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DYNAMICS OF THREE VORTICES IN A TWO-LAYER

ROTATING FLUID

The problem of studying the motion of three vortex lines with arbitrary intensities in an unbounded two-dimensional
finite-thickness layer of a homogeneous fluid is known [25], [9], [28], [1] to belong to the class of integrable problems.
However, a complete classification of possible motions was constructed only recently [10], [28], [41]. In [40], [39], [20] a
generalization is given for two-layer rotating fluid in the particular case determined by the conditions of (i) zero total
circulation of vortices, and (ii) the equality of the intensities of two vortices. Here, the first of these restrictions is lifted.

1. The governing equations

We suppose that the vortex motion takes place in an unbounded two-dimensional two-layer medium
consisting of liquids with constant densities ρ1, ρ2 (ρ1 6 ρ2) in the upper and lower layer, respectively.
Suppose that the medium as a whole rotates around an axis perpendicular to the plane coinciding
with the ’rigid’ (by assumption) top boundary of the upper layer. Again, let one of the vortices be
situated in the upper layer and two vortices in the lower layer.

The equations of motion in the coordinate system x, y rotating along with the medium with an
angular velocity of Ω, take the form (see, e. g., [18], [20], [40])
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Equations (1.1) and (1.2) are written in a dimensionless form with the assumption that the layers
are of equal thickness (h1 = h2 = 1/2). Hereinafter, the superscript is the vortex number, and the
subscript is the layer number (the layers are numbered from top to bottom); the numbers of vortices
are denoted by Greek letters, and those of layers by Roman letters; (xα

j , yα
j ), (uα

j , vα
j ) and κα

j are

(x, y)-coordinates, the components of velocity, and the intensity of the vortex
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)
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g(ρ2 − ρ1)/ρ∗ is parameter of stratification; g is acceleration

of gravity, ρ∗ is mean density; Kj(R) is the modified Bessel function of the j-th order of argument R.2

System of equations (1.1)–(1.2) has integral invariants:
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System of equations (1.1)–(1.2) can be written in the Hamiltonian form
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is the Hamiltonian coinciding with the vortex interaction energy.
It is easy to verify that invariants M , H and the combination (Px)2+(Py)

2 are pairwise involutory
and hence, as was the case with a homogenous medium [9], [25], [1], [3], [4], [5], [11], [12], [13], [14],
the problem of three vortices in a two-layer fluid always has a regular solution.

1Such notation will be used for a vortex with a number of α, concentrated in layer j (in this case, α = 1 for j = 1
and α = 1, 2 for j = 2).

2Since the argument of the Bessel function depends not only on the distance between the vortices but also on the
multiplicative constant γ, hereafter we will use denotations of the form (X, Y ) ≡ γ(x, y), (Xα

j , Y α
j ) ≡ γ(xα

j , yα
j ).
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The specific features of the absolute motion of vortices will be studied below with the help of
numerical solution of equations(1.1)–(1.2), supplemented by the appropriate initial conditions. The
general properties of the relative motion are conveniently studied based on the qualitative analysis
with the use of the so-called trilinear coordinates introduced in [1] and tested in [4], [6], [33], [34] and
[40], [20], [38], [39], where they were applied to particular problems of three and four vortices in a
homogeneous and a two-layer fluid, respectively.

2. Studying the relative and absolute motion of vortices

2.1. Phase portraits in trilinear coordinates

Following [1], let us consider a combination of integral invariants (1.3) in the form
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. (2.1)

It is easy to show that L can be expressed in terms of squares of distances between the vortices, which
allows this variable to be used for the analysis of the relative motion.

The trilinear coordinates (t1, t2, t3), which at L 6= 0 satisfy the identity

t1 + t2 + t3 = 3, (2.2)

following from (2.1), in our case are introduced by the relationships
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and characterize the distances from the coordinate lines tj = 0, (j = 1, 2, 3), constructed on the sides
of an equilateral triangle with an altitude of 3, to any point on the plane (see figure 1a).

When L = 0, we have
t1 + t2 + t3 = 0 (2.4)
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A geometric interpretation of the trilinear coordinates in this case is given in figure 1b.
In the case of a definite problem (when the initial coordinates of vortices and their intensities

κα
j are specified) on the plane of variables (t1, t2, t3), it is necessary to recognize the ’physical region’

(PR), within which the triangle inequality holds for the distances between arbitrary three points. In
terms of trilinear coordinates, this inequality takes the form
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Clearly, the points of the boundary of PR where (2.6) becomes an equality are always associated with
a continuum of collinear states of the three vortices.

Eliminating t1 from (2.2) and (2.4), we obtain, instead of (2.6), the following, more compact
expressions
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for the cases L 6= 0 and L = 0, respectively.
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Fig. 1. Scheme of trilinear coordinates and axes orientation at L 6= 0 — (a) and L = 0 — (b).

Isolines of the Hamiltonian (1.5), expressed in terms of trilinear coordinates are phase portraits
of the relative motion of the vortex structure within the PR.

In the case of κ1
2 = κ2

2 = κ; κ1
1 = µκ (µ is an arbitrary parameter) considered here, we have

from (2.1)
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while at µ 6 −2 and µ > 0, L sign is negative in the first case and positive in other.
The condition (2.7) for the trilinear coordinates to belong to PR now takes the form

[

(µ + 1)(t2 + t3) − 3µ
]2

6 4t2t3, (2.11)

from where it readily follows that at µ > 1 and at µ < −2, all PR are compact and hence the relative
motions are finite on finite carriers. In the interval µ ∈ [−2; 1), PR are infinitary.

Figures 2–5 demonstrate a series of phase portraits at different fixed values of µ and L.
Three examples of phase portraits of compact type for the specified values of µ are given in

figure 2. The PR in figures 2a, 2b and 2c are determined by the conditions
(
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6
16
9
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6
4
9
t2t3, t1 > 0; t2, t3 6 0 at γ2L = 2, µ = 2, (2.12)

respectively. PR of noncompact type in figure 3 are described by relationships
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6 16t2t3,

{

t1 6 0; t2, t3 > 0; L < 0
t1 > 12; t2, t2 < 0; L > 0

at µ = −1.5; (2.13)
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Fig. 2. Phase portraits (compact case) for three-vortex problems in trilinear coordinates in PR (2.12): γ2L = −5,

µ = −2.5 — (a); γ2L = 2, µ = 1 — (b); γ2L = 2, µ = 2 — (c). The thick lines in fragment (a), as before, are

separatrices dividing the domains of existence of different types of solutions {1}, {2} and {3}; their properties will be

discussed in paragraphs 2.3 and 2.4. Figures denote the boundary points of PR that correspond to the initial conditions

for numerical experiments, the results of which are given in figures 11, 12, 14.

in figure 4, by relationships

t2t3 >
9
4
,

{

t1 < 0; t2, t3 > 0; γ2L = −2
t1 > 6; t2, t2 < 0; γ2L = 2

at µ = −1; (2.14)

and in figures 5a and 5b (where L = 0):
(

t2 + t3 − 9
)2

6 16t2t3, t1 > 0; t2, t3 < 0 at µ = −1.5;
(

t2 + t3 + 3
)2

6 16t2t3, t1 > 0; t2, t3 < 0 at µ = −0.5. (2.15)

Note on choreographies. Of great importance in the celestial mechanics and the theory of vortices are closed
trajectories, which correspond to periodic solutions of the problem. Running a few steps forward, we note that, in the
interpretation of the relative motion of vortices with the use of the trilinear coordinates, periodic motions are clearly
distinguishable, because the respective phase curves begin and end on the PR boundary. The respective trajectories of
vortices (or material bodies) are referred to as choreographies [36], [37], [35], [10].

Although the solution of the three-body problem in the form of a closed circular trajectory was first obtained by
Lagrange as far back as 1772 [35], and later, starting from works of Hénon [23] and Moore [29], the class of available
solutions (for problems of celestial mechanics with a uniform Newtonian potential) with closed trajectories had extended
significantly, the notion of choreography was coined by Simó [36] quite recently (2002).

Choreographies can be

• absolute when the trajectories are closed in a fixed coordinate system;

• relative when the trajectories become closed in a coordinate system rotating uniformly around a centre of rotation
(or moving with a constant translational velocity, if the centre of rotation lies at infinity);

• simple when all the bodies (or vortices) move along the same trajectory; and

• complex when at least one body moves along a trajectory of its own.

First attempts to apply the notion of choreography to vortex dynamics in a homogenous fluid on a plane and a
sphere were made by Borisov, Mamaev, and Kilin in [10], [15].

Taking into account the two-layer character of the vortex structures considered in this study, the problem of

distinguishing choreographies becomes even more important. As will be shown below, there can be situations in two-

layer media when the vortices belonging to different layers have common trajectories. We will not study choreographies

systematically but will repeatedly mention the cases of existence of this special class of vortex motions.

The patterns of phase portraits (figures 2–5) demonstrate a wide diversity of their topological
properties. A detailed discussion of some of them given below in connection with specific problems will
be accompanied by demonstrations of absolute trajectories of vortices and their relative choreographies.
However, first we will obtain the conditions of existence of singular points on the phase plane, which
correspond to stationary solutions of the equations of motion (1.1)–(1.2).
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Fig. 3. Phase portraits of three-vortex problems in PR (2.13) at µ = −1.5 and L < 0 — in the lower part, L > 0 — in

the upper part: γ2|L| = 2 — (a); in the lower part γ2|L| = 0.65 — (b). Figures mark the points in PR that correspond

to the initial conditions for the experiments the results of which are given in figure 13.

2.2. Analysis of stationary states

Judging from figures 2–5, we can conclude that two types of singular points — stable elliptic and
unstable hyperbolic — can appear in the problems of the class considered here. The former always
belong to the boundary of PR, and the latter coincide with the self-intersection points of separatrices.
Both elliptic and hyperbolic singularities are obviously associated with rotational motions of rigid
configurations of three vortices — collinear in the former case, and isosceles-triangular in the latter
case. These rotations take place around the vorticity center of the vortex structure, which has the
coordinates

(Xc, Yc) =

(

γPx

Q
,

γPy

Q

)

. (2.16)
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Fig. 4. Phase portraits of three-vortex problems in PR (2.14) at µ = −1 and γ2L = −2 — in the lower part, γ2L = 2 — in

the upper part. Figures mark the points in PR that correspond to the initial conditions for the experiments the results

of which are given in figure 15.

The boundary elliptic singular points are also divided into polar — in the upper and (or) lower parts of
the PR for finite (infinite) PR — and side points. If for a polar point we have t1 = 0, it corresponds to
a structure comprising an upper-layer vortex and theoretically merged lower-layer vortices; otherwise,
if t1 6= 0, this point corresponds to an ordinary or inverse roundabout. Of particular interest is the
existence of side elliptic points, which are phase prototypes of eccentric roundabouts3.

3The terms ordinary and inverse roundabouts are introduced in [38] to define rigid axisymmetric triangular structures
for which the peripheral vortices of the lower layer rotate with respect to the central vortex in the upper layer in the
direction induced by this vortex or in the direction determined by the intralayer interaction, respectively. The ordinary
roundabout is a two-layer analogue of the so-called tripolar vortices or tripoles in a homogeneous fluid [8], [17], [21], [22],
[24], [31], [42]; inverse roundabout has a purely baroclinic nature. The term eccentric roundabout is assigned in [38] to
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Fig. 5. Phase portraits of three-vortex problems in PR (2.15) at L = 0: µ = −1.5 — (a) and µ = −0.5 — (b).

We have

(Xc, Yc) =















(

2(R − B)

µ + 2
, 0

)

for side elliptical singular points;
(

0,
2B sin ϕ

µ + 2

)

for hyperbolic singular points.
(2.17)

The meaning of variables B, R and ϕ, where ϕ ∈ [0; π/2), is clarified by figures 6a, 7a, 9a and 10a,
where, without loss of generality, it is assumed that, in the initial moment, the upper layer vortex

(

1
1

)

localizes in the origin of coordinates (X, Y ) = (0, 0), and

(i) the collinear configuration belongs to the X-axis, and

(ii) the triangular configuration is symmetrical about the Y axis.

For collinear configurations, we obviously have

Xc > 0 at µ < −2, B > R or µ > −2, B 6 R,
Xc 6 0 at µ > −2, B > R or µ < −2, B 6 R,

(2.18)

and for triangular configurations,
Yc > 0 at µ > −2,
Yc 6 0 at µ < −2.

(2.19)

At µ → −2 (when the total intensity equals zero) the vorticity center tends to an infinite point4.
Let us consider some interesting particular combinations of coordinates (2.17).

• For the collinear structure, the vorticity center

– belongs to the center of the segment between vortices
(

1
2

)

and
(

2
2

)

at µ = 0;

– coincides with vortex
(

2
2

)

at µ 6= 0 and

B =
2R(1 + µ)

µ ; (2.20)

an axisymmetric structure for which the center of rotation does not coincide with the central vortex. In this work, the
latter definition is generalized to the asymmetric case.

4This case is studied in [38].

8



– coincides with the center of the segment between vortices
(1
1

)

and
(2
2

)

at µ 6= 2 and

B =
2Rµ

µ − 2
. (2.21)

• For the triangular structure, the vorticity center

– lies within the triangle formed by the vortices at µ > 0;

– lies outside this triangle at µ < 0, and, as mentioned above, at µ = −2 — it moves to
infinity;

– coincides with the center of the circle circumscribed around this triangle at µ = −2 cos 2ϕ;
the center of this circle, in its turn, lies within the triangle at ϕ > π/4 (when 0 < µ < 2)
and outside the triangle at ϕ < π/4 (when −2 < µ < 0).

We obtain dispersion equations describing the conditions of existence of steady-state solutions
either of collinear type in the form of an eccentric roundabout or in the form of an isosceles triangle.

2.2.1. Eccentric roundabout

Using equations (1.1)–(1.2), we readily obtain the dispersion equation for a steady state configuration
in the form of a uniformly rotating collinear structure:

F (B, R; µ) = 1
2

+
2R(1 + µ)

B(2R − B)
+ K1(2R)−

(2R + Bµ)K1(2R − B) + [2R(1 + µ) − Bµ]K1(B)

2(R − B)
= 0. (2.22)

Clearly, F is a monotonically decreasing function of both B and R, and

F ∼







1/ε1 > 0, ε1 = min(B, R) at B, R ≪ 1;
(1 + µ)

[

1/ε2 − K1(ε2)
]

, ε2 = B ≪ 1 at R ≫ 1;
(1 + µ)

[

1/ε3 − K1(ε3)
]

, ε3 = 2R − B ≪ 1 at B → 2R, R ≫ 1.
(2.23)

Expressions in square brackets in (2.23) are always positive; therefore, the necessary condition for the
existence of solution of equation (2.22) can be written as the inequality

µ < −1. (2.24)

Thus, the coordinates of the center of rotation for stationary states in the form of an eccentric round-

about correspond to a narrower interval of parameter µ than that specified by (2.18) for arbitrary

collinear configurations. Namely:

Xc > 0 at µ < −2, B > R or − 1 > µ > −2, B 6 R,
Xc 6 0 at − 1 > µ > −2, B > R or µ < −2, B 6 R.

(2.25)

The angular velocity of the rectilinear vortical structure with respect to the vorticity center (2.25) is

ω =
γκ(µ + 2)

4π(2R + Bµ)

[

B + 2Rµ

2BR
− µK1(B) + K1(2R)

]

. (2.26)

The case µ = −2 (i. e. Q = 0), when the angular velocity becomes zero, and the rotation center (2.17)
moves to an infinite point, was studied in [38].
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Figures 6 and 7 demonstrate the character of solution to equation (2.22) at µ = −2.5 and µ =
= −1.5, respectively, within a wide range of values of integral L. In particular, they show the above-
mentioned property that the sign of L is constant at µ 6 −2 and can change at 0 > µ > −2. Note
that curve Xc(R) is symmetrical with respect to the R axis, and B(R) is symmetrical with respect
to straight line B = R, and with growing R, the value of B asymptotically approaches 0 or 2R at
R > B and R < B, respectively — see (2.23). To illustrate these effects, auxiliary half-rays B = R
and B = 2R are shown in the figures by dotted lines. Obviously, at R → ∞, the angular velocity
tends to zero.

The motion of vortices in the cases when both the dispersion equation (2.22) and the relationships
(2.20) or (2.21) are valid is illustrated in figure 8. Here and in all subsequent figures, where vortex
trajectories (or choreographies) are shown, triangular markers denote the instantaneous positions of
the upper-layer vortex, and circle and box markers denote the positions of the lower-layer vortices.
The rotation in figure 8a is cyclonic, and the center of vorticity coincides with the vortex

(2
2

)

, while

the rotation in figure 8b is anticyclonic and the trajectories of vortices
(1
1

)

and
(1
2

)

coincide (the
calculation, however, was terminated before they begin to overlap). Clearly, the collinearity condition
for configuration is valid everywhere in this case, but the segments passing through three vortices are
shown in the figure only for two time moments for each experiment, i.e., the initial (when the vortices
lie on the X-axis) and the final (target).

2.2.2. Triangular stationary structure

Similarly, we can obtain relationships between the geometrical parameters of a stationary unstable
vortex structure in the form of a uniformly rotating isosceles triangle (figures 9 and 10), which corre-
sponds to a fixed hyperbolic singular point of the phase portrait.

The dispersion equation relating the side length of triangle B and the angle at its base ϕ has the
form

1 + 2B cos ϕK1(2B cos ϕ)

cos2 ϕ
= −4(1 + µ)

[

1 − BK1(B)
]

. (2.27)

Since the expression in the left-hand part of (2.27) is always greater than unity and 0< 1−BK1(B)< 1,
the necessary condition for the existence of solution to the dispersion equation takes the form

µ < −5/4. (2.28)

It is worth mentioning here that the comparison of conditions (2.24) and (2.28) yields the explanation
of the fact that at µ = −1 (figure 4), there are no side elliptic singular points, while there is a
hyperbolic singular point.

The asymptotic properties of modified Bessel functions [32] determine the restrictions on the
angle at the base of the triangle at B ≫ 1:

arccos ϕ <

√

− 1
4(1 + µ)

. (2.29)

clearly, the values of parameter µ should lie on the half-line (2.28) on which the expression under the
radical in (2.29) is always positive.

Formula for the angular velocity of the triangular structure relative to the vorticity center (0, Yc)
takes the form

ω =
γκ(2 + µ)

4πB2

[

1 − BK1(B)
]

. (2.30)

If κ > 0, it becomes ω 6 0 at µ 6 −2, and, in view of (2.28), ω > 0 at −5/4 > µ > −2.
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Fig. 6. Scheme of the initial position of vortices for an eccentric roundabout at B > R (top) and at B < R (bottom) — (a);

dispersion curve B(R), satisfying (2.22), the curve of coordinates of the vorticity center Xc(R), the angular velocity (2.26)

of rotation of the vortex construction ω(R) and the value of the integral invariant L(B) (2.9) at µ = −2.5 — (b). The

tilted dashed lines have equations B = R and B = 2R. The branches of curves B(R) and Xc(R) for the case B > R are

shown by the full line, and those for B < R by the dashed line. The points of intersection of the curves with the vertical

dashed line correspond to the parameters of numerical experiments at γ2L = −5, shown in figure 12a.

Fig. 7. The same as in figure 6 but for µ = −1.5. The points of intersection of the curves with the vertical dashed line

correspond to the parameters of numerical experiments at γ2L = −2, shown in figure 13a.
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Fig. 8. Trajectories of absolute motion of vortex structures — eccentric roundabouts — in the case when the conditions

(2.20) — (a) and (2.21) — (b) are satisfied. Parameter values: µ = −1.5757, B = 0.7162, R = 1.0526, L = 0.5746 — (a);

µ = −2.1598, B = 0.8551, R = 0.8235, L = −0.2211 — (b). The full curves represent the upper-layer vortex trajectories✁
1

1 ✂ , and the dashed line, those of the lower-layer vortices
✁
1

2 ✂ and
✁
2

2 ✂ .

Fig. 9. Scheme of the initial distribution of vortices for a rigidly rotating vortex structure in the form of an isosceles

triangle at µ = −2.5. The dashed lines represent the theoretical trajectories of vortices — (a). The respective dispersion

curve ϕ(R) (thick full line), satisfying (2.27), the angular velocity (2.30) of rotation of the vortex structure ω(R) (thin

full line), the curve of coordinates of the vorticity center Yc(R) (long dashes), and the value (2.9) of the integral invariant

L(B) (short dashes) — (b). The horizontal dashed line is an asymptote (2.29) for ϕ(R), and the vertical line marks, on

the curves, the values of functions corresponding to experiments in the figure 12b.
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Fig. 10. The same as in figure 9, but at µ = −1.5. The vertical dashed line reflects the parameters of experiments in

figure 13b.

2.3. Classification of motions of triangular vortical structures

In this paragraph, we will discuss the features of different types of motion of vortices based, on the
one hand, on the classification provided by phase portraits in figures 2–5, and, on the other hand, on
studying the behavior of trajectories of the absolute motion of vortices and their relative choreographies
by numerically solving the equations of motion (1.1)–(1.2).

The choice of the initial conditions in the numerical experiments coordinated with the analysis of
phase portraits will be based on the following considerations.

(i) If the phase curves of the class of motions considered reach the boundary of PR and, thus, the
set of possible vortex configurations contains a collinear structure, we will suppose that all the
three vortices belong to the X-axis, the vortex

(1
1

)

localizes in the origin, and the coordinates of

vortices
(

1
2

)

and
(

2
2

)

satisfy the conservation condition of the invariant L, i. e., at t = 0,

X1
1 = Y 1

1 = Y 1
2 = Y 2

2 = 0;

X1
2 =



















X2
2 −

√

(

X2
2

)2[
1 − (1 + µ)2

]

+ γ2L(1 + µ)

1 + µ
at µ 6= −1,

−
γ2L

X2
2

at µ = −1.

(2.31)

(ii) If the phase trajectories do not reach the boundary of PR, we will assume that at t = 0, only
vortices

(1
1

)

and
(1
2

)

belong to the X-axis, and the vortex
(2
2

)

does not belong to it:

X1
1 = Y 1

1 = Y 1
2 = 0;

X1
2 =



















X2
2 −

√

(

X2
2

)2[
1 − (1 + µ)2

]

− (1 + µ)2
(

Y 2
2 )2 + γ2L(1 + µ)

1 + µ
at µ 6= −1,

−
γ2L

X2
2

at µ = −1.

(2.32)

Bearing in mind (2.31)–(2.32), when specifying the parameters of the initial state in the captions to
figures showing vortex trajectories, we will show only the values of the X 2

2 coordinate in the first case,
and the pair of coordinates (X2

2 , Y 2
2 ) in the second case.
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Analysis of the phase portraits in figures 2–5 shows that, at least in this (relatively wide) interval
of external parameters, no more than three qualitatively different types of motion are possible:

• Type {1} — double trapping, when all three vortices are involved in joint rotational motion
in the direction induced either by their resultant intensity or by the intensity of the ’strongest’
vortex. This motion can be conventionally determined by the scheme:

(

1

1

)(

1

2

)(

2

2

)

. (2.33)

• Type {2} — simple trapping, when one of the lower-layer vortices combines with the upper-layer
vortex and one of the following formulas is valid:

(

1

1

)(

1

2

)

+

(

2

2

)

or

(

1

1

)(

2

2

)

+

(

1

2

)

. (2.34)

• Type {3} — the interaction between the two lower-layer vortices predominates, and the motion
is determined by the scheme

(

1

2

)(

2

2

)

+

(

1

1

)

. (2.35)

2.4. Absolute motion of vortices. Choreographies

Analysis of the relative motion of vortex structures is known to be unable to yield a complete picture
of their actual dynamics. In this paragraph, in addition to the above-considered specific cases of vortex
motion trajectories under stationary conditions, we will discuss in greater detail the features of the
absolute motion of triangular vortex structures in combination with the qualitative analysis based on
some of figures 2–5.

Characteristic examples of trajectories of all three types of absolute motion and the respective
relative choreographies at µ = −2.5 are given in figure 11,5 where, obviously, the choreographies are
plotted in the system of coordinates uniformly rotating around the vorticity center in the anticyclonic
direction. It is worth mentioning that, on the relative choreographies of motions of types {1} and {3},
the lower-layer vortices

(1
2

)

and
(2
2

)

move along the same trajectory, always remaining on the opposite
ends of its ’diameter’. However, in the first case, they (in a moving coordinate system) move along
closed trajectories in the clockwise direction induced by the upper-layer vortex; in the second case,
because of the predominance of intralayer interaction, they move in the opposite direction (formulas
(2.33), (2.35)). For motions of type {1}, vortex

(1
1

)

stays within the closed figure described by the
lower-layer vortices, and for motions of type {3}, outside this figure.

Figures 12a-13a illustrate in more detail the interaction of type {2} for the cases when the image
point of the phase plane coincides with the side elliptic point and we have a stable rotation of a rigid
collinear structure, i.e., an eccentric roundabout. Figures 12b-13b demonstrate the unstable character
of the triangular construction (the respective phase trajectory lies in the vicinity of the separatrix):
the vortices alternately either occupy the vertices of the isosceles triangle or lie along a straight line, as
the image point moving along the phase curve lies either in a vicinity of the hyperbolic singularity or on
the boundary of PR, respectively. It is worth mentioning that the relative choreographies in figure 12
have been obtained in the coordinate system rotating around the vorticity center with a negative
angular velocity as µ < −2 (see the formula for angular velocity (2.26)), and those in figure 13, where
µ > −2, with a positive velocity6.

5Hereafter, in the captions to the figures where absolute trajectories are shown, we will use denotations of the form
t = (t1, t2, t3) to specify the initial coordinates of the respective image points on the phase plane.

6See also the behavior of curves ω(B) in figures 9 and 10.
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Fig. 11. Trajectories of absolute motion — 1 and the respective choreographies — 2 for motions of the types{1} — (a),

{2} — (b), {3} — (c) at γ2L = −5, µ = −2.5 and the initial conditions specified by formulas (2.31) with X2

2 =

= 1.1, t = (−7.2022; 1.8150; 8.3872) — (a); X2

2 = 0.8, t = (−5.6143; 0.9600; 7.6543) — (b), X2

2 = −0.5, t =

= (−0.5460; 0.3750; 3.1710) — (c). The markers spaced a half-period apart and the segments connecting them show

synchronous (collinear) positions of vortices. The initial trilinear coordinates for the cases (a), (b) and (c) correspond

to points with the numbers 1, 2 and 3 in figure 2a. Crosses on the X-axis in the lower part of the figure show the

coordinates of the vorticity centers (Xc, 0).

Fig. 12. The same as in figure 11 for motions of the type {2} at the initial conditions with X2

2 = 0.13233, t =

= (−2.5058; 0.0263; 5.4796) — (a); X2

2 = 1.02777, t = (−6.8150; 1.5845; 8.2305) — (b). The trilinear initial coordinates

for the cases (a) and (b) correspond to points with numbers 4 and 5 in figure 2a — in the elliptic point and in a vicinity

of the point where the separatrix reaches the PR boundary, respectively.
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Fig. 13. Trajectories of the absolute motion — 1 and the respective choreographies — 2 for motions of type {2} at

γ2L = −2, µ = −1.5 and the initial conditions with X2

2 = 0.1949, t = (−10.2416; 0.0855; 13.1561) — (a); X2

2 = −0.2338,

t = (−2.6901; 0.1230; 5.5671) — (b). Rectilinear segments in figure (a) show the collinear positions of vortices in the

initial and final time moments in the calculation, and in figure (b), at intervals of a quarter of period (the configurations

are, alternatively, collinear or in the form of an isosceles triangle). The trilinear coordinates for cases (a) and (b)

correspond to points with numbers 1, 2 in figure 3a.

Let us consider the motion at µ = 1, when the intensities of all three vortices are equal. The be-
havior of analogous vortex structures in a homogeneous fluid was exhaustively studied in [28], [10], [41].

Isolines of the Hamiltonian in trilinear coordinates for this case are shown in figure 2b.

Note that in this simplest case, the motions of vortices are also relatively simple and all belong
to a single class {3}, where the lower-layer vortices are involved in rotation around one another, while
the vortex

(

1
1

)

can lie either within or outside the construction formed by them.

The phase portrait shows all motions to be periodic. Moreover, twice within each period, every
evolving triangular structure degenerates into a collinear configuration and once takes the form of an
isosceles triangle. A particular case of the collinear state can be the one when the upper-layer vortex
lies precisely above one of the lower-layer vortices in the tangency points of the PR boundary with the
lateral sides of the coordinate triangle: t = (1.5, 0, 1.5) and t = (1.5, 1.5, 0). The portrait contains
two singular elliptic points. The upper point corresponds to a stable stationary state - a roundabout,
when the vortices with subscripts

(

1
2

)

and
(

2
2

)

, located symmetrically about the immovable central
vortex of the upper layer, uniformly rotate along a circumference. The lower point corresponds to a
structure in which merged lower-layer vortices rotate around a common center with a theoretically
infinite angular velocity.

Figures 14.1.a–14.1.d illustrate the set of possible motions of such system in a sequence when
passing from one experiment to another corresponds to the motion of the image point in the phase
space along the boundary of PR from the upper polar singularity toward the lower polar singularity.

Figure 14.1.a shows a realization of a stationary roundabout. This is an example of absolute
choreography. Obviously, the relative choreography (14.2.a) in the system of coordinates rotating
with an angular velocity of peripheral vortices, is determined by three fixed points. Figure 14.1.b
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Fig. 14. 1 — Absolute trajectories of three vortices in the case µ = 1 and L = 2. 2 — The respective relative choreogra-

phies in the coordinate system rotating in the cyclonic direction about the vorticity center of the system (its coordinates

are marked by crosses). The initial conditions correspond to the following parameter values: (a) — X2

2 = −1/
√

3,

t = (2.0, 0.5, 0.5) — point 1 in figure 2b; (b) — X2

2 = 0, t = (1.5, 0.0, 1.5) — point 2 in figure 2b; (c) — X2

2 = 1/
√

3,

t = (0.5, 0.5, 2.0) — point 3 in figure 2b; (d) — X2

2 = 0.75, t = (0.2227, 0.8438, 1.9335) — point 4 in figure 2b.
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shows the initial stage of the evolution of a vortex structure in the case when the vortices
(1
1

)

and
(

2
2

)

coincide in the initial moment. The behavior of the system is such that the vortex periodically
and alternatively coincides with the upper-layer vortices. This can be clearly seen in both the figures
of relative trajectories (14.1.b) and relative choreographies (14.2.b). Figures 14.1.c and 14.1.d give
the trajectories of absolute motion for the situations where vortex

(1
1

)

all the time stays out of the

structure
(

1
2

)

-
(

2
2

)

. In the former case, the upper-layer vortices periodically coincide with the vorticity
center of the system, and in the latter case, they alternatively change places always remaining on the
same side with respect to this center.

Clearly, as the initial point of the phase trajectories moves farther toward the lower pole, the
trajectories of the lower-layer vortices will describes a figure more and more similar to a circle with a
radius tending to zero. This is also confirmed by the fact that the phase trajectories in the lower part
of the figure are practically horizontal lines.

It should be mentioned that most examples considered above (figures 8, 11, 12, 14) represent the
cases of compact PR. Now let us consider characteristic features of the absolute motions allowing for
infinite trajectories. Suppose that µ = −1. The respective phase portraits are given in figure 4.

Fig. 15. Trajectories of absolute motion at µ = −1, γ2L = −2 and the initial conditions corresponding to the enumer-

ated points on the phase plane (figure 3b) with the following parameters: 1 — X2

2 = 0.45, t = (−4.7112; 7.4074; 0.3038);

2 — X2

2 = 0.4810, t = (−3.8304; 6.4824; 0.3770); 3 — X2

2 = 0.4811, t = (−3.3750; 6.0000; 0.3750); 4 — X2

2 =

= 0.5, t = (−4.7112; 7.4074; 0.3038); 5 — X2

2 = 0.9, t = (−0.0669; 1.8519; 1.2150); 6 — X2

2 = 2.5, t =

= (−15.0000; 8.6250; 9.3950); 7 — X2

2 = 3, t = (−15.0000; 4.5000; 13.5000).

Figure 15 gives mostly the initial parts of trajectories of absolute motion of vortices at L < 0.
Experiments 1 and 2, demonstrating a realization of regime {2}, start from collinear initial configu-
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rations. They show that mutual capture of vortices
(1
1

)

and
(1
2

)

takes place via the formation of a

two-layer pair moving to infinity, whereas vortex
(

2
2

)

at t → ∞ takes some fixed position. In these
figures, segments connect the positions of vortices in the initial and final moments of calculations.

Two more examples of infinite motions are given by experiments 6 (type {2}) and 7 (type {1}).
Here, the initial structures are triangles (not isosceles), such that the distances r21

22 (or trilinear coor-
dinates t1) for these two cases are identical. In this case, obviously, coordinates Y 2

2 are chosen based
on the conservation condition of invariant L. The configurations marked out in the first fragment
are: a) initial, b) in the form of an isosceles triangle (corresponds to the image point lying on the line
t2 = t3), c) the configuration antisymmetric to the initial one (in which the sides of the triangle with
the lengths of r12

12 and r11
12 change places), and d) final. The configurations in the second fragment are

the same with the exception that in item b), we have a collinear configuration (corresponding to the
position of the image point on the PR boundary), and in item c), the configuration is symmetrical.
Clearly, the possible class of vortex structures of motions of type {2} includes the collinear state and
does not include the configuration in the form of an isosceles triangle; the situation with motions of
type {1} is inverse.

Experiments 3, 4 and 5 demonstrate trajectories of finite type {3} with a dominating character
of intralayer interaction between lower-layer vortices

(1
2

)

and
(2
2

)

7.

Fragments 3–5 present trajectories in time intervals of T/2, 2T and 188T with marked out instan-
taneous configurations with intervals of T/8, T/2 and 12T , respectively (T is the period of relative
motion). Thus, motions of type {3}, as before, are represented by rotations along loop-like trajectories
of cyclonic lower-layer vortices around some variable center. After each quarter of period, the vortex
structure forms, in turn, either a collinear configuration or a configuration in the form of an isosceles
triangle with successive rearrangement of vortices

(1
2

)

and
(2
2

)

.

Figure 16 shows trajectories of absolute finite character (left) and the respective choreographies
(right). Lines (a) and (c) correspond to figures 15.3 and 15.4, respectively. In both cases, the calcu-
lation time is extended (as compared with the previous figure) and amounts to about 6T . The origin
of coordinates coincides with the vorticity center of the vortex structure. During the construction of
choreographies, the coordinate system was subjected to a rotational motion — counterclockwise in
figure 16a and clockwise in figure 16c. It is clear that in this case, an intermediate state of the systems
must exist when no rotation of the coordinate system is required and, thus, an absolute choreography
is observed. This is the situation shown in figure 16b (the parameter values are given in the cap-
ture). The markers and the segments connecting them on the choreographies show the collinear and
triangular positions of vortices with a time step of a quarter of the period.

Thus, in this case, as in the four-vortex problem with P = 0 and M 6= 0 [20], one of the phase
trajectories in the class of finite motions {3} is associated with an absolute choreography. It should
be noted that this periodic solution is stable: the system of vortices in figure 16b has accomplished
more than 20 cycles.

3. Conclusions

Possible motions of a system of three vortices were studied under the assumption that one vortex lies
in the upper layer of a two-layer fluid and the other two vortices, which have equal intensities, lie in the
lower layer. The associated dynamic system was studied in a wide range of external parameters. The
relative motions were classified, in particular, dispersion relationships, determining the characteristics
of stationary states, were obtained. A new stable stationary solution — eccentric roundabout was
obtained; it generalizes the solution of triton type [40], [39] to the case of nonzero total intensity.

7Note that notwithstanding the fact that the initial conditions in experiments 2 and 3 are very similar (the markers
with numbers 2 and 3 in figure 4 are practically indistinguishable), the respective motions belong to different types since
the image points on the phase plane belong to trajectories lying in a vicinity of the separatrix but on different sides of it.
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Fig. 16. Absolute trajectories of three vortices (left) and the respective choreographies (right) for motions of the

type {3} at collinear initial state and the following parameter values: µ = −1, γ2L = −2 and (a) — X2

2 =

= 0.4811, t = (−3.3750; 6.0000; 0.3750); (b) — X2

2 = 0.4833, t = (−3.7722; 6.4218; 0.3504); (c) — X2

2 = 0.5, t =

= (−4.7112; 7.4074; 0.3038).

The existence of relative and absolute choreographies for a system of three vortices was established.
Numerically calculated absolute trajectories of vortices are exemplified. Clearly, these examples fail to
reflect the entire spectrum of possible motions for the three-vortex system considered. However, the
examples give an idea of their character. Additionally, the analysis of the presented phase portraits
extends our knowledge about the properties of this dynamic system. In particular, the upper part of
figure 4 (where γ2L = 2 and µ = −1) shows that the respective symmetrical roundabout is unstable
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(it corresponds to the bottom point of PR). The problem of stability of axisymmetric structures in
the presence of a central vortex (in the manner of works [2], [10], [19], [27], [7], [16], [26], [30], but
applied to a two-layer fluid medium) will be a subject of a separate paper.

The obtained results yield the explanation of some mechanisms of vortex interaction in a stratified
rotating fluid and can be of use in the interpretation of specific features of real vortex structure
trajectories in the ocean and atmosphere.
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