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Transorthogonal polynomials and simple cubic
multivariate distributions

Célestin C. Kokonendji * and Mohamed Zarai

University of Pau and University of Sfax

Abstract

Transorthogonality for a sequence of polynomials on R? has been recently introduced
in order to characterize the reference probability measures, which are multivariate
distributions of the natural exponential families (NEFs) having a simple cubic vari-
ance function. The present paper pursues this characterization of three various man-
ners through exponential generating functions, transdiagonality of Bhattacharyya
matrices and semigroup-Sheffer systems, respectively. The obtained results extend
those well-known of simple quadratic NEFs based on the classical orthogonality of
associated polynomials. The transorthogonality property is then compared to the 2-
pseudo-orthogonality one which globaly characterizes the cubic NEF's. Finally, some
techniques of calculation of these polynomials are presented and then illustrated on
a multivariate normal inverse Gaussian Lévy process.

Key words: Bhattacharyya matrix, exponential generating function, Lévy process,
natural exponential family, normal inverse Gaussian distribution, Sheffer
polynomial, variance function, 2-pseudo-orthogonality.

MSC: 60G50, 62E10, 42C05.

1 Introduction

It is well-known that the orthogonality property of real polynomials (@, ),en with
respect to a probability measure p provides six categories of polynomials: Hermite,
Charlier, Laguerre, Krawchouk, Meixner and Pollaczek. The associated probabil-
ity measures are also of six types: Gaussian, Poisson, gamma, binomial, negative
binomial and hyperbolic cosine, respectively. Independently, the class of these prob-
ability measures p is the set of real natural exponential families (NEFs) having
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quadratic variance functions (see Morris [22]), while the set of the orthogonal poly-
nomials has been characterized in four different ways by several authors. Indeed,
Meixner [21] has been the first one who characterized these orthogonal polynomials
using the criterion of exponential generating functions. Then, Shanbhag ([34], [35])
proposed some characterizations based on the diagonality of infinite Bhattacharyya
matrices. Feinsilver [6] built the orthogonal polynomials from successive derivatives
of probability density. Finally, Schoutens and Teugels [33] introduced a connection
to stochastic processes with some applications (see, also, Schoutens [31] and [32]).
From the Casalis [4] description of the multivariate simple quadratic NEFs gener-
alizing the Morris [22] class on R?, Pommeret ([24], [25] and [26]) has extended all
the previous results on orthogonal polynomials in multivariate cases. However, the
simple quadratic NEFs are not the only multivariate NEFs which have quadratic
variance functions. In the global situation of multivariate quadratic NEFs, Pom-
meret proposed in its papers a notion of pseudo-orthogonality for completing the
above characterizations. Note here that Lancaster [18] obtained chraracterization of
marginal distributions in NEF by the use of bi-orthogonal sequences of polynomials.

In order to continue the characterization of (multivariate) NEFs with respect to their
associated polynomials, the classical orthogonality may be extended. In this spirit,
Hassairi and Zarai [8] introduced the 2-pseudo-orthogonality for characterizing the
real NEFs with cubic variance functions which have been described by Letac and
Mora [20]. The characterizations of the univariate cubic NEFs are done both in the
Meixner [21] and Feinsilver [6] ways; see Hassairi and Zarai [9] for the Shanbhag ([34],
[35]) one. Kokonendji ([12] and [13]) considered a notion of k-pseudo-orthogonality
(k € {2,3,---}) in order to characterize, in all the four ways (i.e., Meixner [21],
Feinsilver [6], Shanbhag [35] and Schoutens and Teugels [33]), the univariate NEFs
having real polynomial variance functions of exact degree 2k — 1. Let us quote two
remarkable subclasses of real NEFs with polynomials variance functions: Hinde-
Demétrio’s class described recently by Kokonendji et al. [14] and Tweedie’s class
(see, e.g., Jorgensen [11]) also called power variance functions which contain all
stable distributions. In higher dimensions (d > 1), for instance, only homogeneous
and simple quadratic NEFs of Casalis [4] and simple cubic NEFs of Hassairi [7] are
completely described. Hence, more recently, Hassairi and Zarai [10] provided the
characterization of simple cubic NEFs by transorthogonality property, which is a
bit different to the multivariate extension of 2-pseudo-orthogonality (see Definition
3.1). This result is simply presented following the only one way of Feinsilver [6]. In
the other respects, Kokonendji and Pommeret [15] obtained a characterization of
multivariate NEFs with Ith degree polynomial variance functions (I € {1,2,3,---})
via another notion of [-orthogonality of some associated polynomials.

The aim of this paper is to pursue the characterization of simple cubic NEFs by
transorthogonality given in [10] following the three other directions: Meixner [21],
Shanbhag ([34], [35]) and Schoutens and Teugels [33]). We also compare the tran-
sorthogonality to the 2-pseudo-orthogonality which is related to the global cubic
NEFs on RY. We finally illustrate some results on a multivariate normal inverse
Gaussian NEF. Let us mention that there exist other extensions of orthogonality in
the literature, like quasi-orthogonality of a certain order and another [-orthogonality



(e.g., [5]). Hence, this paper can be considered as a review and we organize it as
follows. In Section 2, we recall some relevant materials of simple cubic NEFs on R?
and their associated polynomials. Section 3 presents the origin of transorthogonality
and compares it to the 2-pseudo-orthogonality. Sections 4, 5 and 6 characterize sim-
ple cubic NEFs by transorthogonality in the sense of Meixner [21], Shanbhag ([34],
[35]) and Schoutens and Teugels [33]), respectively. Section 7 is devoted to illustrate
some results with a multivariate normal inverse Gaussian Lévy process.

2 Simple cubic exponential families

In this section, we first recall some basic properties of NEFs and their associated
polynomials. We then conclude by a presentation of the simple cubic NEFs.

Througout the paper, we denote by (e, - - - , e4) the canonical basis of R%. In order to

simplify expressions, it is convenient to use some classical multidimensional notation.
d d

Ifn=(ng, - ,ng) € N and z = (21, -+ ,74) € R% then |n| = 3 n;, n! = [](n!)
i=1 i=1

d
and 2" = [[ 2. A polynomial P,(z) in € R? with degree n € N? is written as
i=1

Po(z) = Z agr?,

qeN|g|<|n|

where at least one of the real coefficent ¢, is nonnull when |¢| = |n|.
2.1 Natural exponential families (NEFs)

Let M(RR?) denotes the set of o-finite positive measures p on R? (not necessarily a
probability and) not concentrated on an affine subspace of RY, with the cumulant
transform of ;1 given by

K, (0) = log /Rd exp(2'0) u(dz) < oo

and such that the interior ©(u) of the domain {§ € R% K,(f) < oo} is nonempty.
The NEF generated by u € M(R?), denoted by F' = F(u), is the family of proba-
bility measures

P(0; p)(dw) = exp {a'0 — K,(0)} p(dz), 0 € O(p). (2.1)
Any NEF can be reparametrized in terms of the mean m such that

m = m(0) = Eo(X) = K,,(0) = [ =P(0; p)(d).

where X is a random vector distributed according to a P(6;p) in F. The mean
domain Mr = K|, (©(p)) depends only on F', and not on the choice of the generating



measure u of F'; so we can write F' = {P(m, F');m € Mp}. The function
-1
Vie(m) = Varg,m)(X) = K(0,(m)) = [0},(m)] ~, m e Mp

is called the variance function of the family F. Here 0,,(-) denotes the inverse of the
mapping m(0) = K, (#). The pair (Vr(-), Mr) characterizes F’ within the class of all
NEFs. See, for examples, Letac [19] and Kotz et al. [16, Chap. 54] for more details.

Let us also recall two elementary transformations which preserve any type of NEF.
The first one is the affinity. Let ¢(z) = Az +b where A is in the linear group G L(R?)
of R? and b is in R?. Then, for any NEF F = F(u) on R?, one has

P(F) = F(p(n), My =¢(Mr) and Vyr)(m) = AVp(e™'(m))'A. (2.2)

The second one is the positive power of convolution. If y is in M (R?), let us introduce
the Jgrgensen set

A= A(p) = {t > 0;3p, € M(RY) : O(p,) = O(n) and K, (-) = tKu()}.  (2.3)

Denoting F; = F(u,) = F(p*) = F* where t is in A and * means the product of
convolution, one has

My, = tMp and Vi (m) = tVi, (?) . (2.4)

We conclude this subsection by the notion of reductibility. A NEF F on R? is said
to be reducible if there exist an integer k < d and two NEFs F; on R* and I}, on
R¥* such that F = Fy x Fy. In this case, Mp = Mp, x Mg, and Vp(my,my) =
vFl <m1> ® VFz(mQ)'

2.2 Polynomials associated to a NEF

Let F' = {P(m,F);m € Mr} be a NEF on R? and let . = P(myg, F') with my fixed
in Mp. From (2.1), the density f,(-,m) of P(m, F) with respect to u(dz) is given
by f.(z,m) = exp{z'0,(m) — K,(0,(m))} with f,(-,mo) equals to 1. The Taylor
expansion in m of the analytic function m — f,(z, m) in a neighborhood of my is

. m) = exp (a0, 0m) — K, (6,m)} = = P p

where for all n € N¢,

In|
P,(x) = aamnfu(x,m) = fé")(x,mo)(el, ) (2.5)

m=mgo

is a polynomial in x of degree |n|. These polynomials expansions (P, ), cne associated
with a NEF belong to the class of Sheffer’s [36] polynomials and they are such that,



for all m € Mp,
Py(x,m) =1 and Pi(x,m) = [QL(m)(x - m)} ey, -, eq).

More generally, we have the following proposition showing the derivative of f, in
another basis of R? (see [24, Lemma 2.2 and Theorem 2.1]).

Proposition 2.1 Let F' = F(u) be a NEF onR? and let (mg, A) be in MpxGL(R?).
Consider the polynomials (Pay,)nene defined by

PA,n(w) = PA,n<$7 mO) = f;sn)(xa mO)(A617 T 7Aed)7 (26)

i.e. the |n|th derivative of m +— f,(x,m) at the mean mg of F in the |n| = ny+- - -+ngy
directions: Aey(ny times), ..., Aeq (ng times). Then:

(i) Pan(x) = 12 (A7 2, A7) (er, -+ eq);
(ii) there exists an open ball B(mg,r) = {m € Mp C R%|m; — mqy| < 7,Vi =
1,---,d} of Mg C R? such that, for all (m,z) € B(mg,7) x RY,

(m — A7 mg)"

n!

fu(xa Am) = Z

neNd

PA,n(x);

(i1i) Pan(x) is a polynomial in x of degree |n| and (Pan)nend forms a basis of the
space of all polynomials on R?.

Observe that if A = I, is the identity matrix in (2.6) then Pr,,, = P, is clearly the
polynomial defined by (2.5). In particular situation, one has explicit expressions of
P,(z) (e.g., [24]) or some recurrence relations of certain terms (e.g., [15]). A general
calculation of the sequence of polynomials P, (z) = P,(z,mg) can be done by mean
of the Faa di Bruno formula (e.g., Savits [30]) as follows:

1251
Puz)= Y ()] ! < gmlj {0, (m) — K,(0,(m))}

1<A<|n| Jj=1 <kj!) [lj!]kj

where ¢ = q(n) = [fl{ (ns + 1)] — 1 and
=1

q q
Qn,\) = {(/{;1,--- kg by, 1) (Kj, L) ENXNd:)\:Zki andn:Zk}ili}.

i=1 =1

2.8 Simple cubic NEFs

The cubic variance function of a NEF F on R? can be defined as follows:
Vi(m) = Ms(m, m,m) + Ma(m,m) + My(m) + Mo, (2.8)

where Ms(m,m,m) (Ma(m,m), M;(m) and M) is a real symmetric (d x d) matrix
of trilinear (bilinear, linear and constant) elements in m € Mp C R% The quadratic



variance function is obviously given with M3 = 0 in (2.8) and the simple quadratic
one is also considered from (2.8) with M3 = 0 and My(m, m) = a ‘'mm, a € R [4].
The simple cubic NEFs on R? (denoted by M3(R%)) have been defined in Hassairi
and Zarai ([8], [10]) as the NEFs on R? obtained from the simple quadratic ones
(denoted by My(IR%)) by the action of the linear group G = GL(R,R?) = GL(R™)
on the NEFs of R%. That is

Ms(RY) = G [Ma(R?)]. (2.9)

Indeed, for the simplicity, an element g of G is defined by its blocks («, 3,7, d)
in R x RY x R? x L(RY) where £(R?) is the space of endomorphisms on R¢ and
R? = R? denotes the dual of the linear vector space R? with dimension d < oc.

Following Hassairi and Zarai’s [10] notations, its respective actions on R x R? and
R x R? are defined by

(51707 'I) = 9(370, $) = (‘Toa + ﬁtl‘a Loy + 5(1’))
and
(k,0) — g(k,0) = (ka +~'0, k3 + 5°())
where 0" is the adjoint of 4. Also, we denote
dy(m) = a+ f'm and hy(m) = (dy(m))™" (v + 6(m).
If O is an open set of R? and ¢ in G, we write

O, = {m € R%d,(m) >0 and h,(m) € O}.

Hassairi [7] has shown that if m is in R? such that d,(m) # 0, then the differential
h,(m) of hy at m is an isomorphism of R?.

Let ¢ € G and let O be a nonempty open set of R? such that O, # {0}. For
V0 — L,(RYRY) (L,(RE,RY) is the space of the symmetric linear maps from RY
to RY), we define T,V : O, — L(R? R?) by

-1

1Ty, -1 . X
(T,V)(m) = (dy(m))™" [Bm)] ™V (g(m)) [ ()]
When d = 1 the action of an element g of G on a real NEF F is given by

_ (a+pm)? v+ om
e = Ve ()

In particular, if « = 1 and § = 0 then the image F} of F' by the affinity z — ~v+0(x)
satisfies Vi, = T,Vp (2.2). Also if we have o« € A = A(F) (2.3), § = 0 = v and

d(x) = x, then T, corresponds to the power transformation with parameter « (2.4).

Let Gy be the subgroup of G whose the elements are such that f = 0 and a > 0.
An element gy of Gy may be written as a product of a power transformation (2.4)
and an affine transformation (2.2). All the descriptions of NEFs on R? are done up



to affinity (2.2) and power transformation (2.4), that is up to Gy-orbits. See Table 1
for d =1 in (2.9).

Table 1 about here.

More generally, Ms(R?) contains (2d + 4) — Gp-orbits that one can interpret the
distributions from the random variables (X7, --- , X;) as follows (see Casalis [4] for
more details). The d 4+ 1 Poisson-Gaussian Gy-orbits are such that all X; are in-
dependent, X, -, X} have Poisson distributions and X1, -, X, are Gaussian
variables with variance 1. The d + 1 negative multinomial-gamma Gy-orbits are
such that the vectors (Xi,---,X) have negative multinomial distribution, the
conditional variable Xy 1|(X1, -+, X)) is gamma distributed with shape parame-

k

ter > X;+ 1 and (X4, -, Xq)|(X1,- -+, Xy) is a Gaussian vector with variance
i=1

diag(Xy, -+, Xgs1). The hyperbolic Gy-orbit is such that (X, -, X4_1) has a neg-

ative multinomial distribution and X,|(X3,---, X4_1) has an hyperbolic cosine dis-

tribution. The last Gy-orbit of simple quadratic NEF's is composed by the classical

multinomial vector. Consequently, for all ¢ € G and F' € My(R?), (T,Vr)(m) is a

polynomial in m of degree less than or equal to 3; i.e., M3(R%) D G [Mg(Rd)]. The

converse inclusion of (2.9) is given by Hassairi [7], which thus described the class of
simple cubic NEFs M3(R?) in (d + 3) — G-orbits.

3 Transorthogonality

In this section, we present in Theorem 3.2 below the first characterization of the
multivariate simple cubic NEFs (in the Feinsilver [6] way) which allowed to intro-
duce the transorthogonality [10]. Then, we compare the transorthogonality to the
2-pseudo-orthogonality which are two extensions of the classical orthogonality of a
sequence of polynomials on R?. To conclude we give recurrence relations for com-
puting these polynomials.

Let us first define the two extensions of orthogonality that we need. Then, the map
x = (x1, -+ ,xq) — ||z||+ = max (—Zx[,Zxﬁ) defines a norm on R? such that
for n € N4 ||n| = |n|.

Definition 3.1 A sequence (Q,)nena of polynomials on RY is said to be transorthog-
onal (2-pseudo-orthogonal) with respect to a probability measure v and denoted v— transorthogonal
(v — 2-pseudo-orthogonal) if, for all n and q in N%,

L @n(2)Qq(2)v(dz) =0 when [n —qll4 = inf (nl;lql) (] = 2|q]).

Transorthogonality and 2-pseudo-orthogonality coincide for d = 1 and it has pro-
vided some characterizations of real cubic NEFs (see [8] and [9]). See Kokonendji
([12] and [13]) for several generalizations on R of the standard orthogonality. For



multivariate cases (d > 1), the transorthogonality property has been characterized
by Hassairi and Zarai [10] in the following sense. (See Pommeret [24] for the orthog-
onality and the corresponding 1-pseudo-orthogonality).

Theorem 3.2 Let F be an irreductible NEF on RY and let (mg, A) be in Mp x
GL(R?). Then: F is simple cubic with A= Vi(mo)'A~! diagonal if and only if the
family of polynomials (Pay)pena defined by (2.6) is P(mo, F')-transorthogonal.

Proof. The basic case A = I; (identity matrix) is proved in [10, Theorem 3.1, pp.
76-89]. The general case follows from Proposition 2.1. [J

Remark 3.3 There exists an analog of Theorem 8.2 for cubic NEFs on RY (2.8)
with respect to the 2-pseudo-orthogonality. Its proof is similar and we omit it.

The following proposition is a criterion to get the transorthogonality of polynomials
on R? from the 2-pseudo-orthogonality.

Proposition 3.4 Let F' be an irreductible NEF on R? and let (mg, A) be in Mp x
GL(RY). Let (Pay)pene be the sequence of polynomials defined by (2.6). Then the

two following statements are equivalent:

(i) the polynomials (Pan)nena are P(mqg, F')—2-pseudo-orthogonal and (P ) pent jnje{1,2,3}
are P(my, F')-transorthogonal;

(ii) the polynomials (Pan)nene are P(myg, F)-transorthogonal.

Proof. (i) < (ii) is obvious. For (i) = (ii), according to Theorem 3.2, it suffices
to show that the NEF F is simple cubic with A~'Vg(mg)!A~! diagonal. This fact
rises immediately from the thansorthogonality of (Pa,),ene for only |n| € {1,2,3}
by using the same argument in the proof of Theorem 3.2 (see also [24, Proposition
4.1] for a similarity). [J

It seems not easier to point out all expressions of the transorthogonal polynomials
(Pan)nene for d > 1 via (2.7). However, one can use the following reccurence relations
which are proved in Kokonendji and Pommeret [15, Theorem 3.1 with k£ = 3].

Proposition 3.5 Let F be a NEF onR? and let mg be in Mp. Consider the polyno-
mials P,(x) = P,(z,mg) defined by (2.5). Then the following items are equivalent:
(i) the variance function Vp(m) = (Vi ;(m)) _ay» M € Mp, has the following
3rd order form:

ije{l,
Vz‘j(m) = Z sz‘j(C])(m —mg)?,
qeN%;|q|<3

for some reals cv;; with c;;(0) = V;;(mo);
(i) the polynomials P, (x) satisfy

I‘an(x) = Z {Oéij(O)Pn_;_e]. (l’) —+ Z ?;Oli](q) Pn%j_q(x)}%—niPn_ei (x)—kmoZPn(J:),

|
=1 0<|q|<3 q)!

with the convention n!/(n —q)! =0 if n — q ¢ N¢;



(i) For all n,q € N such that |q| = 2 and |n| = 4, we have
(/ﬂ@ﬂM@PmmFﬂmy:&

In this case, coefficients o;; coincide in (i) and (ii).

4 Exponential generating function

This section is devoted to our first characterization of the transorthogonal polyno-
mials on R? with respect to its generating function having the exponential property,
like Meixner [21] for the orthogonal real polynomials. We thus show in Corolary
4.3 below that the reference probability measures of the transorthogonality are also
constituted by the simple cubic NEFs on R? (2.9). Recall that similar results for
other classes of NEFs can be found in [12] and in [24].

Definition 4.1 A generating function of a sequence of polynomials (Q,,)nene on RY
is said to be exponential if there exist an open ball B(0,7) of R and two analytic
functions a : B(0,7) — R% and b : B(0,r) — R such that, for all (z,z) € B(0,r) x
R@

)

> 2 Qula) = exp {atal) + 4(2)}

neNd

Here is the main result of the section for which it is trivial to deduce the univariate
case (d = 1) given in [12, Theorem 2| as a particular situation.

Theorem 4.2 Let F' = F(u) be an irreductible NEF on RY and let mg be in Mp.
Let (Qn)nene be a sequence of P(mg, F) — 2-pseudo-orthogonal polynomials on R?
such that Q,, is of degree |n|. Then the two following statements are equivalent:

(i) the generating function of (Qn)pena @S exponential;

(ii) there exists A in GL(R?) such that, for all n € N¢,

Qn(x) = Qo(x) Pan(x) = Qo(x) f (x, mo)(Aey, - - , Aey).

In this case, for all z € B(0,r), we have Y. 2.Q,(z) = exp {z'a(z) + b(z)} with
neNd
a(2) = 0,(Az +mo) and b(z) = —K,(0,(a(2))).

Proof. Up to consider Q,, = Q, /Qo, we can assume Qg = 1.

(i) < (4i) By Part (i) of Proposition 2.1, there exists an open ball B(0,7) of R?
such that, for all (z,2) € B(0,7) X RY, fary(z,2 + A7 mg) = X 2Qn(Ax).

neNd
From Part (i) of Proposition 2.1, @, (Az) = fjgn,)l(p) (z, A= mg)(e1, - -+, eq). Thus, we
successively have



Z iQn(I) = fA*l(,u) (A_lx, z + A_lmo)

= fulz, Az + my)
=exp {xtQ#(Az +myg) — K,(0,(Az + mo))} :

Consequently, Part (i) follows with a(z) = 0,(Az +my) and b(z) = —K,(6,.(a(2))).

(i) = (i7) Let v = P(my, F'). From the u — 2-pseudo-orthogonality of (Qy,),ene, We
get

/(Z Z Qe )<>=/

ncNd

On the other hand, the exponential generating function associated to (Q,),ene (Part
(1)) allows to write

/(Zd 'Qn ) v(dx)= /exp {xta(z) —i—b(z)}y(dx)
—exp {K,(a(2)) + b(2)} .

Hence,

b(2) = —Ku(0u(a(2))). (4.1)
Letting Q(z) = Y(Qe, (), -+, Qe,(x)) and proceeding similarly, we obtain that for
allic {1, - ,d}

/<§w x)) e |n||+<mf In];0) (/ e ) ”T
:</Qeixy m)zz (4.2)

- ([ Q@'Quan) =

The polynomial vector Q(x) is of degree 1 in z; therefore, there exists B € G L(R%)
and ¢ € R such that

Q(zr) = Bx +c. (4.3)
In fact, we have ¢ = [ Q(2)Qo(z)v(dz) — Bmg = —Bmy and

/ Q) Q(x)v(dx) = / B(x — mo)'(x — mo)' Br(dz)
— BVir(mo)'B. (4.4)

10



Furthermore, it follows from (4.1), (4.2) and (4.3) that

(f Q@ @@wn) 2= [ exp{a'alz) + 4(:)} Qa)w(da)

=B /(x — mg) exp {xta(z) - K#(Q#(a(z)))} v(dx)
=B {KL(@(Z)) — mo] :

and we deduce that (4.4) can be written as
BVi(mo)'Bz = B K] (a(z)) — mo| .

Therefore, K} (a(2)) = Vr(mo)' Bz + my, that is a(z) = 0,(Vr(mo) Bz + my) and,
finally, we obtain

Z Zr:Qn@) = f,u(xa VF(mO)tBZ + my).

neNd
Thus, setting A = Vp(mg)'B, we have Q,,(z) = flS”)(x, mo)(Aeq, -, Aeg). O

Corollary 4.3 Let F be an irreductible NEF onR? and let mq be in My. Then: there
exists a family of P(my, F)-transorthogonal polynomials on R® with an exponential
generating function if and only if F is simple cubic.

Proof. It follows from Theorem 4.2, Theorem 3.2 and Proposition 3.4. [

5 Multidimensional Bhattacharyya matrices

In this section, we introduce a notion of transdiagonality for a multidimensional
Bhattacharyya matrix in order to give another characterization of the transorthog-
onal polynomials, which are related to the simple cubic NEFs on R? (2.9). This is a
new mutidimensional extension of the Shanbhag ([34], [35]) characterization for the
real orthogonal polynomials, which are connected to the quadratic NEFs [22]. See
[9], [12, Section 4] and [25] for other extensions of Shanbhag’s results.

Let F' = F(u) = {P(0;11);0 € ©(u1)} be a NEF on R generated by p (2.1). Any C*®
diffeomorphism A from an open set I of R? into ©(y) provides a new parametrization
of F":

F={P(h(z);p); z € I},
where the density of P(h(z); i) with respect to u(dz) is given by

gulw,2) = exp{a’h(z) — K. (h(2))} = fu(@, K, (h(2))). (5.1)
Then, for all n € N? and A € GL(R?), the function on R? x I
1
_ (n) .
San(z,2) ) 9" (x, z)(Aey, - - -, Aeg) (5.2)

11



is a polynomial in x of degree |n| and independent of the choice of the generator
of F.

For all (z,A) € I x GL(R?Y), we then call (multidimensional) Bhattacharyya matriz
the infinite matrix B4(z) = (Banm(2)),, mene Where

Bann(2) = [ San(@, 2)Sam(w, 2) P(h(=); p)(d). (5:3)
For all (k,1) € N2, we denote the submatrices of Ba(z) by

BZ’I('Z) - (BA;n7m<Z))n’meNd;‘n|:k7|m|:l * (5'4)

Definition 5.1 A d-dimensional infinite matric B = (Bpm)nmend 5 said to be
transdiagonal (2-pseudodiagonal) if, for all (n,m) € N® x N such that ||[n —m]|, >
sup(|nf, [m[)  (In] = 2|ml), Bym = 0.

Remark 5.2 The Bhattacharyya matriz B4(z) = (Baynm(2)), mene 8 transdiago-
nal (2-pseudodiagonal) if and only if the polynomials (San(z,2)), e are P(R(2); 1)-
transorthogonal (P(h(z); n) — 2-pseudo-orthogonal).

First, we show the result for 2-pseudodiagonality. To simplify, we assume A = I,
(identity matrix) in (5.2), (5.3) and (5.4) and we thus denote S,(z, z) = Sy, .(z, 2)
and B(z) = By, (2).

Theorem 5.3 Let F' = F(u) be an irreductible NEF on R, If h : I — ©(p) is a C*®
parametrization of F' such that h'(z) is invertible for all z € I and B(z) = By,(2) is
the Bhattacharyya matriz defined by (5.83), then the following items are equivalent:
(i) for all z € I, B(z) is 2-pseudodiagonal;

(ii) there exists z € I such that B(z) is 2-pseudodiagonal;

(iii) for all z € I, B%(2) = 0 and B*>*(z) = 0;

(iv) F is cubic and there exists (U,v) € GL(R?) x R? such that h(z) = 0,(Uz + v);
i.e., Uz + v is the mean of P(h(z2);u).

Proof. (i) = (i) and (i) = (¢i7) are trivial.

(i1) = (iv) Suppose that there exists zo € I such that B(z) is 2-pseudodiagonal. De-
noting v = P(h(z); it), the polynomial (S, (7, 2)),cna are v — 2-pseudo-orthogonal.
On the other hand, taking h(z) = h(z) — h(29), we can write

2 (2= =) Sn(z, 20) = exp {xt [(2) = h(z0)] = Kpu(h(z)) + K#(h(zo))}

neNd n!
_ t7 7
=exp {a'h(z) — Ku(h(2))},
which means that the polynomials (S, (7, 2)),cne have an exponential generating

function. According to the characterization of the 2-pseudo-orthogonal polynomials
with exponential generating function given in Theorem 4.2, we deduce that there

12



exists U € GL(R?) such that
Sn(z,20) = Pyn(x,me) = f(x, 20)(Uey, - -, Uey)
with mg = K7,(0) = KJ,(h(z0))-

Hence, since h(z + 2z0) = 0,(Uz 4+ mq) = 0,(Uz + mo) — 0,(mq), we have h(z) =
0, (Uz+mo—Uz) = 0,(Uz+v) with v = mo—Uz = K],(h(20)) —Uz. Furthermore,
the fact that (Py,)), e are also v — 2-pseudo-orthogonal implies that F' is cubic.

(1v) = (i) Let 2o be in [ and let v = P(h(z); 1) and mg = Uzy + v. From (5.1) we
have
Julw,Uz+v)  gu(z, 2)

fl/(CC’ Uz—i—U) - fu(:L‘,mO) B g,u({L“,Zo),

from which we deduce
Sp(z, 29) = f,E”)(:c, Uzo+v)(Uey,--- ,Ueq) = Pyn(x,mg).

Since I’ is cubic, the polynomials (.5, (z, 29)),,cne are v — 2-pseudo-orthogonal, i.e.,
B(zp) is 2-pseudodiagonal. The implication is thus proved because z is arbitrary.

(ii1) = (iv) Writing the polynomials (S, (x, 2)), cye 88

Su(z,2) = . cy2)a?

qeN;|g|<|n|

Ip|
[ Sule. S, D PGE: D) = Y el2)o [atP(h); ) (da)

qeN%|q|<|n|

for all (n,p) € N?xN (see, e.g., [25, Lemma 3.2]). Denoting h(z) = (hi(2), - - , ha(2))
and (z;) = (x.,) = [2;P(h(2); u)(dx), we then obtain for all p € N?

d 3\p|

/Sei (x,2)Sy(x, 2)P(h(z) Z

_ (h’ z>g';<x>>i.

In particular, for |p| = 2, B"?(z) = 0 implies that:

—~

h'(z)aazp (x) = 0.

Since h'(z) is invertible, (x) = [xP(h(z);u)(dz) is a polynomial in z of degree 1
and therefore there exist a matrix U and a vector v such that

(r) = K, (h(2)) = Uz +v.

13



This implies that:
h(Z) = HM(UZ _I_ 'U)v
where, by derivation, U = 'h(z)K]/(h(z)) belongs to GL(R?).

Similarly, B%*(z) = 0 implies for all p € N? such that |p| = 4:

0 0 ot
a7 hk(z)afzjhl(z)@@k%l)

| Sevves (@.2)S,(w, ) P((=)s ) (dx) = 3

= <th/(z>aazp<l’kl’l>h/(2’)>
::()7

i?j

i.e., th’(z)%(xkxﬂh’(z) = 0. Then (2'z) = ({(zx71)); ;... 4 IS @ polynomial matrix

in 2z of degree < 3. Since
(a'z) = V(K (h(2))) + () (),

it follows that there exists an open subset of Mp on which Vg(m) is of degree < 3.
Therefore, F' is cubic. [J

Now, we come to the result concerning the transdiagonality characterization of the
Bhattacharyya matrices. For this, we consider A € GL(R?) in (5.3), not necessarily
the identity matrix.

Theorem 5.4 Under the hypothesis of Theorem 5.3 and let (A, z9) be in GL(R?) x I,
the three following statements are equivalent:

(i) Ba(z) is transdiagonal;

(i) for all z € I, BY*(z) = 0 and B5'(2) = 0 and BY'(2) and B%*(z) are
transdiagonal;

(iii) F is simple cubic and there exists (U,v) € GL(RY) x R? such that, for all z € I,
h(z) =0,(Uz +v) and (UA)"'Vp(Uz + v)'(AU) ™" is diagonal.

Proof. (iii) = (i) It rises from Theorem 3.2 and Remark 5.2.
(1) = (4i) It is easily obtained from Theorem 5.3.

(i1) = (ii7) We have BYy*(z) = B%* = 0, then from Theorem 5.3 F is cubic and
there exists (U,v) € GL(RY) x R? such that

h(z) =6,(Uz+v). (5.5)

For zo € I, let v = P(h(z); ). Then, it is easy to see that the polynomials
(San(z,20)),ena are v — 2-pseudo-orthogonal and have an exponential generating
function as
_A—l n _ _
> (Z|ZO)SA,n(x, Zp) = exp {xth(Az) — Ku(h(Az))} :
n!

neNd
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with h(z) = h(z) — h(z). From Theorem 4.2, there exists A € GL(R?) such that for
all n € N¢ N N
SA,”<:C7 ZO) = flsn)(x7 mO)(A€17 U 7Aed)7

where mg = K}, (h(20)) = Uz +v and h(A(z+ 20)) = 0,(Az+mg) = 0,(Az +mg) —
6,.(my). Thus,

h(z) =0, (AA™ (2 — 2) — my). (5.6)
Since B (z0) and B3®(2) are transdiagonal, the polynomials (S, (z, 20)) pend njef1.2.3)
are v-transorthogonal. Hence, by Proposition 3.4 the polynomials (San(z,20)),,cne
are v-transorthogonal and by Theorem 3.2 F' is simple cubic with Aflvp(U zo +
v)' A~ diagonal. Finally, by (5.5) and (5.6) we have A = UA and the diagonality of
(UA)"Wr(Uz+v) (UA)™! holds. O

6 Semigroup-Sheffer systems

This section characterizes the transorthogonality through the Sheffer [36] polynomi-
als associated to a convolution semigroup of probability measures or NEFs, usually
induced by a stochastic process with stationary and independent increments. In this
way, one can refer to [13], [26], [31] and [33] for orthogonality and their other real
extensions.

Let us first define the semigroup-Sheffer systems of NEFs on R?. If there exist
an open ball B(0,r) of R? and two analytic functions a : B(0,r) — R? and b :
B(0,7) — R such that a(0) = 0, a’(0) # 0 and b(0) # 0, then the polynomials
sequence (Q,(7))nene defined by the generating function

Z m—nQn(l’) = exp {xta(m)}g(m), Vm € B(0,r),

neNd n!

is a Sheffer system [36]. In the context of NEFs and following Schoutens and Teugels
[33], we can introduce an additional time parameter ¢t € A C [0, 00) into the above
Sheffer systems as follows:

Definition 6.1 Let ' = F(u) be a NEF on R? and let A = {t > 0;3u, = p* :
K,, = tK,} be the completed Jorgensen set of F(u) with O as defined in (2.3). For
all (A, my) € GL(R?) x Mg, the polynomials (Quan(,1)),cnagex Such that

mn
Z FQtA,n,t(:c, t) = exp {xtGM(Am +my) — K,(0,(Am + ml))} , Vm € B(tmg,r),
neNd "7

are called semigroup-Sheffer systems associated to F.

Note that, for ¢ = 0 in the closed additive semigroup A = A(F(u)) of [0, 00) with
N C A C [0,00), it is convenient to put p, = dg the Dirac mass at 0. For fixed
t =1, we have Qan1(x,1) = Pa,(z,my) = fé")(x,ml)(Ael, -+, Aeg) as given in
(2.6) with p = p.
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For all t € A, we can associate the random vector X, with distribution v, =
(P(my, F))*. In particular, under infinite divisibility of F' (i.e., A = [0,00)), (X;),~¢
is a Lévy process (i.e., stationary process with independent increments; see [3] and
[29] for more details). Thus, the polynomials (Qa.:(,t))nends>0 are known to be
Lévy-Sheffer systems (e.g., [26]). It follows, by the martingale property of

Fu(Xiym) = exp {0, (m)' X, — tK,,(0,,(m)) }

(e.g., [17]), that we have the following martingale equality ([32]) as a basic applica-
tion of this study:

B[Qant(Xi, )| Xs] = Qans(Xs,8), 0<s<t, neN, AcGLRY. (6.1)

Since all univariate cubic NEFs are infinitely divisible [20], it is tantalizing to say
that the multivariate (simple) cubic NEFs are also infinitely divisible. For instance,
this is an open problem. Let us mention that we have an analog application as (6.1)
when A = N. This corresponds to IID-Sheffer systems (e.g., [13], [31] and [32]).

Now, we can show the result of characterization only with respect to the transorthog-
onality. The 2-pseudo-orthogonality case is almost similar and we omit it.

Theorem 6.2 Let F be an irreductible NEF on R? and let A = Ap be the completed
Jorgensen set of F. For all (A, m;) € GL(R?) x My, consider the semigroup-Sheffer
systems (Qian,t(,t)),cnagex- Then: the transorthogonality of the semigroup-Sheffer
systems occurs if and only if F is simple cubic with A= Vp(my)!A™! diagonal.

Proof. Let v, = (P(my, F))* = P(my, F,) with m, = tm,. Assume that the polyno-
mials Q4 ..(7,t) are v4-transorthogonal for all ¢ € A = A\{0}. Then, in particular,
the polynomials P4, = Q4,1 are vi-transorthogonal. By Theorem 3.2, we deduce
that Fy = F is simple cubic with A™'Vz(m;)*A~! diagonal.

Conversely, from (2.4), if F = F} is simple cubic then F, = F*' is simple cubic
too for all ¢t € A. Thus, it suffices to show that the polynomials P4, = Q.1 are
vi-transorthogonal, which are also obtained by Theorem 3.2. [

7 An illustration

The most famous example of simple cubic NEFs (2.9) is the multivariate normal in-
verse Gaussian (MNIG) family. The MNIG distribution is a variance-mean mixture
of a multivariate Gaussian with a univariate inverse Gaussian distribution. It can
be considered as a distribution of the position of multivariate Brownian motion at
a certain stopping time. See [1], [2] and [23] for more details and some interesting
applications.
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For instance, fix ¢t > 0. Consider the generating measure ;, on R¢ defined by

t$1 (d+2)/2 1 ) d \

It is easy to see that, for all t > 0, the NEF F, = F(,) generated by the probability
i, is composed by the distributions of the random variables (X7, -+, X,), where
X, is univariate inverse Gaussian distributed and (X, -, X;)|X; are d — 1 real
independent Gaussian variables with variance X;. Also, we have

1/2

d d
O(u,) = {0 eR%20, +) 07 < O} and K, (0) = —t (—291 - Z@f)
i=2

=2

d
Thus, Mp, = (0,00) x R*™™, 6, (m) = (—2m12 [tz + me] .My mg, - - - ,mllmd>

and

Vi, (m) =m'e; {t‘z "mm + Iy — telel}

= (m1 [t’2mimj + 5ij — (511'51]})‘

i,je{1,-,d} (7'1)

where 9;; = 1 for ¢ = j and 0 for ¢ # j. It follows that F' = F} is a simple cubic
NEF on R%, namely the MNIG G-orbit and it is from the Gy-orbit of Gaussian (2.9).
Its Jorgensen set (2.3) is A = (0, 00); i.e., F' is infinitely divisible. Thus, the MNIG
family is associated to a Lévy process; see also [28].

Let (Qnt(,1))nends>0 be the associated Lévy-Sheffer systems of F' as in Definition
6.1 with A = I,; (identity matrix). The general expression of polynomials @, +(z,t)
can be explicitly obtained by the corresponding Faa di Bruno formula (2.7) with

t3

. d
gzt(m) = xteut(m) — K, (0,,(m)) = ——27% <t2 + Zm?) + — Zmzxz
i—2

my 25 l

to be derivated at any mo € Mp; see Savits [30] for some other illustrative examples.
For example, in order to calculate Q., ((7,t) and Q,,(7,t) we first need

2 l1+2 '
d ifl = 1161
a|l\ [(tQ + Z m03> + ll) T + 2moy Z mosl’s‘|
Wg@t(m) = z s=2
m=mg ll+; ll (mmx] + 2$1m03> if [ = 1161 + €j,j 7& 1
2(ll+l;ll lfl:llel+2€j,j7é 1.

LLLTT

Then, the Faa di Bruno formula (2.7) provides:
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e n =¢; then Q(e;, 1) = {(1,¢;)} and

) d d
Qei’t(l’, t) = (1 — (511) <l’$ + 2%1 m[)z) — 511' [<t2 + me) T + mMo1 Zmos% ;

mo1 s=2 s=2

o n =e;+e; withi # j then Q(e;+¢;,1) = {(0,0,1,e;,€j,e;4+¢;) } and Q(e;+€;,2) =
{(1,1,0,€;,e;,€; + e;)}, therefore

m%ln (mo1; + 221m0i) (Mo17; + 221M0;) if1#i#j#1
-1
Qe¢+ej,t(x7t> = migl (mmxj + 21’17’);0]‘) 8 d if 4 1.4 7é 1
=17 ;
ll + m%ln { <t2 + sgzmos> 1+ 2mey ;mOst}]

o n = 2¢; then Q(2¢;,1) = {(0,1,¢;,2¢;)} and Q(2¢;,2) = {(2,0,¢e;,2¢;)}, therefore

2

) ; d d
Qudist)= o4 |2 (t2 -y mos) S mx]

01 s=2 s=2

01 2

1 "+ Z Mos | T1 + 2moy Z MosTs
Moy 5=2 5=2

1 9 2
+ (1 —d14) [ (mo1; + 2mg;x1)” + 551] .
M mg,

Otherwise, by Proposition 3.5, the corresponding recurrence relations of (Q,, +(2,t)),end.>0
is deduce from (7.1). Indeed, taking mg = (1,0,--- ,0) in Mp, the variance function
Vi, (m) = (Vij(m)); jeq.... ay glven by (7.1) is such that

Vigm)=">_ (g, t)(m —my)*

qeN%|q|<3
2 [(m1 — 1 4+3(m; —1)2+3(my —1)+1] fori=1=
) 2 0ma = 1)Pmy + 2(ma — )my + my] fori=1%#j
N 72 [(my — 1)?m; + 2(my — 1)m; + my] fori#£1=j
2 [(my — V)ymymy + mym; + 6;;(mq — 1)] + 05 for i £ 1 # j
with
2 ¢ lg =3;]gl =2and i # 1 # j;lgl =1 and i = j # 1;
lgf =1andi=1#j;lg| =1 andi#1=j;
(1) = 2t—2 if |gf=2andi=14#j;|g/=2andi#1=j;
3t2 if [gf=2andi=1=j;|¢/=1andi=1=j;
t2+d—1if |q| = 0;
0 otherwise.
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Therefore, at my = (1,0,---,0) in Mp, the Lévy-Sheffer polynomials @, +(z,1)
satisfy

ISH

j=1 0<j<s (M= a)!
+ niQn—ei,t (IL‘, t) + mOiQn,t(ZEa t)7

ley. .
xiQn,t(xat):Z{Oéij(07t)Qn+ej,t<x7t)+ > WQ?’L+Ej—q1t($7t)}

for all n € N? and ¢ > 0 with the following initial conditions: Qg (,t) = 1,

and

—t2$1 ifi=1

Qei,t(xu t) -

—(1+t2x)z;ifi=1+#

Qeﬁre 4,t<x7 t) =
’ At*22 4+ 32, ifi=j=1

r2 + 214 if i =j+#1.

Acknowledgment. We are grateful to Natacha K.M. Timistchenko for her attentive
reading of this manuscript.

References

[1] O.E. Barndorff-Nielsen, Normal inverse Gaussian distribution and stochastic volatility
modeling, Scandinavian J. Statist. 24 (1997) 1-13.

[2] O.E. Barndorff-Nielsen, Processes of normal inverse Gaussian type, Finance and
Stochast. 2 (1998) 41-68.

[3] J. Bertoin, Lévy Processes, Cambridge University Press, Cambridge, 1996.

[4] M. Casalis, The 2d + 4 simple quadratic natural exponential families on R? Ann.
Statist. 24 (1996) 1828-1854.

[5] K. Douak, P. Maroni, Une caractérisation des polynéomes d-orthogonaux classiques, J.
Approx. Theory 82 (1995) 177-204.

[6] P.Feinsilver, Some classes of orthogonal polynomials associated with martingale, Proc.
Amer. Math. Soc. 98 (1986) 298-302.

[7] A. Hassairi, La classification des familles exponentielles naturelles sur R par I’action
du groupe linéaire de R"*1, C. R. Acad. Sc. Paris Sér. T 315 (1992) 207-210.

[8] A. Hassairi, M. Zarai, Characterization of the cubic exponential families by

orthogonality of polynomials, Ann. Probab. 32 (3B) (2004) 2463-2476.

19



[9] A. Hassairi, M. Zarai, Bhattacharyya matrices and cubic exponential families,
Statistical Methodology 2 (2005) 226-232.

[10] A. Hassairi, M. Zarai, Characterization of the simple cubic multivariate exponential
families, J. Funct. Anal. 235 (2006) 69-89.

[11] B. Jorgensen, The Theory of Dipersion Models, Chapman & Hall, London, 1997.

[12] C.C. Kokonendji, Characterizations of some polynomial variance functions by d-
pseudo-orthogonality, J. Appl. Math. Computing 19 (2005) 427-438.

[13] C.C. Kokonendji, On d-orthogonality of the Sheffer systems associated to a convolution
semigroup, J. Comput. Appl. Math. 181 (2005) 83-91.

[14] C.C. Kokonendji, S. Dossou-Gbété, C.G.B. Demétrio, Some discrete exponential
dispersion models: Poisson-Tweedie and Hinde-Demétrio classes, Statist. Operat.
Research Trans. 28 (2004) 201-214.

[15] C.C. Kokonendji, D. Pommeret, Characterization of multivariate exponential families
with polynomial variance function, Advances in Mathematics - African Diaspora J.
Math. 1 (2005) 78-84.

[16] S. Kotz, N. Balakrishnan, N.L. Johnson, Continuous Multivariate Distributions, Vol.
1: Models and Applications, 2nd edition, Wiley, New York, 2000.

[17] U. Kiichler, M. Sgrensen, Exponential Families of Stochastics Processes, Springer-
Verlag, New York, 1997.

[18] H.O. Lancaster, Joint probability distributions in the Meixner classes, J. Roy. Statist.
Soc. 37 (1975) 434-443.

[19] G. Letac, Lectures on Natural Exponential Families and their Variance Functions,
IMPA, Rio de Janeiro, 1992.

[20] G. Letac, M. Mora, Natural real exponential families with cubic variance functions,
Ann. Statist. 18 (1990) 1-37.

[21] J. Meixner, Orthogonal Polynomsysteme mit einer besonderen Gestalt der
erzengenden Function, J. London Math. Soc. 9 (1934) 6-13.

[22] C.N. Morris, Natural exponential family with quadratic variance functions, Ann.
Statist. 10 (1982) 65-82.

[23] T.A. Olgard, A. Hanssen, R.E. Hansen, F. Godtliebsen, EM-estimation and modeling
of heavy-tailed processes with the multivariate normal inverse Gaussian distribution,
Signal Processing 85 (2005) 1655-1673.

[24] D. Pommeret, Orthogonal polynomials and natural exponential families, Test 5 (1996)
77-111.

[25] D. Pommeret, Multidimensional Bhattacharyya matrices and exponential families, J.
Mult. Analysis 63 (1997) 105-118.

[26] D. Pommeret, Orthogonality of the Sheffer system associated to a Lévy process, J.
Statist. Plann. Inference 86 (2000) 1-10.

20



[27] D. Pommeret, K terms recurrence relations and polynomial variance functions of the
Kth degree, J. Comput. Appl. Math. 133 (2001) 555-565.

[28] T.H. Rydberg, The normal inverse Gaussian Lévy process: simulation and
approximation, Commun. Statist. Stochastic Models 34 (1997) 887-910.

[29] K. Sato, Lévy Processes and Infinitely Divisible Distributions, Cambridge University
Press, Cambridge, 1999.

[30] T.H. Savits, Some statistical applications of Faa di Bruno, J. Mult. Analysis (2006)
in press.

[31] W. Schoutens, Lévy-Sheffer and IID-Sheffer polynomials with applications to
stochastic integrals, J. Comput. Appl. Math. 99 (1998) 365-372.

[32] W. Schoutens, Stochastic Processes and Orthogonal Polynomials, Lecture Notes in
Statistics No. 146, Springer, New-York, 2000.

[33] W. Schoutens, J.L. Teugels, Lévy Processes, polynomials and martingales, Commun.
Statist.-Stochastic Models 14 (1998) 335-349.

[34] D.N. Shanbhag, Some characterizations based on the Bhattacharyya matrix, J. Appl.
Probab. 9 (1972) 580-587.

[35] D.N. Shanbhag, Diagonality of the Bhattacharyya matrix as a characterization, Theor.
Probab. and Appl. 24 (1979) 430-433.

[36] I.M. Sheffer, Concerning Appell sets and associated linear functional equations, Duke
Math. J. 3 (1937) 593-609.

21



Table 1

The twelve Gp-orbits of the real cubic NEFs ([20], [22]) distributed in four G-orbits by

Hassairi [7].

G-orbit  Quadratic [22] Cubic [20]

1st Gaussian Inverse Gaussian
1 m3

2nd Poisson Gamma Abel Ressel-Kendall
m m? m(1 +m)? m2(1 +m)

3rd Binomial Negative binomial Takdcs (a > 0)
m(l —m) m(1+m) m(1+m)(1+ H2m)

4th Hyperbolic Large arcsine (a > 0) Strict arcsine
1+ m? m(1+2m + Lta® m?2)  m(1+m?)

a2
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