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Abstract

Consider two insurance companies (or two branches of the same com-
pany) that divide between them both claims and premia in some specified
proportions. We model the occurrence of claims according to a renewal
process. One ruin problem considered is that when the corresponding
two-dimensional risk process first leaves the positive quadrant; another is
that of entering the negative quadrant. When the claims arrive according
to a Poisson process we obtain a closed form expression for the ultimate
ruin probability. In the general case we analyze the asymptotics of the
ruin probability when the initial reserves of both companies tend to infin-
ity, both under Cramér light-tail and under subexponential assumptions
on the claim size distribution.
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1 Introduction and main results

The multidimensional renewal risk model. In collective risk theory the
reserves process X of an insurance company is modeled as

X(t) =z +pt — S(t), (1)

where x denotes the initial reserve, p is the premium rate per unit of time and
S(t) is a stochastic process modeling the amount of cumulative claims up to time
t. Taking S to be a compound Poisson or compound renewal process yields the
Cramér-Lundberg model and the Sparre-Andersen model, respectively.

Recently, several authors have studied extensions of classical risk theory
towards a multidimensional reserves model (1) where X(t),z,p and S(t) are
vectors, with possible dependence between the components of S(t). Indeed, the
assumption of independence of risks may easily fail, for example in the case of
reinsurance, when incoming claims have an impact on both insuring companies
at the same time. In general, one can also consider situations where each claim
event might induce more than one type of claim in an umbrella policy (see
Sundt (1999)). For some recent papers considering dependent risks, see Dhaene
and Goovaerts (1996, 1997), Goovaerts and Dhaene (1996), Miiller (1997a,b),
Denuit et al. (1999), Ambagaspitiya (1999), Dhaene and Denuit (1999), Hu and
Wu (1999) and Chan et al. (2003).

Model and problem. In this paper we consider a particular two-dimensi-
onal risk model in which two companies split the amount they pay out of each
claim in proportions d; and ds where §; + 02 = 1, and receive premiums at rates
c1 and cg, respectively. Let U; denote the risk process of the i’th company

where u; denotes the initial reserve and

N(t)

S(t) = Z a; (2)

for N(t) being a renewal process with i.i.d. inter-arrival times (;, and the claims
o; are i.i.d. random variables independent of N (¢), with the distribution function
F(x). We shall denote by A and p the reciprocals of the means of {; and o,
respectively. We shall assume that the second company, to be called reinsurer,
receives less premium per amount paid out, i.e.:

€1 C2
=—> = =ps. 3
A (3)
On the other hand, the reinsurer needs to have larger reserves than the insurer,
as in (12).
As usual in risk theory, we assume that p; > p := 2 = Eo/E(, which

m
implies that U;(t) — oo a.s. ast — oo (i = 1,2). Several ruin problems may be

of interest. We consider here:



1. The first time 7,, when (at least) one insurance company is ruined, i.e.
the exit time of (Uy(t), U2(t)) from the positive quadrant:

Tor(ur,ug) :=1inf{t > 0: Uy(t) < 0. or Usx(t) <0}, (4)
The associated ultimate/perpetual ruin probability will be denoted by
wor(ul7u2> = P(ul,uz) [Tor(ulaUQ) < OO] 3 (5)

where Py, 4,) denotes the probability measure conditioned on the event
that the initial capitals are equal to (uy,us), i.e. (U1(0),Uz(0)) = (u1, uz).

2. The first time 75, when the insurance companies experience simultaneous
ruin, i.e. the entrance time of (Uy(t),Ux(t)) into the negative quadrant:

Teim (U1, u2) :=1inf{t > 0: Uy(t) <0 and Us(t) < 0}. (6)
The associated ultimate ruin probability will be denoted by
Ysim (U1, U2) = Plyy up) [Tsim (w1, u2) < 00]. (7)

Let 7;(u;) = inf{t > 0: U;(t) < 0},¢ = 1,2. We will consider also

Vboth (U1, U2) = Pluy uy) [(T1(u1) <00) N (72(u2) < 00)]. (8)
Clearly:
VYsim (U1, U2) < Ypotn (U1, uz) = Y1 (ur) + Y2(uz) — Yor (U1, u2), 9)
where
i(u) = Py(mi(u) < 00) (10)

denotes the ruin probability of U; when U;(0) = u. !

Geometrical considerations and solution in the lower cone C. The
solution of the degenerate two-dimensional ruin problem (5) strongly depends on
the relative sizes of the proportions § = (41, 02) and premium rates ¢ = (cy, ¢2).
— see Figure 1. If, as assumed throughout, the angle of the vector § with
the wy axis is bigger than that of ¢, i.e. dac; > d1co, we note that starting
with initial capital (u1,u2) € C in the cone C = {(u1,u2) : ug < (02/01)u1}
situated below the line ug = (d2/d1)u1, the process (Uy, Usz) will be subject to a
”sim/or” ruin precisely at the first crossing time 7;(u;) the u; axis. Thus, in the
domain C ”sim/or” ruin occurs iff there is ruin in the one-dimensional problem
corresponding to the risk process U; with premium ¢; and claims §; o, and the
solutions in the lower cone C coincide with the ultimate ruin probabilities ¥; (u;)
of the classical risk processes U;(t):

Yor(ur,uz) = ¥a(uz),  Psim(u1,u2) = P1(ur). (11)

I'Note that our notation is slightly different from that of Cai and Li (2005): their 1anq
became our Yot -




Uo

jump directions (51, d2)

/

drift direction (¢, ¢2)

Figure 1: Geometrical considerations

In the opposite case
Ug > ((52/51)161 (12)

the solution is more complicated. Note that this is precisely the case of interest
for reinsurance.

Solution in the upper cone C¢: piecewise linear barriers A key ob-
servation is that the ”"or” and ”sim” ruin times 7 in (4), (6) are also equal
to

7(u1,ug) = inf{t > 0:S(t) > b(t)}, (13)

where
b(t) = bmin(t) = min{(u1 + clt)/él, (UQ =+ Cgt)/&g}

in the "or” case and
b(t) = bmax(t) = max{(us + c1t)/1, (uz + cat)/d2}

in the ”sim” case. Our two dimensional problem may thus also be viewed as
a one dimensional crossing problem over a piecewise linear barrier. Note the
relation to asset-liability management models, in which regulatory requirements
impose prescribed limits of variation for the difference between the assets P(t)
of a company and its liabilities S(t) (see Gerber and Shiu (2003)), and which
also translate typically into (several) linear barriers.

Note that in the case that the initial reserves satisfy (uq,us) € C, that is,
ug /02 < wy/d1, the barriers bumin(t) := (u2 + cat) /02, bmax := (u1 + c1t)/; are
linear and we see again that “or” and ”sim” ruin always happen for the second
and first company respectively. Thus, in the case u; < wuso, explicit formulas
for Ysim, Yor and Yoty directly follow from the theory of one-dimensional ruin
(see e.g. Rolski et al. (1999) or Asmussen (2000)). In the case ug > uq,
which is authentically two-dimensional, and if N is a Poisson process, we shall
obtain (in Section 3) closed form solutions for ¥gim, Yor and Ypen in terms of
one-dimensional ruin functions (even though typically, multi-dimensional ruin
problems do not admit analytic solutions).



Scaling. Let
Xl(t) = Uvz(t)/éZ

denote risk processes with drift p;, claims oy and initial capitals x; = u;/d;,7 =
1,2, and note that the process (X;(t), X2(¢t)) has the same ruin probability as
the original two-dimensional process (Uy(t), Uz(t)). Thus, by scaling, it suffices
to analyze the case when §; = d; = 1 (and ¢; = p1, ca = p3). Our model
becomes thus the particular case of (1) in which the components of the claims
are equal.

In the future, we will write ¥or/sim/both (71, Z2) fOr Yor /sim /both (U1, u2), With
x; = u;/0;, and S(t) for the common value of S;(¢) (i = 1,2) in the model (1).

Asymptotics. We next turn to the asymptotic behaviour of the different
ruin probabilities o /sim/both (T1, T2) as the initial capitals z1, zo tend to infin-
ity along a ray (i.e. x1/x9 is constant). In this paper we shall consider two
different situations: the ”light-tailed” case when the Cramér-assumption holds
and the case when the distribution of ¢ belongs to the class of subexponential
distributions.

Cramér/Light-tailed case.

Definition 1 We will say that a two-dimensional renewal risk process X =
(X1, X2) satisfies the Cramér-conditions if there exist constants v; > 0 (i = 1, 2)
such that

E[e'Yi(o'l_piCI)] —1. (14)

Note that while stronger assumptions have been used in the literature, in
our essentially one-dimensional setup — see (13) — a local condition at ; will
suffice — see Theorem 1.

In the case that S is a compound Poisson process the Cramér condition
can equivalently be formulated in terms of the characteristic exponent k;(s) =
t~log E[e*X )] = p;s + A(E[e™7%] — 1) of X;(t) = pit — S(t), as the existence
of v; > 0 (i = 1,2) such that

Ki(—i) = 0. (15)

By ©;, i = 1,2, we denote the domain of k;, the set of € R for which k;(x) is
finite.

By (11) the solution in the lower cone C of the ”or/sim” problems coincide
with the ultimate ruin probabilities v;(z;) of the processes X;(t) i = 1,2. Let-
ting thus the initial reserves z1,xs of both companies tend to infinity within
the cone C along a ray x1/z2 = a with a > 1, we find by the Cramér-Lundberg
approximation that

im/both K7K . or )
lim Psim/botn (@ )=C1, lim Yor(aK, K)

K—o0 e—mak Kooo e 72K

= (%, (16)

where C4,Cs are non-negative finite constants that, in the case that S is a
compound Poisson process, are given explicitly by

Ci = —(0)/Rl(—a). (17)



Next we turn to the asymptotic behaviour of Yoy /gim/botn (71, 22) if the initial
reserves tend to infinity along a ray x1/x2 = a with @ < 1. In this case we
find different asymptotic results within sub-cones, as typical in such cases; see
for example Borovkov and Mogulskii (2001) and Ignatyuk et al. (1994). We
identify two cones D;,i = 1,2, adjoining the boundaries 1 = 0 and z; = x5
respectively, throughout which or/sim ruin are due to the first/second company
in D1/Ds, and to the second/first company in f; /ﬁi More precisely, these
cones

D = {(331,332) cC: T < 33251}, Dy = {(331,.%2) cC°: T < x282} (18)
are separated by the rays Rs, = {x1 = s122}, Rs, = {1 = sax9} with

K

Son () o
+

!/
1
Ky (=1) K (—2)

In Section 4.2 below it will be verified that s; < s; < 1, so that the rays R,
and R, are disjoint subsets of C¢, and an intuitive explanation is given for the
form of the sub-cones. For a more detailed intuitive explanation of the different
behavior in these sub-cones, see the remark following Lemma 4.

Note that our results are sometimes sharper than the classical ones — see The-
orem 7, and that they are obtained directly from classical one-dimensional con-
vergence results in renewal theory, obtained by Arfwedson (1955) and Héglund
(1990).

Throughout the paper we write f(x) ~ h(x) asz — oo if lim,_. f(x)/h(z) =
1, f(x) ~°8 h(z) if log f(x) ~ logh(z) and f(x) = o(h(z)) as * — oo if
limg o0 f(x)/R(x) = 0.

S1 =

Theorem 1 Let S be a compound Poisson process as in (2) and let a < 1.
Assume that (15) holds and let K} (—v1) > —oc0.
(a) It holds that, as K — oo,

Yor(aK,K) ~ Che™ K 4 Crem oK,
Ypoth (aK, K) = o(Cge_'”K—l-Cle_'““K).

b) Assume that there exists an x € int Oy with kh(x) = B2=L2 As K — oo,
2 1—a

Cire el g <a<1

sim (ZK,K ~ o K’K ~

Ypoth (K, K) = o(min{Cle_“aK, Cge_WK}), a € (s9,51),

where the region 0 < a < s9 is understood to be empty if so = 0. Further, if
59> 0 and a € (s2,51), Vsim (K, K) ~'°8 o (aK, K).

The asymptotics in part (a) do not depend on the particular structure of the
risk process considered here; in Theorem 5 we shall show that these asymptotics



remain valid for a general two-dimensional Lévy process. This extension implies
that the asymptotics in Theorem 1(a) also remain valid if the cumulative claims
process S is taken as in (2) with a general renewal process N. Indeed, note that
the ruin probabilities ¥, /both/sim do not change if we replace X = (X1, X»)
by a two-dimensional compound Poisson process with unit rate and jump sizes
distributed as (o, — p1n, on — P2(n).

To show the asymptotics in (b) we shall exploit the special (degenerate)
structure of the risk process in (2). In Theorem 7 of Section 4.3, we obtain even
sharper asymptotics (a two term asymptotic expansion) in the case that S is a
compound Poisson process with exponential jumps.

Subexponential case. For any distribution function G on [0, 00) we denote
the tail by G(z) = 1 — G(x). The distribution G is called suberponential if
G(z) > 0 for all z and L

IILH;O G*2(2)/G(z) =2,

where G*2 is the fold of G with itself. A distribution function G on R belongs
to the class S* introduced by Kliippelberg (1988) if and only if G(x) > 0 for all
x and

/; G(z —y)G(y)dy ~ 2vG(z), asx — oo, (20)

where -
v= / G(x)dz.
0

Note that any distribution from S* is subexponential. Its integrated tail dis-
tribution Gy is defined as Gy(z) = v=! [ G(y)dy. The subexponential distri-
butions model claim sizes resulting from catastrophic events like earthquakes,
storms, terrorist attacks etc. Insurance companies use the lognormal distribu-
tion (which is subexponential) to model car claims — see Rolski et al. (1999) for
details. Let F' denote the distribution of the claim size o and define

H(aK,K) :/ F (max {aK + mit, K + mat}) dt (21)
0

for m; = p;E[¢] — E[o] (i = 1,2). If a > 1 and if F} is subexponential distri-
bution, then it follows from the one-dimensional reduction and Embrechts and
Veraverbeke (1982) (see also Zachary (2004)) that

lim wor(aK7 K) 1 im 1/}sim(aK7 K) 1

K—oo F[(K) mzp,’ K—oo FI(CLK) B mlu’

where ;1 = E[o]~!. If a < 1 the asymptotics of 9, Jsim/both are as follows:

Theorem 2 Ifa <1, F € S* and E[¢**?] < oo for some & > 0, then it holds
that

1 = 1 —
wor(aKaK) ~ minI(aK)+m72MFI(K)7H(aK>K)7 (22)
YVsim(aK, K) ~ tpotn(aK,K) ~ H(aK, K) (23)



as K — oo.

Note that, in contrast to the case of light tails, the asymptotic probability of
joint ruin of both companies at the same time appears in the asymptotics for
Yor(aK, K) (and is equal to H(aK,K)). This is what we might expect —
”large” claims cause often bankruptcy not only of the insurance company but
of a whole chain of reinsurers.

Contents. The rest of the paper is organised as follows. Section 2 is devoted
to auxiliary results regarding one-dimensional first passage times for spectrally
negative Lévy processes. In Section 3 an explicit form of the ruin probabilities
(5) and (7) is derived in the case that N is a Poisson process. The proofs of the
asymptotics for the Cramer case of light-tailed claims, and the subexponential
case are presented in Sections 4 and 5, respectively.

2 Preliminaries

Let X be a spectrally negative Lévy process, i.e. a stochastic process with
cadlag paths without positive jumps that has stationary independent increments
defined on some probability space (€2, F, P) that satisfies the usual conditions.
By (P, z € R) we denote the family of measures conditioned on {X(0) = x}
with Py = P. We exclude the case that X has monotone paths. If X is of
bounded variation, X takes the form of X(¢) = pt — S(¢), where S(¢) is a
subordinator and p > 0 is called the infinitesimal drift of X.

By the absence of positive jumps, the moment generating function of X (t)
exists for all # > 0 and is given by

E[eox(t)] = exp(tk(0)), 6>0

for some function k(6), called Laplace exponent, which is well defined at least
on the positive half axis, where it is convex with the property limg_,o £(6) =
+0o. Let ®(0) denote its largest root. On [®(0), 00) the function & is strictly
increasing and we denote its right-inverse function by @ : [0, 00) — [®(0), 00).

Each measure P(® in the exponential family of measures P := {P(C) :
¢ such that (c) < oo} is defined by its the Radon-Nikodym derivative A(¢)

dp©

5| = A (1) = exp (eX (t) — K(c)t) . (24)

F

By P!” we shall denote the translation of P() under which X(0) = z. The
characteristic function of the process X under the measure P(¢) € P is given by

ke(0) = k(c+0) — k(c). (25)

2.1 Cramér asymptotics

Results concerning spectrally negative Lévy processes are conveniently expressed
in terms of the so-called scale function W@ : [0,00) — [0,00) defined by its



Laplace transform:

o 1
/ e~y (@) () doe = ————,
0 k(o) —q
where k(«) is the Laplace exponent of X (). As may be seen from the fluctuation
theory of spectrally negative Lévy processes (e.g. Bertoin (1996), Bingham

(1975)) the Laplace transform in ¢ of the survival probability up to time t:
Pz, t) =1—9Y(z,t) =1 - Pt < 1),

for
T=inf{t >0: X(t) <0}

is for x > 0 equal to
T (@) = B(q) WD () - W (a), (26)

where W@ denotes the corresponding scale function and its anti-derivative
W(q) (x) = fow W@ ()dy. Letting ¢ | 0 in the expression q@(q) we recover that,
if k’(0) > 0,

P(z) = P(z,00) =1 = W(x)/W(c0), (27)

where, by a Tauberian theorem, W(oo) = lim, ..o W(z) = ﬁ = o'(0").

The Cramér-Lundberg approximation states that, if there exists a v > 0 with
k(—7y) =0 and if X is a classical risk process, it holds that

lim &4h(z) = C = —'(0)/x/(—7), (28)
where C is understood to be zero if £/, (=) = —oo, where &/, denotes the right-

derivative of . Bertoin and Doney (1994) showed that this result remains valid
if X is a Lévy process (not just spectrally negative). The parameter « is called
the adjustment coefficient.

The following result, given for later reference, concerns the expected time of
ruin.

Lemma 1 Suppose that £'(07) € (—00,0). Then, as x — oo,
x/E.[t] — &'(07).

Proof: Applying the optional stopping theorem to the martingale X; —tx/(0™)
and the bounded stopping time 7 AT shows that

E [ X 7] — 2 = E [t AT)'(07).

Since | X, ar| is dominated by S, — X, which has finite expectation it follows
by letting T" — oo and invoking the dominated convergence theorem that the
previous display is valid with 7 AT replaced by 7. The assertion now follows by
noting that F,[X,] remains finite as  — oc. O



Example 1 If, under P, X is a drift p minus a compound Poisson process with
rate A and exponential jump sizes with mean p, then x(0) = pf — \0/(u + 0)
and its scale function W (9 is given by

W (z) =p~? (A+Cq+(q)w _ A_Cq*(q)m) 7

where Ay = #iq@(q) with q*t(q) = ®(q) and ¢~ (g) the smallest root of

x(f) = ¢. Inserting the found expression for W(9 in (26) we see that in this
case

T @) = ¢ = (14 g (@) e ) (29)
From (27) one can verify that, if, as assumed throughout, p > %, then ¢ (z) =
Ce™7*  where the adjustment coefficient is v = p — A/p and C = \/(up).
Further, under P(¢), X is still a drift p minus a compound Poisson process with
exponential jumps but with the changed rates A, = )\Hic and p. = p+c. In
particular, A_, = pp and p_, = \/p are the parameters of the corresponding
measure.

Example 2 If X(t) = mt + oB(t) where B(t) is standard Brownian motion,
then x(0) = %292 +m#@ and the scale function W@ is given by

W (z) = <J2(q+(q)2 q(q))) (eq+(Q)w N eq*(q)x) ’

where ¢7(q) = ®(q) and ¢~ (q) is the smallest root of k() = ¢ and T reads
as

7@ () = ¢ [l — =7 @27, (30)

In particular, if m < 0, ¢(z) = e™7*, where y = 1—72 is the adjustment coefficient.
Further, under P(¢), X is still Brownian motion, but the drift changes to m-+co?2.
The drift of the measure associated to ¢ = —v is —m, i.e. the Brownian motion
switches its drift.

2.2 Generalization of ballot theorem

Denoting by

I(t) = Og;fth(s) AO
the infimum of X, the well-known ballot theorem states that, if X has bounded
variation, then

P(X(t) €dz, I(t) > 0) = ﬁP(X(t) € dz), (31)

where p denotes the infinitesimal drift of X. The next result generalizes the bal-
lot theorem to general starting point z > 0 and allows for unbounded variation.
We shall derive the result under the condition (AC) that the one-dimensional



distributions of X are absolutely continuous with respect to the Lebesgue mea-
sure

P(X(t) € dz) < du, t>0. (AC)

Proposition 1 Let X be a spectrally negative Lévy process satisfying (AC) and
write p(t,x) for a version of w. Then fort > 0 and x,z > 0 it holds
that

P (X() edz, I(t) 20) = P (X(t)€dz) (32)
!
z/o mP(X(t —s) € dz)p(s, —x)ds.

Let us sketch the idea of the proof of this result. First of all, writing T'(z) =
inf{t > 0: X(t) > z}, note that equation (32) is equivalent to

Pu(X (1) € dz, I(t) < 0) = / "ot — s —2)P(T(2) € ds)dz (33)
0

z/ ; i P(X(t—s) € dz)p(s, —x)ds,
0 s

where the second equality follows by Kendall’s identity (see (75) below). Heuris-
tically, (33) follows by conditioning on the last time ¢t — s when X (¢) crosses 0
before arriving in dz, which is the first time the time-reversed process, starting
in z, downcrosses 0, and then using that the time-reversed process, having the
same law as —X and thus being spectrally positive, hits 0 when first downcross-
ing 0.

From this result we can recover the ballot theorem:

Corollary 1 Let X (t) denote a spectrally negative Lévy process of bounded vari-
ation. Then (31) holds true.

The proofs of Proposition 1 and Corollary 1 are deferred to the Appendix 6.

2.3 Asymptotics of finite time ruin probabilities

For the analysis of the two-dimensional ruin problems we shall need a character-
isation of the asymptotics of the finite time ruin probability ¢ (z,t) = P,[I; < 0]
of the spectrally negative Lévy process X as x and ¢ go to infinity according
to a ray x/t = a. The asymptotics are expressed in terms of the adjustment
coefficient v and the convex conjugate k* of k,

K*(v) = sup[vf — k(—p3)]. (34)

BER

If v e :={-+K(): 2 € intO}, where intO© is the interior of the domain
© ={zr € R: k(r) < oo} of  then an explicit expression for x*(v) read as

ki () = —Ki(=00)0 — Ki(=0y),

where 0 = 0, is the unique root of x'(—6) = —wv.

10



Proposition 2 Suppose that there exists ay > 0 with k(—v) = 0 and &' (—7) <
0 and assume that a € K. Then, as © — oo,

Ylax,z) ~ Ce 7%, 0<a<—K(—y),
logv(ax,z) ~ —k*(a)z, a > —k'(—7),
Y(ax,00) — Y(ax,x) ~ Ce 7% a>—k'(—7),
log(¢(ax,0) —YP(az,z)) ~ —k"(a)x, 0<a<—k(—y).

Proof: We only prove the statements regarding ¢ (ax,z) as the proof for
Y(ax,00) — ¢(ax, ) is similar. Changing measure with A=) and using that
k(—y) = 0, it follows that

I Y(ar,x) = I Ph(r <) = BGV[N D1 0]

E(S/;PY) [e’YX(T)] - E(S/;’Y) [e’YX(T) 1{T>CE}]'

The first expectation converges to C by (28) and, if a < —k’(—7), the second
one converges to zero by the bounded convergence theorem in conjunction with
the law of large numbers. Indeed, it holds that

P (r<z) = POYI(x) < —az)> PO (X(2) < —ax)
PEN(X(x)/z < —a)
and, in view of the strong law of large numbers, the latter probability, converges
to1lasx — oo.
Next we consider the case a > —+’(—v). Employing A(-%) as a change of

measure and using that 6, > 0, X(7) < 0 and x(—60,) > 0, we find the upper
bound

¢(a$, l’) — efaeaxEégea)[eeaX(T)+m(70a)Tl{T<w}} < efaeaa:Jrn(fGa)z _ efxn*(a).

To establish the lower bound we invoke the classical asymptotics of Bahadur
and Rao (1960): for a € K, it holds that P(X (n) < —an-+e€,) ~ cn~/2e=m% (@)
for €, = o(y/n), as n — oo, (n € N). Therefore, we find that
logy(ax,z) = logP(I(x) < —ax) >log P(X(|z]) < —ax)
~ log P(X(|z)) < —az) ~ —[a]" (a) ~ —or" (a),
where |z is the largest integer smaller or equal to . O

We shall also need the following sharper result that was obtained by Arfwedson
(1955). The current statement is from Hoglund (1990) (Cor. 2.3).

Theorem 3 Let X (t) = ax +pt — S(t), where S is a compound Poisson process
with positive jumps. Suppose that there exists a v > 0 with k(—v) = 0 and
k' (=) < 0 and assume that a € K. Then, there exists a positive constant D
such that, as r — o0,

Ylaz,z) ~ Da Ve w @ g (o),
Y(ax,00) — Plaz,z) ~ Dz 2707 << —k'(—).

11



If 0!, is the root of k(—s) = k(—0,), then
6, — 0,

D= .
10,021/ 27K (—0,,)

3 Exact two-dimensional ruin probabilities

(35)

In this section we propose methods for computing the ruin probabilities of the
model with equal claims in the case when (x1,z2) € C° and S(¢) is a general
spectrally positive Lévy process. The generalisation of the ballot theorem de-
rived in the previous section enables us to express the ruin probabilities for
general claim size distributions in terms of the one-dimensional distributions in
Proposition 4 in Subsection 3.2. Specializing to the case of a compound Pois-
son process with exponential jumps or a Brownian motion this leads to explicit
expressions.

3.1 The probability of crossing a piecewise linear barrier.

In the case zo > w1, the survival probabilities ¥ (21, T2) /1y, (71, 22) are given
by the probability that the process S stays below piecewise linear barriers

bmin (t) = EB{DQ{:EZ +pzt}u bmax(t) = giﬂé{xl + pzt}

formed by the lines ¢t — x1 + p1t and ¢ — x5 + pot, which cross at

T2 — I

TZT(.Tl,IQ) = .
b1 — P2

(36)
In the first case for example, this requires staying below the barrier z; + pit
between the times 0 and 7" and subsequently staying below the barrier x5 + pot
after time T. In the case when S is Markovian (not necessarily a spectrally
positive Lévy process), this yields by conditioning at time T

Bor (21, 22) = / 1(dz, T|z1)Pa (w2 + paT — 2),

where

Ei(dz,TLr) = Py(S(t) < a+pit,Vt €10,T),S(T) € dz) (37)
is the density at time T of the paths S(T") which ”survive” the upper barrier
r + p;t and where we used the fact that z; + p1T = xo + p2T. We find it
convenient to reformulate this result in terms of the two coordinates of our
reserves process

X,(t) = xi—i-pit—S(t), 1 =1,2,
their infima

0<s<t

12



and the coordinate-wise densities of the "non-ruined” paths

¥,(dz, T\z;) = Pp,(I;(T) > 0, X;(T) € dz). (38)
We arrive thus at the following result, which relates the survival probability of

the two dimensional process to the one dimensional survival characteristics of
its coordinates:

Theorem 4 Let X(t) be a two-dimensional Lévy process (1) with equal cu-
mulative claims S(t) = S1(t) = Sa(t) given by an arbitrary Lévy process. If
To > T1,p2 < p1, then the two-dimensional survival probabilities associated to
the or/sim ruin problems (5), (7), are given by:

Yo (1, 22)

/O B (2, Tl Ba ),

Tanlonan) = [ B(dn T (o)
where T is given in (36), v;(dz, T|x;) in (38) and ¥;(z) = P,(I;(c0) > 0) are
perpetual one-dimensional survival probabilities.
Proof: Recall that
Yop (@1, 72) = Play 2y)(min{ X1 (2), Xa(t)} > 0 for all ¢ > 0).
Next, we note that, if z9 > 1, it holds that the minimum
min{X;(t), X2(t)} = min{x; — z2 + (p1 — p2)t, 0} + Xa(t)

is equal to X (¢t) for ¢ < T and Xs(t) for t > T, where T was defined in (36).
Applying subsequently the Markov property of X5 at time T shows that

Vo (T1,22) = Py 2 (X1(t) > 0 for t <T,X5(t) >0 fort>T)

- /oo Py, (X1(T) € dz, I,(T) > 0) P,(I5(c0) > 0).
0

Similarly, the probability g, (71, 22) that S stays below the barrier by (t)
can be seen to be equal to

Gan(oran) = | " Py (Xa(T) € dz, I(T) > 0) P (L) (00) > 0).

3.2 Particular cases of Theorem 4

Combining Theorem 4 with Proposition 1 yields an expression for v, (z1,22)
in terms of the one-dimensional distributions of S. In the case that S is a
compound Poisson process the next result, whose proof can be found in Section
6, expresses the one-dimensional distributions of S as a series:

13



Corollary 2 Suppose S is a compound Poisson process whose jump sizes o;
have the pdf f. If o > x1, Theorem 4 holds true where 1,(dz, T|z;) is given by
(82) with

P, (X(t) € dz) = e 6,4 pii(da) + p(t, z; + pit — 2)dx

and

t Z —)\tz >\t f*n (39)

is the density of S(t).

If, in addition, the claims sizes o; follow a phase-type distribution (3, B), i.e.
Plo > z] = BeP*1, the solution simplifies. Indeed, in this case the one-
dimensional ruin probability may be written in a simple matrix exponential
form:

Pi(z;) = n;e9i®i1 (40)

with Q, = B+ bn, and n, = p%,@(— )_ (see for example (4) in Asmussen et
al. (2002)). Combining this explicit formula (40) with Theorem 4 yields the
following result:

Corollary 3 Suppose S is a compound Poisson process with phase-type jumps
(B,B). If 22 > x1, it holds that

Yor(X1,T2) = le(Il(T)<0)+n2/ eQ2Z@1(dz,T|x1)1, (41)
0

Geim(@1,22) = Poy(In(T) < 0) + 1 / €@, (dn Tlz)L,  (42)
0

where Q;, = B +bn,; and n, = %ﬁ(fB)*l

In the special case of exponential claims o; with rate p equation (41) can be
developed further by employing the technique of change of measure and by
applying the Markov property of X;. Indeed, as a particular case of the phase-
type relation (41), we see that

Yor(@1,22) = Py, (I1(T) < 0) + CoBy, [ 2 M1 5] (43)

By a change of measure and using that —yex; + k1(—72)T = —7y222 we find
that the second term in (43) is equal to

Cze—"/zx1+m(—72)TEwl [A(_’YZ)(T)l{Il(T)EO}] — Cze—vzxzpagl—vz)(jl(T) >0).

The probability 1sm can be treated using similar arguments. In conclusion,
the original two-dimensional ruin problems %o, /®sim/®botn have been reduced

to one-dimensional finite time ruin problems 1/}1@ (x,t) = P [I;(t) < 0], as
follows:

14



Corollary 4 Suppose S is a compound Poisson process with exponential jumps.
If x5 > x1, it holds that

Yeim(@1,32) = Po(@a,T) + 1 (215 " (@2, T),
Yor(zr,3) = i(21,T) + (@) 2 (@1,T),
Yboth (T1,22) = wi(x1,T) + a(x2) %‘”‘”(ml,T),

where wy(x,t) = wx up, (z,t) is given by
W, up(®,t) = Po(I(00) < 0,I(t) > 0) = ¢(x) — ¢(x,1)
for I(t) defined for X (t) = pt — S(1).

Remark. Recall (see Example 1) that shifting the measure from P to P(~7)
for a Lévy risk processes with premium p and exponential claim sizes of intensity
p is equivalent to using the parameters fi; := p—~,, A; := A_,, under P. When

p>p*=p3/p1

we find that the adjustment parameter of X; under P(~72) is positive and equals
to

1
—(p—3/p1),; (44)
b2
in the opposite case, p < p*, this coefficient is zero. Moreover, the asymptotic

constant C3 in the first case satisfies C5C5y = ﬁ—’;‘. Similarly, we find that under

P the drift of X, is always negative, /15771)/(0) = kh(—1) < 0, so that

Y= =

the adjustment parameter of X5 is always zero. Noticing that EE_’W)(Z‘l, T) =

wg_”) (21, T)+ (1 —C3e™7%1) 1, ,») and combining with above Corollary leads
to

Coe™72%2 4 wo(x1, 22),
Cre™ " —wi(z1,22) + 077272 (Cy — (p2/p1)e” ") 4,
wi(z1,2) + e~ "2 max{Cy, (pa/p1)e” "1},

Psim (21, T2)
wor(xh $2)

¢both(9€17 $2)

where 24 = max{z,0}, v; = p— A/p; (i =1,2), C; = A/(pp;) and

wi(zy,x9) = Cre™ ™ (24, T) — Coe™ 7272wy (z;,T). (45)

wWx ~ -
A1,H1,Pi 2,142,Pi

An explicit formula for wy ,,(2,t) = Py(t < 7 < 00) can be extracted from
the literature [Asmussen (1984), Knessl and Peters (1994) (with p = 1) and
Pervozvansky (1998)] - see Appendix 6.

Remark. In view of the fact (Example 2) that the perpetual ruin probability
of a Brownian motion with drift is given by an exponential, the representation
in Corollary 4 remains valid if S is replaced by a Brownian motion. In this case
¥ (z,t) is given in terms of inverse Gaussian distributions.
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4 Two dimensional Cramér asymptotics

We now turn to the asymptotics of the ruin probabilities o /¥sim/Wboth (21, Z2)
in the case that the initial reserves tend to infinity according to a ray x1/xs.
Section 4.1 is devoted to asymptotics for general two-dimensional Lévy pro-
cesses (implying the result for a Cramér-Lundberg process as in Theorem 1(a)).
In Section 4.2 we derive asymptotics for the particular (degenerated) risk pro-
cess given in the introduction and we consider in Section 4.3 the example of
exponential jumps.

4.1 General asymptotics

Let X = (X1,X32) now be a two-dimensional Lévy process and assume that
X1, X5 do not have monotone paths. We will denote by

K(6) = (61, 0) = log E[e/ X1 () +0:X2(1)

the joint cumulant of X = (X3, X3), by © = {0 : k(0) < oo} the domain of &
and by ¥ the Cramér set,

Y= {0 = (01,02) €0: n(01,92) < O}

Suppose that the Cramér assumption hold for X; and X5, that is, there exist
1,72 > 0 such that
k(=1,0) = k(0, —v2) = 0. (46)

Moreover, assume the following condition is satisfied by the partial derivatives

of k: 5
= ()

oK
7 + —(u,v) > —00. (47)

(w)=(—m.0) (u,0)=(0,~72)

By (P(z,y), 7,y € R) we will denote the family measures under which X (0) =

(x,y) and, for ¢ = (c1,c2) € x, P(9) denotes the measure with Radon-Nikodym
derivative with respect to P given by

ap

dpP

= exp(c1X1(t) + c2Xa(t) — K(c1, e2)),

Fi

where F; denotes the P-completed sigma-algebra generated by (Xs,s < t). We
shall also use the notation (4) — (10) for the different ruin times of interest in
this setting.

Theorem 5 Suppose that the Cramér assumptions (46) and (47) hold and let
a>0. Then, as K — o0,

Yor(aK,K) ~ Che K 4 Cre MoK, (48)
¢b0th(aK, K) = O(CQG_VQK + 016_7“1](), (49)

where C1 and Cs are given in (17).
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Proof: We start with a few estimates. On the one hand, it holds that
,(/)Ol"(aK7K) = ¢1(GK)+¢2(K) _wboth(aK7K)
< i(aK) + P (K), (50)

while, on the other hand,

Yor(aK, K) > max{y(aK),s(K)}. (51)

Note that, in view of (50) and the Cramér-Lundberg asymptotics (28), the
asymptotics (48) imply those of (49):
Pboth (a K, K)

lim =0
K—oo C’le—’YlaK + 026_721(

The rest of the proof is therefore devoted to showing (48).

If yya > 72 [resp. ma < 7o), it follows, in view of the Cramér-Lundberg
asymptotics (28), that the lower bound (51) and upper bound (50) are of the
same order of magnitude, Cye™ 72K [resp. C1e™"1%K] as K — oo. Thus (48) is
valid if y1a # 2.

Next we turn to the case y1a = 2. In this case we have to show that

Yor(aK, K) ~ Cre MoK 4 Che 1K as K — oo.
Noting that (with 7, = 71(aK) and 75 = 75(K)) it holds that

VYor(aK, K) = Pak r)(1 < 72,71 < 00) + Pk i) (12 < 71,72 < 00)
—  Pugk)(11 = 72 < 00),

we shall show that (i) the first two terms are of the order Cje~ 112K 4 Chye= 72K
while (ii) the third term is of smaller order.
(i) For the first term of last display it follows, by a change of measure, that

—71a —v1,0 — e
e ™M KE((aI;K))(e 71X ( 1)1{7—1S7277'1<00})'

We claim that, as K — oo, it holds that

E(—’Yl ,0) (e—'y1X(7—1)

(aK,K) 17 <rm<oo}) — C1. (52)

To prove this claim we will invoke the strong law of large numbers (slln), as in
Glasserman and Wang (1997). First note that by spatial inhomogeneity (71, 72)

under P((;W;S) has the same law as (7% (uy),T>(u2)) under P((O_g)l’o) (where

Ti(u;) = iﬁf{t > 0: X;(t) < —u;}). Since X has independent increments,
the slln implies that X;(T;(u;))/T;(u;) — E(((ig)l’o) [X:(1)] as u; — oo. Also, it
holds that [X;(T;(u;)) — u;]/u; converges to zero as u; — co. Summarising, we
find that, as K — oo,

n(K) _17(K) oK 145 (-71,0) (53)
71(aK) a K 7(aK) aé{%(—fyl,o)
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(7 10)
P(aI’{y,lK)

bounded below by J—; (which is equal to 1 as 75 = ay1). Indeed, as ¥ is convex
it holds that

-a.s. The convexity of ¥ now implies that the right-hand side of (53) is

[(u,v) = (=71,0)] - VKE(=71,0) <0

for all points (u,v) € ¥ (where -, denotes the inner-product) and the inequality
follows by choosing (u,v) = (0,—72). Therefore, for K large enough, the left-

hand side of (52) is equal to E((a_;llg)) (e X (™)1 ooy). In view of the Cramér-
Lundberg asymptotics (28) the latter quantity converges to C; as K — oo and
the claim (52) follows.

The second term can be treated similarly to find that, as K — oo,
Pk i) (T2 < 71,72 < 00) ~ Coe™ 12K,

(ii) Note that the third term is dominated by tsim (e, K). Choose 8 € (0,1)
and write 7% = 8(71,0) + (1 — 3)(0,72). By strict convexity of the set X there
exists a —y* € X such that v > *yf, (i = 1,2). By changing the measure, we
see that ¥gm (aK, K) is equal to
o= (1 a+“/§)KE((;;*I)() [ X2 (Taim) 491 Xi (Taim )+ (=71, =73)

)

Tei
o 1{7'sim<00}] .

Since X;(7sim) < 0 and w(—v;, —73) < 0, the expectation in this display is
bounded by 1. Therefore

Yeim (@K, K) < e~ (OTeH13)KE — O(e—(vfa+v§)l<) = o(e™2K) = o(e MK (54)

as K — oo (recalling that ay; = 42) and the proof is finished. O

4.2 Degenerate risk process asymptotics

To establish asymptotics for a risk-process with the particular structure de-
scribed in the introduction. To be more precise, we restrict ourselves to a
two-dimensional Lévy process (X1, X2) with X;(t) = p;it — S(¢), i = 1,2, for a
spectrally positive Lévy process S and still assume that (15) holds true, writing
k; for the cumulant of X;. Note that the joint cumulant & of (X1, X3) is in this
case related to k; by

k(01,02) = Kk1(01 + 02) — O2(p1 — p2) = K2(01 + 02) + 01(p1 — p2).

From the theory of large deviations of first passage times it is well known that
a central role in the description of the exponents is played by the support func-
tional I of the Cramér set, X, intersected with the positive quadrant:

I(a)= sup (a,0), acR?, (55)
—0€TNR2

where (-,-) denotes the standard inner-product in R? and R3 = {(z1,2) :
+2; < 0}. In this section we explicitly solve this variational problem and relate
it to the asymptotics for ¢y, and Ypeth.
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The solution of the variational problem (55) gives rise to a division of the
upper cone C¢ = {(z1,z2) € R? : 5 > x1 > 0} into three open (possibly empty)
sub-cones Dy, Dy and Dy = D; UD, defined in (18) and (19), where Dy = C°\ D,
and D, denotes the closure of Dy. The sub-cones D;, i = 1,2, are distinct and
contained in C:

Lemma 2 The following relation hold true for si,ss and vyy1,72:
(a) so < vo/v1 < s1; (b) s1 < 1ﬁ?d s2 >0 iff ki (—=72) < 0; (¢) 0 < v2 < 1.
In particular, D1 UDy C C¢, D1 N Dy # O and Dy # D iff s2 > 0.

Proof of Lemma 2: (a,b) Writing

(s) _ K5(s) +p1 — p2 S Rt

1
5(s) 210 Ky(s)

it follows that s; < 1, since x5(—7v1) < 0, and that sy < s, since, by the
strict convexity of ko, K1/kKe is strictly decreasing on the domain D of k; and
—v1 < —72. Finally, note that on the ray z1/zs = vy2/71 it holds that

K

=

T2 . bP1—=p2 _ k2(=71) — k1(=m) _ K2(—=71) — ka(=72)

T(z1,22) 1—v/m Y1 — Y2 T — Y2

The strict convexity of ko thus implies that along the ray x;/xo = ~o/71 it
holds that —kh(—7y2) < @o/T(x1,22) < —k4(—v1). In view of Lemma 4 below
we deduce that sg < 73/71. Similarly we prove that vo/v1 < s1. Part (c) follows
from (a) and (b). O

Denote by x; and x% the convex conjugates (34) and ©; and O, for the
domains of k1 and kg, respectively and note that, for @ = (a1, as) with as > 0,
I(a) = agl(a1/az,1). The solution of the variational problem (55) now reads
as follows:

Proposition 3 Let a € (0,1) with a # s1,s2 and suppose there exists a 6 €
int ©1 such that k) (—0) = —v}. It holds that

I(a,1) = v21(0,5,)(a) + (@) I(s,.5,) (@) + av11 (s, 1) (a),

where y(a) := k(v2)/v? = ari(vl) /vl and

ot =alpr—p)/(1—a), W2=vifa=(p—p2)/(1—a).  (56)
Further, v(a) > ay1 and y(a) > 2.

Proof of Proposition 3 The linear functional (u,v) — —ua — v attains its
maximum over the closed set V = S NR2 at 9X NR2 (where % denotes the
boundary of ¥). If the maximum is attained in the interior of ¥ NR2%) the
maximiser (u*,v*) satisfies k(u*,v*) = —v*(p1 — p2) + K1 (u* +v*) =0 and

Vi(u*,v*) = (k] (u* +0"), kh(u* +v*)) = kh(u* +v")(a, 1).

19



1
a

Denoting by 6, the root of k}(—s) = —v
—v2) it follows that

(which is also the root of k4(—s) =

u* = —ka(—0,)(p1 — p2) and v = K1(=04)/(P1 — p2)- (57)

In particular, u*a + v* = Oya + (1 — a)rk1(—0,)/(p1 — p2) = —ari(v}l)/vl. If
a € (s2,51), it follows from Lemma 4 below that x1(—6,) < 0 < k2(—6,) so that
u* < 0 and v* <0 and (u*,v*) is indeed the maximiser. However, if a < sy or
a > s1, K1(—04)k2(—0,) > 0 and (u*,v*) ¢ R% and it can be directly verified
that the maximum is attained at (0, —72) if @ < s3 and at (—71,0) if a > s;.

Finally, note that x}(v) = k5 (v+p1—p2). Moreover, v} = a(p1—p2)/(1—a) =
(p1 — p2)/(1 —a) — (p1 — p2) = v2 — (p1 — p2). Also, from the definition of x}
and strict convexity, we see that £} (s) > —v;s for all s # —k}(—v). O

We are now ready to state the asymptotics of Ypotn and 1gm in the setting
of this subsection.

Theorem 6 Let a € (0,1). Assume that the Cramér assumptions (46) hold
true and there exists a 6 € int Oy such that ki (—0) = —v}.
(i) If (aK,K) ¢ Dy, then, as K — oo,

CronaK (oK, K) € D

sim KvK ~ o K’K ~
sim (@ ) ~ Ypoth(a ) {02672K (K, K) € Do,

where the region 0 < a < s is understood to be empty if so = 0.

(i) If (aK, K) € Dy, then logtsim(aK,K) ~ —y(a)K as K — oc.

(#i) Suppose S is a compound Poisson process and let s5 > 0. If (aK,K) €
Do, then log ¥potn(aK, K) ~ —y(a)K as K — oo.

The proof of the Theorem is based on the following estimates that link gy,
and Y to one-dimensional finite time ruin probabilities.

Lemma 3 (i) ¢1(21) — ¢1(21,T) + ¥2(22, T) < Ysim (21, 22) < Pootn (@1, 22)-
(1) Yootn(z1, 2) < P1(x1) — Y1(x, T) + e‘””"‘Pag;W)(Tl < 7).

Proof: By a change of measure, it follows that

Yhotn(21,02) = W1(@1) — i (1, T) + e 2 B 72 =X g ]

Z1,T2

< 1/J1($1) — ’(/Jl(!El, T) + e—’sznggl—'yz)(Tl < T)

Further, for the first inequality, we note that

Vsim (21, 22) = V2(@2,T) + Play 0) (iEFfFXQ(s) >0, inf Xi(s) < O) .

T<s<oo

Since infspr Xa(s) > infsor X1(s) it follows that the second term in this display
is bounded below by 1 (z1) — 91 (z1,T). O
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Next write Ty = ;/[—#}(—v)], Ts = 21/ (—k}(—ys_;)) for a tilted version of
T; and recall T'(z1,x2) was defined in (36). The following result shows that it is
equivalent to let the initial reserves x1,z2 tend to infinity while keeping x1 /x4
constant or while keeping x; /T(x1,x2) constant, enabling us to link the asymp-
totics of the two-dimensional ruin problem to asymptotics of one-dimensional
ruin probabilities:

Lemma 4 (i) x1/x2 = a iff x;/T (21, 22) = vl (i=1 2)
(i) T; <T(a:1,x2)<:>T3 i < T(r1,22) & (21,22) €

Proof: It is a matter of algebra to check that relation (i) follows by inserting the
definition (36) of T'(z1,x2) and the expression for v%. The relation (ii) follows
then by using that x| (s) = p1 — p2 + k5(s) and applying the first relation for
a=s;. O

Remark. (Interpretation D;) The previous Lemma implies that we can
give an alternative definition of the cones D; as D; = {(x1,22) € C° : T; <
T(x1,22)}. Noting that T'(z1,x2) is the first time that X; and X5 are equal
and that, in view of Lemma, 1, Eiﬂ” [7i] ~ T; we thus deduce that D; is the set
of all rays R, := {x1 = axs} such that

Eé?%) [Ti} < T(xl, J,‘g)

for (z1,22) € Ry large enough. Similarly, D;° is the set of all rays such that
Eg(gi_%)[n] > T'(x1,x2). for large enough initial reserves. The set D; corresponds
thus to the rays with expected time of ruin of company ¢ before the reserves of
both companies are equal.

Lemma 5 Let a € (0, 1) The following hold true:
(a) ar; T (Wh) ok = k5T (02) /02
(8) 2+ 13 (02) /22 = 1+ w0 () 0k = 7(a).

Proof: (a) follows from Proposition 3 and for (b) we note that 115772)(3) =

a(s —72) so that 3" (v) = sup,(vs — k(B — 72)). O

Proof of Theorem 6: The result for g (aK, K) follows by combining
Lemmas 4 - 5 with the asymptotics given in Proposition 2 and Theorem 3.
More specifically, if x1,20 — oo according to the ray z1/x2 = a < so (or
equivalently the ray z;/T(z1,22) = v} < —r}(— )) then 1/12([( T) ~ Cye 72K
and log(¢1 (aK)—vn (aK,T)) is of the order —cml( HK/vl = —v(a)K < —12K.
In view of Lemma 5 it follows that the lower bound for 1/151m(aK K) in Lemma
3 is equivalent to Cye 2K as K — oo. Also, Ygim(21,72) < ¥o(K) which is
equivalent to Cye~ 72 as K — co. Similarly, one can verify that in the case a >
51 we have Vg (aK, K) and o (ak, K) are both equivalent to Cje~ "%, In
the intermediate area a € (s2, $1) we see that the logarithm of each of the terms
of the lower bound is of the order —ar}(v})K/vl = —r3(v2)K/v2 = —vy(a)K.
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For the upper bound we use the inequality (54) giving ¥sim (a K, K) < exp{(au+
v)K} for (u,v) = (u*,v*) defined in (57) and recall that au* + v* = —v(a).
Finally, we turn to an upper bound of ¥ptn if @ € (82, $1). By Theorem 3 the
first term of the lower bound in Lemma 3 is of the order O(K ~/2e=7(®)K) and
the second term of the order O(K ~1/2e=7(K) if k! (—v,) < 0 (using Lemma
2) and O(e~(2T71)K) if ki (—v3) > 0 where —y3 > 0 solves r(—s — 7o) =
0. We conclude that the lower and upper bound are of smaller order than
min{e~719K 772K} a5 K — oo (using Lemma 2) (where the case of x}(—72) =
0 follows by adding a small drift to the process). Also, by comparing lower and
upper bound we see that e (ak, K) ~1°8 g (aK, K) if a € (s2,51) and
s9 > 0. O

4.3 Sharp asymptotics for exponential jumps

Restricting ourselves to the case that S is a compound Poisson process with
exponential jumps, we can obtain explicit and more precise results, exploiting
the explicit form of the ruin probabilities found in Corollary 4. It is a matter
of calculus to verify from Example 1 that, for ¢ = 1,2, the vector of means is
given by

p; p;

(4205200 = (1= = 2.

p P
From the previous section we know that the areas with different asymptotic
behaviour of the ruin probabilities are separated by the rays

2 2
Py Py
L (7 —p1)+
S1 = p2 3 So9 = 1327
P _ Pz _
P D2 o D2

Further, let 3 be the largest root of the equation mg_%)(—s) = 0 and set the

corresponding ray, s3, equal to

O B G Y B G Tk )
kST (—yg)  RR(=73 = 72)

The set D3 is defined as Dy but with sy replaced by s3. Note that sy > 0 iff
p < p* = p3/p1 or equivalently x/(—72) < 0. Note that in this case it holds that
s9 = 83 or Dy = Ds. In the case that p > p* we have that s =0, s3 > 0, and 3
is given in (44), and the asymptotic behaviour of ¥petn (a K, K) as K — oo differs
according to whether or not (aK, K) lies in D3. Denote by I4 = I4(aK, K)
the indicator of the set A which is one if (aK, K) € A and zero else and write
FK) = g1(K)+ g2(K) as K — o0 if limg oo [f(K) — ¢:(K)]/g3—:(K) = 1.
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Theorem 7 Let a € (0,00). As K — oo it holds that
Yor(aK,K) = C’le_'““KIp1 + Cge_'Y?K15;
—&—K_I/QQ_’Y(a)K(DlIﬁ; + CQDY%)IDZ‘),
Ysim(aK, K) ~ Cie” " Ige 4+ Coe™ ™ Ip,
_~_K—1/2e—’v(a)K(D21—5; + 01D§—71)1D1)7
Vbotn (aK, K) =~ 0167%“}{15; +e 2K min{Cy, (pa/pr)e” " F }p,

+K71/2€*7(G)K(D1[D1 + CQDE—’Yz)[ﬁg)’

where v(a) = ari(vy) /vy = K3(v3)/v7,

p 0, — 0, 1 — P2

—_ Dz = )
Di 0,100/ 27k (=60,) V 1 —a

Dgfv)_ is Dy calculated for P and 6!, < 0 is such that ki(—0') = ki(—0s,) for
v = vy.

(58)

Proof: Recalling that po > p we can directly verify that the Cramér as-
sumptions (15) are satisfied and that limg;_,, &;(0) = —oo, i = 1,2. The result
then follows by combining Corollary 4 with the finite time ruin asymptotics in
Theorem 3, using Lemmas 4 and 5, as in the previous subsection. O

5 Proof of subexponential asymptotics

Throughout this section we shall assume that the distribution F' € S*, that is
the claim sizes o are subexponential, and that E¢%19 < oo for some § > 0. Let

. Yy
10 (w) = / F (w+ myt) dt

for i = 1,2. Note that

H(aK, K) =I5 (K) + I{p)  (aK) (59)
d
" LBy () = L1 (K), ——Fy(aK) = ~1{_ (aK) (60)
map 00 map T

Straightforward calculations show that

1) (aK) = (ma/mi) I3 (K). (61)
We first prove asymptotics:
lim Ysim (a kS, K) -1 (62)

K—oo H(GK,K)
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Let Ty = 0,7, = Y.i ;¢ and 9 = 0,2, = >_1 (0, — Eo). From Fatou’s
lemma and Theorem 2 of Foss et al. (2005) we have

/ P(maxn(Ej —g(n)) > K)
Yooy F(K +g(n))

where G;(n) = a;K + p;T,, —nEo — K and G(n) = max;=1 2 G;(n) are random
discrete time processes on a possible function realisations g : N — R (with
ap =a,a3 =1). Let V={T,, > —L+n(E¢ —¢€) forall n}. Now,

P(maxn(an - g(n)) > K)
/ S F(K +g0m) GEY)
/Pmaxn_nf g(n)) > K)

lim sup
K—oco

P(Gedg)<1

l{V} P(G (S dg)

F(K +g(n))
1
B Zn 1 F(max;—1 o(a; K + p;(E¢ — €)n — nEo))
/P max (n)) > K)1qyy P(G € dg)
1

( / Plmax(Z, — g(n)) > K) P(G € dg)
/P (max(Z, — g(n)) > K)1pyey P(C € dg)) . (63)

Note that Ygm(aK, K) = [ P(max,(E, — g(n)) > K) P(G € dg) which is the
first component in (63). We prove that

> F(max;—1 2(a; K + pi(EC — €)n — nEo))

tim Him H(aK,K) =L (64
Indeed, note that Y -, F(max;—1 2(a; K + p;(E¢ — €)n —nEo)) ~ fOT F(K +
(mg — poe)t) dt + fT aK + (mq — pre)t) dt. Now,
T m2—paep
J— m2 mo J—
/ F (K + (ma — pae)t) dtzi/ F (K +mot) dt
0 ma — pa2€

which is bounded above by

T
7/ f(K%—mzt) dt
Mo — P2€ Jo

and below by
T
/ F (K + mgt) dt.
0
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Thus _
Jo F(K 4+ (mg — pae)t) dt

lim lim T =1.
e—0 K—oo f F(K + mgt) dt
Slmﬂarly, fT (aK+(mq—pre)t fo (aK +(mq—pie)t dt—fOT F(aK+
(my — pre)t) dt and
T
FlaK — t) dt
lim lim fo (K + (m1 = pr)t) =1,

e—0 K—oo fOTF(aKerlt) dt

) ) fooo F(aK + (my — pre)t) dt
lim lim e =1
e~0K—oo [ F(aK + mlt) dt

since fo (aK + (m1 — pre)t) dt = - ple 0 F(aK + mqt) dt. This proves

(64). Moreover, second component in (63) is neglible with respect to H(a K, K).
Indeed,

/P(mgx(En —g(n)) > K)1yey, P(G € dg)
< i P(T, < —L+n(E¢— e))P(mgx(En —nFEo) > K).

The first term goes to 0 as L — oo by Fug and Nagaev (1971), Th. 2 and 3 (see
Nagaev (1969) and Pinelis (1985)) and the assumption £¢2T? < co. The second
term is asymptotically equivalent to F;(K) (see Embrechts and Veraverbeke
(1982); Zachary (2004)) which is of order (up to constant) of H(aK, K) (see
(59) - (61)). Hence we proved that

. wsim (G,K, K)

limsup ———-—— < 1. 65

K H(KK) ~ (65)
We will prove now the lower bound of t)gm(aK, K). First note that taking
interarrival times ¢ V ¢ for some ¢ > 0 instead of original ( we decrease the ruin
probability. Without loss of generality we can then assume that { > ¢ for some

¢ > 0. Similarly as before, from Fatou’s lemma and Theorem 2 of Foss et al.
(2005) we have

1< hm inf !
K—oo ™ | F(max;—12(a; K + p;(E¢ + €)n — nE0))

<1/)Sim(aK, K) - / P(max(Z, — g(n)) > K)1gey P(G € dg)) :

n

where Y = {T,, < L+ n(E¢+¢) forall n}. We have
/P(mSX(En —g(n)) > K)1yyey P(G € dg)

<> P(T, <L+n(EC+ €))P(max(Z, —nko) > K)
n=1
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which is negligible with respect to H(aK,K) when K — oo and L — oo. In
the same way as above we can prove that

lim lim Ponet F(maxizi2(ai K + pi(EC + ¢)n — nEo))

=1.
e—0 K—oo H((IK,K)

Thus (0K K)
lim inf sim A4, >1 66
Koo H(aK,K) = (96)
and in view of (65) we see that (62) holds.
In the same way (considering functional of minimum instead of maximum)
we can prove that

. Yor (0, K)

- =1 67
K—oo fO F(mln {aK+m1t,K+m2t}) dt ( )

which gives (22). Recall that Ynotn (aK, K) > tsim(aK, K) hence

We prove now the asymptotic upper bound. Note that
’L/)both(a’K? K) = P(CQ(K) < OO) - P(C?(K) < OOvCl(aK) = OO)

Appealing to Veraverbeke’s Theorem (see Embrechts and Veraverbeke (1982);
Zachary (2004) gives an alternative short proof for this result) we see that

P(G(K) < 50) = hy(aiK) ~ mlzuE(K)'
Hence for large K we have
P(G(K) < 00) < (1+8) =T (K) (68)

for given § > 0. Moreover, writing M = min{n : T,, > T} — 1 and Z,, for
independent copy of Z,, starting from 0, for given € > 0 and sufficiently large L
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we have

P(((K) < 00,(1(aK) P( ir;aﬁ g2(n)) > K,
max (S, — g1 (n ))<aK,rrln>aA§(~n g91(n)) < aK)

vy P(G1 € dgr, Gy € dgo)
P(max(Z, — g2(n)) > K’féaﬁ(:" —g1(n)) < aK)
vy P(G1 € dgi, Gy € dgo)

- [ Plnax(E, — 1) > aK)Lnwy P(Ga € dg)

> [ Plmax(E, ~ ga(n)) > K mae(Ea — g1(n) < aK.Zas > —eM)
Liunvy P(G1 € dg1, G € dgo)

_ / P(max(Zn — g1(n)) > aK) vy P(Gr € dg)

> /P(rr;aﬁ(gn,M —g2(n)) > K + eM)P(rriaﬁ(En —q1(n)) <aK,Ep > —eM)
Linvy P(G1 € dg1,Ga € dga)

P(max(E, — g1(n)) > aK)lunyy P(G1 € dg1)

From Theorem 2 of Foss et al. (2005), for large K and given x > 0 above
expression could bounded below by:

1 — K / Z K + poT, — 5271) ].{Mﬂv} P(GQ S dgz)
n:T,>T

_ Z F(CLK +m T, — (51n) l{um;} P(Gl € dgl)
n:T,>T

> (1 —2k) <1ZPT <—L+n(E¢—¢€) - P(T, >L+n(EC+e))>
n=1

(/TOOF(K+m2t) dt—/oof(aK+m1t) dt).

T

giving for sufficiently large L

(1-0) (/T F (K + mat) dtf/T F (aK + mut) dt). (69)
From (59), (68) and (69) we have
Grom(ak, K) < (1+ OIF (K) = (1= 0) (1) (K) - 1y (aK)

< H(aK,K) +06 (21{5’00)(@ + I (K) — 1{;?00)(a1<)) .
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Note that expression in brackets is of order (up to constant) of H(aK, K) as
K — oo (see (59) and (61)). Taking then first X — oo and then 6 — 0 we

derive " (K. K)
i both (ALY, <1
Ko HK,K)

which completes the proof. O

6 Appendix

Lemma 1 (Explicit ruin) The inverse Laplace transform of 7 (x) in (29)
s given by

¢(33at) =1- w(x7t) = [1 - Ce_’yz]l("/>0) + U)(l‘,t),

where vy = p— A/p, C = M—);j, and
1 [ /S+ o dq
w(xz,t) = —4/ — e D=4t gin (b(q)x — — 70
@t == [ o) - 60 (70)

where s+ = (VX% /up)? and

Ammp =y Vi — (A — pp — q)?

ale) = > @
~ arccos [ PR A—q
¢(q) = arcco (2\/w ) ) (72)

Proof of Corollary 2: The transition probability P(X;(t) € dz) of X; can
be found explicitly by conditioning on the number of jumps of the compound
Poisson process S up till time ¢:

P(Xi(t) edz) = Z e_)‘t%F*"(d(tpl —2)), (73)
n=0 !

where F*"(dz) is the n-fold convolution of F(dz) and F** = 4y, the delta
in zero. If the jump-size ¢ is a continuous random variable the only atom of
P(X,(t) € dz) occurs in the absence of jumps, that is,

P(X1(t) € dz) = e *M3o(d(tp1 — 2)) + p1(t, 2)dz,
where py(t,z) = e”M> > | %f*”(tpl — z) with f is the probability density
function of 0. The assertion now follows by noting that in this case the identity

in (76) remains valid when we take instead of P(X;(t) € dz) the measure
p1(t, z)dz (as the atom only affects one ¢ and we are integrating over t). O
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6.1 Proofs of Section 2

Proof of Proposition 1: Write (); and @t for the semi-groups corresponding
to X (resp. X = —X) killed upon entering the negative half-axis (—o0,0).
By Hunt’s switching identity (e.g. Bertoin (1996), Thm II.1.5) it holds for
nonnegative measurable functions f, g that

/ Quf (2)g(z)dz = / f(2)Dug(x)dz. (74)
R R

/ F(2)Qrg(x)d = / fa X))oy ]de

= /]REgc[f(X(t))]g(ﬂv)dﬂc—/Rf(ﬂc)/O Eolg(=X(t — 5))]P—[T(0) € ds]

/ EL[f(X (t)]g(x)da - / /(@) / Eolg(~X(t — s)|P[T(x) € ds],
R R 0

Moreover,

where in the third line we used duality (e.g. Bertoin (1996) Prop. II.1.1), the
strong Markov property and the fact that X is spectrally negative (and thus
X (T(0)) = 0). Combining the last line and (74) with Kendall’s identity, which
is valid for spectrally negative Lévy processes (e.g. Bertoin (1996), Cor. VIL.3,
or Borovkov and Burq (2001)) and relates the distributions of X (t) and the
passage time T'(z):

tP(T(z) € dt)dz = zP(X(t) € dz)dt, (75)
shows that the following equality between measures holds true:

P, (X(t) € dz, inf X(s) > 0)dx = Py(X(t) € dz)dx

- / —P(X(s) e dz)P(—X(t — s) € dz)ds,
= X(t) € dz)dz (76)

. / "L p(X(t—s) € d2)P(—X(s) € d)ds,
o (t—3)

so that, under the assumption (AC), the stated result follows. O

Proof of Corollary 1: Write e(¢q) for an independent exponential time
with mean ¢~!. Taking the Laplace transform in ¢ of (32) yields

P.(X(e(q)) € dz, I(e(q)) >0) = Pu(X(e(q)) € dz) —u(— x)E[e’qT(z)]dz

= w(z—1) —ul(—z)E[e” 1 ®)]dz, (77)

where u9(z) = W is a version of the potential density of X. From

the fluctuation theory of spectrally negative Lévy processes it is well known
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(see e.g. Bingham (1975)) that E[e~?7(*)] = ¢=®@? for z > 0 and that
ul(y) = ®'(q)e” 2@y — W@ (—y)1,- (see Pistorius (2004) or Bingham(1975)
for a proof). Inserting these expressions into (77) and subsequently taking the
limit « | 0 shows that

Py(X(e(q)) € dz, I(e(q)) > 0) = WD (0+)e 2@D2dz = p~le~®(@2qy,

where the second equality follows from a Tauberian theorem and the form of
the exponent k in this case. In view of the form of the Laplace transform of
T(z) and Kendall’s identity (75) the proof is done. O
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