N

N

Scattering below critical energy for the radial 4D
Yang-Mills equation and for the 2D corotational wave
map system
Raphaél Cote, Carlos Kenig, Frank Merle

» To cite this version:

Raphaél Cote, Carlos Kenig, Frank Merle. Scattering below critical energy for the radial 4D Yang-Mills
equation and for the 2D corotational wave map system. Communications in Mathematical Physics,
2008, 284 (1), pp.203-225. 10.1007/s00220-008-0604-4 . hal-00221387

HAL Id: hal-00221387
https://hal.science/hal-00221387v1
Submitted on 14 Feb 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00221387v1
https://hal.archives-ouvertes.fr

Scattering below critical energy for the radial 4D Yang-Mills
equation and for the 2D corotational wave map system

Raphaél Cote* Carlos E. Kenig' Frank Merle!

March 23, 2009

Abstract

Given g and f = gg’, we consider solutions to the following non linear wave equation :

1
{ Ut — Upp — —Up = ,M’
r

2
('U/7 Ut)|t:0 = (u07 ul)'

Under suitable assumptions on g, this equation admits non-constant stationary solutions :
we denote ) one with least energy. We caracterize completely the behavior as time goes to
+o0 of solutions (u, u;) corresponding to data with energy less than or equal to the energy
of @ : either it is (Q,0) up to scaling, or it scatters in the energy space.

Our results include the cases of the 2 dimensional corotational wave map system, with
target $2, in the critical energy space, as well as the 4 dimensional, radially symmetric
Yang-Mills fields on Minkowski space, in the critical energy space.

1 Introduction

In this paper we study the asymptotic behavior of solutions to a class of non-linear wave
equations in R x R, with data in the natural energy space. The equations covered by our
results include the 2 dimensional corotational wave map system, with target $2, in the critical
energy space, as well as the 4 dimensional, radially symmetric Yang-Mills fields on Minkowski
space, in the critical energy space.

The equations under consideration admit non-constant solutions that are independent of
time, of minimal energy, the so-called harmonic maps @ (see [3] and the discussion below). It
is known, from the work of Struwe [13], that if the data has energy smaller than or equal to the
energy of @), then the corresponding solution exists globally in time (see Proposition 1 below).
(A recent result 8] shows that large energy data may lead to a finite time blow up solution for
the 2 dimensional corotational wave map system, with target $2 — see also [9]). In this paper,
we show that, for this class of solutions, an alternative holds : either the data is (@Q,0) (or
(—@Q,0) if —@Q is also a harmonic map), modulo the natural symmetries of the problem, and
the solution is independent of time, or a (suitable) space-time norm is finite, which results in
the scattering at times +o0o0. Thus the asymptotic behavior as t — 4o for solutions of energy
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smaller than or equal to that of @), is completely described. Because of the existence of @), the
result is clearly sharp.

The result is inspired by the recent works [6, 5] of the last two authors, who developed a
method to attack such problems, reducing them, by a concentration-compactness approach, to
a rigidity theorem. An important element in the proof of the rigidity theorem in [6, 5] is the
use of a virial identity. This is also the case in this work, where the virial identity we use in the
proof of Lemma 8 is very close to the one used in Lemma 5.4 of [5]. Lemma 8 in turn follows
from Lemma 7, which has its origin in the work of the first author [3]. The concentration-
compactness approach we use here is the same as the one in [5], with an important proviso.
The results in |5] are established for dimension N = 3,4, 5, while here, in order to include
the case of radial Yang-Mills in R?*, we need to deal with a case similar to N = 6 ; it also
establishes the result in [5] for N = 6. This is carried out in Theorem 2 below.

It is conjectured that similar results will hold without the restriction to data with symmetry
(for wave maps or Yang-Mills fields). These are extremely challenging problems for future
research.

We now turn to a more detailed description of our results. Let ¢ : R — R be C? such
that g(0) =0, ¢’(0) = k € N*, denote f = g¢’, and N be the surface of revolution with polar
coordinates (p,6) € [0,00) x 8!, and metric ds? = dp? + g?(p)dH? (hence N is fully determined
by g).

We consider u, an equivariant wave map in dimension 2 with target IV, or a radial solution
to the critical Yang-Mills equations in dimension 4, that is, a solution to the following problem
(see [10] for the derivation of the equation).

1 f(w)

Uty — Upr — ;Ur -T2 (1)

(u, ut)|t=0 = (ug, u1).

At least formally, the energy is conserved by such wave maps :

2
E(u,u) = / (uf +u? + gr(2u)> rdr = E(ug,u1).

Shatah and Tahvildar-Zadeh [11] proved that (1) is locally well posed in the energy space
H x L? = {(ug, u1)|E(up,u1) < 00.}.

For such wave maps, energy is preserved.
From Struwe [13] we have the following dichotomy regarding long time existence of solutions
to (1), depending on the geometry of the target manifold N, and thus on g :

e If g(p) > 0 for all p> 0 (and [;* g(p)dp = oo, to prevent a sphere at infinity), then any
finite energy wave map is global in time.

e Otherwise there exists a non-constant harmonic map @, and one may have blow up (cf.
[9, 8]).

Our goal in this paper is to study the latter case, and to describe the dynamics of equivariant
wave maps and of radial solutions to the critical Yang-Mills equations in dimension 4, with
energy smaller or equal to E(Q).



1.1 Statement of the result

Notations and Assumptions :
Denote by v = W (t)(ug, u1) the solution to

1 k?
Utt — Uppr — ;UT - ﬁu =0, (2)

(u, ut) =0 = (ug, u1).

W (t) is the linear operator associated with the wave equation with a quadratic potential.
For a single function u, we use E(u) for E(u,0), with a slight abuse of notation, and we

also use ) )
Eg(u) = / (uz + gr(2u)> rdr.

To avoid degeneracy (existence of infinitely small spheres), we assume that the set of points
where g vanishes is discrete. Denote G(p) = [y |g]- G is an increasing function. We make the
following assumptions on g (that is on N, the wave map target) :

(A1) g vanishes at some point other than 0, and we denote C* > 0 the smallest positive real
satisfying g(C*) = 0.

(A2) ¢'(0) =k € {1,2} and if k = 1, we also have ¢”(0) = 0.

(A3) ¢'(—p) > ¢ (p) for p € [0,C*] and ¢'(p) > 0 for all p € [0, D*], where we denote by D*
the point in [0, C*] such that G(D*) = G(C*)/2.

The first assumption is a necessary and sufficient condition on g for the existence of station-
ary solutions to (1), that is, non-constant harmonic maps. Hence denote @ € H the solution
to rQ, = ¢(Q), with Q(0) = 0, Q(c0) = C* and Q(1) = C*/2, so that (Q,0) is a stationary
wave map (see 3] for more details). Note that

E(Q) = 2G(C*).

The second assumption is a technical one : the restriction on the range of k£ should be remov-
able using harmonic analysis. Recall that k¥ € IN*, and for equivariant wave maps, one usually
assumes g odd. To remain at a lower level of technicality, we stick to the two assumptions in
(A2) which encompass the cases of greater interest (see below).

The first part of third assumption is a way to ensure that () is a non-constant harmonic
map (with @Q(0) = 0) with least energy. The second part arises crucially in the proof of some
positivity estimates. This assumption could be somehow relaxed, but as such encompasses the
two cases below, avoiding technicalities which are beside the point. We conjecture that this
assumption is removable.

These assumptions encompass

e corotational equivariant wave maps to the sphere 82 in energy critical dimension n = 2
(g(u) =sinu, f(u) =sin(2u)/2), k = 1 — we refer to [10] for more details).

e the critical (4-dimensional) radial Yang-Mills equation ( f(u) = 2u(1—u?), g(u) = (1—u?)
notice that to enter our setting we should consider g(u) = g(u — 1) = u(2 —u), k =2 —
we refer to [2| for more details).



Recall that if u € H, then u has finite limits at » — 0 and r — oo, which are zeroes of g :
we denote them by % (0) and u(co) (see [3, Lemma 1]). We can now introduce

V(8) = {(uo,u1) € H x L?|E(ug, u1) < E(Q) + 6, ug(0) = up(c0) = 0}. (3)
Denote H = {u\Hquq = (u% + ;f—;) rdr < oo}. As we shall see below (Lemma 2), for § <

E(Q), V(9) is naturally endowed with the Hilbert norm

2
Uu,
o)y = Dol + s 2 = [ (i 4wk + %8 ) rav (@)

2k+4+3

Finally, for I an interval of time, introduce the Strichartz space S(I) = L,/; (alt)LQkIQL3 (r=2dr)
and

HUHS(I) = ||u||Lf;ff/k(dt)LE+3/k‘(r—2dr)‘

Notice that S(I) is simply the Strichartz space LiIS/ F adapted to the energy critical wave
equation in dimension 2k +2 (see [5]), under the conjugation by the map u ~— wu/r*. This space
appears naturally, see Section 3 for further details.

Theorem 1. Assume k =1 or k =2, and g satisfies (Al), (A2) and (A3). There erists § =
d(g) > 0 such that the following holds. Let (ug,u1) € V(0) and denote by u(t) the corresponding
wave map. Then u(t) is global in time, and scatters, in the sense that ||ul|gr) < co. As a
consequence, there exist (u%,uli) € H x L? such that

lu(t) = W(t)(ug,ui) lgxrz — 0 as t — Foo.
As a direct consequence, we have the following

Corollary 1. Let (ug,u1) be such that E(up,u1) < E(Q,0), and denote by u(t) the corre-
sponding wave map. Then u(t) is global and we have the following dichotomy :

o Ifuy=0Q (oruy =—Q if —Q is a harmonic map) up to scaling, then u(t) is a constant
harmonic map (ui(t) =0).

o Otherwise u(t) scatters, in the sense that there exist (ui,uf) € H x L? such that

lu(t) = W(t)(ug s w) ez — 0 as t— Foo.

Remark 1. The fact that u(t) is global in time is a direct corollary of [13] (in fact one has
global well posedness in V(E(Q)) as recalled in Proposition 1). The new point in our result is
linear scattering.

Remark 2. We conjecture that § = E(Q). The only point missing for this is to improve Lemma
7106 =FEQ).

Remark 3. This result corresponds to what is expected in a “focusing” setting. Similarly, there
is a defocusing setting, in the case g(p) > 0 for p > 0. Arquing in the same way as in Theorem
1, we can prove that if g satifies (A2), (A3) and ¢'(p) > 0 for all p € R, then any wave map is
global and scatters in the sense of Theorem 1. Again, we conjecture that the correct assumptions
for this result are g(p) > 0 for p > 0 and G(p) — £o0 as p — £oo (to prevent a sphere at

infinity).



2 Variational results and global well posedness in V(E(Q))
First recall the pointwise bound derived from the energy
v € R, [G(u(r) — Glu(r))] < 5B (u), Q

with equality at points 7, if and only if there exist A > 0 and £ € {—1, 1} such that

Vp e [Tv Tl]? u<p) = EQ(AP)
(See [3, Proposition 1].)

Lemma 1 (V(0) is stable through the wave map flow). If u € H, u is continuous and has limits
at 0 and oo which are points where g vanishes : we denote them u(0) and u(co). Furthermore
if u(t) is a finite energy wave map defined on some interval I containing 0, then for allt € I,

Vte I, wu(t,0)=u(0,0) and wu(t,o0)=u(0,00).
In particular, for all 6 >0, V(0) is preserved under the wave map flow.

Proof. The properties of u are well known : see [10] or [3]. Let us prove that the u(¢,0) is
constant in time by a continuity argument.

For all y such that g(y) = 0, denote I,, = {t € I|u(t,0) = y}. Let t € I.

As g vanishes on a discrete set, denote £ > 0 such that if g(p) = 0, |G(p) — G (u(t,0))| > 2e.
Since w is defined in I, it does not concentrate energy in a neighbourhood of (¢, 0) : there exists
0o, 01 > 0 such that

V7€ [t —do,t+ 0], ES(u(r)) <e.

From this and the pointwise bound, we deduce
V1 € [t — do,t + bo),Vr € [0,01], |G(u(7),0) — G(u(r,7)| < e/2.

Now compute for t' € [t — dg,t + do] :

1 01 1 t!
Gl pidp — | G(u)(t,mdp\g [ [ stuteplustr.pards

0
1 1 ,
<= E(u)dr < —E(u)lt —t'|.

2/, 2

Suppose t’ is such that u(t,0) # w(t',0), and then |G(u)(t,0) — G(u)(t',0)| > 2e. Then

51 01
Gt p)ip — | G(u)(t',mdp\

0

>

61
/O (GW)(t, p) = G(u)(t,0)) + (G(u)(t, 0) — G(u)(¥',0)) + G(u)(t, 0) = G(u)(t', p)))dp
>01(2e —€/2 —¢/2) > ie.

We just proved that
1
5E(u)yt’ —t| > &dy.

This means that I, ) is open in I. In the same way, I\ I, ) = va yu(t,0) Ty 18 also open in
I, so that I, ) is closed in I. As [ is connected, I = I, ).

Similarly, one can prove that wu(¢,00) is constant in time. The rest of the Lemma follows
from conservation of energy. O



Lemma 2. There exists an increasing function K : [0,2E(Q)) — [0,C*), and a decreasing
function 0 : [0,2E(Q)) — (0,1] such that the following holds. For all w € H such that E(u) <
2E(Q), and u(0) = u(o0) = 0, one has the pointwise bound

v, u(r)| < K(E(u)) < C*.

Moreover, one has
S(EW)lullg < E(u) < |lg'llpelulla-

Proof. From the pointwise bound (5), we have

|G(u)(r)] = |G(u)(r) = G(u)(0)] < %ES(U), |G(u)(r)] < %E?"(U)-

So that 2|G(u)(r)| < E(u) < 2E(Q). As G is an increasing function on [—FE(Q), E(Q)], and
|G(—p)| > G(p) for p € [0,C*], we obtain

u(r)| < G7H(B(u)/2) < GTH(E(Q)) = C*.

Then K(p) = G~ (p/2) fits.

We now turn to the second line. For the upper bound, notice that g(0) = 0 so that g?(p) <
6/ B, and |lg' 2= > g/ (0)] > 1.

For the lower bound, notice that as |u| < K(E(u)) < C*, then g?(u) > 6(E(u))u? for some
positive continuous function ¢ : (—C*,C*) — (0,1] (g(p)/p is a continuous positive function

on (~C*,C*), 6(p) = min(L,inf{g(r)/r | [r| < p})). O

Proposition 1 (Struwe [13]). Let (ug,u1) € V(E(Q)). Then the corresponding wave map is
global in time, and satisfies the bound

Vi, |u(t, )] < K(E(ug,u1)).

Proof. Indeed suppose that u blows-up, say at time 7. By Struwe [13], there exists a non-
constant harmonic map @, and two sequences ¢, T T" and A(t,) such that \(¢,)|T — t,]| — o0
and

Un(t,r) = u (tn + A(’;n) A(Zn)> Q) Hool] — 1,1 xR,).

From Lemma 1, one deduces Q(0) = 0, and hence (with assumption (A3)) |Q(c0)| > C*.

However, as (u,ut) € V(E(Q)), from Lemma 2, [u(t,r)| < K(E(u)) < C* (uniformly in ).
Now {r > 0[|Q(r)| = (K(E(u))+C*)/2} is an interval of the form [Ap,), 00) (Q is monotone)
so that

/ / |un, (t,7) — Q(T)Prdrdt > (C* — K(E(u)))2/4 - 0.
te[—1/2,1/2] [AE(u>7AE(u)+1]

This is in contradiction with the Hj,. convergence : hence u is global. O

3 Local Cauchy problem revisited

Denote A = 8, + 29, = r2k1+1 0-(r?k%19,) the radial Laplacian in dimension R**? and

U(t) the linear wave operator in R2¥+2 :

U(t)(vo, v1) = cos(tv/—A)vg + vV —Asin(tv/—A)vy.



Notice that
W (t)(ug,u1) = rkU(t)(uo/rk,ul/rk), (6)

as v solves vy — Av = 0 if and only if r*v solves (2).
Given an interval I of R, denote

[ollvy = vt @) ver

k

= HUHLtOZIH% + |lv|| 2rxs + ||v]] 22043 W1/272(22kk$3) + HUHWQG’TL%’ (7)
tel,x tel

where the space variable x belongs to R?**2, This norm appears in the Strichartz estimate
(Lemma 6).

Theorem 2. Assume k = 1 or 2. Problem (1) is locally well-posed in the space H in the
sense that there exist two functions oy, C : [0,00) — (0,00) such that the following holds. Let
(ug,u1) € H x L? be such that ||ug,u1||gxr2 < A, and let I be an open interval containing 0
such that

W (t) (uo, ur)lls(ry = n < do(A).
Then there evist a unique solution u € C(I, H) N S(I) to Problem (1) and ||lullgy < C(A)n,
(and we also have |[u/r¥| Ny < C(A) and E(u,uy) = E(ug, u1)).
As a consequence, if u is such a solution defined on I = R, satisfying ||ulgm+) < oo,
there exist (ug,uf) € H x L? such that

lu(t) = W) (ug, ul)gxrz = 0 as t— +oo.

3.1 Preliminary lemmas

s/2

Let us first recall some useful lemmas. We consider D® = (—A)*/< the fractional derivative

operator and the homogeneous Sobolev space
Wer = WerR?) = {p € SR | I¢llyjer & ID*llir < o0}
For integer s, it is well known that || - |[};..,, is equivalent to the Sobolev semi-norm :

lellyirsn ~ V@l Lo

Lemma 3 (Hardy-Sobolev embedding). Let n > 3, and p,q,a, 3 > 0 be such that 1 < q¢ <p <
00, and 0 < (B — a)q < n. There exist C = C(n,p,q, e, 3) such that for all ¢ radial in R,

n_n_ 34
5™l e < Cllelliiaa-
Proof. Given n,p,q and 3, we show the estimate for « in the suitable range.
The case a = 0 is the standard Hardy inequality in LP combined with the Sobolev embed-
ding (see [11] and the references therein - where the conditions n > 3, 1 < ¢ < p < oo and

0 < B < n are required). If « is an integer, we use the Sobolev semi-norm : as

6%
o (rv) = Z e TR,
k=0
the inequality follows from the case a = 0.
In the general case, let « = k46 for k € N and 6 €]0, 1], and v = %— % — B+a . We define
¢ so that 8 = ¢+ 0, hence % — % — {+k = ~. We consider the operator T': ¢ — DF(r"D~%p) :

7



T maps L7 to LP and W14 to WP (integer case). By complex interpolation (see [12]), T maps
[L9, W]y = W94 to [LP, W1P]y = WOP. This means that

77 ol irxror < Cllellyieroqs
which is what we needed to prove. O

Lemma 4. If v =u/r*, then

1 2
= [ o2kl < u? + N rar < (K*+1 22k g,
3 r r r2 r

Proof. First notice that v, = —ku/r**! 4+ u, /¥, hence v2 < (k% 4 1)(u?/r?**+2 + u2/r?*) and

2
/vgr%ﬂdr < (K* + 1)/ <u$ + :;) rdr.

Then from the Hardy-Sobolev inequality in dimension 2k 4 2 > 3 (optimal constant is 1/k2),

2 2
U v 1
/QT‘d’r’ :/2T2k+1dT S /UET2k+1dT.
r r k2

As u, = R, + ku/r, u? < 2r?*0? + 2k%u?/r? and

2 U 1 2,.2k+1
u, + p} rdr < {2+ 72 v rdr. O

Lemma 5 (Derivation rules). Let 1 < p < oo, 0 < a < 1. Then

1D (@)l < Cllelo DYl ez + | Dl Les |4 o,
1D ()l e < CII (9) | o2 [ D | v
ID%(h(e) = h())lLe < CUIN (@)l zer + 11 (W)]Ler) [ D% (0 = ¥) L2
+C(IR"()ller + R (W)L )ID @l Lrs + 1D ¢l Lr2)ll e = llzrs,

1_ 1,1 _ 1,1 _ 1 . 1,1
where 5 = -+ - = -+ oo ==+ -+ -, and 1 < p2,p3,T1,72,13 < 00.

Proof. See [7, Theorem A.6 and A.8] with functions which do not depend on times, |7, Theorem
A.7 and A.12] and [5, Lemma 2.5]. O

From now on, we work in dimension 2k + 2 (radial), and the underlying measure is r2*+1dr
unless otherwise stated. In particular, notice that from Lemma 5, we have :

IDY2(e)l| srsm <D0 2enis [l + 0] seizesen I1DY?¢l agn . (8)
2k+5 L 2k+5

L L 4k2+12k+7

Recall

w = cos(tv/B)u + TRV A) /0 sin((t = V=B e

vV—A vV—A
solves the problem
{ wy — Aw = X,
(w, wy)|t=0 = (vo,v1),



Lemma 6 (Strichartz estimate). Let I be an interval. There exist a constant C' (not depending
on I) such that (in dimension 2k + 2),
| cos(tv/=A)volln(m) < Cllvoll 1
sin(tv/—A)
==
Esin((t — s)v—A)
e

Proof. This result is well-known : see [5] and the references therein. O

vilnvw) < llvllzz,

T

X(8)dsllnery < IDY2XI| 20kss) 20kts) -
L 2k+5

2k+5
tel Lq

3.2 Proofs of Theorem 2 in the case k=1 and k =2
Proof of Theorem 2. Denote v = u/r*. Then v, = u, /7% — ku/r*¥*' v, = o — zl,f% + k(k+
1)z, so that
f(TkU) — k*rky 14+2/k
(rkv)1+2/k v ’ 9)
(v, 0)|1=0 = (vo,v1) = (uo/r*,u1 /T%).
This is something like the energy critical wave equation in dimension 2k +2. For the rest of this

section, the underlying dimension will always be 2k 4+ 2, in particular, Lebesgue and Sobolev
space will be defined with respect to the measure r2**1dr (as we are in a radial setting).

Denote o) 12
p) —K°p
h(p) = plr2fk

(¥
’Utt—UTT—(2k‘+1>7T = —

Assume that h, &’ and h” are bounded on compact sets : this is automatic if g is C® and satifies
(A2). Indeed if k =2, 1 +2/k =2 and it is a direct application of Taylor’s expansion, and if
k=1,1+2/k =3, and it suffices to notice additionally that f”(0) = 3kg”(0) = 0).

Our assumptions on (ug,u1) translate to :

lwoll grr + llvallzz < €A, fU) (w0, vi)ll p2rssm pavssn < C.
€ T

Consider the map ® :

s — sin(tyv/—A) tsin((t — s)v—A) /
® : v — cos(tvV—A)vy + Vv U1 +/0 A (W 27k (s h(rFv)(s))ds,

that is ®(v) solves the (linear in ®(v)) equation

O (v),

D) = D(v)yr = (2 1)— = = —h(rFv)o2/F, (10)
T
(v, 0)le=0 = (vo,v1) = (uo/r",ur /7).
We will find a fixed point for @, related to smallness in the norm :
loll s and 1DY2] sanssynen.
tel,r tel,r
The Strichartz estimate shows that we are to control HDi/z(UHQ/kh(rlH/kv))H a(2k+3) - FOr
Lilry”

convenience in the following, denote :

_ A(k+2)(2k* 4 5k + 3)
 4k(k2+12k+7)

9



Now, we use (8) together with Lemma 3 and Lemma 5 :
\\D1/2(U1+2/kh("”kv))|! 2(2643)
2k+5

< |IDY2(v 1+2/’“)|| 20k3) Ih(r* o)z + 10" 2#) a@izasiss DY 2R0F0) | pagesn
I 4kZH12k+7
1+2/k
< Cllv2/’“|!Lk+3/z||D1/2v\| 20k+5) (o) [ + Clloll > IR (o) | oo 10y 2 s

2/k 1+2/k
SC!!vllL/g+3/k!\D1/QU|! 2ks8) ) [(*) [z + Clll > 1B (7o) [ oe [[or | 2.

From interpolation of Lebesgue spaces and Hélder inequality,

14+2/k
[z

[l A SyE ST

2(2k+3) —
k+5 k(4k2+12k+7)
L,

1,(142/E) (2(2k+3) / (2k+5)
t

2/k
< ol o]

2+3/k 4(2k+3)(k+1)

(2k+3)/(2k+1) I k2 t4ak—1
T

2/k
< o] é+3/k\\D}/2vyy sires,  and
L 2k+1

t,r

2/k

2/k
o] 2+3/chD1/2UH 2(20+3) !
[ 2T

2(2k+3) — HHUH 2+3/k
L, 2k+5

1/2,
Li+3/2 | HL2(22kk++13)

2/k
< HU” /2+3/k ‘D;/QUH 2(2k+3) -
1, 2k+1

t,r

(11)

(12)

Using again Lemma 3 to show ||r*v||z < C||v.| 2, we hence get our main estimate, for some
increasing function w (w is a function of h,h’ and essentially the constant in the Strichartz

estimate, and does not depend on I or v) :

k k 2/k
DY RO g < wlivrlige s Il el DY) sgrin. (13)
LtEI,'r tel,r LtGI,'r

We now turn to difference estimates. Using the same inequalities, we get :

|DY2(0 2 () = w2 R )| s

L.?
< C|| D2 ((vHQ/k — w2y () ) [
L 2k+5
1
+C ‘ D1/2 (rkw“‘?/k(v —w) / h’(@rk(v —w) + T’kw)de) 2(2643)
0 L 2k+5

< IDY2@ME — w2 | i [B(rR0) | o
L 2k+5

+ HUHQ/k - w1+2/kH 4(2k245k+3) ”Dl/Qh(Tk”)HLM’CH)
[ 4k2412k+7

4 HDl/Q(rk‘lerQ/k(v — w))“ 2(2k+3)

L 2k+5

1
/ B (0r* (v — w) + r*w)do
0

LOO
—{—Hrkw1+2/k(v w)” 4(2k245k+3)
[ 4k2412k47

< ||D1/2(v1+2/k o w1+2/k)’

/ 1 DY2(W (0rF (v — w) + rFw))do
0

LAGk+1)
| akss) [[h(r70)| Lo
L 2k15

2/k 2/k
+ o = wllo (Jol 25" + lwl O (F0) | o for 2

10



+ <”Dl/2(w2/k(v — )| 2errs IrFwl o + W (0 = w)|| sorzisise HDl/2(Tk7~U)h4<k+1>>
L 2k+5 I 4k2+12k+7

x sup [[W(r*o + 0r(w — v)) || e + [t wl o |0 (0 = w)l| sz ssies)

0€[0,1] I 4kZH12k+7
x sup (IIR"(0r" (v = w) + r*w)|| o | DV (00 + (1 = O)w))l| gaas) )
0€[0,1]

Then we have as previously :
IDY2 (W * (v — w))|| 2k
L 2k+5

<CID2w —w)| earss W[ grsarz + Cllv = w] pasa [ DV (w?*)]| 2isa)
L~ 2RFI L™ 5

2/k 2/k—1
< Cllullan D20 = w)ll agrn + wll5an D20l aprn 1o = wllgzro,

k 2/k
w0 = )| sizasien < [wll7 0 = w] L.
L 4k24+12k+7

Doing the computations in each case kK =1 or kK = 2, we have that

IDY2(0* —w?)l| oz < D20 = wl| prosa([lollFs + w?[75)
+ llv = wll s (1DY20ll pross + 1 DY2w]l gross) (loll s + llwlls)  and
1D (0? = w?)|| rae = D2 (v = w)(v +w)) | praso
< CIDY2(0 = w) | prass([[l| g2 + [|w] £r/2)
+Cllo = wl a2 (|1 D20l| pras + |1 DY) 1ass)-

so that in both cases

HDl/z(sz/’“ . w1+2/k)H B2ets)
L 2kF5

< C([oll gzare + lfwl| goan)* 1 ((IIUIIL2+3/k + l[wll 2 ) 1DV (0 = Wl 2@

+(IDY?0]| s@rsn + | DY w| 2<2k+3>> [0 = wl|pz+s/x)-
L 2kF1 L 2kF1
Here, the assumption k < 2 is crucially needed. Finally observe that
0v + (1 — O)w| < |v]+ [w|, [DY*Ov+ (1 —0)w) < |DY?v|+ |DV?w).

We can now summarize these computations, and using (11) and (12), we obtain the space time
difference estimate (up to a change in the function w, which now depends on h, b’ and A", but
not on I or v) :

| DY2 (012 % p (k) — w2 R p(rkw))|| 22k < (W[l oo i) + @ llwll pee 1)

tel,r
2/k—1 2/k—1
X (250 + Il 220 (| (ol 2o + o]l 2ram) 1DV = w)]] 2grsa
tel,r tel,r tel,r tel,r LtEQIk,;H

H(IDY20]| 2z + 1D 2w 2<2k+3>>\v—w||L2+3/k>‘
2k+1 2k+1 tel,r

tel,r tel,r

11



Given a,b, A € R™, I a time interval, introduce

B(a,b, A, T) = <a, ||DY? <b, oy <204 .
(a,b, A, I) {vlllvlngggy/rk_a [ D™= TSRS lolleger iy <

tel,r

Hence for v € B(a,b, A, I), we have
1@ (W) 2450 < NU(E)(vo, v1)l| 25870 + w(2C A)a**b
tel,r tel,r

ID2@ ()| agren < [[DV2U(#)(vo,01)] 2cern +w(2CA)a®*b
k1 P ESY
tel,r tel,r

H‘I)(U)Hc(te[,yl) < vo, v)ll iy g2 + w(2CA)a2/kb,
18 (0) = ®(w)lw(r) < 2w(2CA) (D2 (0 = w)|| a@ren + [0 = wl| 24a/x)
tel,r

2k+1
LZGI,T

Case k=1 {

We compute 2+ 3/k =5 and 2(22,icjld) =10/3.

Given A, set b = 2C'A and dp(A) = min(1,1/C, m). Then for (vg,v1) such that
(o, v1)|l g1y 2 < A and HU(t)(UmUl)HL?eI =n < §p(A), set a = 2n. Notice that the

Strichartz estimate gives

IDY2U (£) (00, v1) |l ;105 < CA.

tel,r

Our relations now write (the main point is 2/k —1=1>0) :
|25, < g + w(204)(260a)(2CA) < a
IDY2®(v)|| 105 < CA+ w(2CA)(200a)(2CA) < 2CA
tel,r
D)l cperim < A+w(@CA)(200a)(2CA) < 24,

1
I2() - @)l < 5010720 =0l o +llo = wlig,, )
Hence @ : B(a,2CA, A, I) — B(a,2CA, A,I) is a well defined 1/2-Lipschitz map, so that ®
has a unique fixed point, which is our solution.

Case k =2

We compute 2+ 3/k = 7/2, 22559 = 14/5 and 2258 = 149,

In this case 2/k — 1 = 0, so that the procedure used in the case k = 1 no longer applies (it
is the same problem as for the energy critical wave equation in dimension 6).

However, we still have a solution on an interval I where both quantities ||U(¢)(vo, v1)

Iz,
and || DY2U () (vo, v1)| 14/ are small.
tel,r
Indeed, given A, set 61 (A) = min(1, %, m). For (v, v1) such that [|(vo, v1)|| g1y 2 < A4,
[U@#)(vo, v1)|l,; 72 =n < 61(A), and | DY2U (t) (v, v1)|l 15 = 1" < 01(A), we set a = 2 and
tel,r tel,r

b = 2n'. Then we have

D), 72 < 5 +w(2CA)a)(280) < a
tel,r 2

2
190l oper.imy < A+w(2CA)(261(A))? < 24,

b
|DY20 ()| as < 5 +w(2C4) (261 (A))b < b
tel,r

12



Lo 12
19 () = (w)llva) < 5UD (v = w)ll s +llv=wlyzz )
Hence ® : B(a,b, A,I) — B(a,b, A, I) has a unique fixed point. We just proved the following
Claim : Let A > 0. There exist 6;(A) > 0 such that for (v, v1) with [[(vo,v1)|| g1y 2 < A4,
and I such that
[0 @0, o)l e =< 51(A), and D20, 00l as =1 < 51(4),

Then there exist a unique solution v(¢) to (9) satisfying

1/2
@00l e sy < 24 Nollze <20, DY 20llpas <2

Let us now do a small computation.
Given h,n e Nand 0=ty <t1 <...<t, =T (with T € (0,00]), we have for i =0, ..., n,

bln —A
n/ V=A) (sl

— t1+1 Sin((t —s)V—A) sin((t — s)vV—A)

S ” ( )dSH tz,tH—l + || (S)dSH tiytita
;ﬁé V=2 e / JI' I
i—1

- tsin((t — s)v—A
S ”/ (( \/% )(X(S)Hse[tj,tj+1])dSHN(ti,ti+1)

=0

bsin((t — s)vV—A)
+ H/t \/j (X<S>Hse[tivti+l])dSHN(ti,ti+l)

i

! tsin((t — s)v/—
H/ ((t = s)V=A)

< (X(S)ﬂse[tv,r 1])dSHN(R)
= \/j Joti+
tsin((t — s)vV—A
+ |l ; ( \/—)A )(X(S)ﬂse[ti,tHl])dSHN(]R)
< CZ IDYX(5) Lsept, )l 10 < cz 1DV, 9 gL (14)
j=0 g

Let us now complete the case k = 2. Let A > 0, define n = n(A) such that n = n(A) =
1/(4CAw(2CA)), so that 2CAw(2CA)/n < 1/2 and §o(A) = §1(A)/2"F2 (recall §;(A) =
. 1 i
min(1, &, 8CAw(2CA) ).
Let (vo,v1) be such that ||vo, v1]| 14,2 < A and for I = (1p,T}) an interval (possibly with
infinite endpoints), [|U(t)(vo, v1)|| 72 =1 < do(A).
tel,r

From the Strichartz estimate, we also have

IDY2U (t) (w0, v1)|| 145 < CA.

tEI T

From (vg, v1), we have a solution v defined on a interval I = [0,T). We choose J = (T}, T]) C I
to be maximal such that

13



From the claim, we can choose J non empty. Let Tj) = tg < t; < ...t, = T be such that

2A 1 1
Vie [0,n—1], [DY?v] 145 < <= :
S II , ﬂ? || vHLiéiq,Q_;,_ﬂm — n ) W(2CA)
From (13) and (14), we obtain
|vllney < CA +W(QCA)HUHLZ£ vl vy
i
V|| ;7/2 < |U(2)(vo, v1 7/2 +w(2CA V)| ,7/2 D1/2’U 14/5
| HLiE[tiaiiﬂ]m 1U()( )HLte[ti,tm],r ( )JZ::O | ”Lte[tj,%],r” HLte[tj’t]__’_l]’r
Let us denote a; = [[v]|, 7/ for i € [0,n — 1]. Then we have
tEtsti41]m
1
vy < CA+ Z\\Dl/QvHL14/5 <3/2CA < 2CA, (15)
tel,r
i o i—1
a; <n+w(2CA) Z W]CA) or equivalently a; <29+ Z a;.
j=0 7=0
By recurrence, we deduce that '
a; < 201y,
In particular,
n—1
_ . n+1 n+1
ol 22 22 = z;a < 2ty < 275 (A) < 61 (A). (16)

Hence, from with (15) and (16) and a standard continuity argument, we deduce that J = I = I,
”UHN(I) § QCA and ||U||L7/2 S 2n+1,,7 = C(A)’I?.
tel,r

Going back to u, we obtain the first part of Theorem 2, in both cases k¥ = 1 and k = 2
(conservation of energy is clear from the construction).

Let us now prove the consequence mentioned in Theorem 2. Given u, we associate v(t,r) =
u(t,r)/r* : v is defined on R*, and satisfies (9).

If we denote A = |[(u, ut)|| Loo (rrx £2), then there exist T' large enough such that [Ju|s(7,00)) <
d0(A). From the previous part, we have that

[0l nire0) < 2CA; o] 21 < Go(A).

te[T,00),r

Denote v(t) = U(—t)v(t). Then

t
o(t) — vls) = / U (=)o *2/* (1) h(r* o) (r)dr.
Hence, for t > s > T, from the Strichartz estimate and (13), we have

() = v(S)ll g + 12 (@) = ve(s)ll 2 < v (r) = v(s)ln(refs,)
< o @R ) () 2k
=

gw(QCA)HUHQL/QﬁB/k (2CA) >0 as s,t— +oo.

TE[s,t],r

This means that (v(f),1(t)) is a Cauchy sequence in H' x L2, hence converges to some
(vt vf) € HY x L2

Going back to u, using Lemma 4 and remark (6), we obtain the second part of Theorem
2. O
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4 Rigidity property
Recall that g is such that g(0 ) =0, ¢(0) = k E lN*, with C* the smallest positive real such

that g(C*) =0, f = ¢'g and G(p) = [ |g|(p € [0, C*] is such that G(D*) = G(C*)/2.

Introduce the energy den51ty e(u,v) = v2 +u2+ 2 (2") and p(u) = u? + @. Denote

B(u,v) = / e(u,v)rdr, B (u,v) = / ' e, v)rdr.

and similarly for a single function u

E(u) = /p(u)rdr, Eb(u) = /abp(u)rdr.

We will also need the function d(p) = pf(p), which is linked to the virial identity, and

F(u) = / <u$ + dﬁ?) rdr.

The following variational Lemma is at the heart of the rigidity theorem. Here is the only point
where we use assumption (A3), which ensures that ¢'(p) > 0 for p € [-D*, D*].

Lemma 7. There ezist ¢ >0 and 6 € (0, E(Q)) such that for all w such that (u,0) € V(0), we
have

Proof. Fix 6 < E(Q). ¢*(u) > w(§)u? for some function w : [0, E(Q)) — RY, and |d(z)| <
Hg/H%oo(_C* C*)xQ for |z| < C*, so that

F(u) < 1+—”g/”2°°<*0*»0*> E(u)
= w (o) o
which is the upper bound.

For the lower bound, we need assumption (A3) on g. Hence on [-D*, D*], d(x) > 0, and
on [0, D*], d(—x) > d(z). Denote A = fo Vd(z)dx > 0. One easily sees that for a function
v : [a,b] — [-D*, D*] such that v(a) =0, |v(b )\ = D* then

/ab <v$ + dﬁ?) rdr > 2/ablv,~\/mldr > 2 OD* Vid(z)dz =24,

In the same way,

/ab <v§ + 91(;))) rdr > 2G(D*) = G(C).

Let 6 > 0 to be determined later and u be such that (u,0) € V(6). Recall that ||ul/p~ <
K(E(Q)+6) < C* (Lemma 2), and hence g(u) > w(E(Q) + 9)|ul.

Assume first ||ul[p~ > D*. Then let Ay, Ay such that u € [—=D*, D*] on both intervals
[0, A1] and [A2,00) and |u(A1)| = |u(A2)| = D*. Then

Aq Ao 0 Az
/(u%—i—cz(?)rdrz/ +/ —i—/ 24A+/ <u%+6l(?>rdr
T 0 A1 Ao Aq r

15



Doing the same with the energy density, one gets

/OAI <u3+g2§f Wrars [~ (2+ vl L) rir > 4G(D°) = 26(C7) = E(Q)

Ao

Hence Eﬁf (u) < . Now, we have

)] = ol )lla)] < 5= ) < — 1202,

so that

[ () - )

Finally, choosing § > 0 small enough so that %5 < 2A, we get

2 dw)Y gl A e
[ (w84 550 24— o 2 242 pmc

This gives the lower bound with constant E(Q)

Assume now that [|ul|p~ < D*. Then d(u) > 0. As f(x) ~ k®x as & — 0, let D > 0 be
such that |f| > k%/2z on the interval [~D, D]. If ||ju|/z~ < D, then of course

2 2 2
F(u) > /u%rdr—}— lf 5 /g (u)rdr > min (1, ]f2> E(u).

209'lz J 72 2/lg"[ 7o

Otherwise, arguing as before, ||u||p~ € [D,D*] and we see that F(u) > 4[0 Vd so that (as
E(u) < E(Q) + 6 < 2E(Q))

2 [PV/d
F(u) > %E(u)

Choosing 6 > 0 small enough and ¢ = min( fo Q), A/E(Q)k?*/(2]|¢'||2), 1) ends the
proof. O

Let ¢ be such that o(r) = 1if r < 1, p(r) = 0if r > 2, and ¢(r) € [0,1]. Denote
pr(r) = ¢(r/R).
In the notation O, constants are absolute (do not depend on R or ¢ or u).

Lemma 8. Let (u,u) € V() be a solution to (1). One has

d

p Uplp T (pR( )dr = —/u?rdr—i—(’)(E%o(u,ut)),

jt uwrepr(r)dr = / <uf —u? - uj;(Zu)) rdr + O(ER (u,ut)).

Remark 4. For the O, we can consider the rest of the energy EF or equivalently the tail in

H x L?
00 u2
T(R, u,u) = /R <uf + uZ + r2> rdr.

16



Proof. One computes

p utuTTQch(r)dr

:/UtturT290R(T)dT+/utu1”t,r280R(r)d’r

= / (Urr + %ur - fﬁ?) ur*pR(r)dr — % /U?(QWR(?‘) + 2 oR(r))dr

=~ [ wderontr) + 2pdr + [ o) - S0 en() i+ 5 [ e

1 2
= _ /u?rapR(T)dr + 2/ <u? —u? 4 gr(2u)> 2ol (r)dr

Now, notice that
1 2(y
‘—/ufr(l — pr(r))dr — 2/ (uf —u? 4 gr(2 )> 2ol (1) dr
< /e(u,ut)(l —ch(r))rdr—I—/e(u,ut)'/”Q]cp’R(rﬂdr

< B (wu) + 5 [ oo/ B)dr

< (L+2/¢'l| o) ER (u, u).-

From this, we immediately deduce

d

pn w2 QR (r)dr = — /u?rdr + O(ER (u,uy)).

In the same way,

d
o7 uutrch(r)dr—/u?rwR(T)dr—i-/uuttrng(r)dr

= /u?mpg(r)dr + /u (urr + %ur — ffﬂ;”) regr(r)dr
= / (Uf —uy — u];(gu)> ror(r)dr + % /UQ(WR(T))”dr

1
— 2/u2<p’R(r)dr.

Then similarly

‘/ <u? —u? - U,];(zu)> r(1 — @p(r))dr + ;/UQ(T¢R(T))//dT _ ;/UQSO/R(T)dT
< / 2 o uf(u)

2 u T
< [ etwut = enlrrar+ ¢ [ LEU T oe/m) — oo/

T 7,12
R2
< CER (u,u) + CAll9" [ oo + 2[1¢'l| oo ) ER (u, ue).

2

1 [ u?
(1= or(r)yrdr + 5 [ %51 h(r) + (o)l

7“2

rdr

(r)dr

(The bounds on the third line come respectively from the pointwise bounds |uf(u)| < Cg?(u)

and u? < Cg?(u), which hold according to the proof of Lemma 7).
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Theorem 3 (Rigidity property). Let (ug,u1) € V(9), and denote by u(t) the associated solu-
tion. Suppose that for all t > 0, there exist A(t) > Ag > 0 such that

1
K= { (u <t, )\7(;)) , )\(t)Ut <t, A@))) ‘ (t,r) € ]R+} is precompact in H x L.
Then u = 0.

Proof. Recall that u is global due to Proposition 1.
As K is precompact and \(t) > Ay > 0, for all £ > 0, there exists R(¢) such that

VE> 0, Efg(u,w) <e.
This means that

lim sup ER (u,u) = 0.
R—oo t>0

Due to Lemma 8 and 7, we have

% (/ utUrT290R(T)dT + ;/uutSOR(T)dT> = —;/ <U? + u% + uf(u)> rdr + O(EFR (u, uy))

r2

< ng(u, w) + OB (u, up)).

Fix R large enough so that sup,>o O(E% (u, us)) < %. Then by integration between 7 = 0
and 7 =t and conservation of energy :

1
/utuTTQQDR(T)d’I“ + 3 /uutmpR(r)dr < —EE(u,ut)t + Cph.
However, from finiteness of energy and u? < Cg%(u), we have for all t,
2 1
ugupr-or(r)dr + B uugrpr(r)dr
1 1 2
<3 /(uf +u)r2pop(r)dr + 4/ (uf + Cgr(ZU)> 2o n(r)

1
< RE(u,u) + %RE(u,ut),

so that this quantity is bounded, hence ¢t < 4(R+ R/(2C)+ Cp)/c. This is a contradiction with
the fact that u is global in time. O

5 Proofs of Theorem 1 and Corollary 1

Proof of Theorem 1. The proof follows the general framework of Kenig and Merle [6, 5|. For a
detailed exposition of the various steps and lemmas, we refer to [6, Section 4].

Let § € (0, E(Q)] as in Lemma 7. All the wave maps considered below in the proof will
have initial data in V(0) ; from Proposition 1, they are all defined globally in time. Hence we
are left to show that all wave maps u with initial data (ug,u1) € V() scatter at ¢ — +oo.
From Theorem 2, we only need to show that [lu||gmwr) < oo

We consider the critical energy

Ee =sup{E € [0, E(Q) + 6]| V(uo,u1) € V(9), E(uo,u1) < E = |lu(t)||smw) < oo}

18



Theorem 1 is the assertion
E.=E(Q)+ 9.

Assume this is not the case, namely E. < E(Q) + d, and we will reach a contradiction ; this
will complete the proof of Theorem 1. Due to Theorem 2, notice that

E. > 60 ¥ 60(E(Q) + ) > 0. (17)

The compensated compactness procedure of Kenig and Merle in [5] provides us with a critical
element u¢ (in the case E. < E(Q) + 9) :

Proposition 2. There exists (uS,u$) € H x L?, satisfying (u§, u$) € V(3), E(u§,u$) = E,.
and if we denote u(t) the associated solution to Problem (1), u(t) is global and ||u’l|swr) =
|ulls(r+) = oo

Moreover, a critical element enjoys the following properties :

Proposition 3. Let u¢ be as in Proposition 2. Then there exist a continuous function A

R*™ — R such that the set
oy = (e (6.7} Loe (1T
R RS YO AP A S0
has compact closure in H x L?.

Up to considering a different critical element, we can furhermore assume that \(t) > Ay
for all t >0, for some Ag > 0.

K:{v(t)EHXL2

We thus consider u¢ given by Propositions 2 and 3. From Theorem 3, we deduce that
(u®,uf) = (0,0), which is a contradiction with E(u¢,uf) = E. > 0 (in view of (17)). Hence
E. = E(Q) + 9. This completes the proof of Theorem 1.

For the convenience of the reader, we sketch the proof of Proposition 2 and 3 ; a complete
proof can be derived (with minor modifications) from Proposition 4.1, 4.2 and Lemma 4.9 of
[6, Section 4.

We consider a sequence of (global in time) wave maps u,, and their initial data (ug,,u1,) €
V(9) such that ||[W(t)(uon, vin)llsm) = do, |unlls(r,) = 00 and E(un, upy) — Ee (hence B, <
E(un,uns) < E(Q) + 90).

Using the result by Bahouri and Gerard [1] on the operator W (t), we apply the (linear)
profile decomposition to the sequence (ugy,, U1y)n>1 :

Lemma 9 (Profile decomposition). Let (ugy,u1,)n be a bounded sequence of H x L?. Then
there exist sequences (Vo j, Vi ;)j>1 € H x L? and (Ajnstjim) € RT X R with

N | Ajrm | [t —tjral
+
Aitm Ajm Ajn

— O as n — o0,

for j # j' (orthogonal couple), such that the following holds. Denote Vj(t) = W (t)(Vo,j, V1,5)
the linear profiles, then for all J > 1, there exist (wo;{,wl;{) € H x L? such that (up to a
subsequence of (uy), which we still denote (uy))

tim T
() = 3V (=25 ) )
7,1

j=1 n
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with

hm lim sup ||W (¢ )(wo;{,wl;{b)HS(R) =0,

J—00 n—oo

vJ > 1, uon,uln ZE < <

£
=) Vi (=522 ) + Bl ) + om0

]n

(Notice there is no shift in the space variable r as we are in a radial setting).

Then one can prove the following technical lemma. First recall the notion of non-linear pro-
file : given data (Vp, V1) € H x L? and a sequence (s,), with s, — 5 € R, it is the unique wave
map U defined on a neighbourhood of s such that ||(U(sy), Ut(sn)) = W (sn)(Vo, Vi)l gxrz — 0
as n — oo. U exists in virtue of Theorem 2, possibly doing a fixed point at infinity. If
(Vo, V1) € V(6), U is global in time due to Proposition 1.

Lemma 10. Let (ug,,, u1,) € HXL? be such that E(ugy,, u1,) — Ec and |[W (t)(uo,, uin)||sm) >
do. Let (Vj)j>1 and Njp,tjn be as in Lemma 9. Assume that one the following conditions holds
(denote s, = —ti1n/ M) :

e liminf, oo E(Vi(sn), A1, Vie(sn)) < Ee, or

e liminf, . E(Vl(sn),)\i}lVlt(sn)) = E. and that after passing to a subsequence so that
sp — 5 € R and E(Vi(sy), /\1_7711V1t(3n)) — E., if Uy is the non linear profile associated
to (Vo,1,V1,1) and (sy), then Uy is global and ||U1| sr) < oo.

Denote u, the wave map with initial data (uo,,u1,). Then after passing to a subsequence, u,
is global and [lun| s(r) < oo

The proof of this lemma relies on the profile decomposition and a perturbation result which
is a by-product of Theorem 2. We refer to [6, Lemma 4.9| for further details.

From this, one can prove that the all profiles (Vp ;, Vi ;) associated to (ugy, w1, )n are zero,
except for (exactly) one, say (Vp,1,V1,1) and that E(Vp1,V1,1) = E.. Then denote s,, = —f\ll—";
and consider the non-linear profile associated to (Vo 1, V1,1) and (sp,) (up to a subsequence such
that s, has a limit in R). Then one can prove that U is global and ||U||gmr) = 400 : U(t) or
U(—t) satisfies the conclusion of Proposition 2.

We now turn to Proposition 3 ; for the compactness result, we argue by contradiction.
Assume that there exists g > 0 and a sequence (t,)n>1 such that for all A > 0, n # n/,

(00 5) 50 (t05) ) - Ol Gt = (18

’HXL2

Up to considering a subsequence, we can assume that ¢, has a limit in [0, 00] ; by continuity
of the flow, t,, — co. Now consider the profile decomposition of the sequence (U(ty,), Us(tyn)).
Again using Lemma 10, one can prove that all profiles are zero, except for one. Then one can
obtain for this profile a statement similar to (18), and from there, reach a contradiction. Hence
there exists A : Rt — R such that the set

w0 = (v (3 ) 5wt (4 5)) |
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has compact closure in H x L2. It remains to prove that, up to changing the critical element
U, one can further assume A(t) > Ag > 0. Indeed, if it is not the case for U, by compactness,
there exist A\, — 0 and ¢,, — oo such that U(ty, ﬁ), Ut (ty, ﬁ) — (Wo, W) in H x L?. Then
one can prove that the wave map u® with initial data (Wy, W7) satisfies all the properties of
Propositions 2 and 3. ]

Proof of Corollary 1. Notice that if (ug, u1) is such that E(ug,u1) < E(Q) and (ug,u1) ¢ V(0),
then (as ug(0) = 0), |up(oo)| > C*, and from the pointwise inequality (5), |ug(c0)| = C*,
uo(r) = eQ(Ar) for some A > 0 and € € {—1,1}, and u; = 0.

Hence in our case, (ug,u1) € V(9), and the result follows from Theorem 1. O
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