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Abstract

We consider the wetting transition on a planar surface in contact with a
semi-infinite fluid. In the classical approach, the surface is assumed to be solid,
and when interaction between solid and fluid is sufficiently short-range, the
contribution of the fluid can be represented by a surface free energy with a
density of the form ®(pg), where pg is the limiting density of the fluid at the
surface.

In the present paper we propose a more precise representation of the surface
energy that takes into account not only the value of pg but also the contribution
from the whole density profile p(z) of the fluid, where z is coordinate normal to
the surface.

The specific value of the functional of pg at the surface is expressed in mean-
field approximation through the potentials of intermolecular interaction and
some other parameters of the fluid and the solid wall.

An extension to the case of fluid mixtures in contact with a solid surface is
proposed.

1. Introduction

The phenomenon of surface wetting is a subject of many experiments. They
have already been used to determine many important properties of the wetting
behavior for liquids on low-energy solid surfaces !. To gain a theoretical ex-
planation of the phenomenon of wetting, a generalized van der Waals model is
often used 2.

In the 1950’s Zisman ® developed an experimental method of characterizing the

free energy of a solid surface by the measurement of the contact angle with
respect to the liquid-vapor surface tension and by changing the test liquid.



More recent measurements done by Li and all ° improved the understanding
of this problem. While the contact angle and surface tension are macroscopic
quantities, they have their origin in molecular interactions.

In the following, we use a mean-field theory to investigate how the surface
energy is related to molecular interactions. The approximation of mean field
theory is too simple to be quantitatively accurate. However it does provide a
qualitative understanding and allows one to calculate explicitely the magnitude
of the coefficients in our model.

In 1977, John Cahn'! gave simple illuminating arguments to describe the inter-
action between solids and liquids. His model is based on a generalized van der
Waals theory of fluids treated as attracting hard spheres®. It entailed assigning
to the solid surface an energy that was a functional of the liquid density ”at the

surface”; the particular form ®(ps) = —y1 ps + % p% of this energy, where

ps is the fluid density at the solid wall, is now widely known in the literature
and is due to Nakanishi and Fisher 7. It was thoroughly examined in a review
paper by de Gennes 8. To account for the wetting behavior of liquids on solid
surfaces, one needs to know ®(pg); a major object of the present paper is to
obtain explicit formulas for the coefficients v; and 79, expressing them in terms
of the parameters in assumed microscopic interaction potentials.

Three hypotheses are implicit in Cahn’s picture.

i) For the liquid density to be taken to be a smooth function p(z) of the
distance z from the solid surface, that surface is assumed to be flat on the
scale of molecular sizes and the correlation length is assumed to be greater than
intermolecular distances (as is the case, for example, when the temperature T'
is not far from the critical temperature 7).

i7) The forces between solid and liquid are of short range with respect to
intermolecular distances.

i91) The fluid is considered in the framework of a mean-field theory. This
means, in particular, that the free energy of the fluid is a classical so-called
”gradient square functional”.

The point of view that the fluid in the interfacial region may be treated as bulk
phase with a local free-energy density and an additional contribution arising
from the nonuniformity which may be approximated by a gradient expansion
truncated at the second order is most likely to be successful and perhaps even
quantitatively accurate near the critical point 6. Some numerical calculations
based on Cahn’s model and comparison with experiments can be found in the
literature 2.

The aim of this paper, as was stated, is to obtain the values of the different
coeflicients of the expression of energy due to the interaction between a solid wall
and a liquid bulk. These values are associated with intermolecular potentials
of the liquid and the solid wall. They take into account the molecular sizes
and finite range of interactions between the molecules of the liquid and the
solid. The value of coefficients v; and v, are positive. Consequently the v; term



describes an attraction of the liquid by the solid, and the ~» term a reduction
of the attractive interactions near the surface. In fact, the calculation leads to
a more complex functional dependence than the one given by Cahn, Nakanishi
and Fisher or de Gennes '8, The energy of the wall takes into account not only
the value of the density at the wall but also the gradient of density normal to
the wall. This should be more accurate when the variation of density is strong
with respect to molecular sizes. The density of the liquid v; is chosen depending
on three coordinates x,y, z. The direction to the wall is associated with z, and
near the wall, the density may be chosen to be a function only of z. In fact
such an assumption does not simplify the calculations. In our expression, the
energy smoothly depends on z,y and allows continuous variations of density
along the wall. The connection with Nakanishi-Fisher expression is not affected
by this more general hypothesis. We denote by Eg the new expression of the
wall energy.

The calculation may be extended to more complex cases: for example to the case
of a liquid mixture in contact with a solid wall. We propose a general expression
of the energy density at the solid surface. We note that the distribution of the
concentrations of the components may be influenced by a solid wall effect.

2. Description of the solid-fluid interaction in mean field approxi-
mation

In regions of a fluid where the density p in nonuniform, the intermolecular
potentials produce a force on a given molecule that may generate surface tension
effects 610, Using classical molecular theory, it is possible to obtain a system
of pressure and capillary tension that is mathematically equivalent to the stress
tensor of a continuum model %!'. Such a description does not take into ac-
count the possibility of interaction of the liquid with the solid wall (when the
distribution of density varies strongly in the direction normal to a solid surface).

These effects constitute the subject of the present paper.

The effects are illustrated in Figure 1 and are described below. We consider a flat
solid wall. The approach is aimed to describe the interaction of a macroscopic
surface with a bulk fluid. The so-called ”hard sphere diameter” of the molecules
is denoted by o for the fluid and 7 for the solid. Then, the minimal distance

1
between solid and liquid molecules is § = B (o + 7).

In mean-field theory, we represent by ¢ (r) the intermolecular potential between
two molecules of the fluid and respectively x(r) the potential between a fluid
molecule and a wall molecule at separation r. The density of molecules at
a point depends on its coordinates =z, y, z, but the masses m; and mo
of each molecule of the liquid and solid are assumed to be fixed. The energy
corresponding to the action of all molecules of the liquid and the solid on a given



molecule 1 located in 0 (see Figure 1) is

Wo = > mi ¢(Ti)+z mamz X(r;)- (1)

% J

Figure 1: Molecular layer between the liquid and the solid surface.

The first summation (over i) is over fluid molecules (except for molecule 1),
and the second summation (over j) is over the wall molecules. Molecule 1 is in
the fluid and r;,r; are distances from molecule 7 or j to molecule 1.

Denoting by v1dw; the number of molecules of fluid in the volume element
dwi and vedws the number of molecules of solid in volume element dws, the
potential energy resulting from the action of all molecules in the medium on
molecule 1 located in 0 may be expressed in a continuous way:

wo = ] [t v o+ i [ X e @

where €7 and s are the domains occupied by the liquid and the solid.

Potential energy W, will be summed over all the molecules of the liquid.
So, the first integral is counted twice in the previous integral over the domain
Q1 occupied by the liquid. In such a condition, we have to consider only the

expression
1 2
5 mi Y(r)vy dwr + mims x(r)ve dwe (3)
Q1 Qo

for the potential energy Wj.



Let v1(x,y,z) be an analytic function in each point M (z,y, z) of the liquid.

In the next derivation we replace at the point (0,0, 0) 11 with its Taylor expan-
sion in variables z, y, z limited to the second order. Such an assumption means
that the forces between the solid and the liquid are of a short range. This is
similar to the expansion given by Rocard!!. This means that 1 (r) is a rapidly
decreasing function of r. Then, it is only necessary to know the distribution
of molecules at a short distance from molecule 1. This case reflects the reality
when the main force potentials decrease as r~6 with the distance. So, the po-
tentials decrease very rapidly from the solid wall. The distribution of density
inside the solid is assumed to be uniform. We write this expansion:

61/10 61/10 aVlO
vi(x,y,2) = v T z 4
1(@,9:2) o+ Ox +y Jy * 0z * )
1 2 621/10 9 62V10 9 621/10 62V10 621/10 82V10
— 2 2 2
2 ( a2 Y Oy te 072 + ey Oxdy +ere 0x0z +ayr Oyoz +
0 0?
where vy , bl , Y10 ,... represent the values of v and its derivatives
or = 0zx?
at point (0,0,0) .
If we note p;1 = myvip and po = mare the densities in the liquid at point

(0,0,0) and inside the solid wall, we obtain

Wy = 2rm m1p1/ r2(r)dr + 7 mlpl/ r(h —r)Y(r)dr +
o h
2mmips [ =W+ 5 P [T = o +
h 2 0z h
g mlApl/ i (rydr + % mlATpl/ (—=2r* 4 3hr® — rh3)(r)dr +
o h
™ 52P1 > 3 3
G my w/h r(h® = r°)p(r)dr (5)

In Eq. (5), h represents the distance between the molecule 1 and the solid
wall, A is the Laplace operator and Ar is the Laplace operator tangential to
the wall.

Details of the calculation are given in Appendix 1.

Notice that the last two terms may also be written in the form

[e’e} 62 [e’e}
% miAp; /h (—2r4 +3hr? —rh3)w(r)dr+% mlan; /h rh(h2 —r2)w(r)dr
(6)
The energy density per unit volume at point 0 is E, = w19 Wp.

In fact, this result is independant of the reference point. If we denote FE the
energy per unit volume at any point M in the liquid, we obtain



oo

B =2t [ et [ e nue +

h
oo a oo
27 p1ps / r(r—R)x(r)dr+ = pr 2 [ r(h? = r)u(r)dr +
h 2 0z h
g plApl/ o (rydr + % plATpl/ (—=2r* 4 3hr® — rh3)(r)dr +
o h

T ;[T 3_.3
Sl [ e = 7

Expression (7) yields

0
E = Kl +aWpips + B2 + v(W)pr 22 + KV*pAps + B (8)

oh
with - -
K = 271'/6 r2a(r)dr Kb = %/a rhap(r)dr
alh) = 271'/00 r(r—h)x(r)dr , B(h) = W/OO r(h —r)(r)dr
h h
A = =5 [0 —iuar

[es} 2 [es}

B= %plATpl/h (27’4+3h7’3rh?’)w(r)der%pl%/h r(R3—13)y(r)dr

The constant b appearing in the p; Ap; term denotes the covolume of the liquid
as in the van der Waals equation 1112 |

The corresponding energy of the fluid is

W= //Q E dr )

where E is given by Eq. (8) .
To take into account the kinetic effects like in Rocard ' , p. 392, we must add

the terms corresponding to kinetic pressure to the value of W. The first term
Kp? yields the internal pressure.

Now, we calculate the different values of coeflicients in Eq. 8 in a special case
of London forces.

3. Calculations of the energy of interaction in the case of London
forces

It is now possible to calculate the value of W for the particular interaction
potentials. For example, one can take (see Appendix 2)

bir) = —— and ) =~ (10)




In the case of London forces one has 1© n="7.

In fact this rough approximation is valid only at short range from the wall
(hypothesis ). Following the calculations in Appendix 2, we obtain that the

1
two integrals in the B term are of the order of 7 moreover,

o(h) = —ET B) = o ) = (1)

Integrals associated with Eq. (9) are taken over an interval [d, d] , where d is
the range of molecular forces in the liquid and ¢ is the minimal distance between
solid and liquid molecules.

9] 0?
For the same reasons as in Eq. (4), the expansion of p; , % , 8;21 at the
solid wall is taken in the form
Ips h? 9%ps
— h 2 _

= st T e

dp1 _ Ops »ps

P _ 2R h 12

on ~ on " T (12

Ppr Pps N

oh2  Oh?

0] 0?
Terms pg , % , 8525 denote values of p; and its normal derivatives at the
solid wall.
- dps _ Opr,  &ps %1

This means ps = (Pl)S, W - ( Oh ) S ohz ( Oh2 )

Now we make the important assumption that the variations of p; take into

)
account several molecular ranges. Hence, — can be considered as a small pa-
rameter. It implies that the first derivative of p; with respect to A is on the
order of &, the second derivative of p; is on the order of p_; Then, the B

term can be removed from the integration of F. Consequently, in the calcu-
lation of the surface energy in Eq. (4), the second derivative terms may be
removed (but not in the calculation of the bulk energy of the liquid associated
with K (p? + b?p1Apy)). This result is in agreement with some considerations
by de Gennes '3.

Keeping terms up to the first order in Eq. (8) yields

dps dps )
E = K(pi+b*p1Ap1)+a(h)ps (Ps+h >+6( )(ps+2hps 5 )ﬂ(h)ps%

or

Ops  2hB(h) +(h) %

E = K(pi+0*p1 Ap1)+a(h)paps+B(h)pg+ha(h)ps = + ————— —



Then, the energy of the fluid is
W=W,+W,, with

Wi = // K(p] + b*p1Apy)duwr
o

Wy = paps /// a(h)dhdzdy + p% // B(h)dhdxdy
Ql Q1
5”5 /// ha(h)dhdady+ 225 /// 2hB(h +7()dhdmdy
Q1 1951

with N
B 7% e _ km
/5 a(h)dh = 1952 /5 B(h)dh = 2152
—+oo —+oo
w km
ha(h)dh = —=— hB(h)dh = —
| hat S [ heman =
—+o0
~v(h) km
-/ = 1
/5 P = - (13)

We note that p1Apy = p1 div(grad p1) = div(py grad p1) — (grad p1)?
and the Stokes formula yields

// K(p? — b*(grad p1)?)dw +/ Kb%ps =2 ds (14)
Q1

Here X notes the surface of the solid wall corresponding to the boundary of
Q7. As it was said in paragraph 2, to take into account the kinetic effects, we
must add to energy Wj the terms corresponding to kinetic pressure.

The first term K p? yields the internal pressure, and consequently

b2
e = a(p1,n) — 7 (gmd /)1)

denotes the internal specific energy. Term pia(p1,n) is the bulk internal volume
energy as a function of p; and of the specific entropy 7 in the liquid.

Let us note that
kr 0p?
Kb? _km Ops
/ b // 60 Oh

Then, a straighforward calculation yields the energy of the liquid in the well
known form

W = /// { pra(pr,m) — Kb* (grad p;)? }dwl —|—/ Es ds
o by



but with

Y2 2 dps ap%‘
Eq = — S PE =3 == — Yy 2 1
s MNPsE g Ps TN T (15)
dp> )
Here, 4 % means 20574 ap}f’ and
W km
— B = 16
gi! 19 52 P2, 72 12 52 (16)

_ HT _km 1 1
’73*66027 Y4 = 6 p Y

Es is the form of the special energy to be added at the solid surface to obtain
the total energy of the liquid. In expression (15), the ~; term (favoring large
ps) describes an attraction of the liquid by the solid. The 72 term represents a
reduction of the liquid/liquid attractive interactions near the surface : a liquid
molecule lying directly on the solid does not have the same number of neighbors
that it would have in the bulk. The terms with the coefficients 3 and 74 also
describe a reduction of the liquid/liquid attractive interactions due to the lack

of molecules of the liquid near the wall (in the case where % is positive).

Expressions (15) and (16) do generalize the results by Nakanishi and Fisher”:
Expression (15) contains terms (the first two) similar to the expression given by
Nakanishi and Fisher, but we find additional terms associated with ~3 and ~4.
Additional terms are the correction of the two first terms. Our main interest
is to obtain values of coeflicients of the energy of the wall as a function of the
properties of molecules and to take into account variations of density at the wall
strong enough with respect to molecular sizes.

4. Extension to the case of liquid mixtures in contact with a solid
wall

Here we propose an extension of the above theory to the case of liquid mixtures.
This example is for a binary mixture, but there is no reason one could not include
more species in the mixture.

The hypotheses are the same as in the case of one-component liquid. The
only difference will come from the interaction of molecules of the two liquids.

An adaptation of the previous calculations yields the following results. The
potential energy resulting from the action of all molecules in the medium on
molecule 1 of liquid 1 located in 0 is

Wio = // mf Y1(r)vydwr
Q1

+ // mimas(r)vedws + // mimax1(r)vadws (17)
Ql QZ



This energy is only for one species in the liquid. To determine the whole energy,
one must first sum over all molecules of species 1 and then do an analogous
summation over the molecules of species 2. Potential energy Wiy will be
summed over all molecules of the liquid mixture. In this way the contribution
of the liquid-liquid integral, W7, will be counted twice in the previous integral
over the domain €.

We have denoted by m;, the mass of the molecule of fluid i (i € {1,2}), ¥1
and 1o are the potentials of interaction between molecules of fluid 1 with
themselves and among molecules of fluid 2, 3 is the potential of molecular
interaction between the two fluids, x; (i € {1,2}) are the intermolecular po-
tentials of fluids with the solid wall, and v; (i € {1,2,3} ) denote the number of
molecules in liquids and solid wall per unit volume.

Then, following the procedure of section 2, we obtain :

e 9]

E10 == 1/10W10 = 27 p% / 7’2’1/)1(7’>d7’

o1

smpt [ rlhen n)dr s 2w [ = Wt
h h
a o0 o0
4 I, r(h% = r2) Y (r)dr + = p1 Apy / iy (r)dr
2 aZ h 3 o1

+ s p1 Arpy / (—2r4 + 3hr? — rh?’)wl(r)dr
h

™ 52P1 > 3 3
+ T SB[ =
+ 2 mp1p2 / r?y3(r)dr + Tp1pa / 7(h — )3 (r)dr
g2 h’
B) o =
s 3o [ ) va)ar G o Be [ )
2 (92’ h 3 g2

+17T—2 p1 Arps / (—=2r" + 3k — rh3) s (r)dr
h

™ Ppx [ 3_ .3
+ 5 p1 B2 /h r(h® —ro)s(r)dr

where o; (i € {1,2}) is the diameter of molecule of liquid .

We may also repeat the same calculation for FEsy associated with the second
component of the mixture. As for a simple fluid, we may take into account
the kinetic effects and the internal energy of a nonhomogeneous mixture as in
Fleming et al . Then, we obtain the following additional energy at the solid
surface for the liquid mixture in the form

1
Es = —v11 p15 — Y21 p2s + 5 (112 pTs + V22 Pos + 2732 p1spas )

10



dp1s dpas Ipis Ip3s dp1sp2s
gy RSy 25 2 gy 225 ) (18

M8 T T Ton oh T 2 g ) 08)
All the coefficients ~;; can be calculated explicitly after the particular form
of interaction potentials was chosen. For example in the case of London forces,

the values of coefficients related to the densities of the two fluids at the surface
are

_ a7 _ _MeT
711 12 62 P3s 21 12 62 P3

kim kom
Y12 12 5%; Y22 B 55 ( )

k37T 1 1
V32 = ﬂ(g + 6_3)

where p3 is the density of the solid, u; are the coefficients associated with po-
tentials x;, ¢ € {1,2}, k; is associated with potentials v¢;, i € {1,2,3} and

0; = = (0s +7), 1 € {1,2} are the minimal distances between the solid and
molecules of the two species of the mixture.

Such an expression allows one to estimate the influence of a solid wall on each
component of a fluid mixture. Depending on the values and signs of different
coefficients +;;, one can estimate the magnitude of the attraction or repulsion
effects due to the wall. Placing the fluid mixture in contact with specially
chosen solid walls may be an efficient way to separate constituents of a molecular
mixture.

5. Conclusion

The energy of a fluid in contact with a solid wall contains a contribution
from the solid which may be represented by a surface density function. For a
flat wall we obtain this expression by taking into account not only the density
of the liquid at the surface but also its normal derivative. All the numerical
values of the coefficients of the surface energy functional are calculated in terms
of the parameters of molecules in solid and liquid. This energy characterizes the
behavior of the surface in contact with the fluid in the wetting transition. The
method may be extended to the case of nonflat solid surfaces which is important
in catalysis chemistry.

Appendix 1.

Calculation of the value of E in Eq. (8)

To obtain the formula for E given in Eq. (8), we have to calculate the two
integrals:

11



1
- // m% Y(r)vidwr  and // mymax (r)vadws
2 Q1 Q2

1
a) Calculation of 3 // m3 P(r)vydw;
Q

This integral is associated with the energy of interaction between molecules
in the liquid. Let us denote by S(0,h), the domain occupied by the sphere
centered at (0,0,0) and with radius h (see Figure 1). We introduce (r,6, )
the spherical coordinates associated with the center of the sphere. Then,

% //Q1 mi P(r) vi dwy =
vt 4[] e

Let us note than for any integers p, ¢, r, and any boundary ¥ of a sphere
centered at (0,0,0) and radius r,

4
//:chJrl y? 2" ds =0 and //:c2 ds://y2 ds://22 ds = X 44
b b b b 3

Then,

1 h h
— /// m%z/}(r)uldwl = Qﬂm%mo/ r21/1(r)d7° + zm%Aulo/ r41/1(r)d7°
2 S(0,h) o 3 o

and

1 27 —+o00 ™
/// mip(rividw, = 5/ (/ (/ m3p(r)vy sin godgo)r2dr> do
Q1—S(0,h) 0 h Arccos%

The expansion up to the second order of 11 (see Eq. (4)), yields

% /// mf Y(r) vy dwi = 7 vy mf / r(h+r)Y(r) dr
Q1 -5(0,h) h

™ 61/10 2

+ §Wm1/h r(h2—r2) P(r) dr

s (921/10 (921/10 2 o0 4 3 3
+E ( 52 + 92 ml/h (27’ +3r° h—rh ) W(r) dr

™ 821/10

2 > h3 3 d
5 Gatmd [0 ) v dr

which is the desired result.

12



Figure 2: Representation of the changed variable associated with the molecular
layer at the solid surface.

b) Calculation of // m1 ma X(r) va dws
Qo

This term corresponds to the energy with respect to the solid wall.

// my ma X(r) vo dws
Qo

h

2m [eS) Arccos &
= my Mo s / (/ x(r) (/ sin ¢ d(p)r2 dr) do
0 h 0

= 27 mlmgyg/ r (r—nh) x(r) dr
h

which gives relation (7).
Now, we change variable as in Figure 2. The origin of the third coordinate 2z
is placed at 0’. Consequently z = 0’0 with 0 the position of molecule 1.

If we take now the origin of the z-axis at the solid wall and change the
orientation in such a way that 00” = h, we obtain that z + h is a constant
for a given molecule. Hence, we get

Opr _ 0o o P
oh 8z = Oh? 022
Then,
E = 2np? / r2 (r) dr + wp3 / r(h—r) ¥(r) dr

o h

o] o oo

sampipr [ v x) drt 3o [ =) 0 dr
b 2 oh J,,

13



oo o0

+§P1Am / ( — 2" 4+ 3hr® — rh3) e(r) dr

(o2

s
7"4 ’lﬂ(?“) d7°+ E plATpl /
h

™ 0p [ 3_ .3
+gp1 52 /h r(h> —r°) ¥(r) dr

(we note similarly the Laplace operator in new coordinates and in old coordi-
nates). So, we obtain Eq. (8).

Appendix 2.

Some remarks about the potential associated with cohesive forces
In molecular theory it is proved by the virial method than the so-called ” coeffi-
cient a” of the van der Waals equation can be obtained from

/ o(r) drrd dr = f% (20)

The term (r) is the magnitude of the attractive force between the two
molecules of the fluid at the distance r, and N is the Avogadro number. The

potential ¥1(r) = — / ©(r) dr is assumed to be zero at infinity.

Take the forces in the form

o(r) = = | a(r) =

then,
e 4t A 1
3—n _
47TA/G T dr = 4 ond
and Eq. (20) yields
3(n—4)a o4
A= -2 207 21
2w N? (21)

Let us introduce ®(r) such that m? (r) = 1(r). The term 1 gives the
potential per unit mass. Then,

—3(n—4) aon?

i) = 2(n—1) 7 N2 m3 pn—1
Here, Nm = M denotes the molar mass of the fluid. In case n =7 (London
forces), we get:
—3a o3

V) = TaE e
In the following, we use:

k 3a o3

P(r) = 5 with &k = i



Consequence: Calculation of E in Eq. (8) for London forces.

Now, using direct integration, we obtain the values of the coefficients given
in Eq. (8). Since now

1/)(7") = 774”_1 ) X(T) = 771771_1 5 and n = 7
we obtain
o 2k
27 /U r? Y(r)dr = — 3 U;T

N B _ _kr
2/}1 r (h* —=r%) Y(r) dr = 2
s OO(—27’4+3h7’377"h3) Y(r) dr = L
12 J, 16 h
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