" (t)dt, where (c.f. £.4)

A /) (A X + A5 X )

A/ (|apy x|+ At X)

D ALY + Ay @)
—
nooe JAFY (O] +]ATY O]

h"(t) =

= hy (b),

for a.e. t € (0,1), according to Assumption (A) and the continuous mapping theorem. Whence and from
0 < A" < 1 using the Lebesgue dominated convergence theorem the first relation in () follows. Moreover,

a.,n a,n\2 n 2 ! ! a,n a,mn 4/ / an2
E(R*" — ER*")? = ( ) /O/OE[th (OR%" ()] dtdt’ — (BR®™),

n—q

and with the same arguments as previously and the independence of Y and Y*") when ¢ # ¢/,

E[hS"(t)hY" ()] — E

Acy (@) + AJY ®) AY (") + AJY "
[ | 0 1 | | 0 1 | ] EhS (t) . Ehe (t/)
n—oo

MY O]+ [AY O] |AZY )] 4 [AsY @]

2
and therefore (n’j ) fo fo (R ()RS (¢)] dedt — (fol Eh}’"(t)dt) — 0, thereby proving the second

n—oo

relation in () and the proposition. i

The following easy but interesting corollary can also be added to this result. It proves that smooth multi-
plicative or additive trends do no change the L?-asymptotic behavior of R*". Let C?[0, 1] denote the class

of all p—times continuously differentiable functions on [0, 1].

Corollary 2.1 Let a € A(p,q) and X satisfy the conditions of Proposition @ with AW(§) = O(5~1)
(6 = 0) for each t € [0,1]. Assume that o € C*[0,1], B € CP[0, 1], infyco 1) a(t) > 0 and sup,c(o 1) |X ()] < 00
a.s. Define Z such that Z; = a(t) X; + B(t), t € [0,1]. Then (.9) holds with R»"™ = RP"™(X) replaced by
RP™(Z).

Proof. We consider here p > 2 but the case p = 1 can be easily obtained. With a( k:l”) a(B)+ Lo/ (&) (14

o(1)) and A7"B = O(25), for a.e. t € (0,1) and k = k,(t) as defined in the proof of Proposition @, we
deduce that

A7 = o(D)ARTX 4 Ta ()AL X to() sup X ()] +O()

¥ n’ =k n N7 te(0,1) n?’’

with a’ = (ja;)o<j<q € A(p — 1,q). Therefore,
A(t)( VAL Z = i ())A(t) AD™ X—|—lO ( NG et lA(t)(l))
) ko) = al=, () A%k X + 0 () kX)) +op(= A (=

—  a(t)Agy ™,

n—oo
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In a similar way, for a.e. pairs (¢,¢) € (0,1)2,¢t # t, we can verify the joint convergence in distribu-
tion of r.v.’s AW (L )AL 2 AW (L )AL 41 Zs A(t (L )Aa" Z, At (L )AL Z to the limiting r.v.’s

(t) ko (£)+1 kn (£ ko (/)41
at)ALY D a(t)AY D a(t)ALY @) a(t')AYY ). Now, the statement of the corollary follows by the argu-
ment at the end of the proof of Proposition E (I

REMARK 2.2 By definition, the statistics RP™ and R*™ for a € A(p,q), 1 < p < g are invariant with respect
to additive polynomial trends of order less than p; in particular, R>™ is insensitive to a quadratic trend
while R?™ does not have this property. On the other hand, Corollary @ (see also Proposition D) says
that under weak additional conditions on X, any sufficiently smooth additive or multiplicative trends do not
affect the limit of RP™ as soon as p > 1. In the important special case when the limit process Y(¥) = By in
Assumption (A) and (R.9) is a fractional Brownian motion with parameter H € (0,1) independent of ¢, the
statistic RP'""™ converges in mean square to the expectation E% = Mpp(H)), c.f. (LY-(L.10).
Numerical computations show that the correlation coefficient p,(H) is a monotone function of H for any
p > 1 and tends to constant value —1 on the interval (0,1) as p increases. Therefore, for larger values of
p, the range of A(p,(H)) is rather small and RP”™ seems less capable to estimate H. A final reason for our
concentrating on the “lower-order” statistics RP", p = 1,2 in the rest of the paper is the fact that R*"

satisfies the central limit theorem in ([l.11]) on the whole interval H € (0, 1).

3. Diffusions

Let . .
X = XoJr/ asdB(s)Jr/ bsds, t€10,1] (3.1)
0 0

be a diffusion (or It6’s) process on R. In (B.1]), we assume the existence of a right-continuous filtration F =
(Ft,t €]0,1]), a standard Brownian motion B adapted to F; moreover, as, bs, s € [0, 1] are adapted random
functions satisfying fol |bs|ds < oo, fol a’ds < oo a.s., and X is a Fo—measurable r.v. Write E;[-] = E[:|.F]
for the conditional expectation. Let A1(1/2) = A(p1(1/2)) =~ 0.7206 and A2(1/2) = A(p2(1/2)) ~ 0.5881.
The proof of the following Lemma is given in Annexe.

Lemma 3.1 Let ¥(x1,22) := |z1 + 22|/ (|71| + |22]) (71,22 € R), and let Z;,i = 1,2 be independent N(0,1)

r.v.’s. Then for any random variables &1, &a,

13

|Ep(Z1 + &1, Za + &) — E(Zy, Z2)| < 20max (E¢?) (3.2)

Theorem 3.1 Assume the following conditions: there exist random variables K1, Ko such that 0 < K; < oo
a.s., and such that, for any sufficiently small h > 0 and any 0 < t < t+ h < 1, the following inequalities
hold, a.s.:

las] > K, Ew;, < K» and Ey(an —ar)® < Ksh. (3.3)
Then
RP™ —Ay(1/2) = O™ Y3 as (p=1,2). (3.4)

Proof. We restrict the proof to the case p = 1 since the case p = 2 is analogous. For notational simplicity,

assume that n is odd. Define

IAX + AT X

Un(k): n
A" X |+ A X

Mo (k) := Egyn [ (B)), 5 (k) := nn (k) — 115, (F) (3-5)
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and correspondingly write RV = R, + R)!, R, = (n—1)"'Y /'~ §n;,( ), R == (n—1)"1 (" 2)/2 nr(2k),
= (n—1)"1 56" 04)/2 M (2k+1). As (n,,(2k), Fokt2)/n, k= 0,...,(n—2)/2) is a martmgale difference
sequence, so by Burkholder’s inequality,

4
(n—2)/2
BRL)S < on s [0 BV R | < ont
k=0

and therefore

ZP(|R21| >n"13) < CZn8/3n_4 < 00,
n=1

n=1

implying R”, = O(n~'/3) a.s. A similar fact holds for R/”,. Thus, it remains to prove

R, —A(1/2) =0~ Y3  as. (3.6)
Observe
Z1(k) + &1(k) + Za(k) + &a (k)] |Z1(k) + Za(K)|
’kA12En[| —E
k) =M (1/2) = B | 1 T 6 1120 + &®]] E Z0) + 1200
where
Zi(k) = nl/QAllv’nB, Zs(k) = nl/QAllcle,
(k+1)/n (k+1)/n
Gi(k) = n1/2/ ( ds —1)dB(s)+n1/2/ bs ds,
k/n Qg /n k/n Ak /n
(k+2)/ (k+2)/n
(k) = nl/? / (-2 ~1)dB(s) +n'? / b 4.
(k+1)/n  “NOk/n (k+1)/n  Qk/n

According to Lemma B.1] above, |1/, (k) — A1(1/2)| < 36 max;—1,2 (Eg/n&? (k))1/3 and therefore
R, — A1(1/2)] < 36 max{(Ey/,&2(k)"/?:i=1,2,k=0,1,...,n—1}.

Whence, (@) follows from the following fact: there exists a r.v. K < oo, independent of n and such that
foranyn>1, k=0,....n—1,i=1,2

Epn&(k) < Kn™', as. (3.7)
Indeed, using (B.3),
(k+1)/n a 2 (k+1)/n b 2
Epmél(k) = n/ Ek/n( s 71) ds+nEk/n(/ s ds)
k/n ak/n k/n ak/n
(k+1)/n 2 (k+1)/n
< nKkp? E/n (as — /n) ds + K2 Ej/nb2ds
< KgKan_l, a.s.,
and the bound (B.7) for i = 2 follows similarly. This proves (B.7) and Theorem p.J, too. O

Let us present some examples of It6’s processes X satisfying conditions @)

ExaMPLE 3.1 Let (X4, t € [0,1]) be a Markov process satisfying a stochastic equation

X, = 20+ /0 " a(X)dB(s) + /O B, (3.8)
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where xg € R is nonrandom, a(z),b(z),z € R are real measurable functions and B is a standard Brownian
motion. Let F; := 0{B(s),s < t},0 <t <1 be the natural filtration. Assume that

la(z) —a(y)| < K|z —yl,  [bx) —by)| < Klz—y|  (z,y €R) (3.9)

for some constant K < oo. Then equation (@) admits a unique adapted solution; see e.g. Gikhman and
Skorohod (1969). Let a; = a(Xy),by = b(X:). Assume in addition that |a(z)] > Ki, (z € R) for some
nonrandom constant K7 > 0. Then the first inequality in (@) is trivially satisfied; moreover, the second
and third relations in (B.J) are also satisfied, with Ko = C(1 + SUPg<s<1 X7) < 00 and K3 = C, where C is
nonrandom and depends on the constant K in (B.g) only.

ExXAMPLE 3.2 Let X, := g(t,B(t)), where B is a standard Brownian motion and g(¢,z) is a (jointly)
continuous function on [0,1] x R, having continuous partial derivatives g;(¢,x) := 9g(t,z)/0t, g.(t,x) =
g(t,x)/0x, guu(t,x) = 0?g(t,x)/02%. By It6’s lemma,

X0 = g0t BOWB() + (0. B0 + 0000, B(0) ) .

so that X admits the representation (B.1)) with a; = g, (¢, B(t)), by = g:(t, B(t)) + 1 9s2(t, B(t)) and the same
filtration as in the previous example. Assume that

g:(t2)| > K1, Jga(s,y) — gu(t,2)| < K(|s — V2 + |y — 2|),

for all (¢, ), (s,y) € [0,1] x R) and some constants 0 < K1, K < co. Then X satisfies the conditions in (B.3).

4. (Gaussian processes

4.1. Assumptions

Let X = (Xi, t € [0,1]) be a Gaussian process, with zero mean. Without loss of generality, assume Xy = 0.
Define o7, (k), the variance of A}’" X, and p, . (k), the correlation coefficient between AP™ X and AP X,
i.e.

) B b2 - E[AD"X AY X
o2a(k) = BlAY"X?] ppalk) = ot D) (4.1)
Let By = (Bg(t),t € R) be a fractional Brownian motion (fBm) with parameter 0 < H < 1, i.e., a Gaussian
process with zero mean and covariance such that EBy (s)By(t) = % (|t/* + [s|*H — |t — s[*T). Its p—th
order increments (A’;BH, j€ Z) form a stationary Gaussian process, for any p > 1. In particular, the
covariance function of A; By = A;BH = Bu(j+1)— Bu(j) and A?BH =Bu(j+2)—2By(j+1)+ Bu(j)
can be explicitly calculated:

E[AoBuA;jBy] = 27'(lj+ 1P 4 |5 — 127 = 2[5127), (4.2)
E[A;BgAIBy] = 27" (=[5 4+ 2P + 45+ 127 — 65?7 +4]j — 127 —|j — 2)*7). (4.3)

From Taylor expansion,

E[AoBuAjBy] ~ 2H(2H —1)721-2,
E[A2ByA2By| ~ 2H(2H —1)(2H — 2)(2H — 3)j°4 4,

as j — oo, and therefore the first increment, (A;Bg), has a summable covariance if and only if 0 < H < 3/4,

while the second increment, (A?BH), has a summable covariance for any 0 < H < 1.

Introduce the following conditions:
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(A.1) There exist continuous functions H(t) € (0,1) and ¢(¢) > 0 for ¢ € [0, 1] such that Vj € N*

2
E(X n i n_Xn n .
lim sup ( (Intl+3)/ 2H(t)[ t]/) —c(t)] = 0, with (4.4)
n=00 1 (0,1) (j/n)
1
lim sup |H(t)— H(t+ —)|logn = 0. (4.5)
n

n—oo te(O,l)
(A.1)" There exist continuous functions H(t) € (0,1) and ¢(¢) > 0 for ¢ € [0,1] such that Vj € N*

2
E(X((ne)1j)/m = Xint)/n)

(j/n)*"'®

—c(t)] = 0, with (4.6)

lim sup /n
N0 4e(0,1)

1 1
lim sup |H(t)— H(t+ =)|vnlogn=0 and lim sup |c(t) —c(t+ —)[v/n=0. (4.7)
n—oo te(O,l) n n—oo te(071) n

(A.2), There exist d >0, v > 1/2 and 0 < 8 < /2 such that for any 1 <k < j <n with n € N*
[B[AL"X AP X]| < d opn(K)opa() -0’1 — kI, (4.8)

A straightforward application of Assumption (A.1) (or (A.1)’) implies that \/c(t) By is the tangent
process of X for all ¢ € (0,1) and more precisely:

Property 4.1 Assumptions (A.1), (A.1)" respectively imply that, for any j € Z and p = 1,2,

E[APRX APV X
. [nt] j+(nt]
lim sup - — —c(t)| = 0, (4.9)
n=>o0 40,1y | B[AS " Buwy A" Brs] ©

E[AP" X AP? X
lim /n sup ] ind] —c(t)] = 0. (4.10)
oo e | B[AT" Bawy A7 B

Moreover, for any t € (0,1) and p =1,2

(1A, X) (Ve A7 B

JEZ n—oo JEZ ’

Assumption (A.1) can be characterized as uniform local self-similarity of (X;) (the uniformity refers
to the supremum over ¢ € (0,1) in @)) Note that for X having stationary increments and variogram
V(t) = EX?, Assumption (A.1) reduces to V(t) ~ ct?" (¢ > 0,0 < H < 1). For j = 0,1, relation ({.9)
implies that for any t € (0,1), the variance and the (1/n)—lag correlation coefficient of Aﬁ’g]X satisfy the
following relations:

Fallnt)  ~ dDHD) = ) B[B0Ba)?] = (=) (a.11)
pra(lnt])  — p(H(8) = corr(Brw (1), Br(2) — B (1) = 221 1, (4.12)
Aallnt)  ~  eo3HE) = ) BA3Ba)] = )~ 47O (1) (wag)
p2.n([nt]) = p2(H(t)) = corr(Br)(2) — 2By, Bu)(3) — 2Bu)(2) + Bu@ (1))

_ _32H(t) 4 92H(D+2 _ 7 (414)

8 — 92H(t)+1

(see (B-31)). Moreover, relations ([.11)—({.14) hold uniformly in ¢ € (0,1). Condition ([LH) is a technical
condition which implies (and is ”almost equivalent” to) the continuity of the function ¢ — H(t). Assumption
(A.l)/ is a sharper convergence condition than Assumption (A.1l) required for establishing central limit
theorems.
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Condition (@) specifies a nonasymptotic inequality satisfied by the correlation of increments A" X.
The particular case of stationary processes allows to better understand this point. Indeed, if (X;) has
stationary increments, the covariance of the stationary process (A" X, k € Z) is completely determined by
the variogram V' (), e.g.

E[AL"X AlnX] = %{V(k*iiﬂ) + V(%) - 2v(k;j)}. (4.15)

— t2H

In the “most regular” case, when X = By is a fBm and therefore V(t) , it is easy to check that
assumption (A.2)s holds with § =0 and y=4—-2H > 2 (0 < H < 1), while (A.2); with § =0,y =2—-2H
is equivalent to H < 3/4 because of the requirement v > 1/2. However, for X = By, (A.2); holds with
appropriate 6 > 0 in the wider region 0 < H < 7/8, by choosing 6 < 2 — 2H arbitrarily close to 2 — 2H and
then v < 2 — 2H + @ arbitrary close to 4 — 4H. A similar choice of parameters 6 and v allows to satisfy
(A.2), for more general X with stationary increments and variogram V (¢) ~ ct* (¢ — 0), under additional

regularity conditions on V' (t) (see below).

Property 4.2 Let X have stationary increments and variogram V (t) ~ ct* (t — 0), withc > 0, H € (0,1).
(i) Assume, in addition, that 0 < H < 7/8 and |V"(t)] < Ct™" (0 < t < 1), for some C > 0 and
4—4H >k >2—2H,k > 1/2. Then assumption (A.2)1 holds.

(ii) Assume, in addition, that [V ()] < Ct=* (0 < t < 1), for some C > 0 and 8 —4H > k > 4 — 2H.
Then assumption (A.2)2 holds.

The following property provides a sufficient condition for (A.2), in spectral terms, which does not require

differentiability of the variogram.

Property 4.3 Let X be a Gaussian process having stationary increments and the spectral representation
(see for instance Cramér and Leadbetter, 1967)

X = jg(éw-—l)f“2@>w«d@, for all t€R, (4.16)

where W (dz) = W (—dz) is a complez-valued Gaussian white noise with zero mean and variance E |W (dz)|* =

dz and f is a non-negative even function called the spectral density of X such that

| aniep) s < <. (4.17)
Moreover, assume that f is differentiable on (K, 00) and

FE ~eeh (€2 00), (OISO (6> K) (4.18)

for some constants ¢,C, K > 0. Then X satisfies assumption (A.2); for 0 < H < 3/4 and assumption
(A.2)y for 0 < H <1.

4.2. Limit theorems

Before establishing limit theorems for the statistics RP"™ for Gaussian processes, recall that A is given in
([L9) and with p,(H) in (6.31) one has

[A6Buw + A Buw] | 4.
|AGBr | + |ATBr|

[ st = [ = [ e

Straightforward computations show that Assumptions (A.1l) and (A.2), imply Assumption (A) with
AW(§) = 6~HO Y® = | /e(t) Byyy. Therefore Proposition B.J ensures the convergence (in L?) of the
statistics RP"™ to fol A,(H(t))dt. Bardet and Surgailis (2009) proved a.s. convergence in Theorem [,
below, using a general moment bound for functions of multivariate Gaussian processes (see Lemma [ in
Section E) A sketch of this proof can be found in Section E
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Theorem 4.1 Let X be a Gaussian process satisfying Assumptions (A.1) and (A.2),. Then,

RP™ 2% /1AP(H(t))dt (p=1,2). (4.19)
0

n—oo

Corollary 4.1 Assume that X is a Gaussian process having stationary increments, whose variogram satisfies

the conditions of Properties @ or B Then

RP™ 2% AL(H)  (p=1,2). (4.20)

n—o0

The following Theorem [£.9is also established in Bardet and Surgailis (2009). Its proof (see a sketch of this
proof in Section E) uses a general central limit theorem for Gaussian subordinated nonstationary triangular
arrays (see Theorem [J in Section []). Note that the Hermite rank of ¢ (x1,z2) = |1 4 x| /(|2z1] + |2]) is 2
and this explains the difference between the cases p = 1 and p = 2 in Theorem @: in the first case, the
inequalities in (5.12) for (Y',,(k)) as defined in (5.9)-(6.10) hold only if sup,co ) H(t) < 3/4, while in the
latter case these inequalities hold for 0 < sup,co 1) H(t) < 1. A similar fact is true also for the estimators

based on generalized quadratic variations, see Istas and Lang (1997), Coeurjolly (2001).

Theorem 4.2 Let X be a Gaussian process satisfying assumptions (A.1) and (A.2),, with § = 0. More-

over, assume additionally sup H(t) < 3/4 if p=1. Then, forp=1,2,
tel0,1]

Vi (R - /0 1 M (H(E)A) 25 N[0, /O 1 £, (H(7)dr) (4.21)

n—oo

with Ap(H) and S,(H) given in (1.§) and ([[.13), respectively.

The following proposition shows that the previous theorems are satisfied when smooth multiplicative and
additive trends are considered.
Proposition 4.1 Let Z = (Z; = a(t)X: + 5(t), t € [0,1]), where X = (X, t € [0,1]) is a zero mean
Gaussian process and o, 3 are deterministic continuous functions on [0, 1] with inf,c(o 1 a(t) > 0.

(i) Let X satisfy assumptions of Theorem [[.4 and o € CP[0,1], 3 € CP[0,1]. Then the statement of Theorem
@ holds with X replaced by Z.

(i) Let X satisfy assumptions of Theorem [[.] and o € C*[0,1], 3 € C'[0,1]. Then the statement of Theorem
B holds with X replaced by Z.

REMARK 4.1 A version of the central limit theorem in ({.21]) is established in Bardet and Surgailis (2009)
with fol A, (H(t))dt replaced by ERP™ under weaker assumption than (A.1)" or even (A.1): only properties

(E1T)-(E1T) (for p = 1) and {1)-E14) (for p = 2), in addition to (A.2), with § = 0 , are required.
The particular case of Gaussian processes having stationary increments can also be studied:

Corollary 4.2 Assume that X is a Gaussian process having stationary increments and there exist ¢ > 0,
C >0 and 0 < H < 1 such that at least one of the two following conditions (a), (b) hold:

(a) variogram V(t) = ct*" (14 0(t1/2)) for t =0 and |V ()| < C2H2P for all t e (0,1];
(b) spectral density [ satisfies ), ) and f (&) = c{fQH’l(l + 0(571/2)) (€& = 00).

Then:

n D . p=1 0<H <3/4,
Vi (RP™ — Ay(H)) e N(O,EP(H)) if {pQ, 0o H -1 (4.22)

Moreover, with the expression of s3(H) given in Section Ia’,

\/ﬁ(Agl(RQ*”)—H) Ly N(0, s3(H)). (4.23)

n—roo
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Therefore, H, = Ay '(R*™) is an estimator of the parameter H following a central limit theorem with
a convergence rate /n under semi-parametric assumptions. Similar results were obtained by Guyon and
Leon (1989) and Istas and Lang (1997) for generalized quadratic variations under less general assumptions.

REMARK 4.2 In the context of Corollary [ and H € (3/4,1), we expect that RY" follows a nongaussian

limit distribution with convergence rate n?=2H.

REMARK 4.3 Figure 1 exhibits that H — Ay(H) is nearly linear and is well-approximated by .1468 H 4-.5174.
Consequently, fol Ao(H (t))dt ~ 1468 H +.5174, where H = fol H (t)dt is the mean value of the function H (-).

Another interesting particular case of Theorem [£.9 leads to a punctual estimator of the function H (t) from
a localization of the statistic R*™. For to € (0,1) and « € (0, 1), define

[nto+n] ‘AQ’"X + A X
k k+1
R2™(t) == — -

a 2,n 2,n .
2n k=[nto—n<] |A" X+ AL X

This estimator is studied in Bardet and Surgailis (2010) and compared to the estimator based on generalized

quadratic variations discussed in Benassi et al. (1998) and Coeurjolly (2005).

4.3. Examples

Below we provide some concrete examples of Gaussian processes which admit a fBm as the tangent process.
For some examples the hypotheses of Theorems @—@ and the subsequent corollaries are satisfied. For other
examples, the verification of our hypotheses (in particular, of the crucial covariance bound (A.2) p) remains
an open problem and will be discussed elsewhere.

EXAMPLE 4.1 Fractional Brownian motion (fBm). As noted above, a fBm X = By satisfies (A.1)’ as well
as (A.2); (for 0< H<3/4if0=0and 0< H <7/8if 0 < 0 < 2—2H with § arbitrary close to 2 — 2H
and therefore v < 2 — 2H + 0 arbitrary close to 4 — 4H may satisfy v > 1/2) and (A.2), (for 0 < H < 1),
with H(t) = H, ¢(t) = ¢. Therefore, for fBm both Theorems (the almost sure convergence, satisfied for
0 < H < 7/8 when p=1and for 0 < H < 1 when p = 2) and [£3 (the central limit theorem, satisfied
for 0 < H < 3/4 when p =1 and for 0 < H < 1 when p = 2)) apply. Obviously, a fBm also satisfies the
conditions of Corollary [.d. Thus, the rate of convergence of the estimator Ay ' (R>") =: H, of H is /n. But
in such a case the self-similarity property of fBm allows to use in this case asymptotically efficient Whittle
or maximum likelihood estimators (see Fox and Taqqu, 1987, or Dahlhaus, 1989). However, for a fBm with
a continuously differentiable multiplicative and additive trends, which leads to a semi-parametric context,

the convergence rate of f[n is still \/n while parametric estimators cannot be applied.

EXAMPLE 4.2 Multiscale fractional Brownian motion (see Bardet and Bertrand, 2007) defined as follows: for
¢ € N*, a (M,)-multiscale fractional Brownian motion X = (X, t € R) ((M,)- {Bm for short) is a Gaussian
process having stationary increments and a spectral density f such that

2
(€)= |,5|20TJ+1 Lw; < €] < wjs1) forall €€R (4.24)

with wp =0 < wy < -+ < wp < weg1 =00, 0; > 0 and H; € R for i € {0,---,¢} with Hy < 1 and
H; > 0. Therefore condition (4.18) of Property E is satisfied, with K = wy, and H = H,. Moreover, the
condition f(§) = € 2H1(1+ 0(671/2)) (€ — 00) required in Corollary [L.9is also checked with H = H,.
Consequently, the same conclusions as in the previous example apply for this process as well, in the respective
regions determined by the parameter H; at high frequencies © > wy alone. The same result is also obtained
for a more general process defined by f(£) = c£=2H~1 for |¢| > w and condition ([.17) is only required
elsewhere. Once again, such conclusions hold also in case of continuously differentiable multiplicative and
additive trends.
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EXAMPLE 4.3 Multifractional Brownian motion (mBm) (see Ayache et al., 2005). A mBm X = (X;, ¢ €
[0,1]) is a Gaussian process defined by

1t —1
Xy = BH(t)( = /|$|H(t)+1/2 (dl‘), (425)

where W (dz) is the same as in ({.16), H(¢) is a (continuous) function on [0, 1] taking values in (0,1) and
finally, g(H (t)) is a normalization such that EX? = 1. It is well-known that a mBm is locally asymptotically
self-similar at each point ¢ € (0, 1) having a fBm By as its tangent process at ¢ (see Benassi et al., 1997).
This example is studied in more detail in Bardet and Surgailis (2010).

EXAMPLE 4.4 Time-varying fractionally integrated processes. Philippe et al. (2006, 2008) introduced two
classes of mutually inverse time-varying fractionally integrated filters with discrete time and studied long-
memory properties of the corresponding filtered white noise processes. Surgailis (2008) extended these filters

to continuous time and defined “multifractional” Gaussian processes (X¢, t > 0) and (Y;, ¢ > 0) as follows

X, = /R{/Otm(q—s)f(r)—l.SeA(s,T)dT}dB(S% (4.26)

B ; O NHG) =5 —AL(st) o NH(s)=5 —AL(5,0)
Y= /]RF(H(S)+.5){(t s)y e (=s)4™ e }dB(S)’ (4.27)

where s := s*1(s > 0), B is a Brownian motion,

A_(s,t) ::/ Wdu, Ay (s,t) ::/ de (s <t)

and where H(t),t € R is a general function taking values in (0,00) and satisfying some weak additional
conditions. Surgailis (2008) studied small and large scale limits of (X;) and (Y;) and showed that these
processes resemble a fBm with Hurst parameter H = H(t) at each point ¢ € R (i.e., admit a fBm as a
tangent process) similarly to the mBm in the previous example. The last paper also argues that these
processes present a more natural generalization of fBm than the mBm and have nicer dependence properties
of increments. We expect that the assumptions (A.1),(A.1)",(A.2), can be verified for (4.24), (£.27);

however, this question requires further work.

5. Processes with independent increments

In this section, we assume that X = (X;, ¢t > 0) is a (homogeneous) Lévy process, with a.s. right continuous
trajectories, Xo = 0. It is well-known that if the generating triplet of X satisfies certain conditions (in
particularly, if the Lévy measure v behaves regularly at the origin with index a € (0,2)), then X has a
tangent process Y which is a—stable Lévy process. A natural question is to estimate the parameter @ with
the help of the introduced statistics RP™. Unfortunately, the limit of these statistics as defined in (1.5)
through the tangent process depends also on the skewness parameter 5 € [—1, 1] of the a—stable tangent
process Y and so this limit cannot be used for determining of « if § is unknown.

In order to avoid this difficulty, we shall slightly modified our ratio statistic, as follow. Observe first
that the second differences Ai’"X of Lévy process have a symmetric distribution (in contrast to the first
differences A,lc’”X which are not necessary symmetric). For notational simplicity we shall assume in this

section that n is even. The modified statistic

(n—4)/2
N 1 |z +
R*" = — g 1/)A2nX A" X Y(x,y) = ———
n2-1 5 ( skizX) ] + [y]

is written in terms of “disjoint” (independent) second order increments (A2 "X, AngQX ) having a symmetric

joint distribution. Instead of extending general result of Proposition 2.2 to R%™_ we shall directly obtain its
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convergence under suitable assumptions on X. Note first

~omn 2 1 4 3
ER*" = Ew(Xf/ZL_Xf/ZwX;/ZL_XbL)’ (5.1)

where X i =1,---,4 are independent copies of X. Note that 1/2 < ER2?™ < 1 since

(2) (1) (4)
Ew(Xl/n - Xl/n’ Xl/n

(3 (2) 1) (4) (3
- Xl/n) ZP(‘le/n - Xl/n z O’Xl/n - Xl/n z 0)

<0,xW — x® )

(2) 1)
+ P(X - X 1/n 1/n

1/n 1/n

>PA(x) — xU) > 0)+PA(x()

o ~ X)) <0)>1/2.

Proposition 5.1 Let there exists a limit

lim ER?>" = A. (5.2)
n—oo
Then
RZm 2% A, (5.3)
n—oo

Proof. Write R?" = ER%™ 4 (n/2 — 1)71Q,, where Q,, is a sum of centered 1-dependent r.v.’s which
are bounded by 1 in absolute value. Therefore E((n/2 — 1)7'Q,)* = O(n~2) and the a.s. convergence
(n/2 —1)7*Q,, — 0 follows by the Chebyshev inequality. O

Next we discuss conditions on X for the convergence in () Recall that the distribution of X; is infinitely
divisible and its characteristic function is given by

Eel%Xt = exp {t(i*y@ - 5(1292 +/ (e‘"e —1—iuf1(Jul < 1))V(du)) }, 0 e R, (5.4)

R
where v € R,a > 0 and v is a measure on R such that [, min(u?, 1)v(du) < oco. The triplet (a,7,v)
is called the generating triplet of X (Sato (1999)). Let X® i = 1,2 be independent copies of X. Note

Wy = Xt(l) — Xt(2) is a Lévy process having the characteristic function

Bt — exp {t( Q20?42 /OOO Re(l — eiuf’)dK(u)) } 0 R, (5.5)

where
K(u) = v((—o0, —u] U [u,c0))
is monotone nonincreasing on (0,00). Introduce the following condition: there exist 0 < o < 2 and ¢ > 0

such that
K(u) ~ o U 1 0. (5.6)

It is clear that if such number o exists then o := inf {r >0 flrl<1 |z|"v(dz) < oo} is the so-called fractional
order or the Blumenthal-Getoor index of the Lévy process X.
Let Z, be a standard a—stable r.v. with characteristic function Ee?%e = ¢~11" and Z&z),i =1,2,3 be

independent copies of Z,.

Proposition 5.2 Assume either a > 0 or else, a = 0 and condition @) with 0 < a <2 and ¢ > 0. Then

t_l/o‘(Xt(l) — Xt(z)) Ly &7, with & depending on c, and ([5.4), (6.3) hold with
=0

A=A) := Ew(Zél), Z&Q)).
Moreover, with &2 (a) := 2var(1/) (Z(gl), ng))) + 4COV(1/}(Z&1), ng)),q/)(zgf), Zé3))),

Vn(R*" —ER>™) 25 N(0,6%(a)). (5.7)

n—oo
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Proof. Relation t—YoW, =t~/ (Xt(l) — Xt@)) N ¢ Z, is an easy consequence of the assumptions of the
t—0
proposition and the general criterion of weak convergence of infinitely divisible distributions in Sato (1991,
Theorem 8.7). It implies (@) by the fact that ¢ is a.e. continuous on R2. Since R*™ is a sum of 1-dependent
stationary and bounded r.v.’s, the central limit theorem in (f.7) follows from convergence of the variance:
nvar(R>™) — 62(a); (5.8)
see e.g. Berk (1973). Rewrite R>™ = (n/2 —1)~! 25::64)/2 (k) fin(k) := z/J(Ag;C"X, Ag;CZQX). We have

2n(n/2 —2)

nvar(R>") = var (7, (0)) + Wcov(ﬁn(o), (1)),

.
n/2-1
where var(7j,(0)) — var(¥ (287, 28))), cov(in(0),7a(1)) — cov(v (2, 22), (28, 28Y)) similarly

n—oo n—oo
as in the proof of (5.9) above. This proves (.§) and the proposition. O

0.5+

0.4-

0.3-

0.2

126D + 28|

12011 2®)] (left) and a +— &(«) (right) for a process with independent increments.
[e3 [e3

Figure 4. The graphs of a — A(a) = E

The graph of A(«) is given in Figure fl. Note that A(2) = A1(1/2) ~ 0.72: this is the case of Brownian
motion.
In order to evaluate the decay rate of the bias ER*>™ — A(a) we need a uniform convergence rate in Lemma

@, below, for

|Fro — Galloo :=sup |Fn(z) — Go(2)|, Fn(z):= P(nl/o‘Wl/n <z), Gu(z):=P(Z, <z,
x€R

where Z, := &Z, is the limiting a—stable r.v. in Proposition p.4 and (W;,t > 0) is the symmetric Levy
process with characteristic function as in @) The proof of Lemma is given in Annexe.

Lemma 5.1 (i) Let a =0 and K satisfy (5.4). Denote K1(u) := K(u) — cu™®, |K1|(u) := [ [dKL (v)],

the variation of K1 on [u,00). Moreover, assume that there exist some constants 5,6 > 0 such that
[K1l(u) = O(w™*™D%)  (u—0), [Ki|(u) =O(u™) (u—o0), (5.9)
where x4 = max(0,x). Then

O(m=b/*),  iff<a,

[Frn = Galloo = O(n=tlogn), if B=aq, (5.10)
O(n=1), if B> a.
(i1) Let a >0 and K satisfy
Ku)=0w"%) (u—=0), K@) =0w"’) (u—o0), (5.11)

for some 0 < a <2, 6§ >0. Then

O(n='*/2), ifa >0,

O(n~tlogn), ifa=0. (5.12)

|Fn— Gl = {
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Proposition 5.3 Assume either a > 0 or else a = 0 and condition @) Then for any « € (0, 2]
[ER?"™ — A(a)] < 2C||Fn — Galloo, C = / (1+2)7%dz < . (5.13)
0

Proof. Let ¢(z,y) := |z —y|/(x +y), ,y >0, and let F,,, G, be the same as in Lemma p.1. Similarly as in
Vaiciulis (2009, proof of Th. 1), write

ER — Aa) = 2 / N / " () (AF (2)dF () — AGa(@)dCu(y)) = 2(W1 + Wa),

where Wp = fooo foooi)(z,y)an(z)(an(y) —dG.(y)), Wa = fooo fomﬁ(z,y)dGa(y)(an(x) — dGq ().
Integrating by parts yields

W. :2/ xan:c/ F.(y) — Go(y)|———
[Wil 0|| ()O|() ()|(x+y)2
< AR Gal [ leldB@) [ T = ClE - Galla
0 o (z+y)
since fooo dF,(x) =1/2. A similar estimate holds for W5. This proves () O

Propositions @, @, and Lemma @, together with the Delta-method, yield the following corollary.

Corollary 5.1 Leta and K satisfy either the assumptions of Lemma 5.1(i) with 8 > «/2, or the assumptions
of Lemma 5.1(ii). Then
Va(RP" — Aa)) = N(0,6%().

Moreover, if we define &, == A~ (R>"), then

Vi(an —a) = N(0,5(a)),

n—oo

where §2(a) := [g—i‘(aﬂ_Q&Q(a), 0<a<2.

There exist very few papers concerning estimation of « in such a semiparametric frame. Nonparametric
estimation of parameters of Lévy processes based on the empirical characteristic function has recently been
considered in Neumann and Reif8 (2009) and Gugushvili (2008), but the convergence rates there are (logn)"
with £ > 0. Ait Sahalia and Jacod (2009) have proposed an estimator of the degree of activity of jumps (which
is identical to the fractional order in the case of a Lévy process) in a general semimartingale framework using
small increments of high frequency data. However from the generality of their model, the convergence rate of
the estimator is not rate efficient (in fact smaller than n'/%). A recent paper of Belomestny (2010) provides
an efficient data-driven procedure to estimate a using a spectral approach but in a different semiparametric
frame from ours. Thus, Corollary appears as a new and interesting result since the estimator a,, follows

a y/n-central limit theorem.

6. Annexe : proofs

Proof of Lemma B.1

Let 62 := max;—1,2 E€2. If 62 > 1/2, then (B.2) holds since the Lh.s. of (B.J) does not exceed 1. Let §2 < 1/2
in the sequel. Write U := ¢(Z1 + &1, Z2 + &2) — ¥(Z1, Z2) = Us + Uy,

Us = Ul(As) = (W(Z1+&, 22+ &2) — (21, Z2))1(As),
Us = ULAS) = (W(Z1+&, 2o+ &) — (21, Z2))1(As),
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where 1(As) is the indicator of the event
As = {1Z1] > 6°%,1 25| > 67/, |61] < 6%/ /2, 16a] < 6%/ )2},
and 1(A§) =1 — 1(As) is the indicator of the complementary event A°. Clearly,
E[Uf| < 2(P(1Z1] < 6*%) +P(|Zs] < 6°%) + P(l&1] = 6%/°/2) + P(I&a| = 6°/%/2)
4 Ee?

\/2_52/3+2W <4 6%/3,
vy

It remains to estimate E|Us|. By the mean value theorem,

<

Us] < <|§1|sup|¢zl| n |52|sup|wx2|) 1(As).
D D

where
Slll)p|¢zl| = sup{|0Y(w1,22) /01| |zi — Zi| < [&il,i = 1,2},
Slj;p|¢z2| = sup{|0Y(z1,22) /02| : |zi — Zi| < [0 = 1,2}
Therefore
E|Us| < El/Q(éf)Em[(Sl[l)pwall)Ql(As)] +E1/2(§§)E1/2[(81[1)p|1/Jz2|)21(A5)]
< 0 (B2 (oup )1 (40)] + B2 (sup s 145)] )
Next,
b (21, 202)| = |sgn(z1 + 2)(|21] + |22f) — (2|501 +zo)sgn(z)| 2
(Jo1| + |z2]) |21 + |@2]
Therefore
s%p|wzi|21(A5) < 4 sup{(|x1| + |352|)*2 de— Zi| < 52/3/2, |Z:] > 52/3,i = 1,2}
< 16(|1Z1| + | Zo])7?1(| Zi] > 6731 = 1,2),
implying
1
E[(sup vz, N?1(A <16E[7; Zi| > 6*3i=1,2| < C(),
(Sup e [ L(A9)] < 16E | < ()
where
16 1

e*(r?Jrrg)/?dzlde

@) <

o 2 2
2T {22 +a2>64/3} T1 + x5

< 16/ r~le " 2dr < 16 (1+ (4/3)|log ).
)

4/3

Hence E|Us| < 85(1+ (4/3) |logd|)}/2, E|US| < 46%/3. Tt remains to use (1 + (4/3) |logz|)1/? < 222/3 for
all0 <z < 1. 0.

Proof of Property [ 1

We use the following identity: for any reals z1,-- -, z;,
1 j—

Y (B

k=1 k=2 k=1 k=2

Ju

J
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In particular,

n n 1 2 2
[A[lm]XAglﬂml } = §{E(Xj+1+[nt1—X[nt1) +E(Xj-14t] — Xnea])

2
— E(Xjitn — Xpa)” — (Xt e — Xpne.)) }

where ¢, := t + (1/n) (so that [nt.] = [nt] +1). Then, using (A.1) and the notation u, for a sequence

tending to 0 as n — oo uniformly in ¢ and all |j| < J, where J is a fixed number, we obtain

] A TG AR ] (o R
et (2)" ) et (1) ) |
D (5 2 (2) "
since c(t,) — c(t) = u, and (%’)QH“*) - (%’)QH(” (1 + uy) follows from (§). This proves () for p = 1.

Relation ([.9) for p = 2 follows analogously. Relation (ft.10) also follows by the same argument and the

N 2H () \2H (1)
fact that c(ts) — c(t) = un/+/n and (%) = (%) (1 + upn/+/n) hold in view of Assumption (A.1)’.
Property EI is proved. (I

Proof of Property [[.3
With condition V (£) ~ ¢t> (t — 0) in mind, inequality (J.§) reduces to

[V (EEL) +V (1) —2v (&) Cn2H+H0L=7 (p=1, 2<k <n), (6.1)
[V (B2) —4v (5) +6V(%) ( L)+ V (E2)] < onTHETT (p=2,4<k<n) (6.2)

IN

The left hand side of (@) can be written and estimated as

1/n pl/n 1/n rl/n
V't —s+ (k/n))dtds| < C/ / [t — s+ (k/n)|~"dtds
< ”2/‘/‘M—s+k|ﬂﬁ®
< Cnk~ 2k K _ 9 2Hk 0

where y =k > 1/2 and = k + 2H — 2 € [0,/2) since k < 4 —4H. This proves part (i). Part (ii) follows
similarly, by writing the left hand side of (f.9) as

o VOt —s4u—ov+ (k/n))dtdsdudv| < C/Ol/~n~ . /01/" [t —s+u—v+ (k/n)|” "dtdsdudv
< COnfFMr = Cnf2HE
where y =k > 1 and § = k + 2H — 4 € [0,5/2) since k < 8 — 4H. Property [.9 is proved. O
Proof of Property [f.3
From ([£.16) we have
E[AP"X AP"X] = /R ell@/m) _ 1\2’7 U/ f(x)dx = 2'FP /O 00(1 — cos(z/n))P cos(xj/n) f(x)dx

21TP (1 + 1),
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with
o= | (1= cos(/n))? cosai /) f (@)
-/ (/) fada] = [cn / " f(e)da] < Cn (6.3)
ad 1 = 0 O/Onacos(sc))f’eos(xﬁf(n:c)dz
= 0/3) [ 0 eon@) fnasina)
= ) [ sinGas) (1 cos(a) o)), -+ O(n ) (6.4

since |(n/7)f(K)(1 — cos(K/n))Psin(jK/n)| < C(n/j)(K/n)?*|jK/n| < Cn=2F for any K > 0 fixed.

Let p = 1. The last integral can be rewritten as f;;n sin(z7) ((1 — cos(x)) f(nx))!, dz = I + I, where

oo oo 3
L < / |sin(zj) sin(z) f(nx)|dx < C |sin(zj) sin(z)|(nz) 27 1da < Z[lq,
g=1

where we used the fact that f(z) < Cx=27~1 (z > K); see condition ([.1§), and where

1/3 1/
| = / |sin(z7) sin(z)|(nz) 27 tde < Cj/ 2(na)"1"2Hdy < Cj2H-lp172H
0 0
1 1
|2 = / |sin(z7) sin(z)|(nz) "2H " 1dx < C/ e(nz) "M e < -1~
1/3 1/
|113| = / |Sin(xj)Sin(x)|(nx)72H*1d$ < C/ (nx)*1*2de < Cn7172H-
! 1

Similarly, using (#.1§),

e 9] oo 3
L] < n/ [sin(zj)(1 — cos(z)) f'(nz)|dz < C |sin(x7)(1 — cos(z)|(nz) "2 2dx < Zlgq,
K/n K/n =1
where
1/j 1/j
I, = n/ |sin(z5)(1 — cos(x))|(nz) 27 ~2dx < an/ 3 (na) M de < P I 1721
0 0
1 1
Iy, = n/ |sin(z7)(1 — cos(z))|(nz) 27 ~2dz < Cn/ 2X(nx) 2 dr < CjPH T2
1/5 1/3
Iy = n/ |sin(z5)(1 — cos(z))|(nz) 27 2dz < Cn/ (nx)272Hdx < Cn~172H,
1 1

We finally obtain, for 1 < j <mn,
}E[Aé’"X A;,nXH < C(n/j)jQH—ln—1—2H+O(n—2) < COp~2H j2H-2

implying (for 0 < H < 3/4) (A.2); with 6 = 0 and xk = 2 —2H > 1/2. For p = 2, the estimation of the
integral in (f.4) is completely similar, resulting in the bound

‘E[Ag,nX A?,nXH S C’(n/j)n7172H+O(n74) S Cn72Hj71

for any 0 < H <1, or (A.2)g with# =0and k =1 > 1/2. O



Measuring the roughness of random paths 23
Sketch of the proof of Theorem [f.1

The proof of Theorem @ is based on the moment inequality in Lemma EI, below, which extends a similar
inequality in (Taqqu, 1977, Lemma 4.5) to vector-valued nonstationary Gaussian processes. The proof of
Lemma [l| uses the diagram formula and is given in Bardet and Surgailis (2009). To formulate this lemma,
we need the following definitions. Let X be a standard Gaussian vector in R” (v > 1) and let L?(X)
denote the Hilbert space of measurable functions f : R — R satisfying ||f]|? := E(f(X))? < co. Let
L3(X) ={f € LX) : Ef(X) = 0}. Let (X1, --,Xn) be a collection of standardized Gaussian vectors
X, = (X; xW. X(V)) € R” having a joint Gaussian distribution in R*". Let € € [0,1] be a fixed number.
Following Taqqu (1977), we call (X1,---, X ny) e—standard if |EXtu)st)| <eforanyt#s,1 <t s<N and
any 1 < u,v < v. Finally, 3 denotes the sum over all distinct integers 1 < ty,---,t, <N, t; #t; (i # j).

Lemma 1 Let (X1, -, X n) be e—standard Gaussian vector, X, = (Xt(l), e ,Xt(u)) eRY (v>1), and let
Gjwn €L3(X),1<j<p(p>2),1<t<N. For given integers m, N > 1, define

Qn : max Z mnax [EX; X ™)|m, (6.5)
1<s<N,s#t
Assume that for some integer 0 < a < p, the functions G1¢.n, -, Ga,:,N have a Hermite rank at least equal
Vpl_l. Then

/ a [<3
> EIGLLN(X) G (X)) < Cle,pom,a, ) KNPTEQE,

where the constant C'(g,p,m,a,v) depends on e,p,m,a,v only, and K := H§:1 maxi<i<n |Gjen|-

Sketch of the proof of Theorem B The convergence lim,,_,,, ERP™ fo ))dt is easy (see the proof
of Proposition 2.2). Hence ([i.19) follows from
RP™ .— RP™ _ERPT™ 2% . (6.6)
n—o0

Relation (@) follows from the Chebyshev Inequality and the following bound: there exist C,x > 1 such
that for any n > 1

E(R”’”)4 < On~*. (6.7)

By definition, P = LS 0781 iy, (k), where i, (k) := 0o (k) — Enn (k) and n, (k) := $(AD"X, AR X)),
U(x,y) = |z +yl|/(|z] + |y|) are nonlinear functions of Gaussian vectors (A}" X, AP", X) € R? having the
Hermite rank 2; however, these vectors are not e—standard and therefore Lemma 1 cannot be directly applied
to estimate the Lh.s. of @) (with p=1,---,4, v = 2). To this end, we first need to “decimate” the sum
RP™, as follows. (A similar “trick” was used in Csorgé and Mielniczuk (1996).) Let ¢ = [n?/7] be the

sequence of integers increasing to oo (at a rate o(n'/?) by condition # < v/2) and write

} -1 ~ 1 [(n—2—3)/4]
Bro= STRPG) o), BPNG) = g YD (k).
j=0 k=0

Then . .
b)) < ¢ s B (R2G)

Write 7, (k) as a (bounded) function in standardized Gaussian variables:
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where Y, (k) = (Y, (k), VP (k)) € R2,

AP X
YU(k) = — Ol (6.9)
p,n
_ A%nX Pp,n (k) Agle 1

k) 1= (k) e ETL 12 (k)

W @) = @ Tpnlk+1) W4 2 (e®
and fkn(x , T ) : 1/1(:1: S (pp,n(k:)x + /1= p2 (k) ) , (6.11)

where o7 . (k), pp.n(k) are defined in (1. Then, for each k, Y, (k) := (Yél)(k),Yn@)(k)) has a standard
Gaussian distribution in R? and 7, (k) = fe.n (Yn(k))—Efrn (Yn(k)). Moreover, the vector (Y., (kl+j), k =
0,1,---,[(n—2—j)/f]) € R2UC=2=)/0+1) ig ¢ _standard provided £ is large enough. Now Lemma [] can be
used and it implies the bound (B.7) using Assumptions (A.1) and (A.2),. The details of this proof can be
found in Bardet et Surgailis (2009). O

YA (k) = (6.10)

Sketch of the proof of Theorem [[.3

The proof of Theorem @ uses the following central limit theorem for Gaussian subordinated multidimen-
sional triangular arrays. Theorem [l| is proved in Bardet and Surgailis (2009). It extends the earlier results
in Breuer and Major (1983) and Arcones (1994). Below, similarly as in Lemma 1, X € R designates a
standard Gaussian vector.

Theorem 1 Let (Y5 (k) <p<pnen be a triangular array of standardized Gaussian vectors with values in
RY, Yo(k) = (VP (k) Y, (k), BV, P (k) = 0, EY;\" (k)Y D (k) = 6,q. For a given integer m > 1,
introduce the following assumption: there exists a function p : N = R such that for any 1 < p,q < v,
Vi, k) € {1, n}?, [BYPGYOR)| < Jpl—k) with Y |p()™ < oo (6.12)
JET

Moreover, assume that for any T € [0,1] and any J € N*,

(Yo7l + D)) _yejer — (We(i)_yeiess (6.13)

n—o0

where (W, (j))jeZ is a stationary Gaussian process taking values in RY and depending on parameter T € (0,1).
Let fkm € LX) (n>1,1 <k <n) be a triangular array of functions all having Hermite rank at least m.

Assume that there exists a 1L2(X)—valued continuous function ¢, € [0,1], such that

sup ||f[7'n],n - 927)7'||2 = Sup E(f[‘rn],n(X) - QST(X))Q — 0. (614)
T€[0,1] 7€[0,1] n—00
1 ~ ~
Then, with o* = [ dr( 3" E[3 (W2(0)d- (Wo(7))]) < .
0 JEZ

n 23 fin (Ya(k)) 5 N(0,07). (6.15)

k;:l n—oo

Sketch of the proof of Theorem @ It suffices to show that
1
\/ﬁ’ER”’p - / A (H®)d| — 0 (6.16)
0 n—roo

and

V(R —ERP™) 25 N (0, /0 S, (H(r))dr). (6.17)

n—oo
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The proof of (6.1) uses Assumption (A.1)’ or (.1() and the easy fact that for Gaussian vectors (Z,gl), Z,SQ)) €
R2, n € N with zero mean EZ\) =0, i =1,2,n € N and E(Z\")2 = E(z{*)2 = 1, [BZ{" 2P| < 1

2
Bp(25 257 - Bp(zD, 22| < ¢ > |82’ 2 - 200 29| (6.18)
ij=1
The proof of (p.17) is deduced from Theorem [ with the sequence of standardized Gaussian vectors Y5, (k) =
(Yn(l)(k:), Yn(2)(k)) (v =2) given in (@)—() and the centered functions

Frn (@D, 2®) = fi (@D, 2®)) = Bfn(Ya(k)), or (2, 23)) := . (a1, 2®)) — B¢, (X)
with fi, : R2 — R given in (6.11]) and the (limit) function
82D, 2®) i= (5D, () + [T (HE)®).

Thanks to symmetry properties of these functions, it is clear that the Hermite rank of fkn (for any k and n)
and ¢, (for any 7 € [0,1]) is m = 2. Using Assumptions (A.1)’ and (A.2), (with = 0,7 > 1/2), one can
show that the conditions of Theorem EI are satisfied for the above fn,k, ¢, and the limit process (W (4))jez
in (6.13) is written in terms of increments of fBm (Br(4))jez:

Wo(§) = (A1Bue (), (~pp(H()AL By () + AL Brgoy (G + 1)) /1 = p3(H (7))

having standardized uncorrelated components. The details of this proof can be found in Bardet and Surgailis
(2009). O

Proof of Proposition [ 1

(i) Denote Z; := a(t)X;, R™P := R™P(Z), R™P := R™P(Z). Clearly, part (i) (the CLT in ([.21]) for trended
process Z = aX + f3) follows from the following relations:

1
Vn (R —ERP™) 2y N(o,/ S, (H(7))d7), (6.19)
n—oo 0
5 1
\/ﬁ‘ERP’"— / Ap(H(t))dt‘ 0, (6.20)
0 n—oo
Vn|ER™ —ER™| — 0, (6.21)
n—oo
nvar(R"P — R"P) — 0. (6.22)
n—oo

The central limit theorem in () follows from Theorem @ and Remark @ since Assumption (A.2), and
the convergences ([L11))-([.14) (with ¢(t) replaced by a2(t)c(t)) can be easily verified for the process Z = a.X.

Let us turn to the proof of ) (6.22). For concreteness, let p = 2 in the rest of the proof. Since
AP"Z = a(k/n)AL"X + 20/ (k/n)n AT X + O(1/n?) X ((k + 2)/n), it follows easily from Assumption
(A.1) and ([.10) (for X) that

2n 2,n ~ 2,n 2,n — — _ _
[A[nt] Ag+[nt] ] = () [A[nt]XA]—i-[nt] ]+O(” H =L 4= H 2)

implying ([.10) for Z (with c(t) replaced by a?(t)c(t)). Whence and using (f.10) and (6.1§), relation (6.20)
follows similarly as (f.1) above.

The proofs of (.21)-(6.29) uses the following bounds from Bruzaité and Vaiciulis (2008, Lemma 1). Let
(U1,Us) € R? be a Gaussian vector with zero mean, unit variances and a correlation coefficient p, |p| < 1.
Then for any b1,bs € R and any 1/2 < aq,a2 < 2

|Ev(a1Uy + by, aoUs + ba) — E¢p(a1Uy, a2Uz)| < C(b7 + b3), (6.23)

|EU¢(a1Uy + b1, a2Us + ba)| < C(|br] + |bo]), i=1,2, (6.24)
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where the constant C' depends only on p and does not depend on ai,as, b1, bs. Using (), Assumption
(A.1)" and the fact that |A7" 8] < Cn~2 we obtain
n—3
[ER™2 —ER™| < Cn~t Y (nf%Mn=2)% = 0(n~?), (6.25)
k=0

proving (.21)).

To prove (6.23), write R™? = -2 S 70, (k), R™? = L5050,
m(k) = V(A2 A Z) = far(VED () +
in(k) = V(A2 A0 Z) = far(VD

where standardized increments Y;\' )(k),i = 1,2 are defined as in (f.9)-(p-10) with X replaced by Z, f, x are
defined in (f.11), and

n 2,n
u(l)(k) — Ai’ B p2.n(k) Ay B 1

o2ak) \J1—p3 () o2nEED) 1o g2 (k)

AY"B

@ (k) = —
() M (k)

Note, the 7, (k)’s and 7, (k)’s have the Hermite rank > 2 and > 1, respectively, since the Hermite coefficients
of order 1 ¢{) (k) := E[Yéz) (k) (k)], @ = 1,2 of the n,(k)’s are not zero in general. Using the bound in
(b:24) and |A}™ 8| < Cn~2 we obtain

e (k)] < C (| (k)] + [ (K)[) < O E/m=2, (6.26)

Split 1 (k) — 1 (k) — (En (k) — Efla(k)) = ¢4 (k) + ¢ (k), where

=D WY K), k) = ma(k) = G (k) = (k) = (B (k) = Eij(K)). (6:27)
i=1

D 1 n—3 2 1 n—3 2
Then var(R™? — R™2) < 2(J), + J"), where J! := E(ﬁz ;(k)) LIV = E(m S g;;(k)) .
From (B.26) and Cauchy-Schwartz inequality, it follows J/, < < oo 2)2 (n—2) EZ‘S’ n2k/m=14) = O(1/n?) =
o(1/n). Since the ¢”(k)’s have Hermite rank > 2, we can use the argument in the proof of Theorem [£.9
together with Arcones’ inequality (Arcones, 1994) and the easy fact that E(¢/(k))? — 0 (n — oo, k =
0,--+,n —3), to conclude that J/ = o(1/n). This proves (p.29) and completes the proof of part (i).

(ii) Similarly as in the proof of part (i), we shall restrict ourselves to the case p = 2 for concreteness. We

use the same notation and the decomposition of R*™ as in part (i):

1 1
R / A (H(r))dr = (RM* / Ap(H(T))dT)+(ER”’p—ER"’p)+Qn, (6.28)
0 0
where
1 n—3 1 n—3
— R _ P20 _ (RR™ — ER™MP) — / T = O O
Qn = R*" - R —(ER" —ER"") ningocn(aniQkZﬂcn(k) @+ Q1

see (5.27). Here, the a.s. convergence to zero of the first term on the r.h.s. of (f.29) follows from Theorem
@ since the conditions of this theorem for Z are easily verified. The convergence to zero of the second term
on the r.h.s. of (6.29) follows similarly as in (5.25), with the difference that |Az’”ﬁ| < Cn~!since B € C0,1]
and therefore

|ERn’2 Rn 2| < Cn~! Z H(k/n) 71)2 _ O(n_2(1_suPt€[0'1] H(t))) _ 0(1) (629)
k=0
The proof of @ %% 0 mimics that of Theorem and relies on the fact that the ¢J/(k)’s have the Hermite
n—oo

a.s,

rank > 2 (see above). Relation @, — 0 follows by the gaussianity of @/, and E(Q’,)? = O(n~?) for some

d > 0. Since |c£f)(k;)| < OpHF/M=1 in view of the first inequality in (5.26) and |A?"8] < Cn~?, then
E(Q))? < Cn~20=swPicpon H®) gimilarly as in (5.29) above. This proves part (i) and the proposition. [
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Proof of Corollary [.3

(a) The argument at the end of the proof of Property 4.1 shows that V satisfies Assumption (A.1)’, while
(A.2),, follows from Property -3 Then the central limit theorem in ({.23) follows from Theorem 4.2.

(b) In this case, (A.2)p follows from Property @ Instead of verifying (A.1)’, it is simpler to directly verify
condition ([.1() which suffices for the validity of the statement of Theorem 4.2. Using f(£) = c&=2H~1 (1+
0(€71/2)) (€ — o0), similarly as in the proof of Property [£.9 for j € N* one obtains

NG ‘n*QHE[Ag’”X AP"X] - c21+p/ (1 — cos(x))? cos(xj) xiQH*ldz‘
0

= 21“" /000(1 — cos(z))? cos(xj) x v/ (n*"H(f(nz) — c(nm)fQH*l))dx‘ — 0

n—oo

by the Lebesgue dominated convergence theorem, since [ |(1 — cos(z))? cos(xj) =2 3/2|dz < co. There-
fore condition (Y.1(]) is satisfied and Theorem @ can be applied.

Finally, the function H + Ay(H) is a C1(0,1) bijective function and from the Delta-method (see for instance
Van der Vaart, 1998), the central limit theorem in (f£.23) is shown. O

Proof of Lemma p.1

(i) We use the following inequality (see, e.g. Ibragimov and Linnik, 1971, Theorem 1.5.2):

1
HFn_GaHoo < /
27T R

where f,, g are the characteristic functions of F,, G, respectively. According to (@) and the definition of
Kl )

Fn(0) — 9a(0) ;ga(é’) ‘d@, (6.30)

Fn(0) = ga(0) = ga(0) (e 1n(®) _ 1),

where, with v := n'/?,

) ) 1/v )
In(9) — / Re(emvfl)dKl(U) — / +/ e ]1+[2,
0 0 1
If v > 1 then integrating by parts and using (f.9),

L] < 2|Ki|(1/v) = O 8)+),
. 1/v
L] = ‘Kl(l/’U)Re(elfl)— K (u)v sin(uv) du
0

1/v
2|K1(1/v)|+v2/ u| Ky (u)|du
0

= O™ P+ 121 /v)2 @D+ = O(p(@=F)+),

IN

Next, if v < 1, then similarly as above

L] < 20Ki|(1/v) = O(’),
) 1/v
L] = ‘Kl(l/v)Re(e‘ -1)- Kq(u)v sin(uv)du‘
1/v
< 2IK1(1/v)| 4w /0 u| K1 (u)|du

1 1/v
O(°) + C’UQ(/ uu~ @A+ dy —|—/ ul_‘sdu) = 0(v°"?).
0

1
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Therefore, for some constant C,

1,(0)| < C (Ont/ ) e=Bl+ 9 > 1 /pl/e
n - (Gnl/a)é/\Q’ 0 < 1/n1/o¢.
Moreover, gq(f) = e=“1?1" for some ¢; > 0. Using these facts and (6.3() we obtain
s do * - df
HFn _ Ga”oo < C / 1/a)5A2 + +/ nfl(enl/a)(afﬁ)Jrefcl\G\ _)
9 1/nl/a 9

1 1
< On ' C—rm—r <1+ H(O‘fﬁ)**ldﬁ).
nl—(a=p)+/a 1/ni/a
The above bound easily yields ()
(ii) Follows similarly using (p.30) and the argument in (i) with K; replaced by K. d

Computation of A(r)

From the definition of A(r) and the change of variables z1 = acos ¢, 2 = asin ¢, with |r| < 1,

|21 + 73]

e
271 — 12 /R2 |z1] + |2z2]

—— 1 (2?—2rzix +z2
A(r) = 22 (71 122 Ay dary

V1= /” | cos ¢ + sin @ do
(Icos @[ + [sin @[)(1 — 7 sin(2¢))
= I + I,
where
VI—p2 [™/? 1
L= 77"/ 4
1—7’81n(2¢)
\/1 —r? 1 1 r 1
= / 1+ t2 5 t = 3 + - arctan (ﬁ) = - arccos(—r);
L - 2\/177"2/ cos ¢ — sin ¢ 4o = \/177*2/ 1—t dgt
> (cos ¢ + sin @) (1 + rsin(2¢)) 1+t)(14 2rt +t2)

V1—r2 2
= log ( )
m(l—r) r+1
The function A(r) is monotone increasing on [—1,1]; A(1) = 1, A(—1) = 0. It is easy to check that

732H 4 22H+2 -7

pu(H) = 27711 po(H) = (6.31)

8 — 22H+1

are monotone increasing functions; pi(1) = 1,p2(1) = 0 so that Ap(H) = A(pp(H)) for p = 1,2 is also
monotone for H € (0,1).

Ezpression and graph of so(H)

0

Ox
7 (8 = 2*H1)2(1 — py(H)) /1 — p3(H)

log 2 — log(1 + p2(H))) (22H+291og 2 — 3216 log 3 + 627 4 1og(3/2)

2
From the Delta-method, s2(H) = [ (Ag)~ (AQ(H)):| Yo(H) and therefore

s = (¢ ) )

with the approximated graph (using the numerical values of 32(H) in Stoncelis and Vaiciulis (2008)):
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