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A new fictitious domain approach inspired by the extended finite
element method

Jaroslav HASLINGER!, Yves RENARD?.

Abstract

The purpose of this paper is to present a new fictitious domain approach inspired by
the extended finite element method introduced by Moés, Dolbow and Belytschko in [18].
An optimal method is obtained thanks to an additional stabilization technique. Some a
priori estimates are established and numerical experiments illustrate different aspects of the
method. The presentation is made on a simple Poisson problem with mixed Neumann and
Dirichlet boundary conditions. The extension to other problems or boundary conditions is
quite straightforward.

Keywords: Xfem, fictitious domain, approximation of elliptic problems, stabilization tech-
nique.

Introduction

The extended finite element method (Xfem) was introduced by Moés, Dolbow and Belytschko in
[18] and developed in many papers such as [5, 16, 19, 23, 28]. The first application of Xfem was
done in structural mechanics when dealing with cracked domains. The specificity of the method
is that it combines a level-set representation of the geometry of the crack (introduced in [25]) with
an enrichment of a finite element space by singular and discontinuous functions. The enrichment
of a finite element space with a singular function has been studied earlier by Strang and Fix
in [26]. The originality of Xfem consists in a particular way of defining the enrichment via the
multiplication by a partition of unity provided by basis functions of a Lagrange finite element
method. Several strategies can be considered in order to extend or improve the original Xfem.
Some of these strategies are presented in [16]. An a priori error estimate of a variant of Xfem for
cracked domains is presented in [5].

In this work we adapt the techniques of Xfem to develop a new method allowing computations
in domains whose boundaries are independent of the mesh. A similar attempt was done in
[17, 27]. Our goal is to develop a fully optimal method. It can be considered as a fictitious
domain type method. Its advantage, compared to existing ones (see for instance [11, 13]), is its
ability to easily treat complex boundary conditions. The elementary matrices however have to be
computed taking into account the geometry of the real boundary (in a nonlinear framework this
disadvantage disappears since the tangent stiffness matrix has to be frequently re-computed).

Therefore, this method can be of interest for computational domains having moving bound-
aries or boundaries with a complex geometry and various conditions on them (Dirichlet, Neumann,
Signorini, ...). In this paper, only Dirichlet and Neumann boundary conditions are considered. An
extension to more complex boundary data is straightforward, at least from the implementation
point of view.
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The outline of this paper is as follows. In Section 1, we introduce the model problem which is
represented by a simple Poisson equation with Neumann and Dirichlet boundary conditions. In
Section 2 we describe the new method for a model problem without any stabilization. Section 3
is devoted to a convergence analysis of this approach. An abstract result is obtained which gives
a convergence rate of order v/h under reasonable regularity assumptions on the solution even
for high order finite elements. The main part of this paper is Section 4 where a new stabilized
method is introduced. Under appropriate assumptions we prove the stability of this formulation
as well as optimal error estimates. In Section 5 we briefly mention details on the computational
implementation. Numerical experiments for a model example with different choices of finite
element spaces are presented in Section 6. The paper is completed with three appendices with
proofs of trace theorems needed in the text.

1 Setting of the problem

We present a new approach for numerical realization of elliptic problems. The theoretical pre-
sentation is made for a two or three-dimensional simply connected bounded domain (2 with a
sufficiently smooth boundary. Let Q C R? (d = 2 or d = 3) be a rectangular or parallelepiped
domain (the fictitious domain) containing € in its interior. We consider that the boundary I' of
2 is split into two parts I'), and I, (see Fig. 1). It is assumed that I', has a nonzero (d — 1)-
dimensional Lebesgue measure.

O

Figure 1: Fictitious and real domains.

Let us consider the following problem in €2:

Find u : Q — R such that
—Au=f in £,
u=0 onl,, (2)
Ophu=g onl,, (3)

—~
—_
~—

where f € L?(Q), g € L*(T,,) are given data and n is the outward unit normal vector to I. The
weak formulation of such a problem is well-known and reads as follows:

Find u € Vy such that (4)
a(u,v) =Il(v) Yv eV,

where
V=H(Q), Vo={veV:v=00nT,},



a(u,v) :/Vu.Vde, l(v):/fde+/ gudl.
Q Q r,

It is also well-known that this problem can be expressed by means of the following mixed formu-
lation:

Findu eV and A € W such that
a(u,v) + N\, v)wx =1l(v) YveV, (5)
<N7U>W,X =0 Vuew,

where X = {w € L?*(T',) : Jv € V such that w = Up b, W = X" and (u,v)w x denotes the
duality pairing between W and X. Let b

Vo#z{veV:/ vdl’ = 0}.
r

D

Then af.,.) is coercive on VO# (a direct consequence of Peetre-Tartar lemma, see [10] for instance),
i.e. there exists a > 0 such that

a(v,v) > alvl} Vo e Vi, (6)

From this, the existence and uniqueness of a solution to Problem (5) follows. In addition, A =
—0Opu on I' ). Problem (5) is also equivalent to the problem of finding a saddle point of the
following Lagrangian on V' x W:

£(0, ) = 3a(o,0) + vy — 1) @

2 The new fictitious domain method

The new fictitious domain approach which will be studied in this paper requires the introduction
of two finite dimensional finite element spaces V" ¢ H'(Q2) and W" C L2(2) on the fictitious
domain Q. As Q can be a rectangular or parallelepiped domain, the ones can be defined on the
same structured mesh 7" (see Fig. 2). Note that in the following, we only use the fact that the
family of meshes is quasi-uniform (in the classical sense of Ciarlet [6, 7]). Next we shall suppose
that .

Vi =" ec(Q): vh‘T e P(T)VT € T", (8)
where P(T) is a finite dimensional space of regular functions such that P(T") 2O Py(T) for some

k > 1, integer. The mesh parameter h stands for h = max h, where h,, is the diameter of T'.
TeT

Figure 2: Ezample of a structured mesh.



Then one can build B -
vh.=vh | and Wh.=w"
o Ir,

which are natural discretizations of V' and W, respectively. An approximation of Problem (5) is

defined as follows:
Find v € VP and \* € W such that

a(u o) +/ MNphdl = 1(v") Vo € VI,
r, 9)
/ phuldl =0 v e wh.
r

D

3 Convergence analysis

Let us define the following space:
Vi = evh: / phohdl =0 vt e Wh}. (10)
I‘D

This space can be viewed to be a (nonconforming) discretization of V. In addition, we shall
suppose that W’ and V" are chosen in such a way that the following two conditions are satisfied
for every h > 0:

h
I, €W, (11)

e wh. / ahdr =0 Yo' e Vi = 7t = 0. (12)

I'p

Lemma 1 The bilinear form a(-,-) is uniformly Voh—ellz'ptz'c, i.e. there exists a > 0 independent
of h such that
a(vh, ") > allol||y Vol e VI

Proof. It follows from the fact that Voh C VO#. O

Proposition 1 Suppose that (11) and (12) are satisfied. Then the solution (u", \*) to Problem
(9) is unique and there exists a constant C' > 0 independent of V* and W" such that (?)

1"y < Clltls-10-

Proof. Since 1’1“ e W", it follows from the last equality in (9) that u e Vo#- The existence
D

and uniqueness of (u", \*) now follows from (12) and Lemma 1. The announced estimate comes
from the fact that a(u”,u") = I(u").
O
We prove now the following abstract result (the extension of Cea’s lemma).

Lemma 2 Let (u, \) and (u", \*) be the solution to Problems (5) and (9), respectively. Suppose
that (11) and (12) are satisfied. Then there exists a constant C' > 0 independent of V* and W

such that
h h
—1
lu—u"ly <C{ inf Jlu—v"|v+ sup lafu, v 21 COINY
UhEVOh Uhevohﬂ)h#o H'U ||V

3In what follows, the symbol C' will be used to denote a generic positive constant which does not depend on h
and which can take different values at different places of its appearance.



Proof. For a given function v" € V' one has:

allu —o"ME < a(ul — ot ul — o)

= a(u—v"ul — o) 41w — o) — alu,u — o).

Thus

h h
a(u,w") — l(w
|u — oy < Cllu— vy + sup (v, )h (w?)
whEVOh,wh;ﬁO ||w ||V

From the triangle inequality |[u — u"||y < |lu — v"|ly + ||u" — v"||; we obtain the result.

hy h
Remark 1 The term sup |au, ") = I(v7)]

- is called a comsistency error.
vh eV wh#£0 ”U ”V

Corollary 1 Under the assumptions of Lemma 2, there exists a constant C > 0 independent of
V' and W such that

Ju—u"||y <O inf |lu—o"y+ inf |IA—p"w]. (13)
vhevoh }L}LEW}L

Proof. Since u is a solution to Problem (5) one has:
a(u, o) =1(") — N\ o"wx Yol e V.
The definition of Voh yields:
a(u, o) —1(") = =\ M wx = (W = oM wx Yot e VI vl e wh,
so that
ja(u, o) =" < inf A =@ lw "y V" € Vi
MhEW}L

This, together with Lemma 2 gives (13).

We establish now the following convergence result.

Proposition 2 Suppose that (11) and (12) are satisfied and, in addition, let the system {V{'},
{Wh}, h — 0+ be dense in Vo and L*(T',), respectively. Then

W > u iV, h— 0+,

where u and u” are the first components of the solution to (5) and (9), respectively.

Proof. From Proposition 1 it follows that
|u"|]y < C Vh > 0.

Thus there exists a subsequence, still denoted by the same symbol and an element w € V' such
that
u" =7 inV, h— 0+, (14)

Since {W"} is dense in L?(I',,), for any p € L?(I',,) there exists a sequence {z"}, " € W such
that
ph = p in L2(T,), h— O+, (15)



Passing to the limit in the last equality in (9), using (14) and (15) we see that

/ padl =0 Yu € L*(T,),
T

D

which is equivalent to w € V. Let v € Vj be given. Then, by the assumption there exists a
sequence {"}, " € V' such that

" =T inV, h— 0+. (16)

Since u” solves (9) we have

From this, (14) and (16) we see that
a(w,v) =1(v) Vv eV,

i.e. u =T solves the original problem. As u is unique, the whole sequence {u"} tends weakly to
w in V. Strong convergence of {u”} to u follows from the fact that

uMl10 — |l

which is easy to verify.
0
In what follows, we shall estimate the first term on the right of (13). To simplify our presen-
tation we shall consider a purely homogeneous Dirichlet problem, i.e. with I'); = I' and such that
its solution u belongs to H'*4/2t<(Q) N HL(Q) for some & > 0 ( c RY). From the embedding
theorem it immediately follows that
u e CHQ). (17)

For § > 0 given, we denote by €25 the subset of 2:
Qs = {z € Q:dist(z,T") > 0}.
Let n, be a sufficiently smooth cut-off function:

_ ) 1in Q\ Qyy,
h = 0 in Qgh.

In Q9 \ Q3p, the function 7y, is defined in such a way that

. c
”V]??h”c(ﬁ) < i j=12. (18)
The solution u can be split and written in the form

u=npu+ (1 —np)u.

Next we show that
Imully < CVh, h— 0+. (19)

Indeed,
Innull§r = HU”%,Q\Q% + ”ﬁhu”iﬂ%\ggh- (20)

From (17) it immediately follows that

ull} o\, < Chy b — 0+

6



To get the estimate of the second term on the right of (20) it is sufficient to estimate the respective

seminorm. It holds:
c / |V17h|2u2d§2—|—/ n? | Vul*dQ
Qop\Q31 Qo \ Q31

< Ch, h— 0+, (21)

IA

2
|nhu|1792h\93h

making use of (18) and the elementary estimate

max |u(z)| < Ch, 22
xeﬂ%\ﬂ%l ()| < (22)

which holds in view of the fact that v = 0 on I'. From (21) and (22) we obtain (19).

Let VO% be a subset of V}, containing functions vanishing in a vicinity of I'. More precisely,
Vi = {o" e VI oh(a) =0 VYa e N,

where N is the set of those nodes of 7" which lie in Q \ Qg /2. Observe that Vil c VR
By II7v we denote the standard P-Lagrange interpolate of v on an element T € 7", T C .
Since P D Py (k > 1) we know that

[ = Hzovllir < Chyllvll2r, (23)
holds for any v € H*(T),T € T" and T C Q.
Proposition 3 Suppose that V" is defined by (8), let (11) and (12) be satisfied and, in addition

inf ||\ — pPlw < CHP,  for some B> 1/2. (24)
HhEW}L

Let the solution u of (4) with T' =T, be such that u € H't¥/?+(Q) N H(Q), € > 0. Then
|u—u"|y < CVh, h— 0+,
Proof. It is sufficient to estimate the first term on the right of (13). It holds:

inf [u—o"ly < inf fu—oy =

inf gpu+ (1= nn)u — o ||y
vheVy vheViy vheVl

00
< Alwully + (1= m)u — 0"y Vo € V.
We construct v" as follows:
vh|T =IIp((1 - nh)u|T ) if T CQ,
otherwise we set v = 0. It is readily seen that v € Vi and from (23) it follows that

(L = m)u ="y < CR|I(1 = mp)ullz,0 < Chllullz0 + Chllnyullz,0- (25)

A direct computation shows that
Imullzn < - 0+, (26)
T Vh
Indeed, the H?(Q2)-seminorm can be estimated by

C
\nw!%n <C (”Vznhug(ﬂ)/ u?dQ —|—/ ’Vnh‘z‘VuPdQ 1 \u’%@) < z
Qon\ 31 Q2n\Q31

7



as follows from (18) and (22). Using (26) in (25) we see that
I(1 = mm)u—v"llv < CVR, h— 0+,
From this and (19) we finally arrive at

inf [lu—2"y < CVh.
vheVvh
O
The convergence rate given by the previous proposition is only of order v/h. The numerical
experiments of Section 6 show that this result, based on the classical formulation is optimal, in
general. The aim of the next section is to propose a stabilization technique to overcome this
limitation.

4 A stabilized formulation

In this section we adapt a stabilization technique presented by Barbosa and Hughes in [2, 3] in
order to recover an optimal rate of convergence. Note that the link between this stabilization
technique and the former Nitsche’s method [20] has been established in [24]. Moreover it has
been recently used to interface problems with nonmatching meshes in [4] and to elastostatic
contact problems in [14]. We present its symmetric version although the nonsymmetric one can
be considered in the same way. This technique is based on the addition of a supplementary term
involving the normal derivative on I' ). In fact, we need a little bit more general definition. Let
us suppose that we have at our disposal an operator

R vt — LA(T,),

which approximates the normal derivative on I',, (i.e. for v € VP converging to a sufficiently
smooth function v, R"(v") tends to d,v in an appropriate sense). Several choices of R" will be
proposed later. We suppose that the following estimate holds for this operator:

K2R M) or, < CIVV oo Yo" € VP, VR > 0. (27)

To obtain the stabilized problem we replace the Lagrangian (7) by the following one

Lp(" pyhy =L p") - % /F (W' + RM(wM)%dr, " e VIt e W,

D

where for the sake of simplicity v := h~y is chosen to be a positive constant over Q (for non-
uniform meshes, an element dependent parameter v = h, 7o is a better choice).
The corresponding discrete problem reads as follows:

Find u" € V" and \' € W" such that

h _.h h, h o h huh hUh :Uh Uh h
a(u,v)+/F Ahdr ’y/r O+ BRI OMAD = 1(0) W eV

D D
/ pluldr — ’y/ (M 4+ RM ™)) phdr = 0wt e wh
r

D FD
As in [2], let us define the form By, : (V" x W")2 — R by

By (u, Ao il = a(uh,vh)+/ )\hvhdf—i-/ ,uhuhdl“—fy/ (A" R (u™)) (" + RM(v™))dT.
r r

T

D D D

8



Then, (28) is equivalent to

{ Find u" € V" and \' € W" such that (29)

By (ul, Mol by =10, (ot ph) e VI x Wi

Moreover, this formulation is consistent in the sense that the solution (u, \) to problem (5) satisfies
Bu(u, N0, ) = 1(0"), ol e VI, vl e W, (30)

provided that A\ € L(T",,) with By, having the same definition as By, but replacing R"(u) by 0,u.
The following hypothesis on the approximation property of W’ will be needed to get an

abstract result. Let P" : LQ(FD) — W be the L%-projection on W". We suppose that there
exists a constant C' > 0 independent of A such that

IP"0 = vllor, < ChY?|vllyor,, Yve HY(T,). (31)
This allows to establish the following “inf-sup” property of Bj.

Lemma 3 Let hypotheses (11), (27) and (31) be satisfied. Then for vo > 0 sufficiently small
there exists a constant C > 0 independent of h such that
By (0", p"; 2" ")

> CI[|(v", "I, (32)
(0,0)#(zh ph)eVh xWh |H(Zh,77h)|||

h _h h - h h
where [[|(=",n")III* := "I + A= 150, + BlIn" 5 r, -

Proof. The proof is an adaptation of the one in [24], Lemma 5. First of all, for (v", u) € VAxW"
arbitrary, 79 > 0 sufficiently small and from (27) one has

Ba( ot ) = [V R+ ohlit IR, — 20kl RN Er,
> OV [3g + Al 3r, ). (33)

Next, from (27) and the Young inequality we get for 7" := h=1 Pho":

By (", " 0,5") = /F a"dl — 5 / (u" + R"(v"))p"dr

D 1—‘D
> PP, — CUVO o + 26" lor, )2 P o,
2 -1
> b Y PG — C—(HVvhll + 12| lor ) — h—HthhH2
= 0T, B 0,92 Hllo,r 9 0T,
h! _
> THthhH%ID —C(|Vo"|[§ o + h||MhH3,FD)- (34)

We now take (2, n") = (v, —p" + 67") in (32) with § > 0. Using (33), (34) and ¢ sufficiently
small one has:

Bh(vh7 /Jh, Zh7 77h) = Bh(vh7 Mh7 Uh7 _Mh) + 5Bh(vh7 /th 07ﬂh)
> O(IVo" 5o+ P 5, +hlu"Er,)- (35)

Since {1} € W" then for the L?-projection of v" on {1} we obtain:

1 1
| Phoh |2 ¢ 2/ (—/ uhdr)%zr:—(/ vdl)?. (36)
nP r, ol Jr, Tpl Jr

D

9



Let 8 > 0 be sufficiently small. Then it holds:

IV 5o+ P G e, = (VO30 + Q=B H[PM [ r + B8RP " — 0" o3
1

> ||V +1—ﬁ.7/ v"dr)? 37

|| HO,Q ( )|FD|d1am(Q)( I"D ) ( )

80 (1" 3., — IIP"0" = o* 3 r )
O™ + Ba~ (" I3 r,, = RlIo™I )2 ,)
> C(IoM +r Mo 5 r,), (38)

v

1
IT", |diam(£2)
norm on V and the trace theorem. Finally, one obtains (32) combining (35) and (38) together
with the fact that [[|(", 7")[|| < C]|(v", u")|I] m

where we used (31), the fact that (||Vo"|]2 4+ (1—5) (Jp v"dD)?)1/2 is an equivalent
’ D

Remark 2 The inf-sup condition straightforwardly ensures the existence and uniqueness of a
solution to the discrete problem (28) for ~y > 0 sufficiently small.

Now, we can prove the following abstract error estimate.

Theorem 1 Let (11), (27) and (31) be satisfied and o > 0 be sufficiently small. If (u, \) is the
solution to Problem (5) such that X\ € L?(T',)) then there exists a constant C' > 0 independent of
h and (u, \) such that the following estimate holds:

. hy _\h . _hy_ . h 1/2( phy, by
M=t A=l et (l =3 = )]+ REN W = Gl )

Proof. From (30) it follows that
Bu(u, X\, 2" gy = By, (ul, N 20 gy v 0ty e VI ik
Thus for any (v", u) € V* x W" one has
By, (v bl zh,nh) By, (u, )\,zh,nh) = Bh(vh —ul - )\h,zh,nh) V(zh,nh) e Vhx wh.
A direct computation leads to

Br(o", w2 ") = Br(u, A 2" ") < C(|l[(u=0" A= ") |||+ B2 R (0") = D ullor )1 (2" 1) -

Further
N(w—u" X=X < (=0 X = ")+ " = u, w = A
B(v" —ul, = M o
< M=t r—l+c  swp M A5z
(0,0)#£(zh nh)eVhxWh ")l
< C(lIl(uw—o" X ="+ r2|R"(0") = Opullor,)
holds for any (v", u") € VI x Wh. O

In the rest of this section we show how to use the abstract result of Theorem 1 to establish
an optimal a priori error estimate for the following standard finite element spaces:

— v ec(): € P (T) VT € T"}, Ky >1, (39)

h
?}|T

10



h—{uh e 12(Q) W', € P (T)VT € T"), k>0, (40)

In order to estimate the boundary terms, we shall need the following classical estimate which is
satisfied for any 7' € 7" and any w € H'(T) provided that I", is smooth enough (see Appendix A
for the proof):

”w”%,FDnT < C(h;IHWHS,T + hTHwH%,T)' (41)

Let k = min(ky, kx + 1) and consider two continuous extension operators:
Tf . Hk—H(Q) N Hk—l—l(ﬁ),
% - HVA(C,) — HYNQ),

where HF=1/2(I',) stands for the space of traces on I', of functions from H*(©2). Due to
Calderén’s extension theorem, it is always possible to build such operators provided that the
domain € has the uniform cone property (see [1] for instance). This allows us to define the
following interpolation operators on VP and Wh:

I (0) = (T3 (v) Yo € HYH(Q),

" () = TV (T () Ve BT ),

where IT"" stands for the standard Lagrange interpolation operator by piecewise polynomial
functions of degree less or equal k defined on the mesh 7". An exception has to be done for k = 1
when the Lagrange interpolation operator will be replaced by Clément’s one for the interpolation
of the multiplier since functions from H'(Q) are not generally continuous (see [8]). Due to the

known approximation properties of these operators on regular families of meshes (see [7] and [8]),
one has for any v € H*1(Q):

Jibrw) — oy < R w) = THO), 5

< CRMITE ()l < CHM0llisno

and for any p € H*=1/2(I",)) taking into account (41):

kh ~k.h
C Y (WY (i) = TR + BITIY" (1) — T ()13 1)
TeTh

< Ch* Y TE(u )||2 5 S Chzk_l”#”%—l/z,rD-

~kh
LY (1) = wllr,

IN

In the same way one can derive the estimate |[IT5"(v) — vllo,r, for v e HF1(Q) and also obtain
the estimate (31) (using Clément’s interpolation operator). Thus an a priori error estimate can
be derived provided that the following approximation property of R" holds:

|R" (I (v)) = Opvllor, < CHF2(vllks10 (42)

Theorem 2 Let V" and W" be defined by (39) and (40), respectively. Let (u,\) be the solution
to Problem (5) such that u € H*1(Q) and X\ € H*"Y2(T ) for k = min{k,, ky + 1}. Assume
that (27) and (42) are satisfied. Then the following estimate holds:

1w =, X = NI < CR¥ [l .0,

where (u, \") is the solution to Problem (28).

11



Remark 3 Note that for kyx > 1 the use of whn C(SNI) instead of Wh does not change the
result. Note also that the definition of the norm |||(u — u, X — A\M)||| involves a standard error
estimate for ||u—u"||y. However, it does not provide an estimate of |\ — )\h||_1/2,pD but the one
of h'/2|I\ — )\h|]07pD. An additional optimal estimate of ||u — uhHO,rD is also available without
supplementary reqularity assumptions. This is due to the use of the Pitkdranta technique [21].
Error estimates with natural norms instead of mesh dependent norms are also possible for the
stabilized problem (see [3]).

4.1 Case R"(v") = 9,v" and an additional condition on the mesh

A natural choice for the operator R" is of course
RMoM) = 90" on T,

which corresponds to the original method of Barbosa and Hughes. In this case, unfortunately,
the stability condition (27) is verified only under an additional regularity assumption on the
intersection of the mesh with Q. We denote by 7' a reference element such that 7' = Ty (T ) for all
T € T", where T, is a regular affine transformation in R?. The assumption on the mesh can be
expressed as follows (see [21] for a similar one):

There exists a radius p > 0 independent of h such that for any 7' € 7", T NQ # ()

the reference element 7' contains a ball B(4,., ) which satisfies B(j,., p) C N T NQ) (43)

Under this assumption, inequality (27) is satisfied for V" defined by (39) (see the proof in Ap-

pendix B). Moreover, the following lemma says that (42) is also satisfied.

Lemma 4 Let V' be defined by (39), R"(v") = 90" on ', and assume that (43) is satisfied.
Then (42) is satisfied as well.

Proof. Recall that k& = min(k,, k) + 1). Using (41) and standard interpolation error estimates
one has for any v € H*1(Q):

IBMIL" (0) = 0nvllfr, < D (VI (0) = Voll§r ar

TeTh
< O Y (VI () = VI 1 + b VI () - VIE@) )
TeTh
< O (WM EEITE@) ) + ROEITE@) s r)?)
TeTh

k—
< on? 1H’0Hz+1,9-

O

We can deduce that if R"(v") = 9,0" on ', the estimate of Theorem 2 holds provided that

(43) is satisfied. This assumption however restricts the use of our fictitious domain approach.

Indeed if, for instance, one wants to approximate an evolving boundary, the intersection of el-

ements with the real domain will be arbitrary. The aim of the next section is to introduce an
operator R" with a reinforced stability enabling us to work with an arbitrary domain.

4.2 Operator R" with a reinforced stability

We give here an example how to construct an operator R" ensuring both the approximation
property (42) as well as the stability property (27) for an arbitrary intersection of the mesh 7"
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with the domain 2. The proposed construction is only local and quite simple to implement.

Let p > 0 be an a priori given small radius (5 << 1). For each element T € 7" such that
TN # 0, we will designate by 7" either the element T itself if there is a ball B({,., p) C 7,71 (T'N%Q)
(a “good” element) or any neighbor element possessing this property if 7" itself does not satisfy
it (T is a “bad” element).

The proposed operator R" will simply be equal to &ﬁéﬁ, o where ﬁ:};, o is either vh|T ifT' =T
or the natural extension of v" o onto T if T" # T. Of course, p > 0 has to be sufficiently small
such that T" always exists, which is not a big constraint.

“good” element
\ T/ =

“bad” element

Figure 3: The choice of T" for an element T having a small intersection with Q. In this case,
it is more stable to evaluate the normal derivative from a natural extension of v from T" on T
because smaller is the thickness of this intersection, poorer approzimation of the normal derivative
on T N O is obtained using v(}.

It is not difficult to see that the stability condition (27) is satisfied with such a choice of the
operator R" (see Appendix C for the sketch of the proof). The following lemma establishes that
(42) is also satisfied so that the estimate of Theorem 2 holds, again.

Lemma 5 Let V" be defined by (39), and R"(v") := &ﬁgﬂ,’T onI',,. Then (42) is satisfied.

Proof. Suppose that T is a “bad” element, 7.e. TN is “thin” and let 7" be a “good” neighbor
element as described above (see also Fig. 3). We prolong 7" and construct the new element Ty as
shown in Fig. 4. The interpolation on T} is defined by the interpolation on T”. More precisely:

loc

let v € HYR?Y) and vy = Ul

By 7 vy we denote the Pp-Lagrange interpolant of v constructed on T (i.e. using degrees of
freedom in 7”) but with the domain of definition being the whole R?. The interpolation of v on
Ty is defined as:

HTdU = HT/UT/|Td .

Classical arguments based on the fact that v — Il7,v vanishes for all polynomials of degree less or
equal k lead to the following approximation property (see [6] for instance):

o= Ta,vlm g, < CHE T oo, (hy, < 2h,.).
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Figure 4: Prolongation of T".

Analogically to Lemma 6 (see Appendix A) it holds:
lollg.rr, < Clhg 10152 + ha, I011E 1)

To get (42) we proceed as in Lemma 4. Only we have to sort all elements into “good” and

“bad” ones and to use either Il or Il7,.
O

5 Some practical details for implementation

The implementation of the proposed method requires to overcome a certain number of difficulties.
First of all, one has to select bases of the spaces V" and W from the ones of Vh and Wh. As far
as V" is concerned, the task is rather easy because it suffices to select the basis functions among
the ones of V" which are not identically equal to zero in € (one can eventually remove those
for which the intersection of their support with € is too small). It is a little more difficult to
find a basis of the space W". Indeed, the traces on T , of basis functions of Wwh may be linearly
dependent, especially if I, is rectilinear. A possible way how to overcome this difficulty is to
eliminate the redundant functions by analyzing the elementary mass matrices whose components

are / i;dl’, where {¢;} are the shape functions of wh.
r, nT

Another difficulty concerns the numerical integration: one needs to build integration formulas
on the intersection of elements with the domain ) as well as on the intersection of elements
with I' ). Our finite element library Getfem++ [22] uses splitting of elements into simplices in a
conformal way with respect to €2 and then it applies a standard integration formula on each sub-
element. If 0f) is curved then some curved sub-elements can be used. One obtains an integration
formula on I' ) by considering the faces of the sub-elements lying on I',.

The natural extension of functions on “bad” elements which is needed to obtain the fully
stabilized method described in Section 4.2 consists in seeking information in a “good” nearby
element. This can be a handicap for certain finite element codes where calculations are done
only elementwise. A possible remedy is to precompute a global discrete extension operator which
gives the solution extended to “bad” elements from the original one. Then, the matrices involving
RM(vp,) are obtained as a composition of classical matrices with this discrete extension operator.

The Xfem method is often associated with the use of some level-sets of functions defined on the
mesh. This is particularly usefull when, for instance, one needs to represent an evolving interface.
In our case such a level-set can be utilized to represent the boundary of 2. The implementation in
Getfem-++ uses this strategy. Generally, this involves an additional approximation of 2. In our
numerical tests presented in the next section, the level-set functions are piecewise second degree
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polynomials. In this case the level-set approach has no influence on the rate of convergence of
the used finite element methods which are of the first and second order.

6 Numerical experiments

/ \\\
Z | N
4 AN
\\ >\ \ F N
N < %
2N | N\
P :
N SN
\ 4 L F
/ // b
J
/

Figure 5: Test domain and a triangular
structured mesh.

Figure 6: Ezact solution.

In this section we present 2D-numerical tests. The fictitious domain is Q = | — 1/2,1/2[2.
The exact solution is u(z) = R? — |z|>(5 + 3sin(70 + %))/2, where R = 0.47 and 0(z) =
arctan(xe/x1). The corresponding right hand sides are f(z) = 10 4+ 3/2(4 — 49)sin(760 + %)

T

1/2
and g(z) = — (2?21(5%' + 3x; sin(760 + %) + 3x3_; cos(70 + 3—7;)/2)2) . The real domain is

Q = {z € R? : u(z) < 0} and the Dirichlet and Neumann boundary conditions are defined on
I,=FNn{zeR®:z5<0land I'y =T N {zeR?: 2y >0}
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Figure 7: Approzimated solution on a rough mesh with the Py/P; method. Only the elements
intersecting ) are depicted. The black curve is the boundary of Q0 and the white curve is the zero
level-set of the approximated solution.

The domain € is represented in Fig. 5 with an example of a triangular structured mesh. The
exact solution is shown in Fig. 6 while a computed solution on a rough mesh is depicted in Fig. 7.

6.1 without stabilization

First, we present numerical tests without any stabilization. We tested several choices of the finite
element spaces XN/h and Wy,

In order to avoid the locking phenomena, the couple of selected finite element spaces should
satisfy as much as possible a discrete mesh independent inf-sup condition since the stabilization
is not used. For instance, it is known that the P;/Py method for the discretization of w, A,
respectively, does not satisfy such a condition as seen from Fig. 9.
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Figure 8: Rates of convergence for some couples of finite element spaces with no stabilization.

The linear system to be solved is of the form

K B"\(U\ (L
(5 %))~ 6) @
where U and A are the degrees of freedom of v/ and \*, respectively, and the components of K, B
and L are

KZJ:/V(,DngOJdQ, BU:/ 1/)2(pjdr, LZ:/f(pldQ—l—/ g(,DZdF,
0 r, 0 r

N

with {¢;}, {1;} being the selected basis functions of Vi, I/TN/h, respectively. In our experiments,
this system is solved using the library Superlu [9] (a direct LU solver for sparse matrices).

The couples of spaces tested are the following: P,/Py, Pi+/Py (a standard continuous Pj
element for u enriched by a cubic bubble function and a standard Py element for the multiplier),
Q1/Qo (standard continuous @1 and discontinuous @)y elements on quadrilaterals), P,/ Py, Py/ Py
and Q2/Q1.

Rates of convergence are presented in Fig. 8. Since the exact solution has a small singularity
at x = 0, the norms of the error have been computed outside of a small disc centered at x = 0.
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One can see that in all experiments the rate of convergence in the H!(2)-norm is better than
the theoretical one given by Proposition 3 except for the P; /Py case which is a little bit slower than
h'/2. The choice P, / Py suffers of course from the non-satisfaction of a mesh-independent inf-sup
condition. It has to be stressed that in all the experiments without stabilization, and particularly
for the P, /Py case, a singular linear system can be obtained. However, in all examples, presented
here, the linear system is non-singular. It is also seen that convergence of the multiplier is not
generally obtained, especially for degree one methods. Fig. 10 illustrates a poor quality of the
multiplier for the P, /Py method. The P5/P; method gives slightly better results (see Fig. 11 still
with some oscillations in parts where the intersection of the element with the domain €2 is very
small).

Figure 9: Approzimated solution with no stabilization for the Py/Py method (h = 0.05). One can
see locking effects on the boundary.
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Figure 10: Multiplier on I',, with no stabilization for the P, /Py method (h = 0.05).

Figure 11: Multiplier on T',, with no stabilization for the Py/P; method (h = 0.05).

The test program can be downloaded on the Getfem++ web site [22]. It allows to test many
other couples of elements and to treat also 3D-problems.

6.2 The stabilized method with R"(v") = 9,0"

The numerical experiments are now done using the standard Barbosa-Hughes stabilization tech-
nique (with v = 0.1). It has been proven in Section 4.1 that this method is optimal whenever
the intersection of elements with the domain 2 is not too small. This is not easy to satisfy in
computations. Of course, one way how to avoid small intersections would be to move a little
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bit some mesh nodes, at least when a structured mesh is not required. We did not test this
possibility.
Unlike (44), the linear system to be solved is now of the form

(5 2)()-()

where the components of K., B, and M, are

(K1 = /Q Vi Vi — 4 /F R R"(p,)dT,  (By)s; = /F bilipy — VR ;)T

(M) = /F ity T,

respectively. Note that K, is invertible provided that « is sufficiently small. The whole matrix
of the system is invertible as well whatever is B,.
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Figure 12: Rates of convergence for some couples of finite element spaces with the Barbosa-Hughes
stabilization.

Rates of convergence are presented in Fig. 12 for the same couples of elements as in the previous

section. The stabilization significantly improves the quality of the P, /P, choice (the stabilization
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with bubble functions is no longer necessary). Fig. 13 shows that also the approximation of
the multiplier is considerably improved. The convergence rate is improved by the stabilization,
but some problems remain with too small intersections of elements with €2 even for degree two
methods (see Fig. 14).

Figure 13: Multiplier on T',, with the Barbosa-Hughes stabilization for the Py/Py method (h =
0.05).

Figure 14: Multiplier on T',, with the Barbosa-Hughes stabilization for the Py/P; method (h =
0.05).
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6.3 The fully stabilized method

We now consider the fully stabilized method described in Section 4.2. An element T is considered
to be “bad” when |T'N Q| is less than one percent of |T|. We see that the multipliers behave in a

more regular way than before.
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Figure 15: Rates of convergence for some couples of finite element spaces with the fully stabilized
method.
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Figure 16: Multiplier on I',, with the fully stabilized method for the Py /Py method (h = 0.05).

Figure 17: Multiplier on T',, with the fully stabilized method for the Py/P; method (h = 0.05).

7 Concluding remarks

In this paper, we combined the Xfem approach together with the Barbosa-Hughes stabilized for-
mulation to get a new fictitious domain method. This method is quite simple to implement since
all the variables (multipliers and primal variables) are defined on a single mesh independent of
the computational domain. Moreover, it potentially allows to treat complex boundary conditions
(such as contact and friction).

The fully stabilized method introduced in Section 4.2 leads to a robust method in the sense
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that it converges whatever is the intersection of the domain with the mesh. This is not the case
if the Barbosa-Hughes stabilization technique is used alone. Note that in [21] a similar approach
is presented. However, the error estimate is given under the assumption (43) and the definition
of multipliers requires the construction of a quasi-uniform family of meshes on the boundary.
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Appendix A

In this appendix we prove the trace inequality (41). For a proof in a more classical framework
see for instance [12]. The proof is done by scaling with respect to a reference element T.

We recall that for all T € 7" one has T = T (T), where 7, is an affine and invertible mapping
in R?. We make the following hypotheses:

a) there exists a constant Cy > 0 independent of h and T € T" such that [I', NT| < C1hd7,

b) there exists a constant Cy > 0 independent of h and T' € T" such that | V7,||ccr < Cohy
and HVTTT1||007T < Coh '

These two hypotheses are obviously satisfied for regular families of meshes provided that I', is

piecewise C'.

Lemma 6 Let a) and b) be satisfied. Then there exists a constant C > 0 independent of h and
T € T" such that

llgr, nr < OB NG 2 + hellolig), Vo€ HY(T).

Proof. Since C*°(T) is dense in HY(T) one can confine to functions v € C*(T'). Denoting
I', =74, NT) and i a unit normal vector to I',,, one has:

/ v%lr:/ 0?|det(VT,)| ||VTT—1ﬁ||df§0th—1/ o2dr,
r,nT r

D D

where 0 = v o 7,,. Using now the continuity of the trace operator one has
/ 0%dl < C|0))? ;. Vo € C>(T),
r, ’

where the constant C3 > 0 does not depend on the position of I , inside of T. This can be easily
deduced from the hypotheses on the regularity of I' ) and usual arguments (see [1]). Further

IN

oo < CHET [ 6+ (Vo)

IN

Ch;l/T(f)z—i— |Vo[?)|det(VT,.)|di

< Ch;l/vzdaz+0hT/ |Vo|2dz,
T T

using that [V 5 < Chy[[Vv]leo,r. -
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Appendix B

We prove the discrete trace inequality (27) when R"(v") = 9,v" provided that (43) is satisfied
under the same hypotheses on the family of meshes and on I', as in Appendix A. First we prove
the following auxiliary result.

Lemma 7 Let v" be defined on T € T" by v"(z) := 0(r  (x)) with © € Py(R?) and suppose that
(43) is satisfied. Then there exists a constant C' > 0 independent of h, T and © such that

/ (v")?dl’ < Ch* / (v")?dz.
r,nT onT

Proof. Because of the equivalence of norms on P (]Rd), one has

~112 ~ 2
HUHOOj < HUHOO B(§,,2) Hvot(—g}T)Hqu(op)

Ol ot ll oy = COWlla, 0 <€ [, oo
oy

IN

where =g, is the translation defined by t(—??T)(‘/E) = x — 9. Thus, still with notations of
Appendix A:

/pnT(”h)2dF _ / 0?/det(Vr,)| [V Al < ChE o2, 4IE,

I'p

hd 1
;d /1 @2\det(vTT)\daz~=Ch;1/ (v")?dz.
7 (TNQ) TN

T

IN

O

Now, summing up the previous estimate over elements of 7" one obtains the following result.

Lemma 8 Let v be defined on Q by vh(:n)’T =0, (1 (2)), 0, € P.(RY), T € T" and suppose

T

that (43) is satisfied. Then the following estimate holds with a constant C' > 0 independent of h
and v
h/ (h)2dD < C’/(vh 2
r, Q

The discrete trace inequality (27) can be now easily deduced since H(‘)nvhHo,pD < ”V?)hHQ,FD
and for a quasi-uniform family of meshes the previous lemma can be applied to Vo" component-
wise.

Appendix C

We now adapt the proof of Appendix B to the operator R"(v") defined in Section 4.2. The
difference comes from those elements 7' € 7" having a too small intersection with Q (“bad”
elements) and for which a neighbor element 7" has been selected to make a natural extension of
functions. For such an element, the proof of Appendix B has to be modified because we evaluate
the polynomial on a larger zone than T' = 771 (T") namely on Tror = 7 (T U (T N Q). With
the quasi-uniform assumption for the meshes, it is readily seen that this zone is included in
= {z e R?: dist(,T) < prt for some p, > 0 independent of h, T" and 7’. Lemma 7 can be
easﬂy adapted remarking that there exists a constant C' > 0 independent of h such that
< o]l 7 Vo € Pe(RY),

o0,
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using again that all norms are equivalent in P (]Rd). From this the estimate

/F ﬁT(vh)2df < Ch;l/ (v")2dz,
D

QN1

where v"(z) := @(TT_ll(x)), z € R? follows. Thus (27) can be established remarking that the
element 7" can be selected as a neighbor element only a finite number times independently of h
still due to the quasi-uniform property of the meshes.
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