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Abstract

The aim of this note is to prove Theorem 2 in (Andrieu at al., 2007).
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1 Introduction

We consider a system, with state X = (x1,...,x,) in
R™ described by :
}': = %(t)sx ’ y = a1, (1)

where y is the output, S is the left shift matrix defined
as :

SX = (Xg,..
and 2(t) is a known time varying diagonal matrix

A(t) = diag(a1(t),...,2%,(t)) , where the 2; are as-
sumed to satisfy :

0<a<wo(t)<a Vt. (2)

"Xn’O)T 9

After selecting dy = 0 and d, arbitrarily in [07 ﬁ),

the system (1) is homogeneous in the bi-limit if and

only if we choose the weights 7o = (70,1, ..,70,n) and
Too = (Too,1s- -+ Toon) @S
To,izl,Too,izlfdoo(Tl*i). (3)

In (Andrieu et al., 2006), a new observer was proposed
for system (1) for the particular case where 2;(t) = 1.
Its design is done recursively together with the one of
an appropriate error Lyapunov function W which is ho-
mogeneous in the bi-limit (see below for the definition
of homogeneity in the bi-limit).

In (Andrieu et al., 2007), we combine this tool with
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gain updating to obtain a new high-gain observer. To
do so we use an extra property on W (see (5) below)
which is a counterpart of (Praly, 2003, equation (16)) or
(Krishnamurthy et al., 2003, Lemma A1). The fact that
it can be obtained with also the presence of 2 is stated
in the following result.

Theorem 2 Given do, in [0, n%l), let dw be a posi-
tive real number satisfying dw > 2 + doo and B =
diag(by,...,by,) with b; > 0. If (2) holds, there exist a
vector field K : R — R™ which is homogeneous in the
bi-limit with associated weights ro and ro, and a positive
definite, proper and C* function W : R™ — R, homoge-
neous in the bi-limit with associated triples (ro, dw, Wo)
and (oo, dw, Weo ), such that the following holds.

(1) The functions Wy and We, are positive definite and

proper and, for eachj in{1,...,n}, the function %
J
is homogeneous in the bi-limit with approximating

functions %WF’ and QW
ej Oe;

(2) There exist two positive real numbers ¢1 and ca such
that we have, for all (¢t,E) in R x R™,

ow

25 BV (S E+ K(e1)) (4)

<—q (W(E) + W(E)WO) :
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ow
—(E)BE > E

JL(B)BE > e W(E), 5)
The proof of this Theorem was omitted in (Andrieu et
al., 2007) due to space limitation and is given in Section
3. Section 2 gives some prerequisite needed to address
this proof.

2 Some prerequisite

The proof of this Theorem needs some prerequisite. In-
deed, we recall the definition of homogeneity in the bi-
limit, introduced in (Andrieu et al., 2006), and give some
related properties.

Given a vector r = (r1,...,7y) in (R4 /{0})™, we define
the dilation of a vector x in R™ as

Nox = Aay, ..., N an)” .

Definition 1 (Homogeneity in the 0-limit
e A continuous function ¢ : R™ — R is said homoge-
neous in the 0-limit with associated triple (ro,do, ¢o),
where ro in (R4 /{0})™ is the weight, dy in Ry the
degree and ¢g : R™ — R the approximating function,
respectively, if ¢o is continuous and not identically
zero and, for each compact set C in R™ and each
€ > 0, there exists \* such that we have :
(A o )

ma | 2270 0

ax | = < e YAe (0N

o A vector field f = Y, fia%i is said homogeneous
in the 0-limit with associated triple (ro, do, fo), where
fo=>r, fO,iaixi’ if, for each i in {1,...,n}, the
function f; is homogeneous in the 0-limit with associ-
ated triple (ro,do + 70,i, fO,i)IH-

Definition 2 (Homogeneity in the co-limit)

e A continuous function ¢ : R™ — R is said ho-
mogeneous in the oo-limit with associated triple
(Toos doos Poo) Where Too in (R4 /{0})™ is the weight,
doo tn Ry the degree and ¢, : R™ — R the approxi-
mating function, respectively, if ¢oo is continuous and
not identically zero and, for each compact set C in R™
and each € > 0, there exists \* such that we have :

Ao o
max % — 9oo(T)| < & VAE[N,+00) .

o A wvector field f =31, fia%i 1s said homogeneous in
the oo-limit with associated triple (7o, doo, foo), With
foo = 2000 foo,ia%i, if, for each i in {1,...,n}, the
function f; is homogeneous in the oco-limit with asso-
ciated triple (Too, doo + T'oo,is foo,i)-

Definition 3 (Homogeneity in the bi-limit)
A continuous function ¢ : R™ — R (or a vector field f)

1 In the case of a vector field the degree do can be negative
as long as dg +79,s > 0, forall 1 <7 < n.

is said homogeneous in the bi-limit if it is homogeneous
in the 0-limit and homogeneous in the co-limit.

The following propositions are proved, or are direct con-
sequences of results, in (Andrieu et al., 2006).

Proposition 1 Let n and p be two continuous homoge-
neous in the bi-limit functions with weights ro and ro,
degrees dy 0, dy oo and d, o, d, o, and continuous ap-
proximating functions 1y, Moo, 140, foo-

(1) The function x — n(x)u(x) is homogeneous in the
bi-limit with associated triples (ro, dy.o+du,0, M0 Ho)
and (Tom dn,oo + du,oov Moo ,uoo)'

(2) If the degrees satisfy dpo > duo and dy oo < dyoo
and the functions i, po and po, are positive definite
then there exists a positive real number ¢ satisfying :

nx) < cp(z) ,Ve e R*.

Proposition2 If ¢ : R" — Rand ( : R — R are
homogeneous in the 0-limit functions, with weights ry o
and r¢ o, degrees dg = ¢ and d¢ in Ry, and approxi-
mating functions ¢g and (g, then ( o ¢ is homogeneous in
the 0-limit with weight 4, degree d¢, and approximat-
ing function (o o ¢g. The same result holds for the cases
of homogeneity in the co-limit and in the bi-limit.

Proposition 3 Let ¢ : R — R be a bijective homo-
geneous in the 0-limit function with associated triple
(1, do, o xdo) with ¢g # 0 and dy > 0. Then, the inverse

function ¢~ : R — R is homogeneous in the 0-limit
o

same result holds for the cases of homogeneity in the
oo-limit and in the bi-limat.

1
function with associated triple (17 d—lo, ( L ) ‘o ) The

Proposition 4 If the function ¢ is homogeneous in the
0-limit with associated triple (ro, do, ¢o), then the func-
tion ®;(x) = Ozi' d(x1,.. ., 25 1,8,2,)ds is homo-
geneous in the 0-limit with associated triple (ro,dy +

70.i, ®i0), where the approzimating function is given by

D;0(z) = fox d0(T1y . o, Tio1,8,Ty) ds .

The same result holds for the cases of homogeneity in the
oco-limit and in the bi-limat.

Proposition 5 Suppose n and p are two functions ho-
mogeneous in the bi-limit, with weights ro and ro, de-
grees dg and do, and such that the approximating func-
tions, denoted ng and N, and, o and ps are continu-
ous. If u(x) > 0 and

{zeR"\{0}, pl@)=0} = mnlx)>0,
{zeR"\{0}, po(x)=0} = no(z)>0,
{xGR”\{O}, Moo(x):()} = noo(w)>07

then there exists a strictly positive real number k* such
that, for all k > k*, the functions n(z) + k p(zx), no(z) +
k po(x) and neo(x) + k poo () are positive definite.



3 Proof of Theorem 2

The proof we propose here is an adaptation of the
one in (Andrieu et al., 2006). It is done by induc-
tion. To do so we use notations with an index showing
the value from which we start counting. For instance
E; = (es,...,en)T denotes a state vector in R+, S;
is the left shift matrix of dimension n — i + 1, i.e.

S = (€i+1,-~a€n70)T .

Proposition 6 Let dy be a positive real number satis-
fying dw > 2 4 doo. Suppose there exist a bounded con-
tinuous diagonal matriz function A;11, a homogeneous
in the bi-limit vector field K; 11 : R — R"~¢, and a pos-
itive definite, proper and C' function homogeneous in
the bi-limit Wi 1 : R"™% — R, with associated triples
(ro,dw, Wit1,0) and (7o, dw, Wit1,00) such that the fol-
lowing holds :

(1) the function Wiy1,0 and Wiy1 o are positive definite
and proper and for all j in [i + 1,n], the functions

% are homogeneous in the bi-limit with approx-
€j

imating functions —5+* and L
-7

Oe;
(2) There exist positive real numbers c, biy1, by such
that for all F;yq in R™™" :

n

oW,
£ 0 M55 i,
j=i+1 J
5Wi+1j
OF; (Eip1)2it1(t) (Siv1 B + Kiga(eiy)) (7)
i+1

dyw +doo
< -—c (Wi+1(Ei+1) + Wip1(Eip1) W )

Then, for any positive real number b;, and any continu-
ous positive function a;, bounded away from 0, there ex-
ist a homogeneous in the bi-limit vector field K; : R —
R~ and a positive definite, proper and C function
W, R — R, homogeneous in the bi-limit with as-
sociated triples (ro,dw, Wio) and (roo, dw, Wi o) such
that the following holds :

(1) The functions W; o and W, « are positive definite

oW,

36]’
are homogeneous in the bi-limit with approximating
functions BgVeij,o d 61:9‘/;_“’

(2) There exists a positive real number ¢ such that for
all B; in R,

and proper and for all j in [i,n], the functions

n

b, %Zi (E)e; > eWi(E) . (8)

ow;
0E;

(Ei) (1) (SiEi + Ki(ei))

IN

(9)
¢ (Wi(Ei) S W(E) )

where 2, is the diagonal matriz diag (c;  @;Aiy1).

Proof : The proof is divided in three steps.

1. Construction of the Lyapunov function. Con-
sider the function ¢; : R — R defined ad?|

Too,it1

Gils) =s+s =

This function is C, strictly increasing and onto. Also,
with

Too,i T deo

Too,i

> 1

- )

ie{l...,n},

it is homogeneous in the bi-limit with associated triples

Too,i+1

(1,1,5) and (roo,i, Too,it1, S oo ). Its derivative ¢}, is
also homogeneous in the bi-limit with approximating

functions 1 and s"e.i ., Using Proposition 3, we

Too,i+1
-
know that the inverse function ¢; Lof ¢; is C1 and homo-
geneous in the bi-limit with associated triples (1,1, s)

and (Too,i+1, Too,is §To0rit1 ). Furthermore, since we have
dy —1< d“’%j;’“, by picking the function ¢ as
dw —Too,i
C(s) = s™ 7T tsT
we obtain from Proposition 2 that the function :
AW —Too,i
s g (5T 4 g (s) T (10)
is C' and homogeneous in the bi-limit with associ-
ated triples (1,dw — 1,5~ and (recit1,dw —
AW —Too,i
Toois§ "+l ). Furthermore, since dy > 2 + do, its
derivative is homogeneous in the bi-limit with approxi-
mating functions :

AW —Too,i+1 " Too,i
Too,it1

dvs — )
(dw — 1)|sdw=2 D Tood g

Too,i+1

Let W; :R""* — R, be defined aﬂ
W7(E1) = VVi-}-l(EH-l) + O’Z‘/l(gl eiaei—i-l) ’ (11)
with
S
Vz‘(57€i+1) — / ,wa—l _qi_l(ei+1)dw_1dv
a; Heiv1)
AW —Too,i AW —Too,i
+ / v i — g Neipr) e do,
a; Heip1)
where o; and ¢; are positive real numbers that will be
defined later. W; is positive definite and proper. Also, as
1 > reo,i, it is homogeneous in the bi-limit with weights
ro and r, and degrees dw,0 = dw,oc = dw. The func-
tion given in (10) as well as its derivative being homo-
geneous in the bi-limit, we get with Proposition 4 that
the functions % are homogeneous in the bi-limit with
J

Wi.o d OWi oo

approximating functions 88 - 5o~ Hence point
€ €

2 Recall that we have : Too,i + Qoo = Too,it1 < 1.

3 Compared to (Andrieu et al., 2006), o; is a new parameter
introduced to obtain inequality (8).



1 of Proposition 6 is established.

2. Properties of the Lyapunov function. Let J
R™™* x R — R be the function defined as :
J(Eit1,8) =

aV; aV;
bit1 67(5, €it1) €it1 +b; 5(37 €iy1) s -

1+1
The functions W;y; and J are homogeneous in the bi-
limit with associated weights 1 and r ; for s and 1 and
Too,j fOr €;, 7 > i+ 1, and degrees dw,o = dw,oo = dw .
By assumption W, is positive definite and the same
holds for its homogeneous approximations in the 0-limit
and in the co-limit and we have :

dw
J(0,8) = b; {|s|dw+|s|%vi} >0 Vs#0.

It follows that the assumptions of Proposition 5 are satis-
fied with yu = W;11 and np = J. Hence, with ¢ given in (6),
there exists a positive real number o; such that the func-
tions CWH_LQ + 0;Jo, CWH—I,OO +0;Js0 and cWir1+o;J
are continuous and positive definite in (E;y1,s). But
then, from Proposition 1.2, there exists a positive real
number ¢ satisfying :

%[CWH_l +CTZJ] Z VVZ .

Since assumption (6) gives readily, for all E; in R*~¢+1,

Loow;
Do S0, (Ei)es
g=n > eWiri(Eip) + 0 J(Eigr, lied)

we have established inequality (8) of Proposition 6.

3. Construction of the vector field K;. Given a real
number ¢;, we define the vector field K; as :

—qi(lie;
Ki(ei):< qi(Cie;) )
Kit1(qi(lie;))
With Propositions 1 and 2 and the properties we have

established from ¢;, it is a homogeneous in the bi-limit
vector field.

We show now that by selecting ¢; large enough we can
satisfy (9). We have :

ow;
0E;

(E:) (1) (Si(Ei) + Kiles)) = (12)
Oéi(t) [Tg(t,EiH,&ei) + ¢; Tl(Ei—Hagiei)} .

with the notations :

oV;
T\ (Eit1,5) = 0y E(S’ eit1)(eir1 — qi(s))

aWZ 1 7
To(t, Brvrys) = | 55— OB, 1

X i1 (t) (Siz1 FBiv1 + Kiy1(qi(s)))
But with (7), we get
To(t, Eit1,5) =

(Bit1) +0i (s,€i41)

dyy +doo
—c (Wi+1(Ei+1)+Wi+1(Ei+1) w )

ow;
,H (Eip1)2ir1 (D)[Ki1(ai(s)) — Kia(eiv)]
8Ez+1
Vi
+0—7;87(S’ €i+1)ﬂi+1,i+l(t)[ei+2 + Ki+1,i+2(qi(s))] .
€it+1

Then, the function 2;; being bounded, say by ca, we
have :
To(t, Eit1,5) < T3(Eit1,8) (13)

with the notation,
T35(Eiy1,8) =

dyy +doo
—c (Wi+1(Ez‘+1)+Wz‘+1(Ei+1) w )

n
oW,
+eay 3 ZJ'rl (Eit1) (Kit1,5(qi(s)) — Ki-‘rl,j(ei-i-l))’
j=i+1 €
V
+eca Oiga “(s,eir1)]€ite + Ki+1,i+2(%($))]‘ .
€i+1

The functions T and T3 are homogeneous in the bi-limit
with weights ry and ro for £;; and 1 and ro ; for s, de-
grees dy and d, + dy, continuous approximating func-
tions T 0 and T o, and T30 and T3 o, with, in partic-
ular :

Th0(Eit1,5) = 05 (eix1 — 5) (defl - E?Jvrvfl) )
Too,i+1

Th0o(Eiy1,8) =0 (€ip1 — 8 "= )

dyy —Too i AW ~Too,i
S Too,i4+1
X 1S o0, - €i+1 .

As the function g; s strictly increasing and onto, the

function %(57 e;+1) has a unique zero at ¢;(s) = e;41

and has the same sign as ¢;(s) — e;4+1. It follows

Ti(Eit1,8) <0
Tl(Ei+17s) =0 =

VE; € Ry_iy1,

ai(s) = €ir1
and similarly for the approximating functions 71 and
Vi (s e;41) is zero for ¢;(s) = e;jy1 and

ey
W41 is positive definite, we get

{Ei+1 75 0, Tl(Ei+1, S) = O} = T3(E1'+1, S) <0.

With Proposition 2, the same holds for the approximat-
ing functions. The assumptions of Proposition 5 being
satisfied, there exists a positive real number ¢; such that,
for all ¢; > £ the function 75 + ¢; T} and its approxima-
tions are continuous and negative definite in (F;11, s).

71,00 Since

dyw +doo
But then Proposition 1.2, with n = W; + W, W and
uw = — (T3 + ¢; T1), guarantees the existence of a posi-

tive real number number ¢ satisfying :
—L[T3(Eiy1, liei) + 6Ti(Eig,iei)] >

WiE) + Wi(E) "m
With (12) and (13), and since «; is bounded away from 0,




we have proved inequality (9) and completed the proof.
O

To construct the error Lyapunov function W and the
vector field K, which prove Theorem 2, it is sufficient to
iterate the construction proposed in Proposition 6 start-
ing from
Ay (t) = Ll

Toom =1, An_1(y)

Too,n+doo

Kn(en) = —€p — €n e ) Wn(en) = |en|dW )

where /,, is any strictly positive positive real number.
With (2), we get :

An—1(y)

owy,

e (En) en = bp dw |en|dw ,

A A
,S Sfabn
2 2

and

Il
I
QU
14
S
5
o
3
~
_|_
5
o
3
~
&
o
=)L
3
N——

IA
|
U
I
2l
A/~
=
5
&
+
=
5
&
s
¥
Sk
8
~—

Hence the assumptions of Proposition 6 are satified with
i1+ 1=n.

We apply this Proposition recursively for ¢ + 1 ranging

from n to 2 with, for i =n —1,...,2, a; = 7~ which
lies in [%,%],and a1 = 21 > 2. In this way, we get
A = diag(mj‘jl,...,ﬁfl) Vie{n—1,...,2},

2[1 = diag(ml,...,mn) .

As a last comment, we remark that the idea of design-
ing an observer recursively starting from z,, and going
backwards towards z; is not new. It can be found in
(Gauthier and Kupka, 2001, Lemma 6.2.1), (Praly and
Jiang, 1998), (Shim and Seo, 2006) for instance.
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