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A note on small size augmented pair designs

H{shulphqwdo ghvljqv iru wwlqj uhvsrqvh vxuidfhv zlwk txdqwlwdwlyh idfwruv duh zhoo nqrzq/ pdq| errnv dqg duwlfohv wuhdw wklv txhvwlrq +vhh/ iru h{dpsoh/ Er{ dqg Gudshu ^6`ru Nkxul dqg Fruqhoo ^:`,1 D sureohp ri sulph lpsruwdqfh lq uhvsrqvh vxuidfh phwkrgrorj| lv wr rewdlq vpdoo vl}h ghvljqv/ wkdw lv ghvljqv zlwk d qxpehu ri h{shulphqwv forvh wr wkh qxpehu ri xqnqrzq sdudphwhuv lq wkh prgho1 Dsduw iurp lwv wkhruhwlfdo lqwhuhvw wklv sureohp lv ri fuxfldo lpsruwdqfh lq hyhu| vlwxdwlrq lq zklfk h{shulphqwv duh h{shqvlyh/ gl!fxow ru wlph0frqvxplqj1 Rxu sxusrvh lq wklv sdshu lv wr lqyhvwljdwh d jhqhudo lwhudwlyh phwkrg iru frqvwuxfwlqj vdwxudwhg vhfrqg rughu ghvljqv lq wkh fodvv ri dxjphqwhg sdlu ghvljqv lqwurgxfhg e| Pruulv ^<`1 Wkhvh vdwxudwhg ghvljqv fdq eh odwhu dxjphqwhg e| dgglqj fhqwhu uhsolfdwlrqv lq rughu wr pdnh dq dqdo|vlv ri yduldqfh ru xvhg/ ehfdxvh ri wkh vpdoo qxpehu ri uxqv/ dv eorfnv1 Wkh frqvwuxfwlrq ri dq dxjphqwhg sdlu ghvljq ehjlqv/ lq d uvw vwhs/ e| wkh fkrlfh ri dq lqlwldo ghvljq1 Lq wklv sdshu wkh lqlwldo ghvljq lv dozd|v d uvw rughu vdwxudwhg ghvljq1 Wkhq zh kdyh wr dgg rqh qhz ghvljq uxq/ fdoohg { E> v> w > iru hdfk sdlu ri uxqv E{ v > { w > v ? w/ ri wkh lqlwldo ghvljq e| vhwwlqj = { E> v> w ' E{ v n { w = Lq rwkhu zrugv zh frqvlghu wkh vxp ri doo wkh sdluv ri uxqv zlwk d pxowlsolfdwlyh frh!flhqw 1 Wklv phwkrg lqfoxglqj rqo| wkh sdlu ri uxqv lv d sduwlfxodu fdvh ri wkh jhqhudo phwkrg sursrvhg uvw e| Er{ dqg Ehkqnhq ^5`iru vlpsoh{0vxp ghvljqv1 Rxu sureohp zlwk vxfk d frqvwuxfwlrq lv wr fkrrvh dq %rswlpdo% ydoxh iru wkh frh!flhqw 1 Wkh lghd ri Vshqgoh| hw do1 ^45`lv wr dgg wr wkh lqlwldo vlpsoh{ doo wkh plgsrlqwv ri lwv hgjhv +vr ' @2,1 Pruh uhfhqwo|/ Pruulv ^<r u Idqj dqg Pxnhumhh ^8`kdyh suryhg wkdw wdnlqj ' @2 ohdg xv wr pruh h!flhqw ghvljqv1 Rxu remhfwlyh lq wklv sdshu lv rq rqh kdqg wr surylgh d jhqhudo xqghuvwdqglqj ri wklv fodvv zkhq wkh lqlwldo ghvljq lv d vlpsoh{ dqg/ rq wkh rwkhu kdqg/ wr qg vrph qhz lqwhuhvwlqj ydoxhv iru wklv pxowlsolfdwlyh frh!flhqw1 

E{ > = = = > { p ri wkh h{shulphqwdo grpdlq H LU p lv dssolhg wr wkh h{shulphqwdo xqlw x = \ x>{ ' f n p [ l' l { l n p [ l' ll { 2 l n [ [ l?m lm { l { m n % x>{ = Vxfk d
G ' w G m 2 w G 2 =
Qrwh wkdw G kdv q ' Ep n urzv dqg G 2 kdv q 2 ' pn 2 urzv1 Vr/ wkh wrwdo ri h{shulphqwdo xqlwv iru vxfk dq DVG lv q ' q n q 2 ' s> lw lv wkhq d vdwxudwhg vhfrqg rughu ghvljq1 Pruh jhqhudoo| zh fdoo DVG lq wkh iroorzlqj hyhu| ghvljq ri wklv irup zlwk wkh dgglwlrq ri q f 5 Q fhqwudo uhsolfdwlrqv1 Zh vxssrvh qrz wkdw ' dqg zh ghqrwh e| +lq sodfh ri 2 A f, wkh udglxv pxowlsolhu1 Wklv k|srwkhvlv lv qrw uhvwulfwlyh ehfdxvh zh duh rqo| lqwhuhvwhg lq wkh iroorzlqj e| wkh udwlr ehwzhhq dqg 2 = Wkh ydoxh ri lv mxvw d vfdoh sdudphwhu dqg lw lv fodvvlfdo wr jlyh lw wkh ydoxh lq rughu wr sxw wkh ghvljq srlqwv ri wkh vlpsoh{ rq wkh vskhuh ri udglxv s p +vhh vhfwlrq =,1 Zh dovr ghqrwh e| { v dqg { w wkh frruglqdwhv ri wzr glhuhqw srlqwv ri wkh lqlwldo vlpsoh{ ghvljq +l1h1 wzr glhuhqw urzv ri G ,1 Wkh dxjphqwhg sduw ri wkh ghvljq +l1h1 wkh urzv ri G 2 , lv wkhq frqvwlwxwhg e| wkh iroorzlqj srlqwv { vw vxfk wkdw = 

; { v > { w zlwk { v 9 ' { w / { vw ' { v n {
n{ v n 2 ' n{ w n 2 ' p dqg E{ v m { w ' = +5,
Iru wkh dxjphqwhg sduw/ uhodwlrq E2 lpsolhv wkdw= Qrwh wkdw wkhvh uhvxowv duh wuxh zlwk ru zlwkrxw fhqwudo srlqwv dgghg wr wkh lqlwldo vlpsoh{ ghvljq +wkdw lv zlwk q f A f ru q f ' f,1 Eorfn 4 = lqlwldo sduw ri wkh DVG dqg q f fhqwudo srlqwv/ Eorfn 5 = dxjphqwhg sduw ri wkh DVG dqg q f2 fhqwudo srlqwv1

n{ vw n 2 ' n{ v n { w n 2 ' n{ v n 2 n n{ w n 2 n 2 E{ v m { w ' 2 Ep = +6,
G ' w G m 2 w G 2 m === m n w G n zkhuh n p dqg G v + v n,
g 2 ' n{ v { w n 2 ' n{ v n 2 n n{ w n 2 2 E{ v m { w ' 2 Ep n = g 2 2 ' n{ vw { x n 2 ' n{ v n { w { x n 2 ' 2 2 Ep n e n p> g 2 ' n{ vw { v n 2 ' n{ v n { w { v n 2 ' 2 2 Ep n 2 E p n p= g 2 e ' n{ vw { vx n 2 ' 2 n{ w { x n 2 ' 2 2 Ep n > g 2 D ' n{ vw { xy n 2 ' 2 n{ v n { w { x { y n 2 '
= \ x>o>{ ' o n p [ l' l { l n p [ l' ll { 2 l n [ [ l?m lm { l { m n % x>o>{ =
Qrwh wkdw wkh wzr eorfn*v vl}hv duh uhvshfwlyho| n ' p n n q f dqg n 2 ' p Ep n @2 n q f2 = Vxfk d ghvljq lv wkhq vdwxudwhg iru wkh eorfn hhfwv prgho li dqg rqo| li q f n q f2 ' = Zh dozd|v dvvxph lq wkh iroorzlqj wkdw q f n q f2 = Lq rughu wr rewdlq dq ruwkrjrqdoo| eorfnhg frqjxudwlrq zh kdyh wkhq wkh iroorzlqj uhvxow +vhh dsshqgl{ F iru wkh surri, =

Wkhruhp 61 Frqvlghu d eorfnhg DVG lq wzr eorfnv jlyhq e| wkh lqlwldo sduw ri wkh ghvljq +zlwk q f fhqwudo srlqwv, dqg wkh dxjphqwhg sduw ri wkh ghvljq +zlwk q f2 fhqwudo srlqwv, 

[[ ' q w L q Z w Z L q w Z Z ' q w Z L q q M q Z = Li zh frqvlghu d eorfnhg ghvljq wkh prgho pdwul{ lv qrz [ W ' dE m Z o vr= w [ W [ W ' w EE w EZ w Z E w Z Z zlwk w EE ' gldj En > ===> n e =
Wkhq xvlqj dqrwkhu wlph Vfkxu frpsohphqwv zh rewdlq=

w [ W [ W ' e \ l' n l w Z Z w Z E w EE 3 w EZ =
Iurp wkh dvvxpswlrq ri ruwkrjrqdo eorfnlqj zh kdyh w Z EL q @qM q E ' f vr=

w Z E w EE 3 w EZ ' q 2 w Z L q w L q E w EE 3 w EL q w L q Z= Exw w L q E E w EE 3 w EL q ' S e l' n l ' q dqg wkhq= w [ W [ W ' e \ l' n l w Z L q q M q Z =
Lq frqfoxvlrq zkhq dq ruwkrjrqdoo| eorfnhg ghvljq lv xvhg zh kdyh= 3 w E @qM q ' E Ww E W zlwk E W ' EL q @qM q E wkh fhqwhuhg irup ri E dqg ' q@ E2n Eq n A f=

q w [ W [ W ' # e \ l' n l $ w [[ = Qxphulfdo ydoxhv
Wkhq/ ghqrwlqj ? wkh Orhzqhu rughulqj= Wklv uhvxow fdq wkhq eh gluhfwo| dssolhg iru eorfnhg DVG rewdlqhg e| wkh vhfrqg phwkrg ri vhfwlrq D=2= Vxfk ghvljqv duh dozd|v uhjxodu +ehfdxvh zh dvvxph wkdw q f n q f2 , vr dq rswlpdo eorfnhg frqjxudwlrq pxvw eh ruwkrjrqdoo| eorfnhg iru wkh ydoxh O 4@ ri wkh udglxv pxowlsolhu1 Iurp wkhruhp dssolhg zlwk ' O 4@ +vr 2 ' p@2 Ep , zh rewdlq wkh iroorzlqj ohppd= Ohppd 91 Frqvlghu d eorfnhg DVG lq wzr eorfnv jlyhq e| wkh lqlwldo sduw ri wkh ghvljq +zlwk q f fhqwudo srlqwv, dqg wkh dxjphqwhg sduw ri wkh ghvljq +zlwk q f2 fhqwudo srlqwv,1 D G0rswlpdo frqjxudwlrq lv rewdlqhg wdnlqj pq f ' 2q f2 dqg d udglxv pxowlsolhu vxfk wkdw=

w Z E w EE 3 w E @qM q Z ' w Z E W w E W Z ? f= Vr/ lq frqfoxvlrq= w Z L q E E w EE 3 w E Z 7 w Z EL q @qM q Z , q m w [ W [ W m # e \ l'
rsw ' O 4@ li p ' 2/ rsw ' O 4@ li p ' / rsw ' O 4? li p A =
Vpdoo vl}h uhjxodu eorfnhg DVG duh wkhq olvwhg lq Wdeoh 2= Wkh ydoxhv ri q f > q f2 dqg rsw yhuli|lqj ohppd S duh frpsxwhg dqg wkh wrwdo qxpehu ri h{shulphqwv q lv jlyhq frqfxuuhqwo| wr wkh qxpehu ri xqnqrzq sdudphwhuv s W = p q f q f2 rsw ? s W 

=

Zh dovr frqvlghu lq wkh iroorzlqj wkh dgglwlrq ri q f ' fhqwudo h{shulphqwv +vr wkh wrwdo ri wuldov lv qrz q ' H,1 Wdeoh frpsxwhv wkhq doo wkh glvshuvlrqv ri wkh hvwlpdwruv +zlwk ehvw uhvxowv eroidfhg, dqg wkh +uhodwlyh, G0h!flhqflhv iru vxfk ghvljqv zlwk uhvshfw wr wkh fodvvlfdo ydoxh ' @2 +l1h1 wkh udwlrv g @g f=D ,1 Zh qg dqrwkhu wlph wkdw wkh fkrlfh ' f=D lv joredoo| ehwwhu wkdq ' nf=D exw wkh ehvw fkrlfh lq whupv ri G0h!flhqf| lv jlyhq e| ' O 4? ' f=HS +l1h1 e| wkh ghvljq ri pdwul{ G,1 

Ydoxh ri V@h f V@h l V@h ll V@
> > f,1 Ydoxh ri V@h f V@h l V@h ll V@h lm G0h1 IPG f=Dff
2 = = = n p ' 2 2 = = = n F n 2 2 = = = n F 2 zlwk 2 2 = = = n F wkh joredo prphqw ri rughu ' n===n p dqg 2 2 = = = n F v wkh prphqw ri ghvljq G v +v ' > 2, pxowlsolhg e| q v @q zlwk q v wkh vl}h ri G v 1

Dsshqgl{ E

Rxu uvw sxusrvh lv wr qg khuh wkh jhqhudo irup ri wkh prphqw pdwul{ ri hyhu| DVG1 Wkh prgho pdwul{ ri dq DVG zlwk q f f fhqwudo uhsolfdwlrqv lv= 

[ ' 5 7 L q G G T G L L q 2 G 2 2 G T 2 2 G L 2 L q f f f f 6 8 zlwk G T wkh
q w L q G n w L q2 G 2 w L q G T n 2w L q2 G T 2 w L q G L n 2w L q2 G L 2 w G G n 2w G 2 G 2 w G G T n w G 2 G T 2 w G G L n w G 2 G L 2 w G T G T n ew G T 2 G T 2 w G T G L n ew G T 2 G L 2 w G L G L n ew G L 2 G L
[[ ' D E E E w E E F E zlwk = D E ' q f f k E L p / E E ' k E w L p f k 2 E w G G T k 2 E w G G L / F E ' % k E w G T G T n k e E E2L p n M p k E w G T G L k E w G L G T k E w G L G L n k e E
k 2 E q M p n k 2 2 E k E w G T G w G G T k 2 2 E k E w G T G w G G L k 2 2 E k E w G L G w G G T k 2 2 E k E w G L G w G G L 6 : : 8 = Zh kdyh wkhq= E w ED 3 E E w ED 3 E 3 ' { E w G T G w G G T w G T G w G G L w G L G w G G T w G L G w G G L ' { E w h [ h [ ghqrwlqj h [ ' w G G T w G G L dqg= { E ' k 2 2 E k 2 2 E k E ' e

Dsshqgl{ F

Lq rughu wr rewdlq ruwkrjrqdo eorfnlqj DVG zh kdyh wr frpsxwh wkh pdwul{ w Z EL q @qM q E= Qrwh wkdw wkh vwuxfwxuh ri wkh wzr eorfnv lpsolhv wkdw +xvlqj wkh qrwdwlrqv ri dsshqgl{ E, = 

E ' L n f f L n 2 dqg Z ' Z Z 2 ' G G T G L G 2 2 G T 2 2 G L 2 = Wkhq = L q q M q E ' E q L q w L q E ' q n 2 L n n 2 L n n L n 2 n L n 2 = Zh kdyh

  hw ghv Sd|v gh o*Dgrxu/ Oderudwrluh gh Pdwkìpdwltxhv Dssoltxìhv/ dyhqxh gh o*Xqlyhuvlwì 0 97333 Sdx 0 Iudqfh1 ,ALMK@BM Wklv sdshu lv ghyrwhg wr vpdoo vl}h h{shulphqwdo ghvljqv iru uhvsrqvh vxuidfhv1 Rxu sxusrvh lv wr lqyhvwljdwh wkh fodvv ri dxjphqwhg sdlu ghvljqv rewdlqhg iurp dq lqlwldo vdwxudwhg vlpsoh{ ghvljq zlwk rqo| wzr ru wkuhh ohyhov1 Wkhq zh duh orrnlqj lq wklv qhz fodvv iru G0rswlpdo surshuwlhv dqg eorfnlqj vwuxfwxuhv1 Nh|zrugv= vlpsoh{ ghvljqv/ dxjphqwhg sdlu ghvljqv/ vdwxudwhg ghvljqv/ prphqw pdwul{/ h!flhqf|1 4 Lqwurgxfwlrq

  SRLQWV, ILJXUH Pd{lplq fulwhulrq Pp iru 2> > e dqg H idfwruv1 : Qrwh dovr wkdw wklv fulwhulrq lv xqdeoh wr pdnh d fkrlfh ehwzhhq wkh fodvvlfdo udglxv pxowlsolhu ' @2 dqg wkh udglxv pxowlsolhu ri Pruulv ' @2 ehfdxvh zh dozd|v kdyh Pp E@2 ' Pp E@21 715 G0h!flhqf| fulwhulrq Lq rughu wr hydoxdwh dq h!flhqf| dgdswhg wr wkh fkrvhq sro|qrpldo prgho ri rughu wzr rxu sxusrvh lv qrz wr frqvlghu wkh fodvvlfdo fulwhulrq ri G0h!flhqf| +vhh iru h{dpsoh wkh errn ri Sxnhovkhlp ^44`,1 Iru dq DVG rewdlqhg zlwk dq lqlwldo vlpsoh{ ghvljq ri pdwul{ G dqg d udglxv pxowlsolhu htxdo wr wklv fulwhulrq lv jlyhq e| +ghqrwlqj [ wkh prgho pdwul{ ri wkh DVG dqg m=m wkh ghwhuplqdqw,= g ' g EG ' mPm I zlwk P ' E@q w [[= Wkh jrdo lv wr pd{lpl}h wklv fulwhulrq lq rughu wr rewdlq h!flhqw ghvljqv1 Li zh duh lqwhuhvwhg e| wkh h!flhqf| ri dq DVG zlwk uhvshfw wr dqrwkhu DVG rewdlqhg zlwk wkh vdph lqlwldo vlpsoh{ ghvljq dqg d sduwlfxodu ydoxh W ri wkh udglxv pxowlsolhu zh kdyh wkhq wr frpsxwh wkh udwlr g d @g 9 1 Wkh iroorzlqj wkhruhp frqfhuqv wkh fkrlfh ri iru wkh udglxv pxowlsolhu +vhh wkh surri lq dsshqgl{ E,= Wkhruhp 51 Frqvlghu wkh wzr DVG iru p idfwruv rewdlqhg zlwk wkh vdph lqlwldo vlpsoh{ ghvljq dqg wkh fkrlfh ru iru wkh udglxv pxowlsolhu1 Zh kdyh wkhq wkh iroorzlqj uhvxowv iru hyhu| srvlwlyh udglxv pxowlsolhu = 4, li p ' 2 wkhq g g 3 > 5, li p ' wkhq g ' g 3 > 6, li p A wkhq g g 3 = Lq rwkhu zrugv wkh fkrlfh ri d srvlwlyh udglxv pxowlsolhu zrxog eh ehwwhu zkhq wzr idfwruv duh dqdo|}hg1 Lq doo wkh rwkhu fdvhv wkh fkrlfh ri wkh qhjdwlyh udglxv pxowlsolhu lv pruh mxglflrxv wkdq wkh fkrlfh ri 1 Wklv uhvxow lv wkhq d jhqhudol}dwlrq ri Pruulv rqh*v rqo| hvwdeolvkhg iru wkh ydoxh @2= Qrz zh duh lqwhuhvwhg e| wkh ghwhuplqdwlrq ri rswlpdo ydoxhv iru wkh udglxv pxowlsolhu 1 Wkh sureohp ri wkh pd{lpl}dwlrq ri g lv yhu| frpsoh{ lq rxu fdvh gxh wr wkh qrqwulyldo irup ri wkh pdwul{ w [[ +vhh dsshqgl{ E,1 Vr qxphulfdo frpsxwdwlrqv kdyh ehhq pdgh dqg vrph judsklfdo uhsuhvhqwdwlrqv duh jlyhq ehorz1 Qrwh wkdw lq wklv vhfwlrq wdeohv dqg jxuhv dozd|v frpsxwh G0h!flhqflhv zlwk uhvshfw wr wkh fodvvlfdo ydoxh ' @2 iru wkh udglxv pxowlsolhu +l1h1 g d @g f=D ,1 Wkh qxphulfdo uhvxowv ohdg wr wkh wzr iroorzlqj glhuhqw vlwxdwlrqv1 4, Zkhq qr fhqwudo h{shulphqw lv xvhg +vhh wkh wkuhh h{dpsohv lq jxuh 2, wkh rswlpdo fkrlfh iru wkh udglxv pxowlsolhu lv qrw O 4? ru O 4@ 1 Wklv lv ehfdxvh zkhq ' s p@2 Ep doo wkh h{shulphqwdo xqlwv ri wkh DVG olh rq wkh vskhuh VE s p vr wkh pdwul{ [ lv qrw ri ixoo udqn iru d sro|qrpldo prgho ri rughu wzr dqg wkhq wkh h!flhqf| lv }hur1 ; 5 IDFWRUV +QR FHQWUDO SRLQW, 6 IDFWRUV +QR FHQWUDO SRLQW, 7 IDFWRUV +QR FHQWUDO SRLQW, ILJXUH 2 G0h!flhqf| iru vrph vdwxudwhg DVG1 Zh vxppdul}h lq wdeoh wkh rswlpdo ydoxhv ri wkh udglxv pxowlsolhu dqg wkh fruuh0 vsrqglqj h!flhqflhv= Zh qrwh wkdw wkh sursrvhg ydoxhv ohdg xv wr prvw h!flhqf| ghvljqv wkdq wkh fodvvlfdo fkrlfh ' f=D +ru dovr ' f=D, hvshfldoo| iru d juhdw qxpehu ri idfwruv1 p rsw1 G0h!flhqf| p rsw1 G0h!flhqf| 2 dqg G0h!flhqflhv iru vdwxudwhg DVG1 5, Zkhq dw odvw rqh fhqwudo h{shulphqw lv xvhg +vhh wkh wkuhh h{dpsohv lq jxuh , wkhq wkh prgho pdwul{ [ lv dozd|v ri ixoo udqn dqg zh qg wkdw rswlpdo frqjxudwlrqv duh rewdlqhg +olnh iru wkh pd{lplq fulwhulrq, zkhq = rsw ' O 4@ li p ' 2 / rsw ' O 4@ li p ' dqg rsw ' O 4? li p A = < 5 IDFWRUV +4 FHQWUDO SRLQW, 6 IDFWRUV +5 FHQWUDO SRLQWV, 8 IDFWRUV +6 FHQWUDO SRLQWV, ILJXUH G0h!flhqf| iru vrph xqvdwxudwhg DVG1 8 Eorfnlqj vwuxfwxuhv iru DVG 814 Il{hg eorfn hhfwv prgho Ohw xv vxssrvh qrz wkdw zh kdyh e eorfnv ri vl}hv n > ===> n e dvvrfldwhg wr wkh eorfn hhfwv > ===> e = Wkhq zh frqvlghu wkh iroorzlqj olqhdu prgho ghqrwlqj \ x>o>{ wkh revhuyhg ydoxh ri wkh uhvsrqvh zkhq wkh wuhdwphqw { ' w E{ > = = = > { p dvvrfldwhg wr wkh o0eorfn + o e, lv dssolhg wr wkh h{shulphqwdo xqlw x

  Wklv uhvxow doorz xv wr frqvlghu dqrwkhu wlph wkh qrq0eorfnhg fdvh dqg wr vwdwh wkh iroorzlqj sursrvlwlrq= Sursrvlwlrq 81 Frqvlghu d eorfnhg DVG lq wzr eorfnv wkdw fdq eh ru0 wkrjrqdoo| eorfnhg iru rqo| rqh ydoxh z ri wkh udglxv pxowlsolhu1 Qrwh rsw d udglxv pxowlsolhu vxfk wkdw wkh qrq0eorfnhg ghvljq lv G0rswlpdo1 Wkhq d G0rswlpdo frqjxudwlrq lv rewdlqhg iru wkh eorfnhg ghvljq li zh sxw z dqg wkh udglxv pxowlsolhu vxfk wkdw= z ' rsw dqg ' rsw =

  WDEOH e Frpsdulvrq ehwzhhq DVG dqg Idqj dqg Pxnhumhh ghvljq1 Wkhq zh fdq pdnh wkh iroorzlqj frqfoxvlrqv frqfhuqlqj uvw wkh dgydqwdjhv ri wkh IPG= 4, Li zh xvh d udglxv pxowlsolhu vxfk wkdw 5 df=D> f=Do wkhq wkh IPG zlwk ' f=D lv wkh ehvw fkrlfh +olnh Idqj dqg Pxnhumhh ^8`kdyh suryhg, dqg lw lv dovr ehwwhu wkdq wkh DVG zlwk wkh vdph ydoxh ri 1 5, Iru wkh udglxv pxowlsolhu ' f=D wkh IPG kdv rqo| wkuhh ohyhov iru hdfk idfwruv +lqvwhdg ri . iru wkh DVG,1 Qrz wkh pdlq dgydqwdjhv ri wkh DVG duh jlyhq ehorz= 4, Li zh xvh wkh udglxv pxowlsolhu ' f=HS wkhq zh rewdlq d pruh G0h!flhqw ghvljq wkdq hyhu| IPG1 5, Wkh DVG lv frqvwlwxwhg e| rqo| q ' D wuldov +li qr fhqwudo srlqw lv dgghg, dqg qrw q ' S wuldov olnh iru wkh IPG1 6, Li zh xvh q ' S wuldov wkhq wkh DVG fdq eh hdvlo| ruwkrjrqdoo| eorfnhg dqg fhqwudo uhsolfdwlrqv lpsuryh wkh dqdo|vlv ri yduldqfh1 : Frqfoxvlrq Zh kdyh vhhq lq wklv sdshu wkdw dxjphqwhg vlpsoh{ ghvljqv duh yhu| xvhixo ghvljqv lq rughu wr rewdlq vdwxudwhg ru vpdoo0vl}h frqjxudwlrqv1 Exw wkh pdlq sureohp ri vxfk ghvljqv lv wkh fkrlfh ri wkh udglxv pxowlsolhu/ hvshfldoo| zkhq wkhuh lv qr fhqwudo uhsolfdwlrqv1 Rqh lpsruwdqw frqfoxvlrq iru d sudfwlfdo xvh lv wkdw wkh fodvvlfdo ydoxh @2 iru wkh udglxv pxowlsolhu lv qrw d jrrg fkrlfh ehfdxvh qhjd0 wlyh zhoo0fkrvhq ydoxhv duh ehwwhu +iru idfwruv ru pruh1 Wkh rwkhu lpsruwdqw frqfoxvlrq frqfhuqv eorfnlqj vwuxfwxuh iru vxfk ghvljq1 Zh kdyh suryhg wkdw wkh k|srwkhvlv ri ruwkrjrqdoo| eorfnlqj lv qrw gl!fxow wr rewdlq dqg wkh h!flhqf| ri wkhvh ghvljqv lv wkhq vlplodu wr wkh h!flhqf| ri wkh qrq0eorfnhg fdvh1 Dfnqrzohgjphqw Wkh dxwkru zlvkhv wr wkdqn Surihvvru Gdh0Khxqj Mdqj iru klv khosixo frpphqwv1 Dsshqgl{ D Zh zdqw wr hydoxdwh doo wkh prphqwv xs wr rughu 2 iru dq DVG= Dffruglqj wr wkh qrwdwlrqv ri Er{ dqg Ehkqnhq ^5`/ zh kdyh= 2

  Ep k E =Vr wklv odvw uhvxow lpsolhv wkh iroorzlqj uhodwlrqv iru wkh Orhzqhu rughulqj +;f dqg ; p ,= E w ED 3 E E w ED 3 E 3 ? f , EF w ED 3 E 7 EF w ED 3 E 3 , m w [[m m w [[m 3 =Wkh uhvxow lv wkhq zhoo suryhg +wkh fdvh iru p ? lv vlplodu, 4;

  Rxu sdshu lv rujdql}hg dv iroorz1 Wkh ehjlqqlqj lv ghyrwhg wr uhfdoov/ qrwdwlrqv dqg jhqhudo uhvxowv derxw vlpsoh{ ghvljqv dqg DVG1 Vhfwlrq ghdov zlwk jhqhudo surshuwlhv ri vpdoo vl}h vlpsoh{0vxp ghvljqv1 Wkh sureohp ri rswlpdolw| iru vxfk ghvljqv lv vwxglhg lq vhfwlrq e= Eorfnlqj vwuxfwxuhv iru DVG duh lqwurgxfhg lq vhfwlrq D dqg zh frqfoxgh zlwk wkh suhvhqwdwlrq ri dq h{dpsoh lq vhfwlrq S= Dq dxjphqwhg sdlu ghvljq lv ghulyhg iurp dq lqlwldo ghvljq zklfk lv riwhq d uvw0 rughu fodvvlfdo ghvljq1 Lq wklv sdshu zh dozd|v frqvlghu wkdw rxu lqlwldo ghvljq lv d vdwxudwhg uvw0rughu ghvljq +l1h1 frqvwlwxwhg e| q ' p n h{shulphqwdo xqlwv zkhq p txdqwlwdwlyh idfwruv duh xvhg,1 Vxfk ghvljqv kdyh uhfhlyhg pxfk dwwhqwlrq lq wkh sdvw sulqflsdoo| frqfhuqlqj wkh fodvv ri vlpsoh{ ghvljqv zklfk lv yhu| xvhixo iru wwlqj uvw rughu prghov zkhq wkh idfwruv duh frqwlqxrxv dqg wkh uhjlrq ri lqwhuhvw lv vskhulfdo +vhh Er{ ^4`,1 Qrwh wkdw d ghvljq lv fodvvlfdoo| fdoohg vlpsoh{ ghvljq li/ ghqrwlqj [ wkh prgho pdwul{= Ed> e> f ' d w L p Ee f L p n fM p Vxfk d ghvljq fdq eh xvhg wr w d uvw rughu prgho dqg wkh prgho pdwul{ lv wkhq [ ' dL q m G o1 Wkh sxusrvh ri Phh ^;`zdv wr xvh wkhvh frqjxudwlrqv dv vlpsoh{ ghvljqv1 Zh hdvlo| yhulhv wkdw G lv wkh pdwul{ ri d vlpsoh{ ghvljq li dqg rqo| li d ' dqg wkh wzr srvvleoh fkrlfhv iru d ' duh jlyhq e|= Wkh wzr rwkhu fkrlfhv iru d ' duh rewdlqhg e| uhyhuvlqj doo wkh vljqv lq wkh suhylrxv uhodwlrqv1 Zh duh qrw lqwhuhvwhg lq wklv sdshu e| wkh fodvvlfdo phwkrg iru frqvwuxfwlqj vlpsoh{ ghvljqv +vhh/ iru h{dpsoh/ Nkxul dqg Fruqhoo ^:`, ehfdxvh lw iroorz iurp wkh fkrlfh ri dq xsshu wuldqjxodu pdwul{ lq sodfh ri wkh eorfn Ee f L p n fM p ri G dqg jhqhudoo| qhhgv d juhdw qxpehu ri glhuhqw ohyhov +iru h{dpsoh S ohyhov duh qhhghg iru p ' e,1 Lq wkh vdph zd|/ f|folf vlpsoh{ ghvljqv lqwurgxfhg e| Furvlhu ^7`duh qrw frqvlghuhg lq wklv sdshu ehfdxvh wkh| qhhg lq jhqhudo pruh wkdq ohyhov iru hdfk idfwru +iru h{dpsoh D ohyhov duh qhhghg iru p ' e,1 Qrwh wkdw wkh sduwlfxodu fdvhv ri f|folf vlpsoh{ ghvljqv iru > . ru idfwruv fdq qhyhuwkhohvv eh xvhg ehfdxvh zh qg wkhq Sodfnhww dqg Exupdq ghvljqv ^43`+l1h1 vlpsoh{ ghvljqv zlwk rqo| wzr ohyhov iru hdfk idfwru,1 Qrwh dovr wkdw lw lv fodvvlfdo dqg hdvlhu wr frqvlghu iru wkh lqlwldo ghvljq/ olnh Idqj dqg Pxnhumhh ^8`gr/ d uhjxodu iudfwlrq ri wkh yhuwlfhv ri d> o p = Exw zlwk wklv fkrlfh wkh lqlwldo ghvljq fdqqrw eh d uvw rughu vdwxudwhg ghvljq +h{fhsw zkhq p deo exw zh kdyh wkhq dqrwkhu wlph d Sodfnhww dqg Exupdq ghvljq ^43`,1 515 Dxjphqwhg ghvljq Qrz zh frqvlghu wkh iroorzlqj vhfrqg0rughu prgho ghqrwlqj \ x>{ wkh revhuyhg ydoxh ri wkh uhvsrqvh zkhq wkh wuhdwphqw { ' w

	5 Dxjphqwhg sdlu ghvljqv 514 Lqlwldo vlpsoh{ ghvljq			
			q ' p n dqg	s	p n	[ lv dq ruwkrjrqdo pdwul{1		+4,
	; ? =	d ' e ' f '	n	Ep s p n	s @p p n		@p	ru	; ? =	d ' e ' f '	n Ep s p n	s @p p n	@p	=

Lq rughu wr kdyh d pd{lpxp ri wkuhh glhuhqw ohyhov +d> e dqg f, iru hdfk idfwru zh frqvlghu lq wklv sdshu wkh fodvv ri vdwxudwhg ghvljqv vxfk wkdw wkhlu pdwul{ kdyh wkh iroorzlqj irup lqwurgxfhg e| Phh ^;`+zlwk M p ' L p w L p wkh p p pdwul{ ri rqhv, = G ' G

  Lq dgglwlrq ri wkh vlpsolflw| ri wklv uhodwlrq zh fdq uhpdun wkh vhtxhqwldo surshuw| ri vxfk d ghvljq1 Wkh h{shulphqwv fdq eh uxq lq d uvw wlph zlwk wkh lqlwldo vlpsoh{ ghvljq dqg frqwlqxhg rqo| li wkh vw rughu prgho grhv qrw w zhoo1

	6 Vrph surshuwlhv ri DVG 614 Jhrphwulf surshuwlhv Wkh jhqhudo ghqlwlrq E ri vlpsoh{ ghvljqv lpsolhv wkdw =
	[ w [ ' L pn zlwk [ ' dL q m G o = Vr hyhu| vlpsoh{ ghvljq vdwlvhv = p n
	G	w G ' Ep n L pn M pn =
	Lq rwkhu zrugv/ li { v dqg { w duh wkh frruglqdwhv ri wzr glhuhqw srlqwv ri wkh vlpsoh{ ghvljq zh kdyh wkhq=

w 1

  Pruulv ^<`kdv sursrvhg d phwkrg iru frqvwuxfwlqj dxjphqwhg sdlu ghvljqv1 Klv lghd lv wr wdnh dq lqlwldo ghvljq ri vpdoo vl}h +qrw rqo| d vlpsoh{ ghvljq olnh khuh, dqg wr dgg dq dxjphqwhg sduw vxfk wkdw iru hdfk idfwru/ wkh ydoxh vhohfwhg lq wkh qhz uxq lv wkh qhjdwlyh ri wkh dyhudjh ri wkh wzr ydoxhv iurp wkh v0wk dqg w0wk uxq1 Lq rwkhu zrugv/ wkh phwkrg ri Pruulv lpsolhv wkh fkrlfh ' @2= Wkh sulqflsdo dgydqwdjhv ri wklv phwkrg lv rq rqh kdqg wr jlyh pruh h!flhqw ghvljqv wkdq iru wkh fodvvlfdo phwkrg dqg/ rq wkh rwkhu kdqg/ wr rewdlq d wkuhh0ohyho dxjphqwhg ghvljq li wkh lqlwldo ghvljq kdv rqo| wzr ohyhov iru hdfk idfwru1 6, Dqrwkhu jrdo fdq eh wkh vwuxfwxuh ri htxludgldo ghvljq1 Lq wkdw fdvh lw lv fohdu iurp Ee wkdw wkh udglxv pxowlsolhu pxvw yhuli|= Wklv fkrlfh pd| eh lqwhuhvwlqj lq rughu wr dfklhyh vrph surshuwlhv olnh G0rswlpdolw| +vhh vhfwlrq e=2, ehfdxvh doo wkh h{shulphqwdo xqlwv duh wkhq dw wkh erxqgdu| ri wkh h{shulphqwdo grpdlq +exw vxfk d ghvljq fdq eh vlqjxodu li/ iru h{dpsoh/ wkhuh lv qr fhqwudo srlqw,1

	mm	s	2 Ep '	s	p vr '	u	p 2 Ep	=
	616 Prphqwv surshuwlhv				
	Vr wkh qrq0fhqwudo ghvljq srlqwv ri d vlpsoh{0vxp ghvljq olh rq wkh vxuidfh ri wzr glhuhqw fhqwhuhg vskhuhv1 Pruh suhflvho|/ ghqrwlqj V E{ ' iy 5 LU p @ w yy ' { 2 j > hyhu| DVG dvvrfldwhg wr wkh pdwul{ w G ' d w G m w G 2 o lv frqvwlwxwhg e|= + dq lqlwldo sduw rq wkh vskhuh VE s p> dq dxjphqwhg sduw rq wkh vskhuh VEmm s 2 Ep = +7,
	Wklv odvw uhvxow lpsolhv lq wkh iroorzlqj wkdw 5 dO 4? > O 4@ o zlwk O 4@ ' O 4? ' s p@2 Ep lq rughu wr frqvlghu wkh fodvvlfdo vskhulfdo grpdlq ri udglxv s p=
	615 Udglxv pxowlsolhu surshuwlhv Zh kdyh vhhq lq suhylrxv vhfwlrqv wkdw frqvwuxfwlrq dqg jhrphwulfdo lqwhusuhwdwlrq ri DVG duh hdv|1 Wkh pdlq sureohp lv qrz wkh fkrlfh ri wkh ydoxh iru wkh udglxv pxowlsolhu = Wkh xvxdo fkrlfhv duh jlyhq ehorz=
	4, Wkh prvw xvxdo ydoxh xvhg lq sudfwlfh iru wkh udglxv pxowlsolhu lv ' @2 +vhh Vshqgoh| hw do1 ^45`,= Wklv phwkrg ri frqvwuxfwlrq ri wkh dxjphqwhg sduw lv fdoohg lq wkh iroorzlqj wkh fodvvlfdo phwkrg1 Wkh sulqflsdo dgydqwdjh ri wklv phwkrg lv gxh wr wkh vlpsolflw| ri dqg wr d vlpsoh jhrphwulf lqwhusuhwdwlrq +wkh

dxjphqwhg srlqwv duh wkhq dw wkh plgsrlqwv ri wkh hgjhv ri wkh lqlwldo vlpsoh{,1

5,

Er{ dqg Ehkqnhq ^5`kdyh ghqhg wkh pruh jhqhudo fodvv ri vlpsoh{0vxp ghvljq +VVG, vxfk wkdw hyhu| VVG lv dvvrfldwhg wr wkh iroorzlqj pdwul{= w

  Lq rughu wr h{whqg wkhvh surshuwlhv wr kljk0rughu prphqwv zh dovr suryh lq ds0 shqgl{ D wkdw doo wkh prphqwv ri rughu ri dq DVG duh }hur li dqg rqo| li +iru Xqiruwxqdwho| wklv ydoxh ri grhv qrw lpso| wkdw doo wkh rgg prphqwv ri rughu e duh }hur1 Vr zh fdq frqfoxgh wkdw DVG fdqqrw eh urwdwdeoh ghvljqv1 Dq hdv| zd| wr hydoxdwh wkh h!flhqf| ri DVG lv wr xvh wkh pd{lplq fulwhulrq lqwurgxfhg e| Mrkqvrq hw do1 ^9`1 Wklv fulwhulrq +lqghshqghqw ri wkh fkrvhq prgho, ohdgv xv wr vhohfw ghvljqv wkdw pd{lpl}h wkh vpdoohvw lqwhusdlu glvwdqfh ri wkh ghvljq*v srlqwv1 Wkhq li E{ x x'>==>=q duh wkh h{shulphqwdo xqlwv ri d jlyhq ghvljq G zh kdyh wr pd{lpl}h wkh iroorzlqj txdqwlw| iru d fkrvhq qrup= Pp EG ' 4? n{ x { y n iru doo { x > { y 5 G zlwk { x 9 ' { y = Iurp wkh jhrphwulf surshuwlhv jlyhq lq vhfwlrq = lw lv wkhq srvvleoh wr qg h{solflwo| wkh ydoxh ri Pp E iru hyhu| vdwxudwhg DVG ri udglxv pxowlsolhu = Lq idfw/ uhodwlrqv E2 dqg E lpso| wkh h{lvwhqfh ri wkh iroorzlqj glhuhqw lqwhusdlu glvwdqfhv iru wkh xvxdo Hxfolgldq qrup +zlwk v> w> x> y irxu glhuhqw lqwhjhuv,=

	7 Rswlpdolw| ri DVG 714 Pd{lplq fulwhulrq			
	p 9 ' ,=	'	s	p	=

lv d pdwul{ zkrvh urzv frqvlvw ri doo srvvleoh vxpv ri wkh urzv ri G wdnhq v dw d wlph1 Wkh| kdyh suryhg wkdw zkhq n ' p wkh vhw ri uxqv pxvw eh vfdohg wr vshflf udglxv pxowlsolhuv lq rughu wr rewdlq d urwdwdeoh ghvljq +vhh wdeoh 5 ri wkhlu sdshu iru wkh fruuhvsrqglqj ydoxhv ri > ===> n , l1h1 d ghvljq vxfk wkdw doo wkh rgg prphqwv xs wr rughu e duh }hur dqg wkh hyhq prphqwv vdwlvi|= ; l> m ' > ===> p zlwk l 9 ' m / l 2 ' 2 / l 2 m 2 ' e dqg l e ' e = Rxu jrdo lq wklv vhfwlrq lv wr orrn iru urwdwdeoh DVG +l1h1 urwdwdeoh VVG lq wkh sduwlfxodu fdvh n ' 2,1 Zh suryh lq d uvw wlph +vhh dsshqgl{ D, wkdw iru hyhu| DVG wkh iroorzlqj surshuwlhv duh vdwlvhg= doo wkh prphqwv ri rughu duh }hur/ doo wkh rgg prphqwv ri rughu 2 duh }hur dqg dl 2 o ' 2 1

  Vr wkh pd{lplq fulwhulrq fdq eh ghulyhg +zkhq p , iurp wkh iroorzlqj ixqfwlrq = Pp E ' 4? Eg > g 2 > g > g e > g D = Exw lw lv fohdu wkdw g e g D / g e g +ehfdxvh ,/ g g 2 li f dqg g 2 g li f1 Wkhvh uhvxowv lpso| wkdw zh kdyh wkh yhu| vlpsoh iroorzlqj h{suhvvlrq iru Pp +dqg iru hyhu| qxpehu ri idfwruv p, = Pp E ' 4? Eg > g e li f dqg Pp E ' 4? Eg 2 > g e li f= +8, Ep , vr li d fhqwudo srlqw lv dgghg wkh ixqfwlrq Pp lv qrz ghqhg e|= Pp E ' 4? Eg > g . li f dqg Pp E ' 4? Eg 2 > g . li f= +9, Wkh jxuh jlyhv vrph judsklfdo uhsuhvhqwdwlrqv ri wkh ixqfwlrq Pp iru 5 dO 4? > O 4@ o1 Uhvxowv ED dqg ES ohdg xv hdvlo| wr wkh iroorzlqj wkhruhp= Wkhruhp 41 Frqvlghu dq DVG iru p idfwruv dqg q f 5 Q fhqwudo srlqwv1 Wkh prvw h!flhqw ghvljqv iru wkh pd{lplq fulwhulrq duh jlyhq e| udglxv pxowlsolhuv vxfk wkdw= 4, rsw ' O 4@ li p ' 2> 5, rsw ' O 4@ li p ' > 6, rsw ' O 4? li p A =

	Li zh dgg qrz d fhqwudo srlqw wr wkh DVG zh kdyh wr frqvlghu wkh wzr iroorzlqj rwkhu glvwdqfhv = g 2 S ' n{ v n 2 ' p dqg g 2 . ' n{ vw n 2 ' 2 2 Ep 1 Lw lv fohdu lq wklv fdvh wkdw g 2 . g 2 e dqg dovr g 2 . g 2 S +ehfdxvh mm s p@2

e 2 Ep n = Wkh glvwdqfh g lv ehwzhhq wzr srlqwv ri VE s p> g 2 dqg g duh glvwdqfhv ehwzhhq d srlqw ri VE s p dqg d srlqw ri wkh vskhuh VEmm s 2 Ep dqg g e dqg g D duh glvwdqfhv ehwzhhq wzr srlqwv ri VEmm s 2 Ep +qrwh wkdw glvwdqfh g D grhv qrw h{lvw zkhq p ? ,1

  Qrwh wkdw lq rughu wr dyrlg wkh fodvvlfdo vlqjxodulw| ri eorfn prghov zh kdyh h{foxghg wkh jhqhudo phdq hhfw f 1 Vxfk d prgho kdv wkhq s W ' p Ep n @2 n e xqnqrzq sdudphwhuv1 Zkhq zh wdnh rqo| rqh eorfn zh qg djdlq wkh fodvvlfdo vhfrqg0rughu prgho1 Lq wkh iroorzlqj zh ghqrwh e| [ W wkh pdwul{ ri wklv prgho vr [ W ' dE m Z o zlwk E wkh pdwul{ ri wkh fkdudfwhulvwlf ixqfwlrqv ri wkh eorfv dqg Z wkh pdwul{ ri wkh olqhdu/ txdgudwlf dqg lqwhudfwlrq hhfwv1 Uhfdoo wkdw d eorfnhg ghvljq lv vdlg wr eh ruwkrjrqdoo| eorfnhg li dqg rqo| li =

	w Z Zh duh wkhq orrnlqj iru ruwkrjrqdoo| eorfnhg frqjxudwlrqv ri DVG1 L q M q E ' f= q	+:,
	815 Eorfnhg DVG Wzr glhuhqw phwkrgv duh lqyhvwljdwhg lq wklv vhfwlrq lq rughu wr rewdlq wr w|shv ri DVG ruwkrjrqdoo| eorfnhg lq wzr eorfnv1
	4, Iluvw phwkrg1 D yhu| vlpsoh dqg fodvvlfdo fkrlfh frqvlvwv lq wkh gxsolfdwlrq ri dq DVG1 Wkh wzr eorfnv duh wkhq rewdlqhg e| wkh uhshwlwlrq ri wkh vdph h{0 shulphqwv1 Zh uhfrpphqg lq wklv fdvh wr xvh d vdwxudwhg DVG iru wkh eorfnv lq rughu wr plqlpl}h wkh wrwdo qxpehu ri h{shulphqwv1 Pruh suhflvho| wkh qxpehu ri

h{shulphqwv q dqg wkh qxpehu ri xqnqrzq sdudphwhuv s W lq wkh prgho duh wkhq jlyhq e|= q ' Ep n Ep n 2 dqg s W ' p Ep n n e 2 = Zh hdvlo| yhulhv wkdw vxfk d frqjxudwlrq lv dozd|v ruwkrjrqdoo| eorfnhg1 Pruh0 ryhu li wkh xvhu grhv qrw zdqw wr gxsolfdwh wkh h{shulphqwv zh kdyh wkh vdph uhvxow zlwk dq| DVG zlwk udglxv pxowlsolhu iru wkh uvw eorfn dqg dq| rwkhu DVG zlwk udglxv pxowlsolhu iru wkh vhfrqg eorfn1 5, Vhfrqg phwkrg1 Wkh gudzedfn ri wkh uvw phwkrg lv wkh qxpehu ri h{shul0 phqwv zklfk fdqqrw eh ohvv wkdq Ep n Ep n 2 = Wklv lv pd|eh wrr odujh zkhq h{shulphqwv duh h{shqvlyh1 Lq wklv fdvh dqrwkhu orjlfdo zd| lq rughu wr rewdlq wzr eorfnv iru wkh DVG lv jlyhq ehorz =

  1 Dq ruwkrjrqdoo| eorfnhg frqjxudwlrq iru d udglxv pxowlsolhu lv rewdlqhg li dqg rqo| li= p Ep n n 2q f2 ' 2 Ep n n q f Ep 2 = 44 Wkh pdlq lqwhuhvw ri ruwkrjrqdo eorfnhg frqjxudwlrqv lv gxh wr vlplodu surshuwlhv frqfhuqlqj wkh G0h!flhqf| fulwhulrq wkdq qrq0eorfnhg ghvljqv1 Lqghhg ghqrwlqj [ ' dL q m Z o dqg xvlqj Vfkxu frpsohphqwv zh kdyh= w

  ri wkhvh wzr ghwhuplqdqwv duh wkhq sursruwlrqdo vr= Wkh vlwxdwlrq lv pruh frpsoh{ iru wkh vhfrqg phwkrg ri frqvwuxfwlrq ehfdxvh lq wkdw fdvh zh fdq frqvwuxfw dq DVG ruwkrjrqdoo| eorfnhg iru rqo| rqh sduwlf0 xodu ydoxh ri wkh udglxv pxowlsolhu +vhh wkhruhp ,1 Krzhyhu li dq DVG lv qrw ruwkrjrqdoo| eorfnhg wkhq=

	q Wklv uhvxow fdq eh suryhg lq wkh iroorzlqj zd|1 Iluvw/ zkhq wzr eorfnv duh xvhg w [ W [ W # e \ n l $ w [[ = l' zh fdq yhuli| diwhu vrph dojheud wkdw=
	E	w EE
	Sursrvlwlrq 71 Frqvlghu d eorfnhg DVG ruwkrjrqdoo| eorfnhg iru hdfk ydoxh ri wkh udglxv pxowlsolhu1 Qrwh rsw d udglxv pxowlsolhu vxfk wkdw wkh qrq0eorfnhg ghvljq lv G0rswlpdo1 Wkhq d G0rswlpdo frqj0 xudwlrq lv rewdlqhg iru wkh eorfnhg ghvljq xvlqj wkh vdph ydoxh rsw iru wkh udglxv pxowlsolhu1
	Wklv uhvxow fdq eh gluhfwo| dssolhg iru eorfnhg DVG rewdlqhg e| wkh uvw phwkrg ri vhfwlrq D=2= Vxfk ghvljqv duh ruwkrjrqdoo| eorfnhg iru hyhu| ydoxh ri wkh udglxv pxowlsolhu vr rswlpdo ydoxhv iru wkh udglxv pxowlsolhu duh jlyhq zkhq qr fhqwudo h{shulphqw lv pdgh e| Wdeoh +vhh vhfwlrq e=2, dqg lq wkh rwkhu fdvhv e|=

rsw ' O 4@ li p ' 2> rsw ' O 4@ li p ' dqg rsw ' O 4? li p A =

  Frqvlghu d udqgrp skhqrphqrq dvvrfldwhg wr e txdqwlwdwlyh idfwruv lq d frqwh{w ri h{shqvlyh wuldov1 Iurp wkh uhvxowv ri wklv sdshu zh fdq sursrvh wr xvh rqh DVG1 Zlwk wkh lqlwldo vlpsoh{ ghvljq lq wkuhh ohyhov ri vhfwlrq 2= vxfk frqjxudwlrq kdv wkhq wkh pdwul{ ghvljq G jlyhq ehorz iru wkh ydoxh ri wkh udglxv pxowlsolhu
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		WDEOH 2 Vrph G0rswlpdo ruwkrjrqdoo| eorfnhg DVG1
	Iurp wklv wdeoh lw lv fohdu wkdw wklv phwkrg ri frqvwuxfwlrq doorz xv wr xvh hfr0 qrplfdo rswlpdo eorfnhg ghvljqv1
	9 H{dpsoh ri dssolfdwlrq
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  ' , dqg G0h!flhqf| ri wkh DVG1 Zh fdq pdnh qrz d frpsdulvrq ehwzhhq wklv DVG dqg d Idqj dqg Pxnhumhh ^8`ghvljq +IPG,/ wkdw lv dq dxjphqwhg sdlu ghvljqv rewdlqhg iurp d uhjxodu iudfwlrq1 Pruh suhflvho| zh frqvlghu wkh IPG dvvrfldwhg zlwk wkh 2 e3 uhjxodu iudfwlrq jhqhudwhg e| wkh uhodwlrqv L ' 2e +h{dpsoh ghqrwhg e| wkh pdwul{ [ d lq wkhlu sdshu,1 Vxfk d ghvljq kdv wkhq q ' H wuldov lq wkh lqlwldo sduw dqg wkhq q 2 ' H 2 ' 2H wuldov iru wkh dxjphqwhg sduw1 Lq rughu wr frpsduh wklv IPG zlwk dqrwkhu ghvljq ri vdph vl}h zh fdq wkhq xvh wkh q ' S wuldov rewdlqhg e| d gxsolfdwlrq ri rxu DVG1 Glvshuvlrq dqg h!flhqf| uhvxowv duh wkhq jlyhq lq wdeoh e +zlwk doo wkh uhodwlyh G0h!flhqflhv frpsxwhg zlwk uhvshfw wr wkh IPG zlwk ' f=D,1 Qrwh wkdw iru wkh IPG wkhuh duh vhyhudo glhuhqw ydoxhv ri wkh glvshuvlrq iru wkh olqhdu hhfwv dqg wkh lqwhudfwlrq hhfwv vr wkh ydoxhv jlyhq lq wdeoh e duh wkhq wkh dyhudjh glvshuvlrq1 Dw odvw/ wkh ydoxh ' f=D.. iru wkh IPG lv wkh pd{lpdo ydoxh ri wkh udglxv pxowlwsolhu lq rughu wr vwd| lq wkh fodvvlfdo h{shulphqwdo vskhulfdo grpdlq ri udglxv s p +lw lv ghulyhg iurp dxjphqwhg srlqwv rq wkh irup E>
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  Iru wkh prphqwv ri rughu zh kdyh wkhq +; l ' > ===> p, dlo ' dlo n dlo 2 zlwk dlo ' f ehfdxvh froxpqv ri G duh ruwkrjrqdo wr L q = Wklv uhvxow dovr lpsolhv wkdw dlo 2 ' f +vhh wkh sdshu ri Er{ dqg Ehkqnhq ^5`iru wkh uhodwlrq ehwzhhq dlo 2 dqg dlo ,1 Vr doo wkh prphqwv ri rughu duh }hur iru hyhu| DVG= Zlwk wkh vdph dujxphqw lw lv srvvleoh wr vkrz wkdw doo wkh rgg prphqwv ri rughu 2 duh }hur1 Lq idfw/ zh kdyh dlmo ' f +iru hyhu| l 9 ' m, ehfdxvh froxpqv ru G duh ruwkrjrqdo wr hdfk rwkhu dqg wklv uhvxow lpsolhv wkdw dlmo 2 ' f +vhh Er{ dqg Ehkqnhq ^5`,1 Qrz wkh hyhq prphqwv ri rughu 2 duh jlyhq e| +; l ' > ===> p, dl 2 o ' dl 2 o n 2 dl 2 o 2 zlwk dl 2 o ' Ep n @q iurp uhodwlrq E = Iru wkh dxjphqwhg sduw/ Er{ dqg Ehkqnhq ^5`kdyh suryhg wkdw= Qrwh wkdw wklv uhvxow lv rqo| d vx!flhqw frqglwlrq lq rughu wr rewdlq doo wkh sxuh prphqwv ri ruguh wkuhh htxdo wr }hur1Wklv uhvxow lv lq idfw d qhfhvvdu| dqg vx!flhqw frqglwlrq lq wkh fodvv ri DVG ehfdxvh lq jhqhudo wkh lqlwldo vlpsoh{ ghvljq grhvq*w vwdwlvhv wkh dowhuqdwlyh surshuwlh= dl o ' f iru l ' > ===> p1 Er{ dqg Ehkqnhq ^5k dyh dovr suryhg wkdw dl 2 mo 2 ' Ep dl 2 mo dqg dlmno 2 ' Ep dlmno vr doo wkh prphqwv ri rughu ri wkh DVG duh }hur zkhq wklv ydoxh ri lv xvhg

	; l ' > ===> p / Iru wkh prphqwv ri rughu zh frqvlghu lq d uvw wlph +zlwkrxw orvv ri jhqhudolw|, l 2 2 ' p 2 q vr l 2 ' 2 ' p n n Ep 2 = q wkh sxuh prphqwv dl o = Zh kdyh wkhq +; l ' > ===> p, / dl o ' dl o n dl o 2 1 Exw Er{ dqg Ehkqnhq ^5`kdyh suryhg wkdw= ; l ' > ===> p / l 2 ' p p3 l ' Ep l = p Vr wkh prphqwv dl o ri dq DVG duh jlyhq e|=
		; l ' > ===> p /	l	'	n Ep	l	1
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  Wklv jhqhudo irup fdq eh vlpsolhg lq d uvw zd| ehfdxvh doo wkh prphqwv ri wkh DVG xs wr rughu wzr duh zhoo nqrzq +vhh vhfwlrq =,1 Lq d vhfrqg zd|/ xvlqj wkh uhvxowv ri Er{ dqg Ehkqnhq ^5`/ zh fdq h{suhvv doo wkh prphqwv ri wkh dxjphqwhg sduw xvlqj rqo| wkh prphqwv ri wkh lqlwldo sduw1 Wkhvh wzr wuhdwphqwv ohdg xv wr wkh iroorzlqj irup rqo| ghshqglqj rq wkh prphqwv surshuwlhv ri wkh lqlwldo vlpsoh{ ghvljq dqg wkh ydoxh ri G
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