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The lifting of polynomial traces revisited

Christine Bernardi!, Monique Dauge? and Yvon Maday'

Abstract

We construct a lifting operator of polynomial traces on an interval that
is stable in appropriate Sobolev norms. Next we extend this result to
the case of traces vanishing at the endpoints of the interval. This
has two applications, the interpolation of polynomial spaces and the
evaluation by discrete formulas of fractional order Sobolev norms on
polynomials.

Résumé

Nous construisons un opérateur de relevement de traces polynomiales
sur un intervalle qui est stable par rapport a des normes de Sobolev
appropriées. Puis nous étendons ce résultat au cas de traces nulles aux
extrémités de l'intervalle. Ceci a deux applications: l’interpolation
d’espaces de polynomes, 'évaluation par des formules discrétes de
normes de Sobolev d’ordre non entier appliquées a des polynémes.

Laboratoire Jacques-Louis Lions, C.N.R.S. & Université Pierre et Marie Curie,
Boite courrier 187, 4 place Jussieu, 75252 Paris Cedex 05, France.

2IRMAR, Université de Rennes 1, Campus de Beaulieu, 35042 Rennes Cedex, France.
e-mails: bernardi@ann.jussieu.fr, monique.dauge@univ-rennesl.fr, maday@ann.jussieu.fr






1 Introduction

This paper is motivated by the derivation of precise results about the be-
havior of the fractional order norms H'/2 and H&é ? in the set of polynomials
with one variable. These norms are the natural candidates for stating sta-
bility results on traces of general functions of two variables defined over a
bounded, regular enough, domain over its whole boundary or parts of it.
They are also the natural measures for deriving stable liftings or extensions
for functions defined on (part of) the boundary of a two-dimensional do-
main, we refer to [11] for an introduction and advanced properties of trace
and lifting operators in a general functional framework.

The lifting of polynomial traces into spaces of polynomials has given rise
to a large number of works, see the pioneering paper [3] and also [4], [7],
[12], [13]. Indeed, such results are very useful for the treatment of nonhomo-
geneous Dirichlet boundary conditions both in finite element methods and
in spectral discretizations, and also for handling the matching conditions on
the interfaces when working with domain decomposition techniques (see [15]
or [16] for instance).

Most of the results stated in the above quoted works are rather general
and deal with the H® norms for different values of s > 0. Nevertheless
the case s = 1/2 requires that all the details are extensively written since
s = 1/2 is known to be a limit case, and the space H&éz needs special
treatment. Though already briefly announced (see [12]), employed (see [14],
[10]), or generalized (see [4]), the results concerning the limit cases were not

published with complete proofs in the literature until now.

Thus, in this paper, we present the construction of two lifting operators
from an edge to a rectangle, the second one preserving the nullity conditions
at the endpoints of the edge. We prove with full details their continuity on
the spaces H'/2 and HééQ, respectively. In the second case in particular, our
proof requires the use of several types of weighted Sobolev spaces.

The construction of these lifting operator stable both in the algebraic
sense (polynomial traces extended into polynomials in two variables) and
in the analytical sense (with respect to the fractional order norms), inter-
esting per se, also allows us to derive accurate statements on these norms
for polynomials. It is well known that, over finite dimensional spaces (here
the space of polynomials with degree < N), all the norms are equivalent.
But the constants arising in the various equivalence may depend on the di-
mension of these spaces. An application of the existence of stable liftings is



to provide tools to determine the precise behavior of these constants with
respect to the degree N, and this is one of our aims for writing this paper.

There are many possible applications of the properties given here, we
quote [10] for recent ones. Note also that the results in [9] can also be made
more precise thanks to our analysis. We propose other applications at the
end of the paper.

The outline of the paper is as follows.

e In Section 2, we construct a lifting of polynomials traces on one edge of
a rectangle into the space of polynomials on this rectangle and prove the
continuity of this operator.

e In Section 3, we construct a lifting of polynomial traces on the same edge,
but now vanishing at the endpoints of this edge, into the space of polynomi-
als on the rectangle which vanish on its two edges adjacent to the first one,
and also prove the continuity of this operator.

e Section 4 is devoted to one of the applications of the previous analysis,
i.e., the comparison of the fractional order intrinsic norms on the spaces of
polynomials with the interpolation norms.

e In Section 5, we continue the analysis in [9] and [7] and propose a construc-
tive way to evaluate the fractional-order Sobolev norms of the polynomials,
see also [10].

e The ability to evaluate fractional order norms is first illustrated in Sec-
tion 6 on the example of the Legendre polynomials. In addition, based
on numerical results, we conjecture an asymptotic behavior for the H'/2
operator-norm of the L?-projection operator onto polynomial spaces.



2 Lifting of polynomial traces

We first present the notation that is used in this section and later on. Next,
we describe the different steps that are required for the construction of the
lifting operator and, at each step, we prove the corresponding continuity
property. We conclude with the final theorem.

2.1 Notation

Let A be the open interval (—1,1) and © the rectangle A x (0,1). The
generic points in A and © are denoted by x and (x,Y), respectively. For
simplicity, we still use the notation A for the edge A x {0} of ©. Indeed, we
are interested in the lifting of traces on A into functions on ©.

For any one-dimensional interval 7 and any nonnegative integer N, let
Pxn(Z) be the space of restrictions to Z of polynomials with one variable and
degree < NN with respect to this variable. Similarly, for any one-dimensional
intervals Z and J and any nonnegative integer N, let Py (Z x J) be the
space of restrictions to Z x J of polynomials with two variables and degree
< N with respect to each variable. In this section, we are interested in the
construction of a stable lifting operator which maps Py (A) into Py (©) for
each positive integer V.

On the one-dimensional interval Z, we recall the standard notation
L*(7) = {¢: T — R measurable;
1
el = ([ @ do)* < +oc}. 2)

Next, for any nonnegative integer m, we consider the usual Sobolev space
H™(Z) of functions such that all their derivatives of order < m belong to
L*(Z), namely

Ui 1
H™T) = {¢ € L*(D); ||v|grm(z) = (Z Hdk@H%Q(I))Q < +4oo},  (2.2)
k=0
where dF stands for the derivative of order k. In what follows, we also need
the seminorm

llamz) = l[d™ ¢l 2(1)- (2.3)

The Sobolev spaces of fractional order can be defined in several ways, for
instance by interpolation methods [2, Chap. VII], however we have rather



introduce them by the way of an intrinsic norm. For any positive real number
7 and for any function ¢ defined a.e. on Z, let ¢-[¢] be defined a.e. on Z xZ
by

_ /
() — pla) -

|z — 2|7

trlel(z,2) =

Any positive real number s which is not an integer can be written [s] + o,
where |s| denotes its integer part and 0 < ¢ < 1; the space H*(Z) is thus
defined as the space of functions ¢ in L?(Z) such that

1
Il = (el gy + oy [0 G Raren) ? < +oo.  (25)

Similarly, on any two-dimensional connected domain O with a Lipschitz-
continuous boundary, we recall that

L*(0) = {v: O — R measurable;
1
ol = ([ @) d)* < +oc}. (26)
with the notation & = (x,y), and also that

Hl(O) = {v S LQ((’));

1
o]l 0y = (1011720) + 10201720y + 10011 72(0)) ? < +00}

The final result of this section involves the spaces H'(0) and H'/?(A).
Here is the explicit expression of the norm associated with this latter space

1‘ ! 1
p(x) = p(x)
ol = (el + [ [ B0 gy oy

2.2 Construction of the lifting operator

The lifting operator is built in three steps, according to the geometry of the
domain in which we lift the traces.

STEP 1: Lifting from R into a strip

Let S denote the infinite strip R x (0,2). For any nonnegative integer
N, we introduce the space Py (S) of restrictions to S of polynomials with



two variables and total degree < N. Next, we define the operator .Zs on
integrable functions ¢ by

1 [*ts
Forac () €5, (Ze)w) = / sy dt.  (2.9)

_Y
2
It satisfies the basic property:

For a.e. x € R, lin% (Zsp)(z,y) = ¢(x), (2.10)
y*)
so that .Zs is a lifting operator.

We omit the proof of the first lemma since it is obvious.

Lemma 2.1 For any nonnegative integer N, the operator £ maps Py (R)
into Pn(S).

In order to prove the next lemma, we write (2.9) in a different form:
+o0
(Zs)an) = [ el + )t 211)
— 0o
where x stands for the characteristic function of the interval (—3, 3). De-
noting by a hat the Fourier transform on R, we observe that
2 sin(§)
CVor €

so that, in particular, the function ¥ belongs to H'(R).

X(§) (2.12)

Lemma 2.2 The operator L is continuous from HY/2(R) into H'(S).

PROOF. Let ¢ be any function in H'/2(R). Due to the tensorization prop-
erty
HY(S) = H'(R; L*(0,2)) N L*(R; H'(0,2)),

it suffices to check that

+Oo —_—
/ [Zse(€, - )||%{1(z,g) d§ < +o0,

— 00

where Z stands for the interval (0,2) and the parameter-dependent norm
| - |1 (z,¢) is defined as

[ol3rze) = 1+ vll72) + [0

5



Denoting by x, the function: x,(t) = %X(i) we observe that (2.11) can be

written equivalently as the convolution

ZLso(y) =@ * Xy,

whence (see [17, §2.2.1] for instance)

L&, y) = V2T $(€) %(€) = V21 $(€) R(wE)- (2.13)

Thus, we derive

15 0(&, i z.e) = 27 1S IRWE 11 (2,6 -

First, for |{| > 1, by using the change of variable z = y£, we obtain

1Zs(&. ) 3n ey < c(1+ €326 X112 my- (2.14)

Second, for [£| < 1, the same change of variable yields

1L N + 1Zse(& i < clel12@P X1 @),

while it follows from (2.13) that (note that 0 <y < 2)

1Z50(& T2y < clel ™GO %117 2(0,2¢)-

Next, we observe that the quantity |¢|7! ||)2||%2(0 o) 18 bounded indepen-

dently of £ (see (2.12)), hence inequality (2.14) still holds for || < 1. We
also note that the quantity ||(1 4—52)i @[l 2wy 18 equivalent to [l 1 - (see

HZ (R)
[17, §2.3.3]). Combining all this leads to

+oo
12 2
| 1T, de<clel?,y

(Z.6) )’

which is the desired result.

STEP 2: Lifting from A into a triangle

Let 7 denote the equilateral triangle with vertices a— = (—1,0),
a; = (1,0) and ap = (0,1/3). For any nonnegative integer N, we intro-
duce the space Py (7)) of restrictions to 7 of polynomials with two variables
and total degree < N.

It is readily checked from (2.9) (see also Figure 1) that, for any point
(x,y) in T, the value of Z5¢ at (z,y) only depends on the values of ¢ on A.
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Figure 1: The lifting from A to triangles 7 and 7~

Therefore, in analogy with (2.9), we define the operator .2+ on functions ¢
integrable on A by

Yy

2

1 [%*
Forac. ) €T, (Zro)wy) = / (1) dt. (2.15)

Yy
2

Thus, this operator satisfies the lifting property:
For a.e. z € A, hH(l) (Zro)(z,y) = o(x). (2.16)
y—)

The next statement is easily derived from Lemmas 2.1 and 2.2.

Lemma 2.3 The operator Ly
(i) maps Pn(A) into Pn(T) for any nonnegative integer N,
(i) is continuous from HY?(A) into H'(T).

Remark 2.4 Formula (2.15) still makes sense for a.e. (z,y) in the larger
triangle T' with vertices a_, a4 and af = (0,2), defining a lifting operator
ZLr continuous from HY?(A) into H(T").
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Figure 2: The homographic transformation from Z onto ©

STEP 3: Lifting from A into ©
Finally, let Z denote the isosceles trapezium (in the British sense of a
quadrilateral with two parallel edges)
Z={(z,y) €T; y<1}, (2.17)
and let .2z be the restriction of .2 to Z:
Lo =2Lry| - (2.18)

The introduction of Z is motivated by the existence of a one-to-one homog-
raphy .# which maps the rectangle © onto Z, see Figure 2:

(z,y) = F(x,v) = ((1 - %)x , y). (2.19)

Thus we can define the lifting operator .Z by
For a.e. (x,v) € ©, (ZLop)(X,Y) = (ZLzp) o F(x,Y). (2.20)

This of course makes sense because .% maps © onto Z. Moreover, .# maps
the line vy = 0 onto the line y = 0, so that the lifting property (2.16) is still
satisfied by the operator Zg.

We need two further properties of the mapping F: v +— v o ZF.

Lemma 2.5 For any nonnegative integer N, the operator F' maps Pn(Z2)
into Py (O).

PROOF. Any polynomial vy in Py (Z) can be written as

N—n

N
N(xa y) = Z Qg xnyzv
n=0 ¢=0



so that

This yields the desired result.

Lemma 2.6 The operator F is continuous from H'(Z) into H'(O).

Proor. This follows from the fact that the Jacobian matrix of .% is bounded
on © and has a determinant larger than 1 — %

2.3 The lifting theorem

The main result of this section now follows from the definition (2.20) and
Lemmas 2.3, 2.5 and 2.6.

Theorem 2.7 The operator Zg defined in (2.20)

(i) satisfies the lifting property
For a.e. X € A, 51/1% (Zop)(X,Y) = p(X); (2.21)

(ii) maps Pn(A) into Pn(©) for any nonnegative integer N;

(iii) satisfies the continuity property for a positive constant ¢

1
Vo e H2(A), | Zovllme) <cllel, (2.22)

3(A)



3 Lifting of flat polynomial traces

By “flat” traces, we mean traces that vanish at the endpoints of the interval
A. We now intend to construct a lifting operator that preserves this nullity
property, i.e., maps these traces onto functions vanishing on the two vertical
edges {£1} x (0, 1) of the rectangle ©. Our proof of the continuity of the new
lifting operator requires the introduction of some weighted Sobolev spaces.

3.1 Notation

For any integer N > 2, let PQ;(A) be the space of polynomials in Py(A)
which vanish at the endpoints +1 of A. Similarly, we introduce the space

PR (0) = {vy € PN(O); vy(£1,v) =0, 0<y < 1}. (3.1)
Note that
PY(A) = (1= x*)Pyo(A),  PR(©)=(1-x*)Pyon(©), (32)

where Py _2 n(©) stands for the space of polynomials with degree < N — 2
with respect to x and < N with respect to v. We are now interested in
defining a new stable lifting operator which maps P%;(A) into P (©) for
each positive integer V.

On the rectangle O, we also introduce the space
Hi(©) = {ve HY(O); v(£l,y) =0forae.v, 0 <y <1}, (3.3)

and note that P%,(©) is a finite-dimensional subspace of H}(©).

On the interval A and for any real number «, we introduce the weighted
Sobolev space

1
VZ(A) = {¢: A — R measurable; ”SDHV%(A) < 400}, (3.4)
where the norm || - Hv%(A) is defined by (see [17, Chap. 3] for analogous
definitions) :
' 2 2ya—1
Il g = (] 1eGR 1= xetax
1 gl 1— x2)5 — o(x) (1 — x'2)5 2 1
[0 AR g
—1.J-1 % — x|

10



Remark 3.1 In the specific case a = 0, when comparing the norm in (3.5)
with the intrinsic norm on HééQ(A) as given in [11, Chap. I, Th. 11.7] for
instance, we observe that the spaces Vé/Q(A) and H&éQ(A) coincide.

Similarly, we define weighted Sobolev spaces on the two-dimensional do-
mains introduced in Section 2, for any real number a:
e On the equilateral triangle 7, we consider the weight

plx,y) = ((1 — 3!:2)2 + yz)% (3.6)

Note that this function is equivalent to the distance to the set of corners
{a_,ay} (see Figure 1 for the notation). Then, we define V} ,(7) as the
space of measurable functions v on 7 such that [[v[ly1 () < +o0, with

ol oy = (1ot ola e dady
1
+ [ lerad o). ol dody) " 3.7)
The space of restrictions to the trapezium Z of functions in V} ,(7) is also

denoted by V ,(2).
e Next, on Z, we consider the weight

Sz,y) = (1 - 53)2 — 22,

This function is equivalent to the distance to the union of the two skew
edges of Z. Then, we define V<1>7a(Z) as the space of measurable functions
v on Z such that ||v][y1 (z) < o0, with

lvllvy .z) = (/Z o2, y)|? 6(x, y)* 2 dady
1
- /Z |(gradv)(:v,y)|25(x,y)ad:ndy)2. (3.8)

e Finally, on the rectangle ©, we define Vé}a(@) as the space of measurable
functions v on © such that [jv[lyy () < +oo, with

lollvy . o) = (/@ w(x, V)2 (1 = x2)°=2 dxdy

+/@(gradu)(x,y)|2(1X2)adxdy)5. (3.9)

11



In the case o = 0, it follows from the standard Hardy’s inequality, see [17,
§3.2.6, Rem. 1] for instance, that the space V<1>70(@) coincides with H}(0).
And our aim is to exhibit a new lifting operator which is continuous from

HY?(A) into HL(O).

3.2 Construction of the lifting operator

The lifting operator ,Z(g is constructed from the division-multiplication for-
mula

,,2”@0 =M 0o Ly o M_y, (3.10)

where % is the operator constructed in Section 2 (see Theorem 2.7) and,
for any real number 3, Mg denotes the multiplication by (1 — x2)?:

Forae x € A,  (Mgo)(x)=u(x) (1 - x?)~. (3.11)

It follows from this definition and the properties of the operator Zg that the
operator .,2”@0 still satisfies the lifting property (2.21). Moreover, from (3.2),
it is clear that it maps P (A) into PS(©) (more precisely and with obvious
notation into P?V, N_2(0)). So, it remains to investigate its continuity prop-
erties. For this, we study successively the continuity of the three operators
which are involved in its definition in appropriate weighted spaces.

STEP 1: Continuity of the operator Mg on A
The next lemma follows immediately from the definition (3.5) of the

norm of the weighted space Va / 2(A).

Lemma 3.2 For any real numbers o and (3, the operator Mg is continuous
from VO}/Q(A) into Valgﬂ(/\).

In what follows, we use this lemma with « =0 and g = —1.
STEP 2: Weighted continuity of the operator £,

We go back to the different steps leading to the definition (2.20) of the
operator Zg. So we first prove the weighted analogue of Lemma 2.3.

Lemma 3.3 For any real number «, the operator Ly defined in (2.15) is
continuous from VO}/Q(A) into V. (T).

12



(=146,1—0)

Figure 3: The polygon 75 (with § = 0.08)

PROOF. Let ¢ be any function in Va1/2(A). As the restriction of ¢ to the
interval (—1 + 6,1 — ) for any fixed § > 0, belongs to H'/2(—=1 + 4,1 — §),
Lemma 2.3 together with Remark 2.4 implies that - belongs to H'(7s),
where, see Figure 3,

Ts=TnNn1-6)T.

So, by symmetry, it remains to prove that Zr¢ belongs to V*lya(C), where
e C denotes the sector with vertex a_ = (—1,0), opening % and radius 1,
e V! ,(C) is obviously defined as the spaces of restrictions to C of functions
in V! ,(T); thus the weight on C is now bounded from above and below by
a constant times the distance p_ to a_.

We introduce the annulus (see Figure 4)

Ko={(z,y) €C; & < p_(z,y) <1}.
We check that, for the interval Zg

2 -3 V5
1 e
-1+ 2),

the values of .Z-¢ on the annulus Ky only depend on the values of ¢ on Z.
From Lemma 2.3, we derive the estimate

I(): (—l—l-

| el < el gy g -

13



Figure 4: The sector C and its dyadic partition

Since both weights p and 1 — 2% are bounded together with their inverses

p~land (1—2%)~! on Ky and Ty, respectively, we deduce the estimate, with
obvious definition of the new norms by restriction,

<27 ellva o) < Cll@llva%(zo)- (3.12)

The proof now follows from a dyadic partition argument. For any j > 0, let
@, denote the mapping (z,y) — (=1 4277 (z +1),277 y) and set

Kj=®;j(Ko),  Zj = ®j(Zo).
Then, since L (¢ o ®;) = (ZLr¢) o 5, we deduce from (3.12) that

Zze) o Pillv o) S clleo®ill g o

Next, we derive by change of variables that

12rels ) < 21 Lre) o i3 ey

and Doty <del?,
Vod (Zo) Ve ;)

14



Combining all this yields the uniform estimate for all integers j > 0

Lo <ec 2 .
[ TQOHV*I,Q(}CJ-) > H‘PHVQ%(Ij)
Summing up the above inequalities on j, we obtain

S 1Ll ) <o S llel?

i>0 iz0 Ve @)

Since the union of the K; is the sector C and since Z7¢ belongs to HIIOC(C),
we deduce that

Z HKTSOH%/;MUCJ.) = HXTCPH%/*{Q(())
j=0

On the other hand, the union of the intervals Z; is (-1, -1 + %), and this
union is locally finite: For any j > 0, Z; NZj4 = 0 if £ > 6. From this we

2
Z ”SOHV%

320 «

derive

<6llel?, .
Ve

() (—1,-1+)

From the last three formulas, we obtain that .Zr¢ belongs to V. ,(C), to-
gether with the desired continuity property.

Next, it is readily checked that the following inequality holds
V(z,y) € 2,  d(z,y) < plz,y).
Thus, for all o > 2, we have the corresponding inequalities on the weights
Wa,y) €2, 6(z,9) 2 <cpla,y)®? and 3(z,y)" < cpla,y)®

and we find that the space V! (Z) is imbedded in V{ ,(Z). Hence we
deduce from Lemma 3.3 the following lemma.

Lemma 3.4 For any real number o > 2, the operator £ defined in (2.18)

is continuous from VO}/Q(A) into Vg o(Z).
Finally, it follows from the definition (2.19) of .% that
V(x,v) €O, do0oZF(x,v)=(1-x?) (1 Y)2
) ) o ) = - S .
V3
Since 1 — % is bounded from below, we have the weighted analogue of
Lemma 2.6.

15



Lemma 3.5 The operator F is continuous from Vg ,(Z) into V$..(0).

Thus, the next result follows from the definition (2.20) of £ and Lemma
3.4.

Lemma 3.6 For any real number oo > 2, the operator Ly defined in (2.20)
is continuous from VD}/Z(A) into V§ ,(©).

STEP 3: Continuity of the operator Mg on ©

The next property is an obvious consequence of the definition of the
spaces Vg ,(0).

Lemma 3.7 For any real numbers o and (3, the operator Mg is continuous
Jrom V} ,(©) into V<1>,04725(@)'

3.3 The lifting theorem

The final lifting result is now an easy consequence of the definition (3.10)

and Lemma 3.2 (with o = 0, § = —1), Lemma 3.6 (with o = 2) and Lemma
3.7 (with & = 2 and § = 1) and the identity Vé/Q(A) = H%Q(A) stated in

Remark 3.1.

Theorem 3.8 The operator .,?@0 defined in (3.10)
(i) satisfies the lifting property

For a.e. X € A, )l/iglo (Xgap)(X, Y) = ¢(x); (3.13)
(ii) maps H&G(A) into HY(©) and also P (A) into P{(O) for any integer
N > 2;

(iii) satisfies the continuity property for a positive constant ¢

1
Vo € Hiy(A),  [Z5¢llme) <cllell 3 - (3.14)
HE(A)

16



4 Interpolation between polynomial spaces

For the sake of precision, we first recall from [11, Chap. 1, §4.2] the definition
of interpolate spaces (in the sense of traces) in the simple case of Hilbert
spaces. Note also that there exist several equivalent ways to define these
spaces, e.g., the K-method (see [11, Chap. 1, Th. 10.1] or [17, §1.8.1] for
instance).

Definition 4.1 If Xg and X1 are two Hilbert spaces such that X1 is con-
tained in Xy with a continuous and dense embedding, the interpolate space
[X1, Xolg with index 0, 0 < 0 < 1, is defined as the set of traces p = v(0) of
measurable functions v in (0,1) with values in Xy such that the quantity

! dt ! dt\ 3
([ ok, S+ [ o §)’ (41)

is finite, and its norm is defined as the trace norm, i.e., the infimum of (4.1)
on the v such that ¢ = v(0).

From this definition, the interpolate space of index 6 between a space
of polynomials Xy provided with the norm || - ||x, and this same space
provided with the norm || - || x, obviously coincides with Xx. The question
is: Are the equivalence constants between the interpolate norm and the
norm | - [|[x,,x,), independent of N? The aim of this section is to give an
answer in the particular case 8 = % for specific spaces Xy and X7 and when
the spaces Xy are either the spaces Py(A) or P (A) introduced above.

4.1 First interpolation result

The next result relies on the fact that the interpolate space of index %
between H'(A) and L?(A) coincides with the space H'/2(A), and that the

interpolate norm is equivalent to the norm (2.8).

Notation 4.2 Let || - ||y 1 denote the interpolate norm of index % between
’2

the space Py (A) provided with the norm of H'(A) and this same space pro-
vided with the norm of L*(A).
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Theorem 4.3 There exist two positive constants ¢ and ¢’ such that, for any
nonnegative integer N and for any polynomial oy in Py (A), the following
inequalities hold

clenllpg iy S lenllng < llonllyg (4.2)

PrROOF. We establish successively the two inequalities.

1) Since the imbeddings of Py (A) endowed with the H*(A)-norm into H*(A)
and of Py(A) endowed with the L?(A)-norm into L?(A) both have norm
1, the first inequality is a direct consequence of the principal theorem of
interpolation, see [11, Chap. 1, Th. 5.1] (and also [2, Thm 7.17] for a more
precise version).

2) Using the Definition 4.1 with § = 3, X = Py (A) with L?(A)-norm and
X1 =Py (A) with H'(A)-norm, we find that

< inf v
lowlng <, dut o loxlmen
N (+0)=pN ONL A

whence in particular
lenllny < [Zoenllare)-

Thus, the second inequality follows from Theorem 2.7, see (2.22).

Remark 4.4 The previous lines yield that, when the interpolation norm is
used on HY/?(A) instead of the intrinsic norm (2.8), the first inequality in
(4.2) holds with the constant ¢ equal to 1.

4.2 Second interpolation result

Similarly, the interpolate space of index 3 between Hj(A) and L?*(A) coin-
cides with the space H&éz(A) (see [11, Chap. 1, Th. 11.7] for instance).

Notation 4.5 Let || - ||?V 1 denote the interpolate norm of indezx § between
P

the space P%(A) provided with the norm of H}(A) and this same space pro-
vided with the norm of L*(A).
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Theorem 4.6 There exist two positive constants ¢ and ¢ such that, for
any integer N > 2 and for any polynomial @y in P (A), the following
inequalities hold

(4.3)

< 0 <
CII@NIIH < IIsDNIIN,% < clen|

1
2

d0(A) HO%O(A)'

PROOF. The first inequality is proved in the same way as before for Theorem
4.3. Concerning the second inequality, we find now that

lonlly 1 < inf lvnll e
N,é vNE]P’% (©)»
N (H0)=pn Ol A

from which we deduce that
HSDN”%% < |1 Z3en |l (e)-

Thus, the desired inequality follows from Theorem 3.8.

The results of Theorems 4.3 and 4.6 extend to much more general situ-
ations, see [6, §I1.4]; however the application that we present in Section 5
only requires these results.
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5 [Evaluation of fractional-order norms of polyno-
mials

The aim of this section is to evaluate the H'/?(A)-norm of polynomials in

Px(A) and the H&é 2 (A)—norm of polynomials in P;(A) by means of discrete
(generalized Fourier) coefficients on suitable polynomial eigenvector bases.
The next statements are extensions of the results first presented in [9)].

5.1 Constructive evaluation of H'/2(A)-norms of polynomials

For each fixed integer N > 0, we consider the sequence of discrete Neumann
eigenpairs (An,;,Pnj), 0 < j < N, where the eigenvalues are given in
increasing order:
)\N,O < >\N,1 <0< )\N,N
and, for 0 < j < N, the eigenvector ®y ; belongs to Py (A) and satisfies
1 1
Vow eBx(), [ By (0 dx=dny [ ens00en(ndx.
-1 —
(5.1)
Obviously both these eigenvalues and the corresponding eigenvectors depend
upon the polynomial degree N, whence the index N.

We also assume that all these eigenvectors have been normalized to have

a unit L2(A)-norm,
1P, jllL2(a) = 1. (5.2)
Note that the smallest Neumann eigenvalue Ay ¢ is equal to 0 independently
of N, and that the corresponding eigenvector ®y ¢ is constant equal to %

Notation 5.1 For any integrable function x on A, the quantity Sy 1(x) is
2
defined by

D=

N A 1
SN,%(X):Z|X§V|2(1+)‘NJ) ,  with Xg\,:/lx(X) Py i(x)dx. (5.3)
Jj=0 B

Proposition 5.2 There exist positive constants C' and C', independent of
the polynomial degree N, such that the following estimates hold for every
polynomial xn in Py (A)

< Spalew) <Clxnl?y - (5.4)

2
OHXN”H%(A H3 (M)

)
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PRrROOF. Each polynomial yy in Py (A) admits the expansion

N

XN = Z XN Pnj
j=0

for the ng introduced in (5.3). Since the basis {®y j}o<j<n is orthonormal
in L*(A) and orthogonal in H*(A) with norms ||y, ;|| 1 () = (1 + An )2,
we find that the mapping: xn — (X\)o <j<n Is an isometry

(i) from Py (A) provided with the norm || - [[12(5) onto RN*1 provided with

the Euclidean norm
Ho (Z ‘XN’ >

(ii) from Py (A) provided with the norm || - || 1 (4) onto RNV*! provided with

the norm
1

l6Il, = (Zw 1+ Aw;))°

So the desired result follows from an interpolation argument, combined with
Theorem 4.3.

5.2 Constructive evaluation of HééQ(A)-norms of polynomials

Similarly, for each fixed integer N > 2, we consider the discrete Dirichlet
eigenpairs (un,j, ¥y, ;), 1 <i < N — 1, with eigenvalues

UN1 < pNn2 < < UN N-1

and eigenvectors Wy ; in P (A) solutions of

1 1
Vo € B (A), / W 06) U X) dx = g, / W (X) o (x) dx

B (5.5)
There also, these eigenvalues and eigenvectors depend upon the polynomial
degree N. We still assume that all that these eigenvectors have been nor-
malized to have a unit L?(A)-norm,

[ONjll L2y = 1. (5.6)
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Notation 5.3 For any integrable function x on A, the quantity S?V 1(x) is
2
defined by

1

N-1
. 1 ) .
85400 = 32 AP+ with = [ (30 B dx. (51
j=1 B

We omit the proof of the next statement since it is exactly the same as
for Proposition 5.1 when using Theorem 4.6 instead of Theorem 4.3.

Proposition 5.4 There exist two positive constants C' and C’, independent
of the polynomial degree N, such that the following estimates hold for every
polynomial xn in P (A)

Clixwl?y <83 0ew) < Clxwll? (5.8)
)~ ;

00 00

Remark 5.5 Let us consider the bilinear form

N

N-1
XN;&N ZXNé.N 1+MN]) ;
7j=1

) 1 ) 1
with Xg\/:/ xn(X) Uy i(x)dx, 5?\/:/ En(X) U (x)dx.
—~1 -1

Proposition 5.4 yields that it is continuous and elliptic on the space IP?V(A)

equipped with the norm || - || (A), with norm and ellipticity constant inde-
00
pendent of N. So, among other applications, this form could be an efficient

tool for the extension to spectral elements of the domain decomposition al-
gorithm recently proposed in [5].
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6 Numerical illustrations

We use the results of Section 5 first to evaluate the H'/2(A)-norms of some
polynomials, second to evaluate the norms of some projection operators onto
polynomial spaces as endomorphisms of H/2(A).

6.1 Evaluation of norms of polynomials

Let (Ly), denote the family of Legendre polynomials: Each L, has degree
n, is orthogonal to the other ones in L?(A) and satisfies L, (1) = 1. It is well

known that
2
Ln =/ —, 6.1
I Lnllz2(a) 1 (6.1)

and also (see [8, §1 & form. (5.3)])
Lyl 2y = V/n(n +1). (6.2)

Thus the family of Legendre polynomials satisfies the following inverse in-
equality
3
Lo L2y < V302 Lyl z2(a)- (6.3)

This is sharper than the general and optimal estimate (see [8, Chap. I, Th.
5.2] for instance): For any integer N > 0,

Von € Pn(A), v llzza)y < V3N |lonllr2a)- (6.4)

All this naturally leads to the question of the behavior of the H'/2(A)-norm
of L,.

Indeed, it is possible to evaluate the H'/2(A)-norm of L, analytically by
using the explicit definition (2.8) of the norm; we refer to [1] for this very
tedious computation that provides the estimates for all n > 2

cy/log n < HL"”H%(A) < y/log n, (6.5)

with constants ¢ and ¢ independent of n. We first evaluate numerically
these constants. For this, we use formula (2.8) and compute exactly the
double integral which appears in it via appropriate quadrature formulas
(exact numerical integration is possible since the integrand is a polynomial
with two variables and diagonal values for X = x’ are equal to the square of
the derivative).
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Figure 5 presents the quantity HL”HJQLH(A)/ log n as a function of n, for n
2

varying from 2 to 40 (left part) and from 2 to 4000 (right part). From this,
it appears that ¢ can be taken equal to 2 and ¢’ to 3.11, with a common
limit close to 2 when n tends to +oc.

10 T T T 5
8 4.8
6 4.6
4 4.4
2 4.2
O0 1b Zb 50 40 4O 1 ObO 2060 3600 4000

Figure 5: Evaluation of the H'/2(A)-norm of L,

From (6.5) and (6.1)—(6.2), the following inequalities can be observed:

_1
Il ) < e llog ) Ll 3,

1
1Zall gy < ¢ (0108 )% [ Lall 2o

So, the norm of L, in H*(A), 0 < s < 1, is not evenly distributed as a

function of s: It does not behave like n7%+%s, as could be derived from the

upper bound

In a next step we compare the H'/2(A)-norm of the L, with their discrete
evaluation as given in Proposition 5.1. Figure 6 presents the ratio

Sy 1(Ly)

ANn = e T S (6.6)
| Ln]| e

(A)

(see Notation 5.1), for even degrees n, 2 < n < N, and for N = 20, 40, 60,
80, 100 (left part), for N = 500 and 1000 (right part). Note that problem
(5.1) is solved by using Matlab routine eig.m for computing eigenpairs.

Figure 6 is in good coherence with the results of Proposition 5.1, which

states
c<Any < d.
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The numerical evidence is that ¢ can be taken equal to 0.15 and ¢’ to 0.3.

0.3 T T T T 0.3 T T T T
0.25- 0.25
0.2r 1 0.2 L J
— N=20
0.15¢ — N=40 | 0.15-
— N=60 — N=500
—— N=80 — N=1000
— N=100
01 ; ; ; ; 01 ; ; ; ;
0 20 40 60 80 100 0 200 400 600 800 1000

Figure 6: Comparison of the H'/?(A) -norm of L,
and of its constructive evaluation

Remark 6.1 We also observe that, for a fized n, An, tends to a limit
Acon when N tends to +oo, and more precisely that

|ANn - Aoo n| )
LS Lt L § < 10 ,
Aoo,n

N

when n < 5,

which is useful to have an accurate evaluation of ”L”HH%(A)'

Remark 6.2 The computation cost to evaluate the Hl/Q(A) -norm of a poly-
nomial with degree < % either by formula (2.8) or by means of Sy.1 18 nearly
the same. However, when the norms of a large number of polynomials must
be evaluated, using the discrete quantity SN7 1 is much more efficient. In-
deed, solving problem (5.1) requires a constant times N® operations but, once
it is done, the quantities SN’%(QO) for any ¢ in Py(A) can be computed with

a lower complexity.

6.2 Evaluation of norms of projection operators

The numerical evaluation of the H'/2(A)-norms allows us to answer another
interesting question that remained unsolved (at least to our knowledge): It
concerns the operator-norm of the L%(A)-projection operator 7y over the
set Py (A) in various norms. By definition, denoting by || - [|z(g) the norm
of the endomorphisms of any Hilbert space E, we know that

7Nl zz2eay = 1. (6.7)
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We refer to [8, §II.1] for the following optimal result
7l ceanayy < C VN, (6.8)
from which we derive, by interpolation, the upper bound

1
H7TN||£(H%(A)) < C N1, (6.9)
By no means the above equality in the H'(A)-norm implies that this in-

equality for the H'/2(A)-norm is optimal.

Remark 6.3 In order to illustrate the optimality of (6.8), we have solved
the eigenvalue problem, for Ny = 2N: Find x in Py, (A)/R and p in R
such that

1

1
Ve € Py, (A)/R, / (o) () () () dx = p / N ¢(x) dx.

Among the 2N eigenvalues p, N — 1 are obviously equal to 1 and N — 1 are
equal to 0. But the last two ones behave like N. Note also that the last eigen-
pair for my_1 coincides with the penultimate eigenpair for my. We observe

numerically the following asymptotics for these eigenvalues (independently
of the choice of Ny > N +2):

3 3 N 3 3 3
+ ettt s

N 5
28T 6N 3N 4 8 16N ' 32N2

This of course corroborates the optimality of (6.8), since we have evaluated

the quantity

[e%ly: —  max I (mn—1e) (x)[? dx
1 =
L(HY(A)/R) wEHL(A)/R f_ll‘SOI(X)P dx

by means of
1
SO (mnv—1e) (), dx
max s
pEPN, (A)/R [ 1 (x)[2dx

which is equal to the mazimal eigenvalue p.

In order to evaluate ””N”E( 1

H )y we again take N4 equal to 2N and

compute the quantity

Sn.. 1(mnp)
By = max 2 77 (6.10)
pePn, () Sy, 1(p)
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(see Notation 5.1) for different choices of N4 > N,. Indeed, the numerical
evaluation of the H'/2(A)-norms is based on N, | eigenpairs and, according
to Remark 6.1, it seems appropriate to choose N, larger than twice the
maximal degree N, of the involved polynomials.

0 200 400 600 800 1000

1

Figure 7: Evaluation of the H/?(A) operator-norm of 7y

Figure 7 presents By as a function of N running through all multiples of
12, first for Ny = N4 and N between 12 and 996, second for N, = 2N,
and N between 12 and 720. It can be observed that the values of By are
nearly independent of the choice of Ny > N, in contrast with our first
protective statement; that is why we stop the (extremely time consuming)
computation at N = 720 for Ny = 2N,.

1.4

0.225

0.22¢ 131

1.2r

0.215H
1.1r

0.21r

0.205-

0.2

0.195-

01 90 200 400 600 800 1000 0'50 200 400 600 800 1000

Figure 8: Comparison of the H'/2(A) operator-norm of 7y
with V and log N
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In view of the previous computation, we compare the square of the norm
of mn with some power of NV or of log N. Figure 8 presents as functions of
N the divided differences

log By 412 — log By
log(N +12) —log N

(left part)

log By 112 — log By
log(log(N + 12)) — log(log N)

and

(right part), (6.11)

for the same values of N as in Figure 7.

We thus observe that the quantity ||7x|| C(E( satisfies, for all values

of N,

A))

C (log N)'* < H?TNHZ(H%(A)) < C'N°2, (6.12)
So the lack of stability of the operator my in H'/?(A) operator-norm is
clearly weaker than what could be deduced from (6.9). Moreover, an ex-
trapolation of the previous numerical results (the left curves of Figure 8
apparently tend to zero and the right curves to 2) leads us to propose the
following

Conjecture : ClogN < HTFNHL(H%(A)) < C'"log N.

Remark 6.4 In analogy with Remark 6.3 and again with Ny = 2N, we
have solved the following eigenvalue problem: Find x in Py, (A) and p in R
such that

v(p € IP)N+ (A)a b(”TNXa '/TNQO) = pb(X> 90)7 (613)
for the scalar product b(-,-) defined by

Nyt

b(vh, &) = Y W (14 An,, )7,

j=0

with wj—/lw(X)(I)N++,j(X)dX, 53—/1§(X)¢N++7j(x)dx. (6.14)

[N

Figure 9 presents the largest three eigenvalues p as functions of N. We ob-
serve that the difference between the largest two ones goes decreasing and
that the third eigenvalue is close to 1 but slightly increasing with N, which
suggests that the situation is more complex than for the L*(A)- and H'(A)-
norms.
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1.8

1.7+
1.6
1.5F
1.4r
1.3F
—— 1stlargest ev
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1.1F A
1 C r T T T T r il I -
0 5 10 15 20 25 30 35 40

Figure 9: The largest three eigenvalues in problem (6.13)
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