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Optimal repeated measurement designs for a model
with partial interactions
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CREST-ENSAI and Université de Pau

Abstract

We consider circular crossover designs for models with partial in-
teractions: we assume that the carryover effect of a treatment on itself
is different from the carryover effect on other treatments. We gener-
alize Kushner (1997) and Kunert and Martin (2000) methods to find
optimal designs when the parameters of interest are total effects, which
corresponds to the use of a single treatment, once selected. We give a

lower bound of @, criteria and propose efficient designs of small sizes.
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1 Introduction

In traditionnal crossover designs, the statistical model consider that each
treatment has a carryover effect, which, for parsimony, is assumed not in-
teracting with direct treatment effects. To enrich this model, Hedayat and
Afsarinejad (2002) propose a model with partial interactions: the carry-
over effect of a treatment is different if the treatment is preceded by itself.
For such model, Kunert and Stufken (2002) find that universally optimal
designs for direct treatment effects have no consecutive pairs of identical
treatments. This feature is mainly due to the fact that partial interactions
between carryover and direct treatment effects are considered as nuisance
parameter. However, the aim of an experiment is to select a single treat-
ment which will be used alone and then will be preceded by itself. In that
case, the parameter of interest, called total effects, is the sum of direct treat-
ments and self carryover effects. Bailey and Druilhet (2004) give a review
of situations where total effects are considered in the literature. They show
that neighbour balanced designs having no treatment preceded by itself are
efficient when the number of periods is small. However, for models with
partial interactions, such designs are inefficient because total effects are not
estimable.

In this paper, we propose a general method to construct optimal circular
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crossover designs for total effects under models with partial interactions.
Upper bounds of the information matrix are obtained by a new method that
generalizes the approaches of Kushner (1997), Kunert and Martin (2000)
and Druilhet and Bailey (2004). Then we show that, in most cases, optimal
designs are generated by one sequence or a mixture of two sequences that
belongs to a set of k—1 possible sequences, where k is the number of periods.
Finally, we give some examples of optimal designs for several values of k. We
also propose efficient designs generated by only one sequence of treatments.
To simplify our presentation, we first construct optimal design for a model
without period effects. Then we obtain optimal designs for a model with

period effects by generalizing Kunert (1983) results on orthogonal effects.

2 The designs and the models

Let d(i,7) € {1,...,t} be the treatment assigned to subject i in period j,

1<i<b,1< 5 <k Weassume that the response y;; follows the model:

Yij = Bi + Tagij) + Ad@ij—1) + Xd(i,j—1)d(i.j) + Eij (1)
where (; is the effect of subject 7, 7; is the effect of treatment 7, A; is the
general carryover effect of treatment 7 and x;; is the additional specific

carryover effect when treatment ¢ is followed by itself (x;; = 0 if i # j). The
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errors €;; are assumed i.i.d. with expectation 0 and variance o2. The model

with period effects is considered in Section 5. In vector notation, we have:

Y:Bﬁ—{—TdT—{—Ld)\—FSdX—}—& (2)

where B, Ty, Lg and Sy are incidence matrices of subjects, direct treatments,
carryover and specific self-carryover effects. Note that the parametrization,
although equivalent, is slightly different from that of Hedayat and Afsarine-
jad (2002) or Kunert and Stufken (2002): in our model, the self carryover
effect is equal to pg(j—1) + Xd@,j—1)d(ij)- We define the vector ¢ of total
effects by ¢ = 74+ A+ x. It corresponds to the effect of a treatment when it

is preceded by itself. Note that if ' = (7', N, x') and K’ = (I|I;|I;), then
6= K'6.

Because the effect of having no treatment differs from the carryover effect
of any treatment, we consider only designs with pre-periods, i.e. designs with
one period, called pre-period, added at the beginning. On this preperiod,
each subject receive a treatment but the response is not used in the analysis.
We assume that the designs are circular, i.e. the treatment assigned to a
subject in the pre-period is the same as the treatment assigned in the last

period. The circularity condition may be written d(i,0) = d(7, k). We denote
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by Q51 the set of all circular designs with ¢ treatments, b subjects and &

periods.

3 Some technical tools

In this section, we present a general method to derive optimal crossover de-
signs. We generalize and unify the techniques developed by Kushner (1997),
Kunert and Martin (2000) and Bailey and Druilhet (2004).

Let denote by 1, Ix and Jj respectively the vector of ones of length
k, the (k, k) identity matrix and the (k, k) matrix of ones. For any matrix
A, denote by AT the Moore-Penrose inverse of A. The projection matrix
onto the column span of matrix A is denoted by pr(4) = A(A'A)"A’. We
denote pré-A) =1 —pr(4) and Qi = prélk) = I, — k~1'J;. For a square matrix
A, we denote by tr(A) the trace of A. For two symmetric matrices M and
N, M < N means that N — M is a nonnegative definite matrix (Loewner
ordering). A matrix M is completely symmetric if M = al + bJ for some

scalars a and b.

3.1 Information matrices and its extremal representation

Consider a generic partitioned linear model:

Y =Aa+BB+e with E(¢)=0 and Var(e) = oI,
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where « is a vector of length ¢. It is well known (see e.g. Kunert, 1983)

that the information matrice C[a] of the parameter « is

Cla] = A’pr(LB)A. (3)

Consider now a subsystem K'« where K is a (g, s) matrix. The informa-
tion matrix C[K'a] of K'a may be defined by the extremal representation

(Gaftke, 1987 or Pukelsheim, 1993):

C|K'a] = min L'Cla]L. (4)
LeRa¥s: [/ K=I,

where the minimum, taken relative to the Loewner ordering, exists and is
unique. If L* is a (¢, s) matrix that minimizes L'C[«]L under the constraint
L'K = I, then

C[K'a] = L¥'C[a]L*. (5)

Formula (5) will be central in the following mainly because it provides a
linear relationship between Cla] and C[K'a].

The main issue to construct optimal designs will be to find L* for de-
signs candidate to optimality. Because a global minimum in (4) exists, L*

minimizes L'C|a]L iff L* minimizes tr(L'Cla]L). So, we have
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tr(C[K'a]) = tr(L¥'C[a]L*) = Leng:if?’K:IS tr(L'Cla]L). (6)

In our problem, the matrix C[a] will have a natural block structure with
completely symmetric blocks. In that case, the following results show that

the matrice L* have also completely symmetric blocks.

Proposition 1 Let Cla] = ((Ci;)) be a block matriz, where the

i,5=1,01q
blocks C;j are (t,t) completely symmetric matrices for i = 1,...,q and j =
L,.,q. Let K' = (Ki,...,K;) where for all i, K; are (t,t) completely
symmetric matrices. Then C[K'a] is completely symmetric. Moreover, if

L = (LY, ..., L}") satisfies both Eq. (5) and the constraint L*'K = Iy, then

L*

Y, 1=1,...,q, can be chosen completely symmetric.

Proof : The proof is given in Appendix A. O

The interest of this result is that L7 = ajI; + b;J; can be found out
by minimizing g(a},b%, ..., a%, b%) = tr(L*'C|a]L*) which is a polynomial of

oy Qg y Oy

second degree in aj, by, ..., ag, by.

Corollary 2 Under the notations and assumptions of Proposition 1, if more-
over C;jly =0 fori=1,....,q and j = 1,...,q, then L] can be chosen equal

* *
to a;l; for some scalar a;.
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Proof : By Proposition 1, L] can be chosen equal to a;I; + bf.J;. Since,
CijJy = JiCij = 0, L;CULJ- = a;‘a;fCij does not depends on b and b; and the

result follows. O

The following lemma, although straightforward, is useful to calculate

explicitly L*.

Lemma 3 Let C be a nonnegative (u,u) matriz, v be a k-vector, and vy —
L, be a linear mapping with Ly a (u,v) matriz. Then, q(v) = tr (L’WCLV)
is a multivariate convexr quadratic polynomial in 1, ...,vx. Moreover, q(v*)

is a minimum of q(vy) if and only if %(7*) =0.

3.2 Some examples

Under the notations and assumptions of Proposition 1 and Corollary 2, i.e.
assuming that C;; are completely symmetric and that C;;1; = 0, we show in
some cases how the matrices L* can be obtained. The three first examples
give new presentations of known results. The last one will be used in this

paper. We denote ¢;; = tr(C;;).

Ezample 1 : let ¢ = 2 and K’ = (I;|0). By Corollary 2 and because

L*K = I, L* can be chosen to be equal to (I;|z* I;) for some z* € R. By
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Eq. (6), * can be found out by minimizing
q(x) = tr(L'Cla)L) = c11 + 27 19 + 22 con.

This quadratic function was used by Kushner (1997, Eq. 4.1). The minimum
is obtained for z* = % and we found C[K'a] = Cy; — 012(3;2021, the Schur-

complement of Cyo.

Ezample 2: let ¢ = 3 and K’ = (I|0|0) . As in example 1, L*' can be chosen
equal to (I|z*I|y*I;), where z* and y* minimize the quadratic function
q(z,y) = tr(L'Cla]L) = c11 + 22con + y?c33 + 2xc19 + 2yci3 + 2xycas.

This quadratic function was used by Kunert and Martin (2000, Proposition

3).

Example 3: let ¢ = 2 and K’ = (I|I;). We have L* = (z* L|(1 — z*) ),
where £* minimizes
q(z) = 132611 + (1 - 113‘)2622 +22(1 — z)c19.

If C11 = Ca2, then 2* = 3 and L* = $K. Therefore, C[K'a] = 1K'C[a]K.
This equation was obtained in a different way by Bailey and Druilhet (2004)
in order to construct optimal designs for total effects under models without

interaction.
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Ezample J: let ¢ = 3 and K’ = (I;|I|I;). We assume that C1; = Coo and
that Ci3 = Co3. We no longer assume that C33l; = 0. We have L* =

(a7 It|xs 1| (1 — ] — x3) 1y + y* J¢), where 27, 25 and y* minimize

q(x1,20,y) = (23 +23)ern +2(w1 + x2)cr1 — (w1 + 22)% (2013 + 33)
+2(z1 + x2)(c13 — €33 — C33)

+2y¢s3 + ty°Ca3 + c33 (7)

with ¢33 = tr(.J;Cs3) = t~'tr(J;C33.J;). Note that L* does not satisfy L*'K =

I;. This is in fact a simplified form of
L* = (2] Iy + u* Jy|as Iy — (u* + 0") Je|(1 — 2] — x5) I + y* ),

noting that the terms w*J; and (u* 4+ v*)J; vanish in the expression of
L* ’C[a]z*. By lemma 3 and by symmetry of q(z1,z2,y) in z1,z9, it is
easy to see that ] and z5 can be chosen equal. Denote z* = 2] = z3. From
Eq. (7), * and y* can be found out by minimizing

q(z,y) = c33+4(c13 — c33) T + 233y + 2 (c11 + 12 — ders + 2c33) 2

+ tegsy® — 4cszwy,

and the minimum ¢(z*,y*) is equal to tr(C[K'a]).
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4 Optimal circular crossover designs for total ef-

fects

From Kiefer (1975), a design d* for which the information matrix Cg«[¢] is
completely symmetric and that maximizes the trace of Cy[¢| over all the
designs d in ;3 is universally optimal. In this section, we propose a

method to construct universal optimal design for total effects.

4.1 TUpper bound of tr Cy[¢]

For a design d, the information matrix for the whole parameter §' = (7/, X, x/)

in Model (1) is:

T} pré‘B) T, T} pr(LB) Ly T pr(LB) Sa Cai1 Caiz Cai3
C’d [9] = L:j pré‘B) Td L/d pré‘B) Ld L& prf-B) Sd = 6&12 Cd22 Cd23
Sq pr(lB) Ty Sy pl“(LB) Lq Sy pr(LB) Sd Ciiz Cazs Cass

By circularity of the designs, B'Ty; = B'Lq, T)T; = L)Lq and T)S; =
LSy = 5,Sq = S,Lq = STy and therefore Cgoo = Cq11 and Cgo3 = Cqi3. As
in Section 3.2, we define cg;; = tr(Cg;;) and cg;; = tr(JCasj).

A design is said to be symmetric if all the blocks Cg;; are completely
symmetric, or equivalently, if Cy[0] is invariant by any permutations of the

treatment labels.
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Proposition 4 For any design d, the information matriz for total effects ¢
satisfies:

tr Cylo] < min qa(,y)

where qq(x,y) is defined by (8). Equality holds if Cy;;[0] are completely

symmetric for 1 <1 <3 and 1 <j < 3.

Proof : For a design d, we denote Cq[f] = % > cs, (I3 @ Pr) Cqlf] (Is @ P})
the symmetrized information matrix for 6. By conctruction, 6&]- are com-
pletely symmetric for all 4 and j. Moreover, cg;; = tr(Cgij) = tr(édij) and
Caij = tr(Jy Casz) = tr(J; Cas3). Denote by Cyl¢] the information matrix of
¢ associated to C4[f]. By concavity of Cy[¢] w.r.t. Cy[f], (see Pukelsheim,

1993 p. 77), Cyl¢] < Cyl¢] and tr Cy[¢] < ming , ga(x,y). D

A design is called degenerate if ¢33 = tr(J; Cyss[f]) = 0 or equivalently if
each block either contains only one treatment or has no treatment preceded
by itself. Note that the information matrix of a degenerate design is null
and therefore such a design is not considered. The following lemma shows
that the minimization of g4(z,y) may be reduce to the minimization of a

one variable quadratic function.

Lemma 5 Let d be a non-degenerate design. The values z* and y* that
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minimize qq(x,y) satisfy 2x* — ty* — 1 = 0. Moreover, z* minimizes qq(x),

where

1. 1. 2
qd(x) = casz— ;Cd33+4(0d13_Cd33+;Cd33)$+2(0d11+0d12_4Cd13+20d33_¥cd33)x2a
9)

and qq(z*, y*) = qq(z*).

Proof : by lemma 3, %—?(m*, y*) = 0 at the minimum. For a non-degenerate
design, this is equivalent to 2z* — ty* — 1 = 0. Replacing y by 2(z — 1)/t

we found gq(x,y) = ga(x). Therefore, z* necessarily minimizes g4(x). 0

4.2 Decomposition over the blocks

It is well known that Cy[f] is the sum of the information matrices Cyy,
corresponding to Block u. Denote by Ty,, Lg, and Sy, the incidence ma-
trices for Block w. Thus, T = (T, | ... | T), L, = (Ll | ... | Ll), S, =

(Shy | ... | Sy, and:

75, QkTaw TjQrLaw T, QrSau
b b
CdW]:ZCduW]:Z L, QiTa L,QrLay L, QrSau
u=1 u=1

ShQkTaw  Sh,QrLay  Sh,QrSdu
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We decompose in the same way tr (Cg;;) and tr (Cgi;Jy):

caij = tr (Caij) = chg and cg;; = tr (CgijJi) = chm

u=1

(w)

denoting by Caij and by &l

c dq;; the contributions of Block u. For example, for

t =7 = 1 we have:

b
e = tr (Cq11) = tr (ZTéquTdu> = chﬁ with Cgﬂ = tr(T5, QxTuw)-
u=1 u=1
Simplifications of these forms give:

W _ M My (W) _ b ) _ My )

U
Cai1 =R — k,cdm—mu— k7cd13—mu_z> Cazz = Mu — k’cd33 My —

: s __ t 2 _ t . s __ t 2 _ t . .
with ng = D i1 Mg Ma = D g Maiy, My = D g Miiy by = Y11 MM

denoting by m,; the number of plots in Block u which receive Treatment ¢
and by my; the number of times Treatment i is preceded by itself in the

Block u. It follows that:

Y (2) = b= T b et o+ 2]+l — e -2 - T2,

Two sequences of treatments in two blocks u1 and ug are said to be equiv-

alent if ( ul,mul,mil,lul) = (nuz,mug,ms luQ), which is the case if one

ug?

)2
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sequence is obtained from the other one by relabelling the treatments. So,
for given k£ and ¢, we can divide the set of all possible treatment sequences
into K equivalence classes of treatments. Since n;, m,, m;,, [, and cgfj). are

the same for all u from one equivalent class ¢, we change the notation and

write ng, mg, my, lp and cq;;(¢) instead. We define:

mi; 0 4 ko
he () = <mg—k€—t€>+k(mj—lg+te>m

2 26
+2 [(k —my) + z (20y — nf —mj) — tq x?

where dp = my (1 — my/k) . For a design d, we denote by mg the proportion

of blocks assigned to the class £ (1 < /¢ < K). So, we have:

K
qa(x) = by mar he (). (10)
=

4.3 Optimality conditions

Our goal, in order to find an optimal configuration d*, is to obtain a value

x* and proportions 7/, = (74«1, ..., Tq=x) such that:
¢a (x¥) = max g with ¢ = min gg4(x).
Tq T
The following propositions characterizes universally optimal designs.

Proposition 6 (Kunert and Martin, 2000) Consider a symmetric de-

sign d* € 1 and a point x* such that the first derivative of qq+ is zero.
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If we have also:

Vi=1,...,K , bhy(z") < q-,
then d* is universally optimal over Qyp k.

The following proposition reduce to k—1 the number of equivalent classes
that possibly appear in an optimal design. We denote by |z] the integer

part of x.

Proposition 7 If a symmetric design d* € Q.1 is universally optimal,

then the treatment sequences present in the design necessarily satisfies:

1. all the periods receiving the same treatment are side by side in the

sequence.

2. each treatment present in the sequence occurs | k/v]| or |k/v]+1 times,
where v is the number of different treatments present in the sequence.
The number of treatments that occur |k/v|+1 times is k—v|k/v] and

the number of treatments that occurs |k/v] times is v(|k/v] +1) — k.

Proof : The proof is given in Appendiz B. O

It is worth noting that for each value of v, there is only one equivalent class

of treatment sequences that may appear in the optimal design.
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4.4 Construction of optimal designs

Consider a sequence ¢ present in an optimal design. From Proposition 7, a
treatment 7 in ¢ satisfies my; = ny; — 1. Moreover we have vy = k — my. So

ny = my +my+k, [ = mj +my and then:

m; 0 4 (ko k—2 20,
he (x) = <me - ?E - té>+k: <t€ me) x+2 [(k —my) <k: > — tﬂ 2,

with 6, = my (1 — mg/k) .

Therefore an optimal design for this one-dimensional problem is obtained
using one class or a mixture of two different classes (see Kushner (1997)).
The following method (for given k and ¢) can be used in order to prove that

a design d* is optimal.

o If the optimal design d* is constituted by one sequence of treatment
0 (i.e. qg (x) = bhy, (x)):
- find 2* that minimize h,, and then the minimum g¢j}. of gg4~,

- check that: V£ =1,..., K , bhy (z*) < ¢ (cf. Prop. 6).

e If the design d* is constituted by two different classes of treatments ¢;
and Oy (i.e. qg (x) = b (mgee, hey () + Taeoyhey (2))):

- find an admissible intersection point z* according to the definition

of Kushner (1997), i.e. hy, (z*) = hy, (z*) and c‘)g% (z*) 8;;? (z*) <0,
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- find the proportions 7., and 7., in order to obtain: 85—?(30*) =0,
- use these proportions for finding the minimum ¢ = g4+ (2*) of gg-,

- check that: V£ =1,..., K , bhy (z*) < ¢ (cf. Prop. 6).

Note that the optimal proportions can be found by the following method.

(‘9; (") =0<=b <7Td*gl 8;1 (%) +7Td*428—f (x )) = 0.

Denote a; = (Ohy,/0x) (x*), i = 1,2. The optimal proportions are then:

a2 ai

and Ty, =

*
7T* = .
O gy —a ap — az

Now, we give optimal designs for several values of k. For k = 3,4 we

give explicit formulae. For k =5, ..., 10, we present numerical results.

1) The case k = 3. From proposition 7, an optimal design is constituted by

one or two blocks in the following set of sequences:

Sequence | ng; | mg | my |

[123] 30|00

[112] | 5| 1| 1]2

So the functions hy are given by (we identify each class with its value of my):

2 1 4 2 4 2
ho(x):2x2andh1(m):3(1—t)—3(1—t>x+3(1—t>x2.
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It is impossible in that case to satisfy Proposition 6 using only one of these
two sequences. So, we must find an admissible intersection point z*. Some

algebra shows that:

\/(t—2)2+(t—1)(t+4)—(t—2)

*
v t+4

The proportions in the optimal design d* are then:

3t t—2
Tageg = 1 — ey and ey = (1 - ()> .

i\ vie-n

The following table gives the optimal proportions for several values of t.

t 3 4 ) 10 20 00

Prop. [123] |0.046 | 0.067 | 0.079 | 0.100 | 0.111 | 0.121

Prop. [112]]0.954 | 0.933 | 0.921 | 0.899 | 0.889 | 0.879

The sequence [ 1 1 2 ] is predominating in this mixture. So it can be interest-
ing in practice to use designs generated by only this sequence. The quality
of such designs can be quantified by the classical ®, criteria. We know (see
e.g. Druilhet, 2004) that when the information matrix is completely sym-
metric ®,, does not depend on p. Thus we can derive the efficiency factor of

a design d € ;3 3 generated by one sequence /:

bh;
Eff (d) = —*—

= with k), = min hy (2) .
qa- (.Z'*) 14 P ( )
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Numerical applications are given in the following table:

t 3 4 5 10 20 00

Eff. [112]1]0.989 | 0.985 | 0.982 | 0.976 | 0.974 | 0.971

2) The case k = 4. An optimal configuration is constituted by one or two

blocks belonging to the following set of sequences:

Sequence | n; | my | my |

[1234]|4|0]0]0

[1123]] 6| 1 | 1 |2

[1122] 8] 2| 2 |4

The functions hy are then given by:

ho (z) = 422, hl(a:):i<1—1>—(1—?)954—3(1—1)362,
hﬂm%:(2—1)—2(1—3)x+2<1—?>x?

For any ¢, the minimum of Ay is obtained for z* = 0.5 and satisfies the con-
ditions of proposition 6. So the optimal design is generated by the sequence
[1122]. As an example we can consider, for t = 4, the optimal design

such that:

D= € Qy12.4.
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Note that, by circularity, the design obtained by taking away one out of

every two columns is universally optimal over all the designs in €46 4.

3) The case k = 5. The optimal design is generated by the following mix-

tures:

t 3 4 5 10 20 00

Prop. [11223]|0.167 | 0.250 | 0.300 | 0.400 | 0.450 | 0.500

Prop. [11122]|0.833 | 0.750 | 0.700 | 0.600 | 0.550 | 0.500

The efficiencies of designs generated by only one sequence are:

t 3 4 ) 10 20 00

Eff. ]11223]]0.844 | 0.895 | 0.918 | 0.949 | 0.961 | 0.970

Eff. [11122]]0.984 | 0.977 | 0.972 | 0.963 | 0.959 | 0.955

It can be observed that the design generated by [ 111 2 2] is more efficient

than the one generated by [1112 2] for ¢t > 18.

4) The case k = 6. The optimal design is generated by the following mix-

tures:

Prop. [112233]|0.400 | 0.628 | 0.775 | 0.878 | 0.954 | 1.000

Prop. [111222]]0.600 | 0.372 | 0.225 | 0.122 | 0.046
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The efficiencies of designs generated by only one sequence are:

Eff.1112233]]0.962 | 0.989 | 0.997 | 0.999 | 0.999 | 1.000

Eff. ]111222]]0.962 | 0.942 | 0.930 | 0.922 | 0.917

We note that the sequence [ 112 2 3 3 ] is always more efficient than the

sequence [ 1 112 2 2]. It also generates an optimal design when ¢ > 8.

5) The case k = 7. The optimal design is generated by the following mix-

tures:

Prop. [1112233] 0682 | 1.000

Prop. [1111222]0.318

The efficiencies of designs generated by only one sequence are:

Eff.11112233]]0.994 | 1.000

Eff. ]1112233]]0.938

We note that he sequence [ 1112 2 3 3] is always better than the sequence

[1111222] and generates the optimal design when ¢ > 4.

6) The case k = 8,9,10. We find that the optimal design is generated, for
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every t, by only one sequence. These optimal sequences are given by:

t 8 9 10

Sequence | [11122233][[111222333]|[1111222333]

5 Models with period effects

We consider the model:

Yij = j + Bi + Ta@ ) + N, j—1) T Xd(ij—1)d(i,j) T Eijs (11)

where «; is the effects of the period j. We denote by A the corresponding
incidence matrix. A balanced design is a design such that all the sequences
belonging to the same equivalent class appear equally often. This notion
is slightly more restrictive than the notion of symmetric design defined in
Section 4.1 but correspond to the design generated by one sequence or a

mixture of sequences, considering all the treatment permutations.

Proposition 8 A balanced design which is universally optimal for total ef-

fects under Model (1) is also universally optimal under Model (11).

Proof : The proof is a direct consequence of the following lemma. O

Lemma 9 For a balanced design, the information matrix for the total effects

is the same under model (1) and (11)
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Proof : Let d be a balanced design. The difficulty is that interaction and
period effects are not orthogonal. Write 8’ = (7|A|x|e) and Cy[f] the cor-
responding information matrix. We want to prove that Cy[K’60] = Cy[K'6)]
where K’ = (I;|I;|I;|0). We write:

Calf] Car2

Caz1 Ca

where Cl;, = (0|0|D)) with Dy = (pai1¢|pa21s...|pap1s). The real pg; de-
pends only on the number of times a treatment is preceded by itself on
period j. Note that the usual orthogonality condition (see Kunert, 1983)
between interaction and period effects is Dy = 0 which is not the case here.

The key point of the proof is that
Qi Dy =0. (12)

Denote by L a matrix such that Cy[K'0] = L} 'Cy0]L} and L} 'K = I,.
We write L' = (M '|N; ') where My is a (3t x t) matrix and N is a (bx b)
matrix. It is easy to see that Cy[K’0]1; = 0 and, since C4[K'0] < C4[K'0),
we have Cy[K'0]1; = 0. So, Cy[K'6] = Q;C4[K'0]Q;. Therefore, L* can
be chosen equal to (M;Q¢|N;Q;). For any permutation o, we have (I3 ®
P,)Cy12 = Cyg12 and therefore, similarly to Proposition 1, it can be shown
that the three (¢ x t) blocks of M} can be chosen completely symmetric.

So, L% ' can be chosen equal to (25Q|x3Qq|(1 — (% + 25))Q:|N*). Put
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L' = (M'|N') with M" = (21Q¢|22Q¢|(1 — (21 + 22)Q:). By (12), we have

M'Cy12 = 0 and then

CylK'0) = min L'C[A|L = min (M'Cy[0]M + N'Cy15N).

z1,71,N z1,71,N

=}

Since x1,xs and N vary freely, N can be chosen equal to 0 and therefore,
from Example 4 of Section 3.2 and the constraint on y obtained in Lemma

5, M* 'C[A]M* = L* 'C,4[0]L*. The result follows. O

Appendix A

We give here the proof of Proposition 1.

Step 1: We show that the set E of matrices L that minimize L'C[a]L under
the constraint L' K = I; is an affine subspace: consider L, and L; in E with
L, # Ly. 1t is sufficient to prove that L, = vL, + (1 —7)Ls belongs to E

for any real v. We have L) K = I and
LLC[a] Ly = 7*Ly,Cla) L+ (1-7)* LiyCla] Ly+~(1—7) (L Cla] Ly+ Ly Cla] L)

This quadratic function w.r.t. v admits two minima relative to the Loewner
ordering at v = 0 and v = 1 and therefore it is constant. So, L. minimizes

L'Cla]L for any v € R.
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Step 2: Consider a permutation o on {1,...,¢} and denote by P, the cor-
responding permutation matrix. We want to prove that if L* € E, so does

L} = (I3 ® P,) L*P,. Since Cj; and K; are completely symmetric:

(Is ® P,)Cla](I3 ® P,) = Clal, (13)
and (I;® P)K = KP,. (14)
Moreover,
Cl[K'a] = min L'Cla]L,

LeR3tXt: [/ K=T,

= . L/ I Pg— C I PI L b 13 7
LeRStIE}%E/K:[t ( t® ) [a]( t ® 0') ( y ( ))

ot ot )
Put L, = (Is® P.)LP,. By (14), LL K = I,. Since, L < L, is a one to one

mapping, we have:

C[K'a] = P, ( min L;C[Q]LU) P, = P,C|K'a]P,. (15)
Lo€R3XELI K=1,

Since Eq. (15) holds for any permutation o, C[K'0] is completely symmetric.
So,

C[K'a] = min L Cla]Ly
Lo €R3XELL K=1,

and therefore C[K'a] = L*'Cla]Lz.
Step 3: If L* € E then, by step 1 and 2, L* = %ZU L’ also belongs to E.

By construction, L} is completely symmetric and the proof is complete.
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Appendix B

We prove here Proposition 7. From Eq. (10), we have hy (z) = Ay + Byx +

) 4 ko
Cyx? where: Ay = my — % — ?K, B, = k(mj—l4+te> and Cy =

2 2
2| (k—myg)+ Z (2lg —nj —mj) — (SE] We denote by v, the number of

treatments present in the sequence ¢. For any treatment ¢ in £, we have:
ng; > my; + 1 (16)

with equality if and only if treatment ¢ occurs in consecutive periods. In
general, each treatment appears in the sequence £ in several groups of con-
secutive periods. The number of such groups is v; = ng — my;. From /£,
we construct a new sequence { as follows: in each group of consecutive pe-
riods receiving the same treatment, we replace the treatment that occurs
in this group by a new treatment, such that in the new sequence Z, each
treatment have only one group. For example ¢ = (1,1,2,2,2,1,3,2,2) gives
(= (1,1,2,2,2,4,3,5,5). We have my = my and v; = v = k — my, where

v =Y, 7 is the number of different groups in .
Lemma 10 If d* is optimal, then x* that minimizes qq+(x) is positive.

Proof. From Lemma 3 we know that hy (x) is convex, then Cy > 0. So it

is sufficient to show that B, < 0. If Cy = 0 then By = 0 because we know
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that hy (x) admits a minimum. In that case, any x is a minimum and can
be chosen positive. We assume now that Cy > 0. By Eq. 16, we have

lg =Y ; megng > my +mj and then

4
BgSEmg(k—mg—t)

with equality if and only if the occurrences of the treatments present in the
sequence are placed side by side. In that case a sequence { satisfies k — my =
vy and, since ¢ > vy, By < 0. Consider now a general sequence ¢ and denote
by { its associated sequence with side-by-side treatments. Since mj; = my

we have also 6, = d; and then By < By if and only if (I — mj) > (l'[_ mf?) )

But:

Vg vy U7
S __ — —
lo—mi =Y mg(ng—meu) >y mu=mg=»_ mg (ng —mg)
=1 =1 =1

with equality if and only if £ = ¢. So we have for every sequence ¢: By <

B;<0 O
The proof of the Proposition 7 is given below.

Step 1: Let £ be a sequence containing vy different treatments numbered
1,...,vp and { the associated sequence defined above. We want to prove that
hi(z) > he(z) for all z > 0 and £ # (. The idea is to show that A, < Az

By < B and Cy < (5. Note that my = mj so oy = d;. Then:
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e We show that Cy < Cy. It is equivalent to show that (nj — 2l +mj) >
(n% —2l;+ m%) Since ny; = my; + 1 we have:

Vg Vg Vg 7
ng—2lg+m; = Z (ng — me)* = Z%Q 2 Z%‘ = k—my = Z (ng — mZi)Q
i=1 i=1

i=1 =1

with equality if and only if ¢ = £. The result follows.
e From Lemma 10, we have By < Bj.

e We show that Ay < Az It is equivalent to show that mj > mzv. This
follows from the fact that ), mg = >, my and, for all i, my > my; with

i

equality if and only if £ = ‘.

Step 2: Consider the set £ of sequences ¢ having the same number v, = v of
distinct treatments and such that ¢ = ¢. For a sequence £ € L, ng = myg; — 1

and my = k —v. So we have for every 1,0y € L (see Section 5.2):
1 S S
hey (2) = ey (2) = (mg, —mg,) -

If there exists a sequence ¢* € L such that hy« () — hy (z) > 0 (for every
¢ # *) then only this sequence can belong to the optimal design. Such a
sequence minimizes m; = Zfil m?i under the constraint z;’il mMe; = My.
So, it is well known that the my+; or equivalently the ngp; (i = 1,...,v4+)

must be as equal as possible: if k/vp is an integer, a treatment present
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in ¢* occurs k/vg times; otherwise, a treatment present in £* occurs either

|k/ve= | or |k/ve=| + 1 times in £* [
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