N
N

N

HAL

open science

Necessary and sufficient conditions to be an eigenvalue
for linearly recurrent dynamical Cantor systems

Xavier Bressaud, Fabien Durand, Alejandro Maass

» To cite this version:

Xavier Bressaud, Fabien Durand, Alejandro Maass.
eigenvalue for linearly recurrent dynamical Cantor systems.

Society, 2005, 72 (3), pp.799-816. hal-00224277

HAL Id: hal-00224277
https://hal.science/hal-00224277
Submitted on 30 Jan 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Necessary and sufficient conditions to be an
Journal of the London Mathematical


https://hal.science/hal-00224277
https://hal.archives-ouvertes.fr

hal-00224277, version 1 - 30 Jan 2008

NECESSARY AND SUFFICIENT CONDITIONS TO BE AN
EIGENVALUE FOR LINEARLY RECURRENT DYNAMICAL
CANTOR SYSTEMS

XAVIER BRESSAUD, FABIEN DURAND, AND ALEJANDRO MAASS

ABSTRACT. We give necessary and sufficient conditions to have measurable
and continuous eigenfunctions for linearly recurrent Cantor dynamical sys-
tems. We also construct explicitly an example of linearly recurrent system
with nontrivial Kronecker factor and a trivial maximal equicontinuous factor.

1. INTRODUCTION

Let (X, T) be a topological dynamical system, that is, X is a compact metric space
and T : X — X is a homeomorphism. Let p be a T-invariant probability measure
on X. In the classification of dynamical systems in ergodic theory and topological
dynamics rotation factors play a central role. In the measure theoretical context
this is reflected by the existence of a T-invariant sub o-algebra K, of the Borel
o-algebra of X, Bx, such that

LA(X,Kyop) = < {f € L2(X, Bx, 1) \ {0};3X € C, fo T = Af} >.

It is the subspace spanned by the eigenfunctions which determines the Kronecker
factor. From a purely topological point of view the role of the Kronecker factor is
played by the maximal equicontinuous factor. It can be defined in several ways.
When (X, T) is minimal (all orbits are dense), it is determined by the continu-
ous eigenfunctions. So it is relevant to ask whether there exist continuous eigen-
functions; or even under which conditions measure theoretical eigenvalues can be
associated to continuous eigenfunctions.

In [CDHM] these questions are considered for linearly recurrent systems. These
systems are characterized by the existence of a nested sequence of clopen (for closed
and open) Kakutani-Rohlin (CKR) partitions of the system (P (n);n € N) verifying
some technical conditions we call (KR1), (KR2),..., (KR6) (see below), and such
that the height of the towers of each partition increases “linearly” from one level to
the other. A partial answer to the former question is given in terms of the sequence
of matrices (M(n);n > 1) relating towers from different levels in [CDHM]. A
complete answer to this question is given in the next theorem.

We need some extra notations. For each real number x we write ||z|| for the distance

of z to the nearest integer. For a vector V = (v1,...,v,)T € R™, we write
VIl = masx foy] and V] = max fos]
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For n > 2 we put P(n) = M(n)---M(2) and H(1) = M(1).

Theorem 1. Let (X, T) be a linearly recurrent Cantor system given by an increas-
ing sequence of CKR partitions with associated matrices (M(n);n > 1), and let u
be the unique invariant measure. Let A\ = exp(2ima).

(1) X is an eigenvalue of (X, T) with respect to p if and only if
> laPm@HBM)|? < oo

n>2

(2) X is a continuous eigenvalue of (X, T) if and only if

Y llaP()H(1)] < oo .

n>2
In [CDHM] the authors prove the necessary condition in the statement ([]) and the
sufficient condition in the statement (f). One of the most relevant facts is that both
conditions do not depend on the order of levels in the towers defining the system
but just on the matrices.

2. DEFINITIONS AND BACKGROUND

2.1. Dynamical systems. By a topological dynamical system we mean a couple
(X,T) where X is a compact metric space and T : X — X is a homeomorphism.
We say that it is a Cantor system if X is a Cantor space; that is, X has a countable
basis of its topology which consists of closed and open sets (clopen sets) and does
not have isolated points. We only deal here with minimal Cantor systems.

A complex number ) is a continuous eigenvalue of (X, T) if there exists a continuous
function f : X — C, f # 0, such that foT = \f; f is called a continuous eigenfunc-
tion (associated to ). Let p be a T-invariant probability measure, ie., Tu = p,
defined on the Borel o-algebra Bx of X. A complex number A is an eigenvalue of
the dynamical system (X,7) with respect to u if there exists f € L2(X,Bx,u),
f # 0, such that foT = Af; f is called an eigenfunction (associated to X). If the
system is ergodic, then every eigenvalue is of modulus 1, and every eigenfunction
has a constant modulus. Of course continuous eigenvalues are eigenvalues.

In this paper we mainly consider topological dynamical systems (X, 7T') which are
uniquely ergodic and minimal. That is, systems that admit a unique invariant
probability measure which is ergodic, and such that the unique T-invariant sets are
X and 0.

2.2. Partitions and towers. Sequences of partitions associated to minimal Can-
tor systems were used in [] to build representations of such systems as adic
transformations on ordered Bratteli diagrams. Here we do not introduce the whole
formalism of Bratteli diagrams since we will only use the language describing the
tower structure. Both languages are very close. We recall some definitions and fix
some notations.

Let (X, T) be a minimal Cantor system. A clopen Kakutani-Rokhlin partition (CKR
partition) is a partition P of X given by

(2.1) P={T7'Bi;1<k<C, 0<j<h}

where C' is a positive integer, By, ..., B¢ are clopen subsets of X and hq,...,hg
are positive integers. For 1 < k < C, the k-th tower of P is
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hi—1
To=J 7778

j=0
and its height is hy; the roof of P is the set B = Ulgkgc By. Let
(2.2) (P(n) ={T7By(n);1 <k <C(n), 0<j<hg(n)}; neN)

be a sequence of CKR partitions. For every n € N and 1 < k < C(n), B(n) is
the roof of P(n) and 7i(n) is the k-th tower of P(n). We assume that P(0) is the
trivial partition, that is, B(0) = X, C(0) = 1 and h;(0) = 1.

We say that (P(n);n € N) is nested if for every n € N it satisfies:

(KR1) B(n+1) C B(n);

(KR2) P(n+1) = P(n); i.e., for all A € P(n+1) there exists A" € P(n) such that
AC A

n) conslists of a unique point;
KR3) ,en B i f i i
(KRA4) the sequence of partitions spans the topology of X;

In [HPS] it is proven that given a minimal Cantor system (X, T') there exists a nested
sequence of CKR partitions fulfilling (KR1)-(KR4) ((KR1), (KR2), (KR3) and
(KR4)) and the following additional technical conditions:

(KR5) foralln >1,1 <k <C(n—1),1 <1< C(n), there exists 0 < j < hy(n)
such that T=7Bj(n) C Br(n — 1);

(KR6) for all n > 1, B(n) C Byi(n—1).

We associate to (P(n);n € N) the sequence of matrices (M(n);n > 1), where
M(n) = (mir(n);1 <1< C(n),1 <k<C(n-—1))is given by

myr(n) = #{0 <j < hy(n); T By(n) C Be(n — 1)}

Notice that (KR5) is equivalent to: for all n > 1, M (n) has strictly positive entries.
For n > 0 set H(n) = (hy(n);1 <1 < C(n))T. As the sequence of partitions is
nested H(n) = M(n)H(n—1) for n > 1. Notice that H(1) = M(1). Forn >m >0
we define

Pn,m)=Mn)M(n—1)...M(m+1) and P(n) = P(n,1) .
Clearly
P r(n,m) =#{0 < j < y(n); T7/Bi(n) C Bx(m)},
for 1<1<C(n), 1<k<C(m), and

P(n,m)H(m)=H(n)=P(n)H(1) .



4 Xavier Bressaud, Fabien Durand, Alejandro Maass

Ti(n) ... Tr(n) Tomny(n)
— Bl(n) — Bk(n) — BC(n)(n)
() —  homy(n)
o — hg(n) -
T 1

<

FIGURE 1. CKR partition of level n: (a) X is partitioned in C(n)
towers. Each tower 7;(n), 1 < k < C(n), is composed by hy(n)
disjoint sets, called stages of the tower. The top of a tower is the
roof Bg(n). (b) The dynamics of T consists in going up from one
stage to the other of a tower until the roof. Points in a roof are
sent to the bottom of the towers; two points in the same roof can
be send to different towers.

2.3. Linearly recurrent systems. The notion of linearly recurrent minimal Can-
tor system (also called linearly recurrent system) in the generality we present below

was stated in [CDHM]||. It is an extension of the concept of linearly recurrent sub-
DHS

shift introduced in | .

Definition 2. A minimal Cantor system (X,T) is linearly recurrent (with constant
L) if there exists a nested sequence of CKR partitions (P(n) = {T~7Bi(n);1 < k <
C(n),0 <j < hg(n)};n € N) satisfying (KR1)-(KR6) and

(LR) there exists L such that for allm > 1,1 € {1,...,C(n)} andk € {1,...,C(n—
D}
hl(n) <L hk(n — 1) .

Most of the basic dynamical properties of linearly recurrent minimal Cantor systems
are described in [CDHM]. In particular, they are uniquely ergodic and the unique
invariant measure is never strongly mixing. In addition, C(n) < L for any n € N
and the set of matrices {M (n);n > 1} is finite.

To prove Theorem [l| we will need to consider property

(KR5) foralln > 2,1 <k < C(n—1),1 <1< C(n), thereexist 0 < j < j' < hy(n)
such that T=7B;(n) C Bi(n —1) and T=7'By(n) C Bi(n — 1),

instead of (KR5). This condition is equivalent to say that the coefficients of M (n)
are strictly larger than 1 for n > 2.

Let (X,T) be a linearly recurrent system given by a nested sequence of CKR
partitions (P(n);n € N) which verifies (KR1)-(KR6) and (LR). Then the se-
quence of partitions defined by P’(0) = P(0) and P'(n) = P(2n — 1) for n > 1,
is a sequence of nested CKR partitions of the system which verifies (KR1)-
(KR4), (KR5’), (KR6) and (LR) (with another constant). It follows that
M'(1) = M(1) and M’'(n) = M(2n — 1)M (2n — 2) for n > 2, where (M (n);n > 1)
and (M'(n);n > 1) are the sequence of matrices associated to the partitions
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(P(n);n € N) and (P’(n);n € N) respectively. Moreover,
(2.3) Y llaPmHM)P <00 & Y JaP (n)HL)|? < oo

n>2 n>2

where o € R and p € {1,2}.

3. MARKOV CHAIN ASSOCIATED TO A LINEARLY RECURRENT SYSTEM

Let (X,T) be a linearly recurrent system and let p be its unique invariant measure.
Consider a sequence (P(n);n > 0) of CKR partitions which satisfies (KR1)-(KR6)
and (LR) with constant L and let (M(n);n > 1) be the sequence of matrices
associated. The purpose of this section is to formalize the fact that there exists a
Markovian measurable structure behind the tower structure.

The following relation will be of constant use in the paper. For n > 1 put u(n) =
((B(n)); 1 <t < C(n)) (the vector of measures of the roofs at level n). It follows
directly from the structure of towers that for 1 <k <n

(3.1) pn—k)=M"(n—k+1)---M"(n)u(n) .

3.1. First entrance times and combinatorial structure of the towers. In
this subsection we define several concepts that will be extensively used later. An
illustration of them is given in Figure E

Define the first entrance time map to the roof B(n), r,, : X — N, by

() = min{j > 0; 79 (x) € B(n)} .
Since (X,T') is minimal and B(n) is a clopen set, then r, is finite and continuous.
Define the tower of level n map 7, : X — N by
Tn(z) = k if and only if x € T3 (n) for some 1 < k < C(n) .
Remark that

-1 if x ¢ B(n),

(3.2) ma(T(2)) —rn(x) = {hk(n) —1 ifx e B(n) and 7,(T(x)) = k.

Let n > 1 and 1 <t < C(n). By hypothesis (KR5), several stages in the tower
T:(n) are included in the roof B(n — 1), in particular stage B:(n). The number of
such stages is
C(n—1)
me(n) = Z myp(n) = #{0<j < hy(n);T7?By(n) CB(n—1)}.
k=1

Let {e1,ea,...,em,m} = {0 < j < he(n);T77By(n) C B(n — 1)} with hy(n) >
er > ez > ... > ep,(n) = 0. The integers ey, ..., ey, () are the first entrance times
of points belonging to 7;(n) N B(n — 1) into B(n). Moreover, for all 1 <1 < my(n)
there is a unique k € {1,...,C(n — 1)} such that

T~ B¢(n) C Br(n—1).
Denote this k by 6} (n — 1). From (KR6) we have
(3.3) 0f (n—1)=1.

my(n)
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We set
(3.4) 0'(n—1)=0i(n—1)---0,, ,n(n—1)€{l,..,C(n—1)}".

Remark that e; — €41 is the height of the 6j,,(n — 1)-th tower of P(n — 1) for
1 <1< m(n). Thus,

my(n)

Z hefn 1) n—l)

k=l+1
Now, the tower 7¢(n) can be decomposed as a disjoint union of the towers of P(n—1)
it intersects. More precisely, T;(n) = mt(" &.1(n — 1), where
e Rt (n—1) (1) =1
Ean—1)= [J T7Bin)= U T—7=¢By(n).
j=ei—1—1 3=0
By definition,
Rt (n—1)(n=1)-1

Ere(n—1) C U T79 By (n—1)(n — 1).
3=0
For 2 € X denote by [,,(x) the unique integer in {1,...,m, (4 (n)} such that z €

&1, (2),mn(z)(n — 1). The following lemma follows from the construction. The proof
is left to the reader.

Lemma 3. For all x € X we have

(3.5) ﬂ glk(r),m(r)(kj —-1)= T_Tn(I)BTn(I)(n);

(3.6) {2} = [ €@y ra(m(n = 1).

n>1

Moreover, given

(tnin >0) € [[{1,-.C(0)}, (Gnin>=1) € [J{L ..o, (n)}

n>0 n>1
such that 9;: (n—1) =tp_1 for n > 1, then there exists a unique x € X such that
(3'7) ((ln(‘r)aTn(‘r))Qn > 1) = ((jnatn)§n > 1) .
Remark that the set in (B.5) is the atom of the partition P(n) containing z.

For alln > 1 and x € X define s,_1(z) = (sp—1,4(2);1 <t < C(n—1)) by
Sn_1.4(®) = #{jirn_1(x) < j <rp(zx), TV2 € By(n —1)}.

It also holds that,
sn-14(2) = #{j; In(2) < j < My (n), 07" (0 —1) =t}

In other words, the vector s,,—1(x) counts, in each coordinate 1 <t < C(n—1), the
number of times the tower 7;(n — 1) is crossed by a point x, after its first return
to the roof of level n — 1, and before reaching the roof of the tower of level n it
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belongs to. Notice that s,_1 does not consider the order in which the towers are
visited. In the following figure we illustrate the notations introduced previously.

Ti(n)

— A -4—— €5 = 0
Est(n—1) { \:,Gé(nfl):

—_— - ea=hi(n—1)
Eat(n—1) { . 0}1(77,— 1)=2

v

— R 63=h1(n71)+h2(n71)
Est(n—1) { jn—1)=1

— 4_62:2h1(n—1)+h2(n—1)
Eat(n—1) { é@%(n—l):l

- 1 =3hi(n—1)+ ha(n—1)

_ A
Eit(n—1) {_ ft(n—1)=2

FIGURE 2. In the figure we present tower ¢ of P(n) in a particular
example. We assume that in P(n — 1) there are only two towers
and that m(n) = 5. If z € & ¢(n — 1) then s,,_1(x) = (3,1)T and
In(x) =1. Ifz € E44(n — 1) then s,_1(z) = (1,0)T and I, (z) = 4.

A direct computation yields to the following lemma. It will be extensively used in
the sequel. Denote by < -,- > the usual scalar product.

Lemma 4. For all x € X and all n > 2 it holds,

r1(z) = so(z); mn(x) = rpo1(X)+ < Sp—1(x), H(n — 1) >;
() = Z < sj(@), P(I)H(1) > + < s1(x), H(1) > +s0(x).

3.2. Markov property for the towers. Now we prove the sequence of random
variables (7,;n € N) is a non-stationary Markov chain. We need some preliminary
computations. Let n > 1. From Lemma P we have

,LL(B‘rn,(m)(n)) =H (ﬂ Elk(l),‘rk(l)(k - 1)) :

k=1
Let (t; € {1,...,C(4)};0 < i < n). The set [r, = t,] is the tower 7z (n). For
0 < k < n, m(z) is constant on each level of 7y (n). By a simple induction, the
number of levels of this tower where 79(z) = to,...,7—-1(z) = t,—1 is equal to
My to(1) - my, ¢, _,(n). In other words, the set [ry = %o, ..., 7 = t,] is the union
of my, 45(1) - -my, 1, (n) levels of the tower 7y, (n) and

(3.8) P70 = toy s Tn = tn] = My 1o (1) -+ -, 1,y (R)(Be, (n)) -
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In particular, from the last equality and the definition of the matrices (M (n);n > 1)

we deduce
M, - (M) (B, (n))

1(Bt,_,(n—1))
Now, given the sequence (P(n);n € N) we can prove (1,;n € N) is a Markov
chain on the probability space (X, Bx, u). Therefore, by (@), the matrix Q(n) =
(g:7(n);1 <t < C(n),1 <t < C(n—1)) with
mi(n)pu(Bi(n))

u(Bi(n —1))

/L[Tn = tn|7_n71 = tnfl] =

Qt,f(n) =
is a stochastic matrix.

Lemma 5. The sequence of random wvariables (1,;n € N) is a non-stationary
Markov chain with associated stochastic matrices (Q(n);n > 1).

Proof. From (B.§) we get
plrn = tTn-1 =1t,Tn—2 = tn_2,...,70 = to
oyt (1) - omet, (= D)mg(n)u(Bg(n))
My (1) mag, (0= 1)u(Bi(n — 1))
_ mg(n)pu(Bi(n))

- ,U(Bt(zl - 1))

N[Tn = t|7n71 = t]
= qr,5(n).

O

The following lemma provides an exponential mixing property for non-stationary
ergodic Markov chains. It is a standard result. The proof can be adapted from
that of Corollary 2 page 141 of [@] That is, this corollary can be generalized to
the case of a non-stationary Markov chain where the stochastic matrices have not
necessarily the same dimension. Alternatively, a direct proof follows from inequality
(3.3) Theorem 3.1 page 81 of [Bq] in the case of our particular matrices.

Lemma 6. Let (1,;n € N) be the non-stationary Markov chain defined in the
previous subsection. There exist ¢ € Ry and 8 € [0, 1] such that for all n,k € N,
with k < n,

sup |M[Tn = ﬂTn—k = t] - :U’[Tn = ﬂl < Cﬁk .
1<t<C (n—k),1<I<C(n)

4. MEASURABLE EIGENVALUES

The main purpose of this section is to prove Statement () of Theorem [| (this is
done in Subsection @) In the first subsection we give a general necessary and
sufficient condition to be a measurable eigenfunction of a minimal Cantor system.

4.1. A necessary and sufficient condition to be an eigenvalue. We give
a general necessary and sufficient condition to be an eigenvalue. We do not use
it directly to prove our result, but we think it gives an idea of the classical way
to tackle the problem and shows that the difficulty relies in understanding the
stochastic behavior of the sequence (r,;n € N). We would like to stress the fact
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that we still do not have a convincing interpretation of the sequence of functions
pn, Which appears in the next theorem.

Theorem 7. Let (X,T) be a minimal Cantor system and let p be an invariant
measure. Let (P(n);n € N) be a sequence of CKR partitions verifying (KR1)-
(KR4). A complex number A = exp(2ima) is an eigenvalue of (X,T) with respect
to w if and only if there exist real functions p, : {1,...,C(n)} — R, n € N, such
that

(4.1) o (rp(x) + pn o To(x)) converges (mod Z)
for p-almost every x € X when n tends to infinity.

Proof. Let A = exp(2ima) be a complex number of modulus 1 such that (ft.1)) holds
and let g be the corresponding limit function. Consider & & N,enB(n), so x does
not belong to B(n) for all large enough n € N. Then, from (B.9) we get

eXp(2’L7Tg(TZL')) — lim Arn(Tz)frn(x) _ Afl.
xping(®)
This implies A is an eigenvalue of (X, T') with respect to p.

Now, assume )\ is an eigenvalue of (X, T') with respect to u and let g € L?(X, Bx, i)
be an associated eigenfunction. For all n € N let ¢, = A\™"™ and ¢, = g/dn. The
map ¢, is P(n)-measurable and bounded, then

OnBp(PnP(n) = Eu(dntnP(n) = Eu(g[P(n)) —— g

n—oo

p-almost everywhere. Since 1, o T77 /1), = AT ' ="n=J  the restriction of 1, to
each tower of level n is invariant under 7. Thus E,(¢,|P(n)) is constant on each
of these towers and is therefore equal to the average of ¥, on each tower.

To finish, for 1 <4 < C(n) we define p, (i) such that

- 1
Argh=() = Arg 7/ Updp | .
w(Bi(n)) Jg,n)
This ends the proof. O

Remark 8. The same proof works if we remove the Cantor and clopen hypotheses.

4.2. Eigenvalues of linearly recurrent systems. In this subsection we prove
Statement ([l]) of Theorem [Il. Recall (X, T) is linearly recurrent and g is the unique
invariant measure. Let (P(n);n > 0) be a sequence of CKR partitions such that
(KR1)-(KR6) and (LR) with constant L are satisfied. Let (M (n);n > 1) be the
associated sequence of matrices.

We will need the following lemma. Its proof can be found in [CDHM].

Lemma 9. Let u € REM be a real vector such that |[P(n)ul| — 0 as n — oo.

Then, there exist m > 2, an integer vector w € Z€™) and a real vector v € RE(™)
with
P(m)u=v+w and |P(n,m)v|| — 0 asn — oo .

Assume the following condition holds:

(4.2) Y laPm)HD)|? < .

n>2
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Then, [|P(n)(aH(1))| — 0 as n — oco. From Lemma [] there exist an integer
no > 2, a real vector v € RE() and an integer vector w € ZC("0) such that,
P(no)(aH(1)) = v+ w and P(n,np)v — 0 as n — oo. By modifying a finite
number of towers, if needed, we can assume without loss of generality that ng =1
and that H(1) = (1,...,1)T. So condition @) implies

(4.3) S IIP(n)v]? < oo .

n>2
From (P.3), we can also assume without loss of generality that (KR5’) holds. That

is, entries of matrices M (n) are larger than 2 for all n > 2.
For n > 1 we define g, : X — R by

n—1
gn() = so(x)+ < s1(2),0 >+ Y < s;(z), P(jo > .
=2
Since we are assuming H(1) = (1,...,1)T, then sy = 0 and
n—1
gn(x) =Y < s;(x), P(G)v >,
j=1

where we set P(1) = Id.

Lemma 10. If @) holds, then the sequence (fn = gn —E.(gn);n > 1) converges
in L*(X,Bx, ).

Proof. Let n > 1. Recall that P(n) is the partition of level n and let 7(n) be the
coarser partition {7;(n);1 < j < C(n)}. As usual we identify the finite partitions
with the o-algebras they span and we use the same notation. Thus 7 (n) is the
o-algebra spanned by the random variable 7,.

Let X,, be the random variable given by

Xn =< 8p, P(n)v > —E, (< sp, P(n)v >) .
We decompose it as X,, =Y, + Z,, where
Y, =E,(X,|P(n)) and Z, =< s,, P(n)v > —E, (< s,, P(n)v > |P(n)) .

We write &y, = ||P(n)v||. Observe that for some positive constant K and all n > 1
we have | X, | < K&y, |Y,| < Kk, and |Z,] < Kk,

First we show that the series Y Z, converges. Let m and n be positive integers
with m < n. The random variable Z,, is measurable with respect to P(m + 1),
thus also with respect to P(n). Since E,(Z,|P(n)) = 0 we get E,(Z,, - Z,) = 0.
As |Z,| < Kky, for every n > 1, the series > E,(Z2) converges, and thus the
orthogonal series Y Z,, converges in L?(X, Bx, ).

Now we prove that the series .Y, converges in L?(X,Bx,u). Fix j > 1 and
1 <t < C(n+1). The set & ¢(n) is included in the tower T¢(n) where t = 95(71)
Moreover, the intersection of all levels of 7;(n) with &, z(n) are levels of Tz(n + 1)
(see Figure fl) and thus have the same measure p(Bz(n + 1)). As each level of the
tower 7¢(n) has measure u(B¢(n)) we have

wBintl) i T (n
(4.4) u(@,t(n)w(n))(x){ w1 € Tn)

0 otherwise.



Necessary and sufficient conditions to be an eigenvalue 11

Observe that this conditional probability is constant in each atom of 7 (n) and thus

u(€i(n)[P(n)) = p(&i(n)[T(n)) .

As s, is constant on each set £; 7(n), the same property holds for X, and thus

(4.5) Yo = Eu(Xn|P(n) = Eu(Xa|T (n)) .

In particular Y,, is equal to a constant on each set [, =t | and we write y; for this
constant. Fix k with 0 < k <n. If 7,,_x(x) = ¢ we have

C(n)
E,(YolT(n—k))(z) = Y plra =1 [Tk =ty .

We have

We deduce from Lemma ([J), the fact that C(n) is bounded independently of n and
|Y,| < Kk, that for some positive constant C

C(n)
B (YalT (n = k))(z)| < Z |l = A7k = ] = plrn = lyr < OB ki -

As Y,,_k is measurable with respect to T (n — k) we have

|Eu(Yn . Yn—k)l S CﬁkﬁnEMOYn—kl) S Cﬁkﬁn"in—k .

For 1 < m < n we compute

n 2
<2Yk> = D B, W)=C Y 8w
k=m

m<j,l<n m<j,l<n
n—m n—r n—m n
= O B ) mr <CY B ) wf
r=0 l=m r=0 l=m
C -
< — Ky .
< 13
l=m
Since the series > n? converges, the partial sums of the series > Y,, form a Cauchy
sequence in L?(X, Bx, ). O

The following lemma completes the proof of Theorem f] (fl).

Lemma 11. Let f € L*(X,Bx,u) be the limit of sequence (fn;n > 1). The
function exp(2inf) is an eigenfunction of (X, T) with respect to u associated to the
eigenvalue exp(2ima).

Proof. Remark that g, (z) = ar,_i(z) (mod Z). From relation (B.2) we get
fu(T2) = fr(z) — a (mod Z)

holds outside of the roof B(n) and pu(B(n)) — 0 as n — oco. We conclude using
Lemma E ([
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5. CONTINUOUS EIGENVALUES OF LINEARLY RECURRENT SYSTEMS

Let (X,T) be a linearly recurrent dynamical system with constant L. The main
purpose of this section is to prove the necessary condition in the statement (E) of
Theorem fI. We recall the sufficient condition was proven in [CDHM].

5.1. A necessary and sufficient condition to be a continuous eigenvalue. In
this subsection we only assume that (P(n);n € N) is a sequence of CKR partitions
describing the system (X,T') which satisfies (KR1)-(KR6). We give a general
necessary and sufficient condition to be a continuous eigenvalue.

Proposition 12. Let A = exp(2ima) be a complex number of modulus 1. The
following conditions are equivalent,

(1) X is a continuous eigenvalue of the minimal Cantor system (X, T);
(2) (N»(®);n > 1) converges uniformly in x, i.e., the sequence (ar,(z);n > 1)
converges (mod Z) uniformly in x.

Proof. We start proving that (1) implies (2). Let g be a continuous eigenfunc-
tion associated to A. For all n > 1 and all z € X we have T™(®)(z) € B(n) C
Bi(n — 1) (the last inclusion is due to (KR6)). Hence, using (KR3), we de-
duce that lim,, o, 77" (z) = u uniformly in z, where u is the unique element of
Np>0B(n). The eigenfunction g being uniformly continuous we have that A (2) =
g(T7®)(x))/g(x) tends to g(u)/g(z) uniformly in z.

Now we prove (2) implies (1). We set ¢(z) = lim,, o A"(®). Since the convergence
is uniform and 7, is continuous, then ¢ is continuous.

Let = be such that = ¢ B(n) for infinitely many n. Then, from (B.g), we obtain
#(T(z)) = A1¢(z). Using the minimality of (X,7T) and the continuity of ¢, we
obtain that ¢(T(y)) = A '¢(y) for all y € X. Consequently \ is a continuous
eigenvalue. (I

Corollary 13. Let \ be a complex number of modulus 1.
(1) If A is a continuous eigenvalue of (X, T) then

lim A'n (™ =1

uniformly in (jn;n € N) € [[,cn{1,-..,C(n)}.
(2) If
SUDge(1,....C(m+1)} Pk (m + 1) m
Z( nff{ (+)}h( ] sup | Noe(m) < 00
= kefl,....C(m)} he(m keql,....C(m)}

then A is a continuous eigenvalue of (X, T).

Proof. Let g be a continuous eigenfunction of A\. Then, it is uniformly continuous.
Let € > 0. There exists ng € N such that |g(y) — g(u)| < €/2 for all y € By(no),
where {u} = NpenB(n).

Let (jn;n € N) € [],en{l,...,C(n)}. For all n € N we take x(n) € Bj, (n) and
we set y(n) = TP (") (z(n)) € B(n). Hence, using (KR6), for all n > ng + 1 the
points x(n) and y(n) belong to B(n) C By(ng). Consequently

[Nn () — 1| = |g(Thin My (n)) — g(y(n))|
<lg(z(n)) — g(w)| +|g(u) — g(y(n))| < e
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Now we prove (2). It suffices to remark, by Lemma E, that for all x € X and all
0<n<m,

| Arm (@) \ra(@) | =| 1 — Arm (@)= (@) |
m—1
su hp(l+1
< Z p{ce{l,...,c(l-‘rl)} k( ) sup |1— e (D) .
infreqr,. ooy () kequ,...cup

l=n

Hence, from Proposition @, A is a continuous eigenvalue. O

Remark that for linearly recurrent systems statement (2) gives the sufficient con-
dition for A to be a continuous eigenvalue. This was proved in [CDHM].

5.2. The linearly recurrent case. Now we assume (X,T) is linearly recurrent
and we prove Theorem part (2). We also assume without loss of generality that
the sequence of partitions verifies (KR5?), that is entries of M (n) are bigger than 2
for any n > 2 (see discussion in subsection @) To prove the result we introduce an
intermediate statement which gives a more precise interpretation to the necessary
condition.

Proposition 14. Let A = exp(2ima) be a complex number of modulus 1. The
following properties are equivalent.

(1) X is a continuous eigenvalue of the minimal Cantor system (X, T).
(2) There exist ng € N, v € RC(0) 2 € 7C(M0) " sych that aP(ng)H (1) = v+ 2z,
P(n,ng)v — 0 as n — oo and the series

Z < sj(x), P(j,no)v >

Jj2no+1

converges for every x € X.

(3) 2nzz laP(m)H(1)] < oo
Proof. In |[CDHM] it is proven that (3) implies (1).

We prove that (1) implies (2): assume A is a continuous eigenvalue of (X,T). We
deduce from statement (1) of Corollary [[3 that [|aP(n)H (1)|| converges to 0 as n
tends to co. By Lemma E, there are ng € N, v € RE(m0) and z € Z€™0) such that
aP(ng)H(1) = v+ z and P(n,np)v — 0 as n — oco. By modifying a finite number
of towers we can assume without loss of generality that ng = 1.

By Lemma [, for n > 1 and z € X, r,(z) = Z;:ll < s;(x), P(5)H(1) > +so(z),
where we put P(1) = I. Then,

ary(z) = Z < sj(x), P(j)v > +Z < sj(x), P(§)z > +aso(x).

From Proposition [L3, 2?2—11 < sj(x), P(j)v > +aso(z) — v(z) (mod Z) as n —
oo. We distinguish two cases: if v(z) € (0,1), we write Z?:_ll < sj(z), P(Hv >
+asg(z) =V (z) + v, (x) with V,,(z) € Z and v, (z) € [0,1); if v(x) = 0 we consider
vp(x) € [=1/2,1/2). Then, in both cases, (v,(z);n € N) converges and a fortiori
(Un+41(z) — vp(x);n > 1) — 0 as n — oo. Moreover,
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Z < sj(x), P(jv > — Z < sj(x), P(j)v >

=< sp(x), P(n)v >= Vypy1(x) — Vo (z) + vpg1(z) — v (2).

Since, for a linearly recurrent system {s,(z);x € X,n € N} is bounded, P(n)v — 0
and (vnp41(x) — vp(x)) — 0 as n — oco. We conclude V() is a constant integer for
all large enough n € N. Consequently the series -, < s;(z), P(j)v > converges.

Now we prove that (2) implies (3): we assume, without loss of generality, that
ng = 1 and that for any x € X the series

Z < sj(z), P(jlv >e R
Jj=>2
converges. It suffices to prove that 3o, || P(j)v]| < occ.
For n > 2 define i(n) € {1,...,C(n)} such that

< eimn), P(n)v>| = max <e; P(n)v >
< i P)> | = max | < e P)o> |

where e; is the i-th canonical vector of R, Let

I ={n>2<ejm), P(n)v>>0}, I~ ={n>2;< e, P(n)v >< 0}.
To prove 3, [|[P(j)v] < oo we only need to show

Z < ei(j), P(j)v >< o0 and — Z < ei(j), P(j)v >< oo.

jeIt JjeI—
Since arguments we will use are similar in both cases we only prove the first fact.
To prove Zjeﬁ < ei(y), P(j)v >< oo we only show

(5.1) > <eigy, P >< o,
jeI+nN2N

and analogously it can be proven

Z < ey, P(j)v >< oo.
JEITN(2N+1)
We construct two points x,y € X such that s,(x) — s,(y) = €4, if n € IT N2N
and s,,(z) — s,(y) = 0 elsewhere. By hypothesis, from this fact we conclude (5.1)).
To construct x and y, according to Lemma , we only need to produce sequences

(tnin € N) € en{l,...,C(n)}, (n;n>1) € Iy>1{1,...,mq, (n)}
and

(tn;n € N) € pen{l,...,C(n)}, (n;n >1) € My>1{1,....mz, (n)}
such that

(5.2) 0 (n—1) =ty 1 and 62 (n — 1) = £, 1 for all n > 1.

The point z is the unique one such that 7, (z) = t,, and I, (z) = jn. Point y is defined
analogously with respect to £, and j,. Given n € (I N2N)¢ put ¢, = ¢, = 1.
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For n € I'™ N 2N, by property (KR5’), there exist k € {1,...,m1(n + 1) — 1} such
that 6}, ,(n) =i(n). Put

tn, = Z(”)a jn = mg, (n), tn = ellc(n) and j, = my, (n)

Using (B.d) we obtain 9;: (n—1) =1 and 6’;" (n —1) = 1. Then, we set t,,+1 =
tnt1 =1, jnr1 = k+1 and j, 1 = k. Consequently, the relations (p.2) are satisfied
for n and n + 1.

Now we treat the remaining case: n € (IT)°N2N. We recall that t, =, = t,11 =

tn+1 = 1. It suffices to set

Jn = Jn =mi(n) and jni1 = jnt1 = mi(n +1)
to fulfill the relations (5.9).

For each n € I N 2N, the towers of level n visited by = and y after their first
entrance time to B(n) and before their first entrance time to B(n + 1) are

Sn(x) = {eliJrl(n)’ T erlnl(nJrl)(n)} and Sn(y) = {9;+2(7’L), s 7971n1(n+1) (n)}

respectively. Therefore, s, () — 5,(y) = €i(n)-
On the other hand, if n & I N 2N then S,,(x) and S, (y) are the empty set. Hence

6. EXAMPLE: MEASURABLE AND NON CONTINUOUS EIGENVALUES

We construct explicitly a system with a nontrivial Kronecker factor but having a
trivial equicontinuous factor. Let us consider the commuting matrices

5 2 2 1
A=[3 wan[2 1]

We set ¢ = # Let e = (o, )T, f = (=1,0)T, aa = 3+ 2¢p, Ba = 5 — 2,
ap =1+ pand 8g =2— . Observe that oy > ag > 84 > 1> G > 0and {e, f}
is a base of R? made of the common eigenvectors associated to eigenvalues a4, 4
of A and ap, B of B respectively.
We define recursively the sequence (v,;n > 1) of real numbers by: v; = 1 and for
alln >1
| Bav, ifnv, <1
Untl = { By, ifnv, >1

Notice that the sequence (nv,;n > 1) is uniformly bounded and uniformly bounded
away from 0. Now let H(1) = M(1) = (1,1)T and for n > 1

A ifnv, <1

M(”“):{ B ifnu, > 1

Remark M (n) = A for infinitely many values of n.

Define the words in {1,2}*, 1(A) = 2211111, 6*(A) = 22211, 0*(B) = 211 and
0?(B) = 21. Let(X,T) be a minimal Cantor system such that there is a sequence of
CKR partitions (P(n);n € N) verifying (KR1)-(KR6) with associated sequence
of matrices (M (n);n > 1). Moreover, we require that for n > 1 and t € {1,2},
0'(n) = 0'(M(n + 1)) holds (see (B.4) for the definition of 6(n)). This is possible
by [HPY] using Bratteli diagrams. It is clear that (X, T) is linearly recurrent. We
call p its unique ergodic measure.
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A symbolic way to see this system is by considering the substitutions o4 : {1,2} —
{1,2}*, 0a(1) = 2211111, 04(2) = 22211, and 0 : {1,2} — {1,2}*, o(1) = 211,
op(2) = 21. Define a sequence of substitutions (o,;n > 1) by o1 = Id and, for all
n>1, 0441 = 0p 00 ). It follows that ...1110,(1).0,,(2)222... converges to some
w € {1,2}%, where the dot indicates the position to the left of 0 coordinate. We set
X ={T"(w),n € Z}, where T is the shift map.

Before to study the system (X,T') defined by this sequence of matrices we need a
general property. We keep notations of previous sections.

Lemma 15. Let v € REM. Iflim, o, |[P(n)v| = 0, then v is orthogonal to the
vector (1) = (u(Bx(1):1< k < C(1))"

Proof. Let v € REM be such that lim,, .. | P(n
| <n@),v>]=] <P (n)u(n),v>|
= | < p(n), P(n)o > |
< [|P(n)ol],

Jo|| = 0. Then, for n > 1
)

and the last term converges to 0 as n — oo. Thus v is orthogonal to p(1). (]

Proposition 16. Let (X,T) be the linearly recurrent system defined above. The
set of eigenvalues of (X, T) is

E, = {exp(2iﬂ'a) eCa=(p—1,2—9) A7, 1> 0,w e ZQ}
None of these eigenvalues is continuous except the trivial one.
Proof. Letv = —(p—2)f = (¢—2,p—1)T and n > 2. Hence, P(n)v = P(n)(¢H (1))
(mod Z?). Also, since v is an eigenvector of A and B, from the definition of v,, we
get

P(n)v = Brren) -+ Br2)v = vnv.

The sequence (v,),>1 Wwas constructed so that nv,, is uniformly bounded and uni-
formly bounded away from 0. It follows that

(6.1) Zvn:ooand Zvi<oo,

n>2 n>2
and
(6.2) Z |IP(n)v]| = oo and Z | P(n)v|? < oo.
n>2 n>2

In particular, lim,_.« | P(n)v]| = 0 and, by Lemma [LJ, v is orthogonal to p(1) =
((B1(1)), pu(B2(1))".

Claim: Let « € R and A = exp (2iwa): |P(n)(aH(1))| — 0 as n — oo holds if
and only if A € E,. Moreover, if A\ € E,, then |P(n)(aH(1))| = c|[|P(n)v]|, for
some positive constant c.

Proof of the claim. First assume ||P(n)(aH(1))|] — 0 as n — oo holds. By Lemma
E, there exist m > 2, an integer vector w € Z€(™) and a real vector v/ € RE(™)
with P(m)(aH(1)) = v' + w and ||P(n)P(m)~'|| — 0 as n — co. From Lemma
[[3, vector P(m)~1v’ is orthogonal to x(1). Hence, there exists k € R such that
P(m)~1v = kv and

(6.3) P(m)(aH(1)) = kP(m)v + w.
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Suppose k = 0. Tt is not difficult to show by induction that ged(hy(m), ha(m)) = 1.
Then, since w is an integer vector, o € Z and A = 1 which belongs to E,,.
Suppose k # 0. Then, k = Wy — Wy where P(m)~tw = (Wi, W)T. This gives,

_(v—1 2-¢ -1
(6.4) aH(1) = (SD 1 9 (p) P(m)™ w.
The determinants of the matrices A and B are respectively equal to 11 and 1.
Therefore, since P(m) = Alm B¥n for some I,k > 0,

o = (50 - 17 2— @)A_lmwla

with w' € Z%. So X € E,,.
Conversely, let A € E,. Then, since M(n) = A for infinitely many n > 2, for n
large enough we get

—2 —(p—2
P(n)(aH(1)) = P(n) :271 75@ )| +w,
where w € Z?. Therefore, ||P(n)(aH(1))| = c||P(n)v]|, for some positive constant
¢, which proves the claim.

Finally, the proposition follows from Theorem and property () (]

This proposition gives an example of a minimal dynamical system with a nontrivial
Kronecker factor and a trivial maximal equicontinuous factor.

Acknowledgments. We would like to thank Claude Dellacherie for his impor-
tant advice about the references concerning convergence of “almost” Martingale
processes and Frangois Parreau for illuminating discussions.

The first author thanks the CMM-CNRS who made this collaboration possible. The
final version of this paper was written while the second and third authors visited
the Max-Planck Institute of Mathematics (Bonn). The support and hospitality of
both institutions are very much appreciated.

The third author acknowledge financial support from Programa Iniciativa Cientifica
Milenio P01-005 and FONDECYT 1010447. This project was also partially sup-
ported by the international cooperation program ECOS-Conicyt C03-E03.

We also thank the referee for many valuable comments.

REFERENCES

[CDHM] M. I. Cortez, F. Durand, B. Host, A. Maass, Continuous and measurable eigenfunctions
of linearly recurrent dynamical Cantor systems, J. of the London Math. Soc. 67, No 3
(2003) 790 - 804.

[Do] J. L., Doob, Stochastic Processes, Wiley publications in statistics (1953).

[Dul] F. Durand, Linearly recurrent subshifts have a finite number of non-periodic subshift
factors, Ergodic Theory and Dynamical Systems 20 (2000), 1061-1078.

[Du2] F. Durand, Corrigendum and addendum to: Linearly recurrent subshifts have a finite
number of non-periodic subshift factors, Ergodic Theory and Dynamical Systems 23
(2003), no. 2, 663-669.

[DHS] F. Durand, B. Host, C. Skau, Substitutional dynamical systems, Bratteli diagrams and
dimension groups, Ergodic Theory and Dynamical Systems 19 (1999), 953-993.

[F] P. Fogg, Substitutions in Dynamics, Arithmetics and Combinatorics, Lecture Notes in
Mathematics 1794, Springer-Verlag (2002).

[HPS] R. H. Herman, I. Putnam, C. F. Skau, Ordered Bratteli diagrams, dimension groups and
topological dynamics, Internat. J. of Math. 3 (1992), 827-864.



18

(Ho]
[Mc]

[Na]
(Qu]

[Se]

[Wa]

Xavier Bressaud, Fabien Durand, Alejandro Maass

B. Host, Valeurs propres des systémes dynamiques définis par des substitutions de
longueur variable, Ergodic Theory and Dynamical Systems 6 (1986), 529-540.

D. L. McLeish, A maximal inequality and dependent strong laws, Ann. Probability 3
(1975), no. 5, 829-839.

M. G. Nadkarni, Spectral Theory of Dynamical Systems, Birkhduser Advanced Texts.
M. Queftélec, Substitution Dynamical Systems-Spectral Analysis, Lecture Notes in Math-
ematics, 1294, Springer-Verlag, Berlin, 1987.

E. Seneta, Nonnegative matrices and Markov chains. Second edition. Springer Series in
Statistics. Springer-Verlag, New York (1981).

P. Walters, An Introduction to Ergodic Theory, Graduate Texts in Mathematics, 79.
Springer-Verlag, New York-Berlin, 1982.

CENTRO DE MODELAMIENTO MATEMATICO UMR 2071 UCHILE-CNRS, CASILLA 170/3 CORREO
3, SANTIAGO, CHILE, AND INSTITUT DE MATHEMATIQUES DE LUMINY, 163 AVENUE DE LUMINY,
CASE 907, 13288 MARSEILLE CEDEX 9, FRANCE.

FE-mail address: bressaud@dim.uchile.cl, bressaud@iml.univ-mrs.fr

LABORATOIRE AMIENOIS DE MATHEMATIQUES FONDAMENTALES ET APPLIQUEES, CNRS-UMR 6140,
UNIVERSITE DE PICARDIE JULES VERNE, 33 RUE SAINT LEU, 80000 AMIENS, FRANCE.
E-mail address: fabien.durand@u-picardie.fr

DEPARTAMENTO DE INGENIERfA MATEMATICA, UNIVERSIDAD DE CHILE AND CENTRO DE MOD-
ELAMIENTO MATEMATICO, UMR 2071 UCHILE-CNRS, CasILLA 170/3 CORREO 3, SANTIAGO,

CHILE.

E-mail address: amaass@dim.uchile.cl



